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Learning With 1-Regularizer Based on
Markov Resampling
Tieliang Gong, Bin Zou, and Zongben Xu

Abstract—Learning with 1 -regularizer has brought about a
great deal of research in learning theory community. Previous
known results for the learning with 1 -regularizer are based
on the assumption that samples are independent and identically distributed (i.i.d.), and the best obtained learning
rate
√
for the 1 -regularization type algorithms is O(1/ m), where
m is the samples size. This paper goes beyond the classic i.i.d.
framework and investigates the generalization performance of
least square regression with 1 -regularizer (1 -LSR) based on
uniformly ergodic Markov chain (u.e.M.c) samples. On the theoretical side, we prove that the learning rate of 1 -LSR for u.e.M.c
is with the order of O(1/m), which is faster
samples 1 -LSR(M)
√
than O(1/ m) for the i.i.d. counterpart. On the practical side,
we propose an algorithm based on resampling scheme to generate u.e.M.c samples. We show that the proposed 1 -LSR(M)
improves on the 1 -LSR(i.i.d.) in generalization error at the low
cost of u.e.M.c resampling.
Index Terms—1 regularization, learning theory, least square
regression, Markov resampling, uniformly ergodic Markov
chains (u.e.M.c).

I. I NTRODUCTION
EAST absolute shrinkage and selection operator
(Lasso) [1] is one of the most successful and practical
methods that recently received much attention from the
machine learning and statistics communities [2]–[5]. It
imposes on the fitted model with 1 penalty, which can lead
to sparse solutions. In other words, there are fewer basis
functions with nonzero weights, which appear in the model
and therefore can improve the prediction accuracies of the
model. Furthermore, the solutions induced by Lasso are with
better interpretability in many applications. It can also greatly
reduce memory requirement and the computation burden.
The theoretical property of Lasso [3], [4], [6] has been
extensively studied in statistical literature. A number of
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literatures focus on investigating the generalization performance of 1 regularization in learning theory community.
For instance, Xiao and Zhou [7] studied the 1 regularization with nonsymmetric kernel in data dependent spaces and
obtain a corresponding learning rate. This result was then
improved in subsequent studies (see [8], [9]). In particular, Guo and Shi [10] generalized the results to unbounded
sampling and gave the learning rates for more general settings. Tong et al. [11] derived the learning rates of support
vector machine regression with 1 regularizer. Nevertheless,
all those theoretical analysis are based on the assumption that the samples are independent and identically distributed (i.i.d.). Therefore, a natural question is how about
the generalization performance of learning with non-i.i.d.
samples. Indeed, many attempts have been made to clarify the generalization performance of some specific learning
algorithms with non-i.i.d. samples. For example, Yu [12]
established the rates of convergence for empirical process
of stationary mixing sequence. Modha and Masry [13]
obtained the minimum complexity regression estimation with
m-dependent observations and strong mixing observations.
Smale and Zhou [14] studied the online learning based on
Markov sampling and demonstrated the corresponding theoretical results. Mohri and Rostamizadeh [15] investigated
the stability bounds of stationary φ- and β-mixing processes. Zou et al. [16] discussed the generalization performance of least square regularized regression based on Markov
sampling.
The non-i.i.d. sequence can take various forms. In this
paper, we are confined to study the case that the samples are Markov chains. Several reasons for such confinement: 1) Vidyasagar [17] pointed out that the assumption
of α-mixing sequence is too weak while the assumption
of ϕ-mixing sequence is too strong for probably approximately correct learning and 2) Markov chain has achieved
great success in many machine learning tasks such as speech
recognition [18], biogeography-based optimization [19], DNA
sequence analysis, neural networks synchronization [20], etc.,
and in those applications it is revealed that the learning algorithms perform well when Markov chain samples are used
instead of i.i.d. samples. However, it should be observed that
those reports are all empirical evidence, which are lack of theoretical support. (Particularly, it is really unknown how well
the algorithms perform in terms of generalization error measurement.) In this paper, our aim is to provide a theoretical
guarantee for learning with 1 -regularizer based on uniformly
ergodic Markov chain (u.e.M.c) samples, and proposed an
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effective strategy to generate u.e.M.c samples. The main
contribution can be summarized as follows.
1) The generalization error bound of least square regression
with 1 -regularizer (1 -LSR) with u.e.M.c samples has
been established in theory, which shows that the learning rate of 1 -LSR based on u.e.M.c samples can be
faster than the best kernel independent bound O(m−1/2 ),
achieving O(m−1 ) in some cases with appropriate choice
of regularization parameter. To the best of our knowledge, this is the first result finding on the related
assimilation.
2) Inspired by the above theoretical finding, we propose a
performance improved 1 -LSR learning algorithm, the
1 -LSR(M), based on Markov resampling, i.e., learning
from the u.e.M.c samples generated from the given training data. The experiments on simulation and benchmark
database demonstrate that 1 -LSR(M) improves on the
1 -LSR in generalization error with low cost of u.e.M.c
samples.
The rest of this paper is organized as follows. In
Section II, we introduce the necessary notions and notations. In Section III, we establish the generalization bounds
of 1 -LSR(M) algorithm for u.e.M.c samples and obtain the
learning rates. In Section IV, we give a description of the proposed Markov resampling algorithm. In Section V, we present
the comparison results with experiments on performance of the
1 -LSR with i.i.d. samples and the 1 -LSR(M) with u.e.M.c
samples. Finally, we conclude this paper with some useful
remarks.
II. P RELIMINARIES
In this section, we introduce some necessary definitions and
notations.
A. Stochastic Input Processes
Suppose (Z, S) is a measurable space. A Markov chain is
a sequence of random variables {Zt }t≥0 together with a set of
probability measures Pn (z, A), z ∈ Z, A ∈ S. Assume that


Pn (z, A) = P zn+i ∈ A|zj , j < i, zi = z
where Pn (z, A) denotes the probability that the state z will
belong to the set A after n step transition, starting from the
initiate state z at time i. The fact that the transition probability
does not depend on the values of z prior to time i is known
as the Markov property. In other words, given the present, the
future does not depend on the past, that is


P zn+i ∈ A|zj , j < i, zi = z = P{zn+i ∈ A|zi = z} (1)
and it is known that the Markov chain is stationary if
the transition probability does not dependent on the initial
time i [17].
Given two probability measures μ1 and μ2 on the measurable space (Z, S), the total variation (TV) distance between
the two measures is defined as follows:
μ1 − μ2 TV = 2 sup |μ1 (A) − μ2 (A)|.
A∈S

(2)

With these notations, we introduce the definition
of u.e.M.c.
Definition 1: A Markov chain {zt }t≥1 is said to be uniformly
ergodic if there exist constants r < ∞ and 0 < ϕ < 1 such
that for any z ∈ Z, and for any n ≥ 1, n ∈ N

 n
P (·|z) −  (·) ≤ rϕ n
(3)
TV
where  (·) is the stationary distribution of {Zt }t≥1 .
Remark 1: A weaker notion than uniformly ergodic is
V-geometrically ergodic, i.e., {zt } is V-geometrically ergodic
with respect to a measurable function V : Z → [1, ∞) if
 n

