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Estimating the generalization performance of learning algorithms is one of the main
purposes of machine learning theoretical research. The previous results describing the
generalization ability of Tikhonov regularization algorithm are almost all based on
independent and identically distributed (i.i.d.) samples. In this paper we go far beyond
this classical framework by establishing the bound on the generalization ability of
Tikhonov regularization algorithm with geometrically beta-mixing observations. We
ﬁrst establish two reﬁned probability inequalities for geometrically beta-mixing
sequences, and then we obtain the generalization bounds of Tikhonov regularization
algorithm with geometrically beta-mixing observations and show that Tikhonov
regularization algorithm with geometrically beta-mixing observations is consistent.
These obtained bounds on the learning performance of Tikhonov regularization
algorithm with geometrically beta-mixing observations are proved to be suitable to
geometrically ergodic Markov chain samples and hidden Markov models.
& 2010 Elsevier B.V. All rights reserved.
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1. Introduction
Recently there has been a large increase of the interest for theoretical issues in the machine learning community. It is
mainly due to the fact that statistical learning theory has demonstrated its usefulness by providing the ground for
developing successful and well-founded learning algorithms such as support vector machines (SVMs) (Vapnik, 1998).
Besides their good performance in practical applications they also enjoy a good theoretical justiﬁcation in terms of both
universal consistency and learning rates (see Steinwart and Christmann, 2008; Chen et al., 2004) if the training samples
come from an i.i.d. process. This renewed interest for theory naturally boosted the development of performance bounds
(see Chen et al., 2004; Cucker and Smale, 2001; Cucker and Zhou, 2007; Smale and Zhou, 2003). However, independence is
a very restrictive concept in several ways (Steinwart et al., 2009; Vidyasagar, 2003). First, it is often an assumption, rather
than a deduction on the basis of observations. Second, it is an all or nothing property, in the sense that two random
variables are either independent or they are not—the deﬁnition does not permit an intermediate notion of being nearly
independent. As a result, many of the proofs based on the assumption that the underlying stochastic sequence is i.i.d. are
rather ‘‘fragile’’. The notion of mixing allows one to put the notion of ‘‘near independence’’ on a ﬁrm mathematical
foundation, and moreover, permits one to derive a robust rather than a ‘‘fragile’’ theory. In addition, this i.i.d. assumption
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cannot be strictly justiﬁed in real-world problems. Therefore, relaxations of the independence assumption have been
considered for quite a while in both machine learning and statistical literature. For example, Yu (1994) established the
rates of convergence for empirical processes of stationary mixing sequences. White (1989) considered cross-validated
regression estimators for strongly mixing processes. Modha and Masry (1996) established the minimum complexity
regression estimation with m-dependent observations and strongly mixing observations respectively. Vidyasagar (2003)
considered the notions of mixing and proved that most of the desirable properties (e.g. PAC property or UCEMUP property)
of i.i.d. sequence are preserved when the underlying sequence is mixing sequence. Nobel and Dembo (1993) proved that if
a family of functions has the property that the empirical means based on i.i.d. sequences converge uniformly to their values
as the number of samples approaches inﬁnity, then the family of functions continues to have the same property if the i.i.d.
sequence is replaced by bmixing sequence. Karandikar and Vidyasagar (2002) extended this result to the case where the
underlying probability is itself not ﬁxed, but varies over a family of measures. Steinwart et al. (2009) proved that the SVMs
algorithm for both classiﬁcation and regression are consistent if the samples of processes satisfying the law of large
numbers. Xu and Chen (2008) established the learning rates of regularized regression for exponentially strongly mixing
sequences. Smale and Zhou (2009) studied online learning algorithm with Markov sampling. Zou and Li (2007) established
the performance bounds of ERM learning algorithms with exponentially strongly mixing sequences. Sun and Wu (2010)
considered the regularized least square regression with dependent samples.
There are many deﬁnitions of non-independent sequences in Vidyasagar (2003) and Steinwart et al. (2009), but we are
only interested in bmixing sequence in this paper, the reasons are as follows: First, Vidyasagar (2003) pointed out that in
machine learning applications, amixing is ‘‘too weak’’ an assumption and fmixing is ‘‘too strong’’ an assumption,
bmixing is ‘‘just right’’ and more meaningful in the context of PAC learning. Second, Markov chain samples appear so
often and naturally in applications, especially in biological (DNA or protein) sequence analysis, speech recognition,
character recognition, content-based web search and marking prediction, and Vidyasagar (2003) and Meyn and
Tweedie (1993) proved that a very large class of Markov chains and hidden Markov models (HMM) can produce
bmixing sequences. To study the generalization performance of Tikhonov regularization algorithm with geometrically
beta-mixing observations, in this paper we ﬁrst establish two reﬁned concentration inequalities for geometrically betamixing sequences. We then obtain the bound on the learning rates of Tikhonov regularization algorithm with
geometrically beta-mixing observations, and prove that Tikhonov regularization algorithm with geometrically beta-mixing
observations is consistent.
The rest of this paper is organized as follows: In Section 2, we introduce the deﬁnitions of beta-mixing sequence and
Tikhonov regularization algorithm. In Section 3 we establish two reﬁned concentration inequalities for geometrically betamixing sequences. We obtain the bound on the learning rates of Tikhonov regularization algorithm with geometrically
beta-mixing observations in Section 4. Finally, we give some signiﬁcant conclusions in Section 5.
2. Preliminaries
We introduce some notations and do some preparations in this section.
1
1
Let Z ¼ fzi ¼ ðxi ,yi Þg1
i ¼ 1 be a stationary real-valued stochastic process deﬁned on a probability space ðZ ,F ,PÞ. For
1 o io 1, let F k1 denote the salgebra generated by the random variables zi ,ir k, and similarly let F 1
denote
the
k
k
salgebra generated by the random variables zi ,iZ k. Let P1
and Pk1 denote the corresponding marginal probability
k1
measures respectively. Let P0 denote the marginal probability of each of the zi. Let F 1 denote the salgebra generated by
the random variables zi ,ir 0 as well as zj ,j Zk. With these notations, there are several deﬁnitions of mixing, but we shall be
concerned with only one, namely, bmixing in this literature (see Steinwart et al., 2009; Vidyasagar, 2003; Yu, 1994).
Deﬁnition 1 (Vidyasagar, 2003). The sequence Z ¼ fzi ¼ ðxi ,yi Þg1
i ¼ 1 is called bmixing, or completely regular, if
0
sup jPðCÞðP1
 P11 ÞðCÞj ¼ bðkÞ-0

as k-1,

k1

C2F 1

where bðkÞ is called the bmixing coefﬁcient.
Assumption 1 (Vidyasagar, 2003). The sequence Z is called geometrically bmixing, if for some constants m and a o 1, the
bmixing coefﬁcient satisﬁes

bðkÞ r mak , k Z 1:
Remark 1. (i) In Deﬁnition 1, if the ‘‘future’’ events beyond time k were to be truly independent of the ‘‘past’’ events before
0
 P11 . The bmixing coefﬁcient thus
time 0, then the probability measure P would exactly equal the ‘‘split’’ measure P1
measures how nearly the product measure approximates the actual measure P.
(ii) If the sequence Z consists of i.i.d. random variables, then P equals the measure ðP0 Þ1 , which denotes the measure on
ðZ 1 ,F 1 Þ. In such a case, the mixing coefﬁcient bðkÞ is zero for any integer k, that is, i.i.d. random variables satisfy
Assumption 1.
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Denote by S the training sample set of size m
S ¼ fz1 ¼ ðx1 ,y1 Þ,z2 ¼ ðx2 ,y2 Þ, . . . ,zm ¼ ðxm ,ym Þg
drawn from the geometrically bmixing sequence Z. Given a function set H, the goal of machine learning from the sample
set S is to ﬁnd a function f : X -Y so that it has small expected risk (or error)
Z
Eðf Þ ¼ E½‘ðf ,zÞ ¼ ‘ðf ,zÞ dðP0 Þ,
Z

where X is a compact space, and the function ‘ðf ,zÞ is a non-negative loss function. Since our aim is to discuss general
learning problems, we will consider the loss function of general form ‘ðf ,zÞ in the sequel.
Let O : H-R þ be a penalty functional over the hypothesis space H. The ERM with Tikhonov (1963) regularization
solves the problem
fS, l ¼ argminfE m ðf Þ þ lOðf Þg

ð1Þ

f 2H

with l 4 0 a constant, where E m ðf Þ is deﬁned as
E m ðf Þ ¼

m
1X
‘ðf ,zi Þ:
mi¼1

The functional Oðf Þ is called the regularizer and the constant l is called the regularization parameter, it often depends on
the sample size m: l ¼ lðmÞ and satisﬁes l-0 as m-1.
Thus our purpose of this paper is to estimate the difference
EðfS, l ÞEðf  Þ
between the value of achieved risk EðfS, l Þ and the value of minimal possible risk Eðf  Þ over all measure functions. According
to the deﬁnition of the output function fS, l , for any fl 2 H, there holds
E m ðfS, l Þ þ lOðfS, l Þ r E m ðfl Þ þ lOðfl Þ:
Hence we have
EðfS, l ÞEðf  Þ r EðfS, l ÞEðf  Þ þ lOðfS, l Þ r fEðfS, l ÞE m ðfS, l Þ þE m ðfl ÞEðfl Þg þ fEðfl ÞEðf  Þ þ lOðfl Þg:

ð2Þ

The second term in inequality (2) depends on the choice of H, but is independent of sampling, we will call it the
regularization error (see Cucker and Smale, 2001; Steinwart and Scovel, 2005; Wu et al., 2006). The ﬁrst term is called the
sample error.
Deﬁnition 2 (Wu et al., 2006). The regularization error for a function fl 2 H is deﬁned as
DðlÞ ¼ Eðfl ÞEðf  Þ þ lOðfl Þ:
The function fl is called the regularizing function.
Since the minimization (1) is taken over the discrete quantity E m ðf Þ, to estimate the difference EðfS, l ÞEðf  Þ, we need to
estimate the capacity of the function set that contains fS, l . The capacity is measured by the covering number of H in this
paper.
Deﬁnition 3. For a subset M of a metric space and any e 4 0, the covering number N ðM, eÞ of the set M is the minimal
n 2 N such that there exist n disks in M with radius e covering M.
Deﬁne the ball of radius R 40 in the hypothesis space H as
BO ðRÞ ¼ ff 2 H : Oðf Þ r Ry g,

y Z1:

We close this section by presenting some basic assumptions on the hypothesis space H and the loss function ‘ðf ,zÞ:
(i) We suppose that H is contained in a ball of a Hölder space Cp on a compact subset of an Euclidean space Rd for some
p 4 0 (Zhou, 2003). Then we can assume that for any e 4 0, the covering number of the unit ball satisﬁes
N ðBO ð1Þ, eÞ r expfC0 e2d=p g
for some constant C0 4 0. By dilation, we thus have that for any e 4 0,
N ðBO ðRÞ, eÞ r expfC0 R2d=p e2d=p g:

ð3Þ

(ii) Let Hu ¼ H [ ff  g, we deﬁne
M ¼ sup max‘ðf ,zÞ,
f 2Hu z2Z

L¼

sup

max

g1 ag2 ,g1 ,g2 2Hu z2Z

j‘ðg1 ,zÞ‘ðg2 ,zÞj
,
jg1 g2 j

and we assume that M and L are ﬁnite in this paper.
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Remark 2. Note that reproducing kernel Hilbert spaces (RKHS) plays an essential role in the analysis of learning theory
(see e.g. Chen et al., 2004; Cucker and Smale, 2001, 2002). But Zhou (2003) proved that if a Mercer kernel is Cp ðX Þ ðp 4 0Þ,
then the RKHS associated with this kernel can be embedded into Cp=2 ðX Þ. This is the reason why we consider the function
space Cp ðX Þ in this paper.
3. Reﬁned probability inequalities
In this section, we establish two reﬁned concentration inequalities for bmixing sequences. Our approach is based on
the following three lemmas:
Lemma 1 (Vidyasagar, 2003). Suppose i0 o i1 o    oil are integers, and deﬁne
k¼

min ij þ 1 ij :

0 r j r l1

Suppose g is essentially bounded and depends only on zi0 ,zi1 , . . . ,zil . Then
jEðg,PÞEðg,P01 Þj r lbðkÞJgJ1 ,
where E(g,P) and Eðg,P01 Þ are the expectation values of g with respect to P and P01 respectively.
Lemma 2 (Hoeffding, 1963). Suppose that x is a zero-mean random variable assuming values in the interval [a, b]. Let E[g]
denote the expectation value of g. Then for any s 40,
E½expðsxÞ r expðs2 ðbaÞ2 =8Þ:
Lemma 3 (Cucker and Smale, 2002). Let c1 ,c2 40, and s 4q 4 0. Then the equation
xs c1 xq c2 ¼ 0
has a unique positive zero x*. In addition
x r maxfð2c1 Þ1=ðsqÞ ,ð2c2 Þð1=sÞ g:
To exploit the bmixing property, we decompose the index set I ={1,2,y,m} into different parts as follows: Given an
integer m, choose any integer km rm, and deﬁne lm ¼ bm=km c to be the integer part of m/km. For the time being, km and lm
are denoted respectively by k and l so as to reduce notational clutter. The dependence of k and l on m is restored near the
end of the paper. Let r = m kl, and deﬁne
(
fi, i þ k, . . . , i þ lkg,
i ¼ 1,2, . . . , r,
Ii ¼
fi, i þ k, . . . , i þ ðl1Þkg, i ¼ r þ1, . . . , k:
S
Note that i Ii equals the index set {1,2,y,m} and that within each set Ii, the elements are pairwisely separated by at least k.
Then we ﬁrst establish the following theorem.
Theorem 1. Let Z be a stationary b mixing sequence with the mixing coefﬁcient satisfying Assumption 1. Let
6 &
7
6