P (·|zt ) −  (·) ≤ rϕ n V(zt )
TV
and


V(z) (dz) < A
Z

where A < ∞ is a constant. The main distinction between
V-geometrically ergodic and uniformly ergodic property consist in the independence of initiate state z for V(·). It is
well-known that all irreducible and aperiodic Markov chains
are uniformly ergodic. It is worth noting that any i.i.d. random
variables are uniformly ergodic with r = 0.
B. Learning With 1 Regularizer
We begin with a brief review of learning theory. In most
of the machine learning problems, data usually come from
two spaces: the input space X ⊂ Rd and the output space
Y = R. Assume that there exists an unknown mapping relationship between x ∈ X and y ∈ Y and it is modeled by
probability distribution ρ on Z := X × Y. Suppose ρ admits
the decomposition
ρ(x, y) = ρX (x)ρ(y|x)
in which ρX (x) denotes the marginal probability measure on X,
and ρ(y|x) denotes conditional probability measure (given x)
on Y. Let z = {xi , yi }m
i=1 be a set of finite random samples
of size m, m ∈ N, in which the samples are supposed to be
draw independently according to ρ. The goal of learning is to
find an effective and reliable estimation f : X → Y from the
sample set z. A natural measurement of the error caused by
f (x) is the generalization error, which can be defined by

(4)
E( f ) = ( f (x) − y)2 dρ.
Z

Minimizing generalization error E( f ), we can obtain regression function, defined by

ydρ(y|x), x ∈ X.
(5)
fρ (x) =
Y

This ideal minimizer fρ exists in theory only. Since ρ is usually
unknown, fρ cannot be estimated directly. A common practice
is to find an approximation of fρ from a family of finite sample
sets z. Under the assumption that fρ ∈ Lρ2 X , it is well-known
that [21], for every f ∈ Lρ2 X , there holds

2
(6)
E( f ) − E( fρ ) =  f − fρ L2
ρX
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where Lρ2 X denotes the Hilbert space of square integrable functions with respect to the measure ρX . For regression problem,
a widely used approach for finding fz , the approximation of fρ ,
is through empirical risk minimization (ERM), which expects
to approximate the generalization error by sample average.
Then, an ERM estimation fz can be defined by
1
Ez ( f ) :=
( f (xi ) − yi )2 .
m
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1 -LSR algorithm based on Markov resampling. In our setting, the hypothesis space and 1 -LSR estimator are given as
follows.
Definition 2: Let
 m

ci Kxi : ci ∈ R, i = 1, 2, . . . , m
HK,z =
i=1

m

(7)

and



i=1

Nevertheless, learning does not occur in vacuum. We usually restrict the learning process within certain limits. In other
words, we need to search for an ideal approximation fz of fρ
in a certain hypothesis space H.
A plenty of learning strategies can be accepted into
regularization schemes [22] in reproducing kernel Hilbert
space (RKHS) associated with Mercer kernel. Such a kernel
K is a continuous, symmetric function on X × X such that
the matrix (K(xi , xj ))m
i,j=1 keeps positive semi-definite for any
m
{xi }i=1 ⊂ X. It is well-known that a specific Mercer kernel corresponds to a unique RKHS HK [23] with norm ·K . RKHS is
a function space in which point evaluation of linear functional
is continuous and the inner product ·, · HK = ·, · K satisfying Kx , Kx K = K(x, x ). The reproducing property takes
the form f (x) = Kx , f . Let H = HK and ( f ) =  f 2K ,
the ERM estimation in RKHS is then can be formally
designed by
fz = arg min Ez ( f ).
f ∈H

f ∈HK

:= inf

(9)

where λ > 0 is an appropriate the regularization parameter, which often relies upon the sample size in the way that
λ = λ(m) and limm→∞ λ(m) = 0. According to the representer theorem [23],
 the ideal estimation fz derived by (9) must be
of the form m
i=1 ci Kxi . It is worth noting that once the kernel
function is specified, what we only need to do is then to find
out the estimation of coefficients ci if we expect to obtain the
precise form of fz . Generally, different prior imposed on c will
give rise to different algorithm. Classical algorithms such as
2 and 1 regularizer (namely Ridge and Lasso), will lead to
a smooth and sparse estimators, respectively. For 2 regularizer estimation, the coefficients can be computed by solving
a linear system equation (K + mλI)c = y. Here, K denotes
the kernel matrix with entries Kij = K(xi , xj ) and I is the
identity matrix with size m × m. For 1 -regularizer estimation,
many algorithms exist, for instance, Lasso [1], the iterative soft
thresholding algorithm [25], the iteratively reweighted least
square algorithm [26], and so on.
The theoretical behavior of the regularized learning algorithms with 1 regularizer is well understood (see [8], [10]).
All those analysis are, however, based on the assumption that
the samples are i.i.d.. This paper will go beyond this framework and focus on investigating the learning performance of

m


|ci | : f =

i=1

m


ci Kxi .

(10)

i=1

The 1 -LSR is given by
fz,λ := arg min {Ez ( f ) + λ
f ∈HK,z

z ( f )}.

(11)

Throughout this paper, we always assume that the regression
function | fρ (x)| ≤ M, so we are reasonable to utilize projection operator (see [27], [28]) to restrict the obtained estimation
to [−M, M].
Definition 3: The projection operator π = πM is defined
on the space of measurable function f : X → R as
⎧
⎪
if f (x) > M
⎨M,
π( f )(x) = −M, if f (x) < −M
(12)
⎪
⎩
f (x), otherwise.
This paper aims to conduct a precise analysis on generalization error

(8)

The problem (8) is ill-posed in general. In practice, it will be
solved by applying regularization scheme [21]–[24]
fz = arg min {Ez ( f ) + λ ( f )}

z( f )

E(π( fz,λ )) − E( fρ ).

(13)

Note that, the hypothesis space HK,z in Definition 2 is relevant of samples. To characterize the approximation ability
of (11), we need to utilizing a larger function space containing
all of the possible hypothesis spaces [29].
Definition 4: Banach space H0 is defined as the function
space on X consisting of all functions of the form
f =

∞


 ∞
cj Kxj , cj j=1 ∈ 1 , {xj }∞
j=1 ⊂ X

i=1

with the norm

⎧
⎫
∞
∞
⎨
⎬

|cj | : f =
cj Kxj .
 f  := inf
⎩
⎭
j=1

j=1

Apparently, one can observe that Hk,z ⊂ H0 , for any
z ∈ Z m . Since K is continuous and X is compact, there holds
κ := supx∈X K(x, x) < ∞, which then shows that H0 is a
subset of C(X). Here, C(X) denotes the space of continuous
functions on X with the uniform norm  · ∞ and
 f ∞ ≤ κ f , ∀f ∈ H0 .

(14)

Definition 5: For any subset F of a metric space and any
> 0, the covering number N (F, ) of the function set F is
the minimal integer n ∈ N such that there exist n disks in F
with radius covering F.
Let BR := { f ∈ H0 :  f  ≤ R}. BR is a subset of C(X) and
the covering number is well studied [21]. We denote in particular the covering number of unit ball B1 by N ( ) = N (B1 , ).
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Definition 6: We say that H0 has polynomial complexity
exponent s > 0 if there is some constant cs such that
log(N (H0 , )) ≤ cs

−s

, ∀ > 0.

(15)

Remark 2: The covering number is used to measure the
complexity of hypothesis space. It has been extensively studied
in [30]–[32]. It was shown in [31] that Definition 6 holds with
K is C2n/s on a subset X of Rn . In particular, for any C∞ kernel
(such as Gaussians), Definition 5 is valid for any s > 0.
III. B OUNDS OF G ENERALIZATION P ERFORMANCE
A well-established approach for conducting error analysis
of regularization schemes in sample independent hypothesis
spaces is the error decomposition [10], [33], which divides
the generalization error into sample error and approximation
error. In our setting, the hypothesis space Hk,z and penalty
term z ( f ) are both dependent on sample z, which makes the
standard error decomposition scheme do not work directly. To
overcome this difficulty, we employ the modified error decomposition [29], introducing an extra hypothesis error, To this
end, we need considering the problem in a Banach space H0
containing all the possible hypothesis space Hk,z .
To derive the generalization bound of algorithm (11)
based on Markov resampling, we first define a regularization
error D(λ) and a regularizing function fλ to formulate the
error decomposition. The regularization error of fρ in H0 is
defined by


(16)
D(λ) := inf E( f ) − E( fρ ) + λ f 

dimension space. Note that, the functions in H0 are consist of
all linear combinations with Kx (·), in order to approximate
functions in H0 , the sampling data is require to be with some
certain density. The Lτ condition insures the regularity of margin distribution ρX such that the density condition of sampling
data is satisfied with high probabilities.
Definition 10: It is said that the kernel K satisfies a
Lipschitz condition of order γ with 0 < γ < 1 if there exists
some cγ > 0 such that



 
K(x, t) − K x, t  ≤ cγ t − t γ , ∀x, t, t ∈ X. (21)
2
With these definitions, we can now estimate the generalization error E(π( fz,λ )) − E( fρ ) as shown in Proposition 1.
Proposition 1: Let fz,λ be defined in (11) with samples z =
m
{(xi , yi )}m
i=1 ∈ Z and λ > 0. Then there holds
E(π( fz,λ )) − E( fρ ) ≤ S(z, λ) + H(z, λ) + D(λ)

(22)

where



S(z, λ) = E(π( fz,λ )) − Ez (π( fz,λ )) + {Ez ( fλ ) − E( fλ )}


H(z, λ) = Ez (π( fz,λ )) + λ z ( fz,λ ) − {Ez ( fλ ) + λ fλ }
D(λ) = E( fλ ) − E( fρ ) + λ fλ .

which characterize the approximation ability of the function
space H0 to object function fρ . The regularizing function fλ
is given by

 

(17)
fλ = arg min E( f ) − E fρ + λ f  .

The above term S(z, λ), H(z, λ), and D(λ) denote the sample,
hypothesis, and regularization errors, respectively.
By means of the error decomposition in Proposition 1, we
can prove the following main result of 1 -LSR(M) based on
u.e.M.c samples.
Theorem 1: Assume that the given u.e.M.c sample set
{zi }m
i=1 satisfy an interior cone conditions, and the stationary
distribution  (·)√satisfies condition Lτ with constant τ > 0.
Set m(β) = m 8m/ ln(1/ϕ)−1 . If D(λ) satisfies (18), by
taking λ = (1/m(β) )ϑ1 with ϑ1 = min{1/2 − q, 1/(1 + s)q +
s, γ /(2 − q)τ }, then for any 0 < δ < 1, with confidence 1 − δ,
we have

Definition 7: We say that the target function fρ can be
approximated in H0 with exponent q ∈ (0, 1] if there exists a
constant cq > 0 such that

E(π( fz,λ )) − E( fρ )

max (1, γ )  1 ϑ1 q
τ
(β)
≤ C2 log(2/δ) + log(m + 1)
(23)
m(β)

f ∈H0

f ∈H0

D(λ) ≤ cq λq , ∀λ > 0.

(18)

Definition 8 [9]: A subset X of Rn is said to satisfy an
interior cone condition if there exist an angle θ ∈ (0, π/2),
a radius R > 0, and a unit vector ξ(x) for every x ∈ X such
that the cone

C(x, ξ(x), θ, R) = x + tw : w ∈ Rn , |w|2 = 1,

w ξ(x) ≥ cos θ, t ∈ [0, R]
(19)
is contained in X.
Definition 9 [7]: A probability measure ρX on X is said to
satisfy condition Lτ with 0 < τ < ∞ if for some cτ > 0
ρX (u ∈ X : |u − x| < r) ≥ cτ rτ, 0 < r ≤ 1, ∀x ∈ X. (20)
Remark 3: Lτ condition is critical in the error analysis for
kernel based 1 -LSR. Owing to lack of representer theorem,
we cannot guarantee the regularization scheme in Banach
space H0 will be reduced to an optimization problem in a finite

where C2 is a constant independent of m and δ.
We will present the proof of Theorem 1 in Appendix B.
Theorem 1 shows that when m(β) → ∞, there holds
E(π( fz,λ )) − E( fρ ) → 0. This means that the 1 -LSR algorithm with u.e.M.c samples is consistent. This result generalizes the classical results of i.i.d. samples. It also provides
an explicit learning rate of 1 -LSR(M) with u.e.M.c samples.
To see this, let us take 1/(1 + s)q + s = γ /(2 − q)τ , then
solving this equation about q and we can obtain the learn(β) − min{(2τ −γ s/(2+3s)γ ),(2τ −γ s/(2+3s)τ )} ). Since
ing rate O((m
√ )
(β)
m
= O( m), one can observe that when s is sufficient
small and as long as τ/γ = 1, the learning rate obtained
in Theorem 1 is arbitrarily close to O(m−1/2 ), which can be
thought as the optimal learning rate for kernel independent
case [34]. To the best of our knowledge, such estimation is
the first result for u.e.M.c samples in this topic.
Note that, the result concluded in Theorem 1 is nontrivial
for u.e.M.c samples. Actually, we can obtain a more fast rate
by making full use of the strongly mixing property of u.e.M.c.
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Rosenblatt [35] showed that if a stationary Markov chain satisfies both uniform ergodic and mixing property, it is strongly
mixing. By this, we can derive the following generalization
bound of 1 -LSR(M) based on u.e.M.c samples.
Theorem 2: Assume that the Markov chain {zi }m
i=1 satisfies both uniform ergodictiy and mixing (in the ergodictheoretic sense), and the same conditions in Theorem 1
holds. Then with λ = (1/m)ϑ2 , ϑ2 = min{ν/(2 − q),
ν/((1 + s)q + s), (νγ /(2 − q)τ )}, m ≥ max{c/8, 22+5/α c−α },
and ν = α/(α + 1), for any 0 < δ < 1, with confidence 1 − δ,
we have
E(π( fz,λ )) − E( fρ )
≤ C3 (log(2/δ) + log(m + 1))max (1,γ /τ )