1=2 ’1 7
6
7
8m
ðbÞ
5,
m ¼ 4m
lnð1=aÞ
where m denotes the number of observations and buc ðdueÞ denotes the greatest (least) integer less (greater) than or equal to u.
Then for any e,0 o e o3M,


mðbÞ e2
:
ProbfjE m ðf ÞEðf Þj 4 eg r 2ð1 þ me2 Þexp
2M2
Proof. Let pi ¼ jIi j=m for i= 1,2,y,k, and deﬁne
Ti ¼ ‘ðf ,zi ÞE½‘ðf ,zi Þ,

pm ðSÞ ¼

m
1X
T,
mi¼1 i

bi ðSÞ ¼

1 X
T:
jIi j j2I i

Then we have
E m ðf ÞEðf Þ ¼ pm ðSÞ ¼

k
X

pi bi ðSÞ:

i¼1

Since expðÞ is convex, we have that for any g 40,
"
#
k
k
X
X
gpi bi ðSÞ r
pi expðgbi ðSÞÞ:
expðgpm ðSÞÞ ¼ exp
i¼1

i¼1

i
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Now take the expectation of both sides with respect to P, we obtain
E½expðgpm ðSÞÞ,P r

k
X

pi E½expðgbi ðSÞÞ,P:

i¼1

Since
2

3
  
 jIi j
gTj
g X 5 Y
gM
4
r exp
Tj ¼
exp
r egM ,
expðgbi ðSÞÞ ¼ exp
jIi j
jIi j j2I
jI
j
i
j2I
i

i

where in the last step we use the fact that Ti ¼ ‘ðf ,zi ÞE½‘ðf ,zi Þ rM for any i= 1,2,y,k.
By Lemma 1, we get
E½egbi ðSÞ ,P r ðjIi j1ÞbðkÞJegbi ðSÞ J1 þ E½egbi ðSÞ ,P01 :
Since under the measure P01 , the various zi are independent, we have
2
3
Y
g
bi ðSÞ 1
1
,P0  ¼ E4 expðgTj =jIi jÞ,P0 5 ¼ fE½expðgTj =jIi jÞ,P0 gjIi j :
E½e
j2Ii

Apply Lemma 2 to the function Tj, since Tj has zero mean and values in an interval of width 2M. It follows from Lemma 2
that
E½expðgTj =jIi jÞ r expðg2 M 2 =2jIi j2 Þ:
Thus
 2 2
g M
þ ðjIi j1ÞbðkÞegM :
E½egbi ðSÞ ,P r exp
2jIi j
It follows that
E½egpm ðSÞ ,P r

 2 2


g M
þ ðjIi j1ÞbðkÞegM :
pi exp
2jIi j
i¼1
k
X

ð4Þ

We now bound the second term on the right-hand side of inequality (4) which is denoted henceforth by f. We suppose

g r 3jIi j=M, then we have that


g2 M 2



þ ðjIi j1ÞbðkÞegM
2jIi j
 2 2
g M
þejIi j e2 mak  egM
r exp
2jIi j
 2 2
g M
þ me2 expfklnðaÞ þ 4jIi jg:
r exp
2jIi j

f ¼ exp

The second inequality follows from Assumption 1 and the fact that jIi j1 r ejIi j2 for any jIi j Z2. We require
expfklnðaÞ þ4jIi jg r1, which holds if klnðaÞ þ 4jIi jr 0. But jIi j r ðm=k þ 1Þ, thus the bound holds if 4ðm=kþ 1Þ rklnð1=aÞ.
Since m þ kr 2m, then the bound holds if 8m r k2 lnð1=aÞ or f8m=lnð1=aÞg1=2 r k. Let
&
1=2 ’
8m
k¼
:
lnð1=aÞ
Then we have
 2 2
g M
þ me2 :
f r exp
2jIi j

ð5Þ

Since inequality (5) is true for all g,0 o g o 3jIi j=M. To make the constraint uniform over all i, we then require g satisﬁes
0ogo

3l
3jI j
o i :
M
M

Since g2 M 2 =2l 4 0, we have
 2 2
g M
:
f r ð1þ me2 Þexp
2l
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Returning to inequality (4), we have
 2 2
g M
:
E½egpm ðSÞ ,P r ð1 þ me2 Þexp
2l
By Markov’s inequality, we have that for any g 4 0
Probfpm ðSÞ 4 eg ¼ Probfegpm ðSÞ 4ege g
E½expfgpm ðSÞg,P
r
expfgeg
 2 2

g M
ge :
rð1 þ me2 Þexp
2l
Now by substituting g ¼ le=M 2 and noting that if e r3M, then g satisﬁes g r3l=M. We then obtain that for any e, 0 o e r3M,
inequality


le2
Probfpm ðSÞ 4 eg rð1 þ me2 Þexp
2M 2
is valid. Since l ¼ bm=kc, replacing l by mðbÞ then implies that for any e, 0 o e r3M,


mðbÞ e2
:
Probfpm ðSÞ 4 eg rð1 þ me2 Þexp
2
2M
By symmetry, we also have
Pfpm ðSÞ o eg rð1 þ me2 Þexp



mðbÞ e2
:
2M2

Combining these two bounds leads to the desired inequality in Theorem 1. Then we ﬁnish the proof of Theorem 1.