 ϑ2 q
1
m

(24)

where C3 is a constant independent of m and δ.
We present the proof of Theorem 2 also in Appendix B.
To explain the significance of Theorem 2, we compare the estimation (24) with the previous known estimations (see [7]–[9], [36]). We first summarize the theoretical
results on learning rate with 1 -LSR based on i.i.d. samples.
Xiao and Zhou [7] proved that if kernel function K is Lipchitz
continuous, the learning rate is O(m−(1/3(n+1)) ), where n is
the dimension of samples. One can see that such learning rate
gets very low when input space X is of very high dimension, which is often happened in learning. Wang et al. [9]
improved this bound by making full use of the regularity of
K (K ∈ C ∞ (X × X)) and approximation techniques (local
polynomial reproduction formula and norming set condition),
and they obtained the learning rate O(m−1/3 ). Shi et al. [8]
derived the learning rate O(m−1/2 ) through a sharp estimation of 2 -empirical covering number and high-order regularity of K. In non-i.i.d. case, Zhang and Tao [36] establish the generalization bounds for continuous-time Markov
chains under three assumptions (see conditions C1, C2,
and C3 in [36]), and they obtained the learning rate
O(m−1/1.3 ). As compared, the learning rate obtained in
Theorem 2 is O(m−ϑ2 q ), where ϑ2 = min{ν/(2 − q),
ν/((1 + s)q + s), νγ /(2 − q)τ }. If we set 1/((1 + s)q + s) =
γ /(2−q)τ , solving this equation about q and we obtain a learning rate O(m− min{(2τ −γ s/(2+3s)γ ),(2ντ −νγ s/(2+3s)τ )} ). Observe
that for sufficient small s and big α, when τ/γ = 1, such
learning rate is arbitrary close to m−1 , which is known to be
the optimal for regularized least square type algorithms based
on i.i.d. samples.
IV. P ERFORMANCE -I MPROVED L EARNING S TRATEGY
W ITH M ARKOV R ESAMPLING
In this section, we apply the obtained theoretical results of
learning with u.e.M.c samples to general learning problem.
More precisely, we propose to improve the performance of
1 -LSR through using a Markov resampling technique.
We first consider the general learning problem, which
expects to construct an ideal estimator fz , to approximate
fρ through finite samples. The previous known error analysis of 1 -LSR are based on the i.i.d. samples, and
√ in
this case, the best learning rate can achieve O(1/ m).

1193

Algorithm 1 Markov Resampling Algorithm for 1 -LSR
Initialization: Data set D and set mt = 0.
Output: Uniformly ergodic Markov samples {zi }m
i=1 .
N0
randomly from the
1) Draw N0 (N0 ≤ m) samples {zi }i=1
dataset D. Here, m denotes the number of training samples. Then, the preliminary model f0 is constructed by
1 -LSR algorithm with N0 training samples.
2) Draw a sample zt randomly from D, and set mt = mt +1.
3) Draw another candidate sample z∗ = (x∗ , y∗ ) randomly
from D, then calculate the square loss L( f0 , z∗ ) =
( f0 (x∗ ) − y∗ )2 .
4) Accept the candidate sample z∗ if probability αt =
exp(−L( f0 , z∗ ))/ exp(−L( f0 , zt )) ≥ 1, and set mt =
mt + 1; else accept the candidate sample z∗ with probability exp(−L( f0 , z∗ ))/ exp(−L( f0 , zt )), and set mt =
mt + 1.
5) Repeat steps 2–4 until mt = m. end.
In this paper, we have proved that learning with 1 -regularizer
based on u.e.M.c samples, i.e., 1 -LSR(M), is with the order
of O(1/m). This theoretical finding motivates us to develop
an efficient sampling scheme to generate u.e.M.c samples.
Inspired by Markov chain Monte Carlo (MCMC) method, we
present a Markov resampling algorithm with 1 -LSR such that
the generated samples from given data is u.e.M.c samples.
Note that in MCMC, the acceptance probability is defined
by α(z, z∗ ) = min{1, (p(z)q(z∗ |z)/p(z∗ )q(z|z∗ ))}, where p(·)
and q(·) are invariant and proposal distributions. The samples generated by MCMC are supposed to be from the target
distribution when detail balance condition is satisfied, i.e.,
q(z|z∗ ) = q(z∗ |z). In this case, the probability of moving
is (p(z)/p(z∗ )). Especially, the chain will shift to z when
p(z) ≥ p(z∗ ). In Markov resampling, we utilize the structure
information of the given data rather than its distribution to
define transition probability for generating Markov chain. The
main idea can be summarized as follows. To begin with, we
draw some part of samples randomly from the given dataset D,
and then construct a preliminary model f0 by 1 -LSR based
on the selected samples. After that, we use the information of
preliminary model f0 to guide sampling process for generating u.e.M.c samples. Finally, a new estimator fz is obtained
by 1 -LSR(M).
The corresponding Markov resampling scheme with 1 -LSR
is stated in Algorithm 1.
We can gain some insights into how the Markov resampling
algorithm works by working at the condition for accepting a
candidate point as the next sample in the chain. Note that, the
preliminary model f0 and the transition probability αt play an
important role in Markov sampling. We use preliminary model
f0 and its corresponding loss function L( f0 , z) = ( f0 (x) − y)2
to specify the transition probability α. From the acceptance
criteria (step 4) in Algorithm 1, one can see that the transition probability is always positive. According to the theory of
Markov chain (see [37, Th. 3.8]), we can make a conclusion
that z1 , z2 , . . . , zm is u.e.M.c samples.
It should be pointed out that we do not make use of the distribution information of training samples during the process of
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TABLE I
S IMULATION C OMPARISONS B ETWEEN R ANDOM S AMPLING AND
M ARKOV R ESAMPLING FOR D IFFERENT N OISE L EVEL
AND T RAINING S IZE

Fig. 2. Fifty times average MSE and variance comparison for wine quality
dataset with different training size.

TABLE II
F IVE R EAL -W ORLD DATASETS

TABLE III
MSE C OMPARISON B ETWEEN R ANDOM S AMPLING AND M ARKOV
R ESAMPLING FOR 1000 S AMPLES

Fig. 3. Fifty times average MSE and variance comparison for puma8NH
dataset with different training size.

Fig. 4. Fifty times average MSE and variance comparison for computer
activity dataset with different training size.

Fig. 1. Fifty times average MSE and variance comparison for abalone dataset
with different training size.

generating u.e.M.c samples. In addition, random sampling can
be supposed to the exception of Markov resampling, in other
words, the acceptance probabilities αi defined in Algorithm 1
are always 1.

V. S IMULATION S TUDIES
In this section, the main focus concerns a comparisons of the
prediction performance between random sampling and Markov
resampling on benchmark function, which have been introduced in [38] and have become a widely used benchmark for

Fig. 5. Fifty times average MSE and variance comparison for elevator dataset
with different training size.

regression models. The function is given as
y = 10 sin(π x1 x2 ) + 20(x3 − 1/2)2 + 10x4 + 5x5 + σi

i

σ1 = 1, . . . , 4
where the input values xi , i = 1, 2, . . . , 5 are obtained
from uniform distribution U(0, 1), the noise i is normally
distributed with a mean of zero and a standard deviation of 1.
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Fig. 6.

Fifty times experimental MSE of 1 -LSR for abalone dataset with different training size. (a) m = 500. (b) m = 1000. (c) m = 1800.

Fig. 7.

Fifty times experimental MSE of 1 -LSR for puma8NH dataset with different training size. (a) m = 500. (b) m = 1000. (c) m = 2000.

According to the benchmark function, one can generated a
dataset D with size 10 000 randomly. Then, we generate a
test set S0 of size 5000 by the same inputs and noise distribution. Note that in 1 -LSR model, regularization parameter λ
plays an important role. In our experiments, λ is selected by
the so-called cross-validation strategy.
For random sampling, we first train the 1 -LSR model on
the generated training samples, and then test its performance
on the test set S0 . All the experiments for different training size
(which are 1000, 2000, and 3000, respectively) are averaged
over 50 runs. We report the mean square errors in Table I,
where the MSE(i.i.d.) represents the mean square errors of
learning algorithms based on random sampling.
For Markov resampling, the experiment is consist of two
stages. To begin with, we generate a set of m u.e.M.c samples
from D through Algorithm 1. After that, the same regression
algorithm is utilized to train on u.e.M.c samples, and then
we test it on the test set S0 . The experiments for different
training size were implemented 50 times repeatedly, and the
mean square errors of learning algorithms were reported in
Table I, where MSE(Markov) represents the mean square value
of 1 -LSR algorithm based on Markov sampling.
From the reported results, one can observe that, on one hand,
with the increasing of training samples, both the MSE(i.i.d.)
and MSE(Markov) are decreasing, but Markov resampling can
provide smaller MSE and variances compare to the random
sampling. On the other hand, with the increasing of noise level,
the Markov resampling also has smaller MSE and variances
compare to random sampling. This demonstrates that the learning process based on Markov resampling is more stable than
i.i.d. circumstance.
A. Numerical Studies on Benchmark Database
To further demonstrate the learning performance of Markov
resampling algorithm, we have also conducted a series
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of experiments on real-world datasets, which are abalone,
wine quality, puma8NH, computer activity, and elevators,
respectively (see http://archive.ics.uci.edu/ml/datasets.html).
All these datasets are benchmark data for regression problem. The basic information of these datasets is presented in
Table II.
Table III gives the MSE comparison results between the
Markov resampling algorithm 1 -LSR(M) and the random
sampling based on 1 -LSR algorithm for 1000 training samples. All the results reported in Table III are averaged over
independent 50 runs. For all five datasets, one can see that
Markov sampling can always provide smaller MSE and variance than random sampling. In order to more fairly measure
the performance of Markov sampling, we present 50 times
average MSE and variance comparison on different training size in Figs. 1–5, which correspond to abalone, wine,
puma8NH, computer activity, and elevator datasets, respectively. From the reported figures, we can find that the
MSE(i.i.d.) and MSE(Markov) are decreasing with the increasing number of training samples. However, Markov resampling
can always provide smaller MSE and variance than random
sampling in average.
The corresponding 50 times experimental results are
reported in Figs. 6–10, in which blue line denotes the results
of 1 -LSR(M) based on Markov resampling and the red line
denotes the results of 1 -LSR random sampling. For abalone
dataset with 1800 training samples, the MSE of 1 -LSR based
on Markov sampling are smaller than that of random sampling except three times results. For the other four datasets
with 2000 training samples, the MSE of 1 -LSR(M) based
on Markov resampling are always smaller than that of random sampling. This supports that the learning process based
on Markov resampling is more stable and reliable than i.i.d.
sampling.
We now further analyze the experimental results obtained
by the 1 -LSR Markov with Markov resampling. In order to
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Fig. 8.

Fifty times experimental MSE of 1 -LSR for computer activity dataset with different training size. (a) m = 500. (b) m = 1000. (c) m = 2000.

Fig. 9.

Fifty times experimental MSE of 1 -LSR wine quality dataset with different training size. (a) m = 500. (b) m = 1000. (c) m = 2000.

Fig. 10.

Fifty times experimental MSE of 1 -LSR for elevator dataset with different training size. (a) m = 500. (b) m = 1000. (c) m = 2000.

generate u.e.M.c samples from the given data, the preliminary model f0 is introduced. In fact, the preliminary model f0
contains the structure information of data, which makes the 1 LSR based on Markov resampling performs better than random
sampling. According to the definition of acceptance probability
α, one should notice that for different sample zi and zi+1 , the
loss L( f , zi+1 ) is almost smaller than the loss L( f , zi ), nevertheless, i.i.d. samples cannot guarantee this property due to its
randomness. This implies that the u.e.M.c samples are selective and representative compared to i.i.d. samples. In other
words, the u.e.M.c samples generated by Algorithm 1 tend
to get close to the true model. This can be regarded as the
main reason why 1 -LSR with Makrov resampling is with
smaller MSE and variance than random sampling. In consequence, generating Markov chain samples from the given data
can be considered as an effective way to improve the learning
performance of 1 -LSR based on random sampling.
VI. C ONCLUSION
We have studied the generalization performance of 1 -LSR
based on Makrov resampling. We drived an upper bound
estimation on generalization error of the 1 -LSR with
u.e.M.c samples, which reaches O(1/m) in order to some
favorable cases. The achieved generalization bound is faster