&

From Theorem 1, the following corollary is then immediate.
Corollary 1. With all notations as in Theorem 1, then for any d 2 ð0,1Þ, inequality
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2lnðC=dÞ
Eðf ÞE m ðf Þ r M
mðbÞ
holds true with probability at least 1d provided that mðbÞ Z 18lnðC=dÞ, where C ¼ 1 þ me2 . The same bound holds true for
E m ðf ÞEðf Þ.
Proof. For any d 2 ð0,1Þ, the positive solution to the equation with the variable e


mðbÞ e2
ð1 þ me2 Þexp
¼d
2M2
is given by

e¼M

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2lnðC=dÞ
:
mðbÞ

In addition, if mðbÞ Z 18lnðC=dÞ, we have e o 3M. Then by Theorem 1 we can complete the proof of Corollary 1.

&

By Theorem 1, we obtain the following theorem on the rate of empirical risks uniformly converging to their expected
risk over the hypothesis space H with the same method that used in Cucker and Smale (2001). For completeness, we give a
proof.
Theorem 2. With all notations as in Theorem 1, then for any e, 0 o e o3M,
(
)


e
mðbÞ e2
exp
Prob supjE m ðf ÞEðf Þj 4 e r 2ð1 þ me2 ÞN H,
:
4L
8M 2
f 2H

ð6Þ

Proof. Let
H ¼ H1 [ H2 [    [ Hn ,

LS ðf Þ ¼ Eðf ÞE m ðf Þ,

then for any e 4 0, whenever supf 2H jEðf ÞE m ðf Þj Z 2e, there exists k,1 r kr n such that supf 2Hk jEðf ÞE m ðf Þj Z 2e. This
implies the equivalence
supjEðf ÞE m ðf Þj Z2e () (k, 1 r kr n,
f 2H

s:t: supjEðf ÞE m ðf Þj Z 2e:
f 2Hk

ð7Þ
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By the equivalence (7), and by the fact that the probability of a union of events is bounded by the sum of the probabilities
of these events, we have
(
)
(
)
n
X
Prob supjEðf ÞE m ðf Þj Z2e :
Prob supjEðf ÞE m ðf Þj Z 2e r
ð8Þ
f 2H

f 2Hk

k¼1

Now we estimate the term on the right-hand side of inequality (8). Let the balls Dk ,1 r kr n be a cover of H with center
at fk and radius e=2L. Then, for all S 2 Z m and all f 2 Dk ,
jLS ðf ÞLS ðfk Þj r jEðf ÞEðfk Þj þ jE m ðf ÞE m ðfk Þj
m
1X
rEj½‘ðf ,zÞ½‘ðfk ,zÞj þ
j‘ðf ,zi Þ‘ðfk ,zi Þj
mi¼1

e

r2L  Jf fk J1 r2L 

2L

¼ e:

It follows that for any S 2 Z m and all f 2 Dk
supjLS ðf Þj Z 2e¼)jLS ðfk Þj Z e:
f 2Dk

We thus conclude that for any k 2 f1,2, . . . ,ng,
(
)
Prob supjLS ðf Þj Z 2e r ProbfjLS ðfk Þj Z eg:
f 2Dk

By Theorem 1, we can get
ProbfjLS ðfk Þj Z eg r2ð1 þ me2 Þexp



mðbÞ e2
:
2M 2

Then
(
)


mðbÞ e2
Prob supjLS ðf Þj Z 2e r 2ð1 þ me2 Þexp
:
2
2M
f 2Dk
By inequalities (8) and (9), we obtain
(
)
Prob supjEðf ÞE m ðf Þj Z 2e r 2ð1 þ me2 ÞN H,
f 2H

ð9Þ



mðbÞ e2
exp
:
2
2L
2M

e

Theorem 2 thus follows from inequality (10) by replacing e by e=2.