√
than the well-known O(1/ m) bound for the 1 -LSR with
i.i.d. sampling, and thus, the potential advantages of Markov
resampling in learning is supported in theoretical point of view.
As an example of application of the obtained theoretical
result, we proposed a performance improved 1 -learning algorithm, the 1 -LSR(M), through the Markov sampling, i.e.,
learning through resampling a u.e.M.c samples from the given
data. We provided a series of simulations to demonstrate that
the proposed 1 -LSR(M) outperforms the 1 -LSR with i.i.d.
samples in generalization error. It should be noted that such
application performance improvement is at the cost of taking
more computation time (in the simulations we conducted, it
averages needs more computational time).
There are many opportunities along the line of the present
study. For example, how to generalize the idea of Markov
resampling to big data research, and how to develop an online
learning algorithm based on Markov resampling for regression.
All those problems deserve further study and some on them
are under our current research.
A PPENDIX A
A. Main Tools
In order to bound the generalization error of 1 -LSR(M)
with Markov resampling, we will make full use of the
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β-mixing property of Markov chains. The relevant definitions
and results are introduced in this Appendix.
Let {Xi }∞
i=−∞ be a stationary process defined on a probability space (X ∞ , S ∞ , P̃). For any i ∈ (−∞, ∞), let Ak−∞
denote the σ -algebra generated by the random variables Xi ,
i ≤ k, and similarly, we let A∞
k denote the σ -algebra generated
by the random variables Xi , i > k. Let P̃k−∞ and P̃∞
k denote
the corresponding marginal probability measures, respectively.
Suppose P̃0 is the marginal probability of each Xi and Āk−1
1
is the σ -algebra generated by the random variables Xi , i ≤ 0
as well as Xj , j ≥ k.
Definition 11 [17]: The sequence {Xt } is called geometrically β-mixing, if there exist constants μ and λ1 < 1
such that


 


k
sup P̃(C) − P̃0−∞ × P̃∞
1 (C) = β(k) ≤ μλ1 , ∀k ≥ 1
C∈Āk−1
1

where β(k) is called the β-mixing coefficient.
Definition 12 (Strongly Mixing): The sequence {Xt }t≥1 is
called α-mixing, or strongly mixing, if for any k → ∞
sup
A∈A0−∞ ,B∈A∞
k

{|P(A ∩ B) − P(A)P(B)|} = α(k) → 0

where α(k) is called α-mixing coefficient.
Assumption 1 (Geometrically α-Mixing): Assume that the
α-mixing coefficient of sequence Z satisfies


α(k) ≤ ᾱ exp −ckα , k ≥ 1
for some ᾱ > 0, α > 0, and c > 0.
Remark 4: A plenty of stochastic processes like certain linear processes (α = 1), certain bilinear processes, nonlinear
ARX processes, and ARH processes satisfy Assumption 1. As
a trivial example, i.i.d. random variables satisfy Assumption 1
with α = ∞.
Definition 13 [17]: Suppose {Xi } is a β-mixing process on
a probability space (X ∞ , S ∞ , P̃), and suppose g : X ∞ → R
is essentially bounded and depends only on the variables xik ,
0 ≤ i ≤ l. Let P̃ denote 1-D marginal probability of each
of the Xi . Then |E(g, P̃) − E(g, P̃∞
0 )| ≤ lβ(k) f ∞ , where
∞
E(g, P̃) and E(g, P̃0 ) are the expectations of g with respect
to P̃ and P̃∞
0 , respectively.
Lemma 1: Let {ξt } be a V-geometrically ergodic Markov
chain. Then, the sequence {ξt } is geometrically β-mixing, and
the β-mixing coefficient β(n) is given by



β(n) = E Pn (·|ξ ) −  (·)TV , 



= Pn (·|ξ ) −  (·)TV  (dξ ).
To establish generalization bound for the 1 -LSR(M) based
on u.e.M.c samples, we need to use the following known
results [16].
Lemma 2: Let {zi }m
i=1 be u.e.M.c samples and Vi = ξ(zi ),
where ξ is a real-valued measure function. Set
 
−1 

(25)
m(β) = m 8m/ ln(1/ϕ)
where m denotes the number of observations drawn from
{Zt }t≥1 and u (u) denotes the greatest (least) integer less
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(greater) than or equal to u. Assume that |Vi | ≤ d for any
1 ≤ i ≤ m and E[V1 ] = 0. Then, for any > 0


m
−m(β) 2
1

Vi ≥
≤ C1 exp 
P
(26)
m
2 E|V1 |2 + d/3
i=1

where C1 = 1 + γ e−2 .
The following Lemma 3 shows the similar result for strongly
mixing sequence.
Lemma 3 [13]: Let {zi }i≥1 be a stationary α-mixing
sequence with the mixing coefficient satisfying Assumption 1.
Let an integer m ≥ 1 be given. For each integer i ≥ 1, let
Ui = ψ(zi ), where ψ is some real-valued Borel measurable
function. Assume that |U1 | ≤ d2 a.s. and that E[U1 ] = 0. Set
 
−1 
(α)
1/(α+1)
.
m = m {8m/c}
Then, for all > 0

m
1
P
Ui ≥
m
i=1



2 m(α)

≤ exp − 
2 E|U1 |2 + d2 /3

where C2 = 1 + 4e−2 ᾱ.
It should be highlighted that the quantity m(β) in Lemma 2
and m(α) in Lemma 3 are the “effective number of observations.” Such quantity very often play the same role as the
number m of observations for the case of i.i.d. samples.
Lemma 4 [16]: Let {zi }m
i=1 be u.e.M.c sample set and H be
a set of functions on Z. Suppose that there is a constant c ≥ 0
such that E(h2 ) ≤ cE(h) for any h ∈ H and |h − E(h)| ≤ A
almost everywhere for any h ∈ H. Then for any > 0


E(h) − m1 m
√
i=1 h(zi )
P sup
≥
√
E(h) +
h∈H



 
− m(β)
−2
≤ 1 + γe
exp
N H,
.
4
32(c + A/3)
Lemma 5 [16]: Let {zi }m
i=1 be strongly mixing and H be a
set of functions on Z. Suppose that there is some c ≥ 0 such
that E(h2 ) ≤ c E(h) for any h ∈ H and |h − E(h)| ≤ A almost
everywhere for any h ∈ H. Then for any > 0


E(h) − m1 m
√
i=1 h(zi )
P sup
≥
√
E(h) +
h∈H



 
− m(α)
−2
≤ 1 + 4ᾱe
exp
N H,
.
4
32(c + A /3)
Lemma 6 [24]: Let c1 , c2 > 0, and p1 > p2 > 0. Then, the
equation xp1 − c1 xp2 − c2 = 0 has unique positive zero x∗ . In
addition, x∗ ≤ max{(2c1 )1/(p1 −p2 ) , (2c2 )1/p1 }.
A PPENDIX B
A. Proofs of Main Results
In this Appendix, we prove Theorems 1 and 2 stated
in Section III by estimating sample and hypothesis errors,
respectively.
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1) Sample Error Estimates: In this section, we bound the
sample error S(z, λ), which can be expressed as
  
   
+ {Ez ( fλ ) − E( fλ )}
S(z, λ) = E π fz,λ − Ez π fz,λ
   
 
   
 
= E π fz,λ − E fρ − Ez π fz,λ − Ez fρ

 

 
+ Ez ( fλ ) − Ez fρ − E( fλ ) − E fρ
= S1 (z, λ) + S2 (z, λ).
(27)
Here, we take advantage of the β-mixing property of
Markov chains [16] to bound sample error S(z, λ).
Proposition 2: Suppose that K∞ ≤ κ. Then, for any
δ > 0, we have
28κ 2 D2 (λ) 84M 2 ln(C/δ)
+
(28)
3λ2 m(β)
m(β)
with confidence at least 1 − δ.
Proof: From the definition of fλ , we know that  fλ  ≤
(D(λ))/λ, according to the condition of K, we have  fλ ∞ ≤
κ fλ  ≤ κD(λ))/λ.
Set