ð10Þ

&

Remark 3. (i) mðbÞ in Theorems 1 and 2 is called the ‘‘effective number of observations’’ for the beta-mixing processes.
From Theorems 1 and 2, we can ﬁnd that mðbÞ plays the same role in our analysis as that played by the number of
observations m in the i.i.d. case (see Cucker and Smale, 2001; Wu et al., 2006).
(ii) Since mðbÞ -1 as m-1, by Theorem 2, we then have that for any e,0 o e o3M,
(
)
Prob supjEðf ÞE m ðf Þj Z e -0

as m-1:

f 2H

This shows that as long as the covering number of the hypothesis space H is ﬁnite, the empirical risk E m ðf Þ will uniformly
converge to the expected risk Eðf Þ, and the convergence speed may be exponential. This assertion is well known for the
ERM algorithm with i.i.d. samples (see, e.g. Vapnik, 1998; Cucker and Smale, 2001). Then we have generalized this classical
results in Vapnik (1998) and Cucker and Smale (2001) to the geometrically beta-mixing sequences.
By Theorem 2, we also get the following corollary.
Corollary 2. With all notations as in Theorem 1. If for any e 4 0, the covering number of function set H satisﬁes


e
e 2d=p
r exp C0
N H,
4L
4L
for some constant C0 4 0. Then for any d 2 ð0,1Þ, and for all functions in H, inequality
Eðf ÞE m ðf Þ r eðm, dÞ
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holds true with probability at least 1d provided that mðbÞ Z 18lnðC=dÞ, where
(

1=2 
p=ð2p þ 2dÞ )
lnðC=dÞ
C0 L2d=p M 2
:
eðm, dÞ ¼ max 4M
,
4
mðbÞ
mðbÞ
The same bound holds true for E m ðf ÞEðf Þ.
Proof. By Theorem 2, we have that for any e, 0 o e o3M,
(
)


e 2d=p mðbÞ e2
P supjEðf ÞE m ðf Þj 4 e r 2ð1 þ me2 Þexp C0

:
4L
8M2
f 2H
Let us rewrite the above inequality in the equivalent form. We equate the right-hand side of the above inequality to a
positive value d ð0 o d o 1Þ


e 2d=p mðbÞ e2

¼ d:
ð1 þ me2 Þexp C0
4L
8M2
It follows that

e2 þ 2d=p 

8lnðC=dÞM 2 2d=p 8C0 ð4LÞ2d=p M2
e

¼ 0:
mðbÞ
mðbÞ

By Lemma 3, this above equation with respect to e has a unique positive zero e , and
(

1=2 
p=ð2p þ 2dÞ )
lnðC=dÞ
C0 L2d=p M2
e r eðm, dÞ :¼ max 4M
,4
:
mðbÞ
mðbÞ
Then we deduce that inequality
Eðf ÞE m ðf Þ r eðm, dÞ
is valid with probability at least 1d simultaneously for all functions in H. In addition, if mðbÞ Z18lnðC=dÞ, we have e o 3M.
Then we complete the proof of Corollary 2. &
4. Estimates error bounds
By the two reﬁned probability inequalities (Corollaries 1 and 2) obtained in the last section, we can establish the error
bound of Tikhonov regularization algorithm with geometrically bmixing observations as follows:
Theorem 3. Let Z be a stationary b-mixing sequence with the mixing coefﬁcient satisfying Assumption 1, that is, the b-mixing
coefﬁcient of sequence Z satisﬁes

bðkÞ r mak , k Z 1
for some constants m and a o 1. Then for any t Z 1, inequality
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðlnð2CÞ þ tÞ 00
þ e ðm, tÞ þDðlÞ
EðfS, l ÞEðf  Þ r M
mðbÞ

ð11Þ

holds true with probability at least 1et provided that mðbÞ Z 18ðlnð2CÞ þ tÞ, where
8
#p=ð2p þ 2dÞ 9

1=2 "
<
=
lnð2CÞ þ t
C0 ½L  ðM=lÞ1=y 2d=p M2
00
e ðm, tÞ ¼ max 4M
,4
:
ð
b
Þ
ð
b
Þ
:
;
m
m
Proof. By Corollary 1, we have that there exists a subset V1 of Z m with probability at least 1et such that for any S 2 V1
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðlnC þ tÞ
E m ðfl ÞEðfl Þ r M
:
ð12Þ
mðbÞ
Applying Corollary 2 to BO ðRÞ, we have that for all f 2 BO ðRÞ, there exists a subset V(R) of Z m with probability at least 1et ,
Eðf ÞE m ðf Þ r eðm, tÞ,
where
8
#p=ð2p þ 2dÞ 9

1=2 "
=
<
ðlnC þ tÞ
C0 ðLRÞ2d=p M2
:
eðm, tÞ ¼ max 4M
,4
;
:
mðbÞ
mðbÞ

ð13Þ
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Let
WðRÞ ¼ fS 2 V1 : fS, l 2 BO ðRÞg:
Combine inequalities (12) and (13) with inequality (2), we deduce that for any S 2 VðRÞ \ WðRÞ, with probability at least
1et ,
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðlnð2CÞ þ tÞ
ð14Þ
EðfS, l ÞEðf  Þ þ lOðfS, l Þ rM
þ euðm, tÞ þ DðlÞ,
mðbÞ
where
8
#p=ð2p þ 2dÞ 9

1=2 "
<
=
lnð2CÞ þ t
C0 ðLRÞ2d=p M2
euðm, tÞ ¼ max 4M
,4
:
ð
b
Þ
ð
b
Þ
:
;
m
m
In addition, since for all l 40, and almost all S 2 Z m , we have
E m ðfS, l Þ þ lOðfS, l Þ r E m ð0Þ þ 0 r M:
It follows that OðfS, l Þ r M=l for almost all S 2 Z m . Take R :¼ ðM=lÞ1=y and use inequality (14), we complete the proof of
Theorem 3. &
Remark 4. Since mðbÞ -1 and l :¼ lðmÞ-0 as m-1, we can ﬁnd that
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðlnð2CÞ þ tÞ
M
-0, e00 ðm, tÞ-0, DðlÞ-0:
mðbÞ
Then by Theorem 3, we conclude that Tikhonov regularization algorithm with geometrically beta-mixing observations is
consistent. Thus we have generalized this classical results on Tikhonov regularization algorithm with i.i.d. samples in Wu
(2005) to geometrically bmixing sequences.
By Theorem 3, we can easily obtain the following learning rates in weak forms.
Corollary 3. With all notations as in Theorem 3, and let DðlÞ rC1 ð1=mðbÞ Þp=ð2p þ 2dÞ for some constant C1 4 0. Then for any t Z 1,
there exists a constant C2 such that inequality
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


2ðlnð2CÞ þ tÞ
1 p=ð2p þ 2dÞ
EðfS, l ÞEðf  Þ r M
þ C2
ð
b
Þ
ð
b
Þ
m
m
holds true with probability at least 1et provided that
8
"
# 9
2d=yp p=d =
<
M ½yðdpÞ2d=yp ðlnð2CÞ þ tÞðp þ dÞ=p l
ðbÞ
m Zmax 18ðlnð2CÞ þ tÞ,
:
:
;
C0 L2d=p
To improve the error estimates presented in Theorem 3, we also use iteration technique to ﬁnd a small ball BO ðRÞ that
contains fS, l , this technique was ﬁrst used in Steinwart and Scovel (2005) and later developed in Wu et al. (2006).
Proposition 1. Take 0 o l o1=My1 and R ZM, then for any d 2 ð0,1Þ, and any e 4 0,
EðfS, l ÞEðf  Þ r DðlÞ½2þ ðRe Þd=ðp þ dÞ 
holds true with probability at least 1d provided that mðbÞ Z maxfm1 ,m2 g, where
9
8
>
>
(
)
>
 
=
<
2d=p >
ðp þ dÞ=d
2
2C ½lnð2C=dÞ
2lnð2C=dÞM 16C0 ð4LÞ
:
¼
max
,
,
m1 ¼ max 18ln
,
m
2
2
p=d 2
>
>
2p
þ
2d
d
ðC0 Þ L
>
>
;
: ðDðlÞÞ
ðDðlÞÞ
p
Proof. For any t Z 1, when 0 o l o1=M y1 , we have ðM=lÞ1=y 4 M. Take R ZM, and notice that if mðbÞ 4m1 , we have

p=ð2p þ 2dÞ
C L2d=p
euðm, tÞ ¼ 4Rd=ðp þ dÞ  0 ðbÞ
:
m
In addition, if mðbÞ 4 m2 , we also have
"
#p=ð2p þ 2dÞ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðlnð2CÞ þ tÞ
C0 ðLÞ2d=p
rDðlÞ:
r DðlÞ, 4
M
mðbÞ
mðbÞ
Then from inequality (14), we have that for any S 2 VðRÞ \ WðRÞ, inequality
EðfS, l ÞEðf  Þ þ lOðfS, l Þ rRd=ðp þ dÞ DðlÞ þ2DðlÞ ¼ DðlÞð2 þRd=ðp þ dÞ Þ

ð15Þ
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holds with probability at least 1et . This implies fS, l 2 BO ðgðRÞÞ, i.e. OðfS, l Þ r ðgðRÞÞy , where g : R þ -R þ is a univariate
function deﬁned by

1=y
DðlÞ
gðRÞ :¼
ð2þ Rd=ðp þ dÞ Þ1=y :

l

It follows that
WðRÞ \ VðRÞ DWðgðRÞÞ:

ð16Þ

Denote Rj = g(Rj  1) for j 2 N, and let R0 ¼ ðM=lÞ
!
j1
\
VðRj Þ DWðRj Þ:
WðR0 Þ \