Vi = fλ (xi ) − fρ (xi ) ( fλ (xi ) − yi ) + fρ (xi ) − yi




− E fλ (x) − fρ (x) ( fλ (x) − y) + fρ (x) − y
S2 (z, λ) ≤ D(λ) +

functions in H0 , in which the covering number is utilized for
describing the complexity of H0 .
For R > 0, let FR := {g(z) = (π( f (x)) − y)2 −
( fρ (x) − y)2 : f ∈ BR }, then applying Lemma 3 to a set of
function FR , we can derive the following result.
Proposition 3: Assume that H0 has polynomial complexity
exponents s > 0. Then, for any δ > 0, with confidence 1 − δ,
we have
1
S1 (z, λ) ≤ {E (π( fz,λ )) − E ( fρ )}
2
⎫
⎧
1
⎬
⎨ 1280M 2 ln(C/δ) " 1280M 2 c (16M 3 )s # 1+s
s
,
.
+ max
⎭
⎩
m(β)
m(β) λs
Proof: By the definition of g, it is easily to check that
g∞ ≤ 4M 2 and |g − Eg| ≤ 8M 2 . Moreover


Eg2 = E (π f (x) − fρ (x))2 (π f (x) + fρ (x) − 2y)2
≤ 16M 2 Eg.
For any f1 , f2 ∈ BR , we have




|g1 (z) − g2 (z)| = (π( f1 )(x) − y)2 − (π( f2 )(x) − y)2 
≤ 4M|π( f1 )(x) − π( f2 )(x)|

and then S2 (z, λ), by our assumption fρ (x) ≤ M, we have
|Vi | ≤ 2( fλ ∞ + M)( fλ ∞ + 3M)
D(λ)
≤ b := 2(κ
+ 3M)2
λ
and
E|Vi |2 ≤ 4E



≤ 4M| f1 (x) − f2 (x)|.

(29)


2
fλ (x) − fρ (x) ( fλ (x) + fρ (x) − 2y)2

≤ 2bD(λ).

(30)

> 0 there holds

−m(β) 2
P{S2 (z, λ) ≥ } ≤ C exp
2b(D(λ) + 2/3 )

Based on Lemma 2, for any

where C
=
1 + γ e−2 . Setting
(β)
2
/2b(D(λ) + 2/3 ))}, we obtain
C exp{(−m
ln(C/δ) =

δ

=

m(β) 2
.
2b(D(λ) + 2/3 )

2b ln(C/δ)
− 4bD(λ) ln(C/δ) = 0.
(31)
3
Calculating ∗ as the solution of the above equation
  !
 
 
2
C
4 2
C
(β) bD(λ) ln C
+
+
16m
b
ln
b
ln
3
δ
9
δ
δ
∗
=
2m(β)
7b ln(C/δ)
≤ D(λ) +
3m(β)
28κ 2 D2 (λ) 84M 2 ln(C/δ)
≤ D(λ) +
+
.
(32)
3λ2 m(β)
m(β)
This completes the proof.
We now focus on estimating S1 (z, λ). In fact, the estimation
of S1 (z, λ) is more difficult because π fz is depend on sample z.
Here, we use a probability inequality to deal with a class of
2

(34)

It follows that for any > 0, an /16MR-covering of B1 can
provide an -covering of FR , that is:




≤ N B1 ,
. (35)
N (FR , ) ≤ N BR ,
16M
16MR
Then for any > 0, we have


√
E(π( f )) − E( fρ ) − Ez (π( f )) − Ez ( fρ )

P sup
≥
E(π( f )) − E( fρ ) +
f ∈Fr


Eg − m1 m
√
i=1 g(zi )
= P sup
≥
√
Eg +
f ∈BR



m(β)
exp −
≤ CN B1 ,
(36)
16MR
640M 2
where C = 1 + γ e−2 . Setting




Then
m(β)

(33)

δ = CN B1 ,

−

16MR


exp −

m(β)
640M 2

and consider the covering number of BR , we get


 
16MR s
m(β)
C
≤0
− cs
− ln
δ
640M 2
and then
640M 2 ln

 
C
δ

640M 2 cs (16MR)s
≤ 0.
m(β)
m(β)
By Lemma 6, we can solve this equation with respect to
= ∗ . Then
  
⎧
1 ⎫


⎨ 1280M 2 ln Cδ
2 c 16M 3 s 1+s ⎬
1280M
s
∗
≤ max
,
.
⎩
⎭
m(β)
m(β) λs
1+s

−

s

−
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According to the definition of fz,λ , we know that
 fz,λ K ≤ κM 2 /λ. It follows that fz,λ ∈ BR with R = κM 2 /λ,
and this together with the inequality (35) and (36) yields the
desired result.
2) Hypothesis Error Estimation: This section focuses on
estimating the hypothesis error H(z, λ). The main technique
we used here is scattered data interpolation, which is proposed
in [9].
Recall that, for s ∈ N, the space Cs (X) is consist of functions f whose partial derivative Dd f is continuous for every
n
d = (d1 , d
2 , . . . , dn ) ∈ N with d1 + d2 + · · · + dn ≤ s, and
d
 f Cs := |d|≤s D f ∞ .
Definition 14: A set x1 , x2 , . . . , xm ∈ X is said to be 
dense if for any x ∈ X there exist some 1 ≤ i ≤ m such that
|x − xi | < .
In order to bound hypothesis error H(z, λ), we need the
following proposition.
Proposition 4: If stationary distribution  (·) satisfies condition Lτ with τ > 0, and {zi }m
i=1 is u.e.M.c sample, then
for any 0 < δ < 1, with confidence at least 1 − δ/2, {zi }m
i=1
is cs,τ ((log m(β) + log(2/δ))/(m(β) ))1/τ dense, where cs,τ is a
constant depends only on s and τ .
Proof: According to ([7], Lemma 3), we know that if stationary distribution  (·) satisfies condition Lτ with τ > 0 and
 satisfies


δ
m(β) cτ τ

≥ log
(37)
−
log
N
X,
2τ
2
2
then {zi }m
i=1 is  dense with confidence at least 1 − δ/2. What
we need to do is to find a solution  to (37). To do so, consider
a strictly increasing function
 ϕ
m(β) cτ ϕ τ
, ϕ ∈ (0, +∞).
−
log
N
X,
2τ
2

h(ϕ) :=

Suppose ϕ ∗ is the unique solution of the equation h(ϕ) =
log δ/2, then we have
  s 
  m(β) cτ ϕ ∗ τ
2
δ
.
−
log
cs ∗
log = h ϕ ∗ ≥
2
2τ
ϕ
If ϕ ∗ > 2(1/m(β) )1/τ , we get
log

  m(β) cτ ϕ ∗ τ
δ
s
≥ h ϕ∗ ≥
− log cs − log m(β) .
τ
2
2
τ
$

ϕ ≤2

log cs +

⎡$
≤ 2⎣
$

s
τ

log cs +

log m(β) + log 2/δ
mβ cτ
s
τ

log m(β)
cτ

log m(β) + log 2/δ
×
m(β)

%1

+ log 2/δ

τ

where C1 is a constant independent of λ, m(β) , or δ.
Proof: From the Definition (16), one can easily check that
≤ D(λ)/λ. Thus, for any η > 0, fλ can be written as
 fλ  
fλ = ∞
j=1 ωj Kuj with uj ∈ X and
 fλ  ≤

∞

 
ωj  ≤  fλ  + η ≤ D(λ) + η.
λ

%1
τ

⎤

At
∞the same time, there exists some N ∈ N such that
j=1 |ωj | < η, and we have




 N


ωj Kuj − fλ 


 j=1


≤κ

∞

∞

 
ωj  ≤ κη.