1=y

. According to (16), we have

i¼0

Deﬁne rj ¼ ð2 þðrj1 Þd=ðp þ dÞ Þ1=y . By Lemma 5.17 in Wu (2005), we
b ¼ ðð3ðp þ dÞydÞ=ððp þ dÞydÞÞ1=y . Thus, for e 4 0, choose J 2 N such that
6
7
6
7
6
7
6
7
lnð
e
y
Þ
7 þ 1,


J¼6
4
5
d
ln
ðp þdÞy

have

j

rj ¼ ½ðM=lÞð1=yÞðd=ðp þ dÞyÞ þb,

where

where bvc denotes the integer part of v 2 R þ . It follows that RJ r½ðM=lÞe þ b. Set

1=y  e
DðlÞ
M
:
Re :¼ ð1 þbÞ

l

l

Then WðRJ Þ  WðRe Þ and hence WðRe Þ has measure at least 1ðJ þ 2Þet .
Applying (15) to R ¼ Re , we have
EðfS, l ÞEðf  Þ r DðlÞ½2 þðRe Þp=ðp þ dÞ 
holds for any S 2 WðRe Þ \ VðRe Þ. Taking t ¼ lnððJ þ 3Þ=dÞ, the measure of the set WðRe Þ \ VðRe Þ is at least 1ðJ þ3Þet ¼ 1d.
Then we complete the proof of Proposition 1. &
Remark 5. In the proof of Proposition 1, we use two technical conditions, that is, l o M and 0 o l o1=My1 . It is natural
because l-0 as m-1.
Remark 6. In order to better understand the signiﬁcance and value of the established results for Tikhonov regularization
algorithm with geometrically bmixing samples, we give some useful discussions as follows: First, in some sense,
bmixing is a very ‘‘natural’’ assumption on non-i.i.d. sequences. For example, Vidyasagar (2003) and Meyn and Tweedie
(1993) proved that if a Markov chain {zi} is V-geometrically ergodic, then the sequence {zi} is geometrically bmixing.
Namely, there exist constants m and a o 1 such that the bmixing coefﬁcient bðkÞ satisﬁes

bðkÞ r mak

ð17Þ

for all k 2 N. Moreover, the bmixing coefﬁcient is given by
Z
bðkÞ rEfr½Pk ðz,AÞ, p, pg r r½Pk ðz,AÞ, ppðdzÞ,
Z

where Pk(z,A) is the transition probability that the state z will belong to the set A after k time steps, p is the stationary
distribution of the Markov chain {zi}, r is the total variation metric between two probability measures. Especially, if a
Markov chain can be described by the recursion relation
zt þ 1 ¼ f ðzt Þ þet ,
where et is noise sequence, zt 2 Rk for some integer k, subject to three suitable assumptions (see Theorem 3.11 in
Vidyasagar, 2003 for details), then we can deﬁne a Lyapunov function V such that the Markov chain is geometrically
bmixing. Moreover, Meyn and Tweedie (1994) have presented a method to compute the parameters m and a in inequality
(17). Thus we can obtain the parameters m and a of geometrically bmixing coefﬁcient in inequality (17) for the Markov
chain described by the above recursion relation. However, other mixing sequences (i.e. amixing and fmixing) do not
have this property of bmixing sequences. The interested readers can consult Vidyasagar (2003) for the details. This
implies that these results on the learning performance of Tikhonov regularization algorithm with geometrically bmixing
observations are suited to geometrically ergodic Markov chain samples.
Second, Vidyasagar (2003) proved that in hidden Markov models, if the underlying Markov chain has bmixing property
(or geometrically bmixing), then so does the corresponding hidden Markov model. Therefore, the established results in
this paper are also suited to hidden Markov models.
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5. Conclusions
In this paper, we studied the learning performance of Tikhonov regularization algorithm with geometrically bmixing
observations. We ﬁrst established two new reﬁned probability inequalities for geometrically bmixing sequences. We
then derived the bounds on the learning performance of Tikhonov regularization algorithm with geometrically bmixing
samples, and proved that Tikhonov regularization algorithm with geometrically bmixing observations is consistent. To
our knowledge, these results for geometrically bmixing here are the ﬁrst explicit bounds on the rate of convergence in
this topic. In order to better understand the signiﬁcance and value of the established results in this paper, we also give
some useful discussions in the last section. By these discussions, we concluded that these established results on the
learning performance of Tikhonov regularization algorithm for geometrically bmixing observations are not only suitable
to geometrically ergodic Markov chain samples, but also suitable to hidden Markov models. In addition, the obtained
results extended the well-known statistical learning theory for Tikhonov regularization algorithm justiﬁed previously for
i.i.d. observations in Wu et al. (2006).
Further directions of research include establishing the bounds on the better learning rates of Tikhonov regularization
algorithm with geometrically bmixing samples, and the essential difference between the generalization ability of
Tikhonov regularization algorithm with i.i.d. samples and that for geometrically bmixing samples. All these problems are
under our current investigation.
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