(41)

j=N

(β) + log 2/δ/m(β) )1/τ dense with
Since {zi }m
i=1 is cs,τ (log m
confidence at least 1 − δ/2, this indicates for each uj
there is some z(uj ) ∈ {zi }m
i=1 such that |z(uj ) − uj |2 ≤
cs,τ (log m(β) + log 2/δ/m(β) )1/τ holds with the same confidence. By (21) and (41)



 N
N





ω
K
−
ω
K
j uj
j x(uj ) 


 j=1
j=1
∞
$
%γ N
log m(β) + log 2/δ τ  
γ
ωj
≤ cγ cs,τ
m(β)
j=1
$
%γ 

log m(β) + log 2/δ τ D(λ)
≤ C1
+η
(42)
λ
m(β)

z ( fz,λ )
N


N

j=1 ωj Kx(uj )

≤ Ez ( fz,λ ) + λ

∈ HK,z ,

z ( fz,λ )

 
ωj 

≤ Ez ( f0 ) + λ

+ 1⎦

(40)

j=1

Ez (π( fz,λ )) + λ

j=1

≤ Ez (f0 ) + λ( fλ  + η).

%1
τ

.

By taking  = cs,τ (log m(β) + log 2/δ/m(β) )1/τ with
cs,τ := 2[(log cs + s/τ + 1/cτ )1/τ + 1], we have ϕ ∗ ≤ ,
and this yields to the desired results.
Proposition 5: Assume that K satisfies (21), If X satisfies (20) and u.e.M.c sample {zi }m
i=1 is  dense in X then
for any 0 < δ < 1, there holds


D(λ) D(λ)
κ
+M
H(z, λ) ≤ 2C1
λ
λ
⎧$
%γ ⎫
⎨ log m(β) + log 2/δ τ ⎬
×
(39)
⎩
⎭
m(β)

γ
where C1 = cγ cs,τ . Observe that f0 :=
we have

Therefore
∗

1199

(38)

In fact, inequality (38) still holds when ϕ ∗ ≤ 2(1/m(β) )1/τ .

(43)

Note that, we have, for any f1 , f2 ∈ H0 , it holds




( f1 (x) − y)2 − ( f2 (x) − y)2  ≤ 2(κD(λ)/λ + M) f1 − f2 ∞ .
(44)
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By the choice of λ, we can easily check that
 1

1+s
s
1
λ2q−2
q
≤λ ,
λ− 1+s ≤ λq
(β)
(β)
m
m

γ
γ

τ
τ
1
1
2q−2
q
λ
≤
λ
,
λq−1 ≤ λq .
m(β)
m(β)

This together with (41) and (42) implies
Ez (f0 ) − Ez ( fλ )





 N


ω
K
−
f
≤ 2(κD(λ)/λ + M)
j x(uj )
λ
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By taking ϑ1 = min{1/2 − q, 1/(1 + s)q + s, γ /(2 − q)τ }, we
obtain the desired result.
Proof of Theorem 2: Based on Lemmas 3 and 5, this proof
follows the similar way as the proof of Theorem 1. We have
that for any 0 < η < 1, the inequality

∞

≤ 2(κD(λ)/λ + M)
⎫
⎧ $
%γ
⎬
⎨
log m(β) + log 2/δ τ
(D(λ)/λ
+
η)
+
κη
.
× C1
⎭
⎩
m(β)
Hence
Ez (π( fz,λ )) + λ

z ( fz,λ )

≤ Ez ( fλ ) + λ fλ  + λη + 2(κD(λ)/λ + M)
⎧ $
⎫
%γ
⎨
⎬

log m(β) + log 2/δ τ 
× C1
D(λ)/λ
+
η
+
κη
.
⎩
⎭
m(β)
Let η → 0, we obtain
Ez (π( fz,λ )) + λ



D(λ) D(λ)
κ
+M
≤ Ez ( fλ ) + λ fλ  + 2C1
λ
λ
$
%γ
log m(β) + log 2/δ τ
×
.
m(β)

2α+5

1

m(α) ≥ 2− α+1 c α+1 mν
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This completes the proof.
Proof of Theorem 1: In this section, we will present the
main result, which is based on the estimates for sample error,
hypothesis error and the approximation error in the previous
sections. The learning rates will be given in terms of properties of the stationary distribution  (·) and approximation
error D(λ).
Proof: Based on Propositions 1–5, the following inequality
holds with at least 1 − δ:

%γ

$
log m(β) + log 2/δ τ
D(λ) D(λ)
κ
+M
+ 4C1
λ
λ
m(β)


max (1, γ )
τ
≤ C2 log(2/δ) + log m(β) + 1
*
 1

1+s
s
λ2q−2
1
q
× λ + (β) +
λ− 1+s
m
m(β)
+
γ 


τ
1
2q−2
q−1
λ
+
+λ
.
m(β)

holds true with probability at least 1 − η, where
ϑ2 = min{ν/(2 − q), ν/((1 + s)q + s), (νγ /(2 − q)τ )}, m(α)
is defined as in Lemma 3. In addition, by the facts that t ≤ 2t
for all t ≥ 1 and t ≥ t/2 for all t ≥ 2 [39], we have that for
all m satisfying m ≥ m̄ := max{c/8, 22+5/α c−α }

where ν = α/(α + 1). Replace m(α) with 2−(2α+5/α+1)
c1/(α+1) mν , we finish the proof.

z ( fz,λ )

E(π( fz,λ )) − E( fρ )
56κ 2 D2 (λ) 168M 2 ln(C/δ)
≤ 4D(λ) +
+
2 (β)
m(β)
⎧ 3λ m

⎨ 1280M 2 ln(C/δ) 1280M 2 c 16M 3 s
s
+ 2 max
,
⎩
m(β)
m(β) λs

E(π( fz,λ )) − E( fρ )




max (1, γτ ) 1 ϑ2 q
≤ C3 log(2/δ) + log m(α) + 1
m(α)

1
1+s

⎫
⎬
⎭
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