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Using ab initio alloy theory, we investigate the lattice stability of paramagnetic AlxCrMnFeCoNi
(0 � x � 5) high-entropy alloys considering the competing body-centered cubic (bcc) and face-centered
cubic (fcc) crystal structures. The theoretical lattice constants increase with increasing x, in good
agreement with experimental data. Upon Al addition, the crystal structure changes from fcc to bcc with a
broad two-phase field region, in line with observations. The magnetic transition temperature for the bcc
structure strongly decreases with x, whereas that for the fcc structure shows weak composition
dependence. Within their own stability fields, both structures are predicted to be paramagnetic at
ambient conditions. Bain path calculations support that within the duplex region both phases are
dynamically stable. As compared to AlxCrFeCoNi, equiatomic Mn addition is found to shrink the stability
range of the fcc phase and delay the appearance of the bcc phase in terms of Al content, thus favoring the
duplex region in 3d-metals based high-entropy alloys.

© 2017 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
1. Introduction

High-entropy alloys (HEAs), originally proposed by Yeh et al.
[1,2] and Cantor et al. [3,4], represent a special group of solid so-
lutions containing five or more principal elements. As compared to
the conventional one major element based alloys such as Fe-based
steels or Ni-based superalloys, HEAs open a new path for devel-
oping and designing novel alloys [5e16]. These multicomponent
concentrated solid solutions have been found to possess interesting
and tunable properties such as high hardness, strength, toughness,
ductility, oxidation and wear resistance, magnetism, super-
conducting, superplasticity, etc. Due to these outstanding proper-
ties, HEAs offer potential applications in many fields [1,2].

Many HEAs have been found to form single phase solid solutions
within certain temperature range rather than complex structures
with intermetallic compounds and multi-phases. For example, the
lsevier Ltd. All rights reserved.
equiatomic CrMnFeCoNi [3,17], CrFeCoNi [18], and CrCoNi [19,20],
non-equiatomic (FeNiCrMn)1-xCox (x ¼ 0.05, 0.1, and 0.2) [21],
CoNiFeAl0.3Cu0.7 [22] and AlLiMg0.5ScTi1.5 [23] favor a face-centered
cubic (fcc) phase, while the equiatomic NbMoTaW and VNbMoTaW
[24,25], TiZrNbHfTa [26], ZrNbHfTa [27], and AlTiVNbZr [28] crys-
talize in a body-centered cubic (bcc) structure. Besides the large
entropy of mixing, the sluggish diffusion in HEAs even at elevated
temperatures enhances the metastability of solid solution phase
[1,2]. The current understanding of the phase selection criteria in
HEAs is based on intensive results obtained in several former
studies [29e36].

The equiatomic CrMnFeCoNi alloy is often regarded as a model
HEA. In contrast to the CrFeCoNi quaternary alloy, the five
component CrMnFeCoNi system has larger configurational entropy
and falls into the original definition of HEAs. The mechanical
properties and microstructure evolutions of the equiatomic
[3,17,37e57] and non-equiatomic [21,58e60] CrMnFeCoNi alloys
have been measured and characterized. Cantor et al. reported that
equiatomic CrMnFeCoNi forms a single fcc solid solution [3]. Glu-
dovatz et al. found that the equiatomic CrMnFeCoNi has
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outstanding damage tolerance with tensile strengths above 1 GPa
and fracture toughness values exceeding 200 MPa$m1/2 even at a
cryogenic temperature of 77 K [17,37,38]. Okamoto et al. observed
that the equiatomic CrMnFeCoNi possesses ~33e43 MPa critical
resolved shear stress at room temperature [39]. The microstruc-
tural evolution of the equiatomic fcc CrMnFeCoNi was evaluated
after 500-day anneals at 500e900 �C and the microstructural was
characterized using complementary techniques [52]. The magni-
tude of the average atomic displacements in the equiatomic fcc
CrMnFeCoNi measured by synchrotron X-ray diffraction and
determined by first-principles calculations [53], indicates that the
root-mean-square atomic displacement is a valuable scaling factor
to predict solid solution strengthening. An assessment of the level
of local lattice strain in the equiatomic fcc CrMnFeCoNi has been
studied through neutron scattering measurements [54]. The results
reported by Owen et al. [54] do not confirm the presence of large
local lattice strains in CrMnFeCoNi HEA. The equiatomic fcc
CrMnFeCoNi alloy prepared by mechanical alloying and high-
pressure sintering possesses high hardness and typical para-
magnetism [56]. By tailoring the magnetic hysteresis loops of
MnFeCoNiX (X ¼ Al, Cr, Ga, and Sn) HEAs at room temperature, it
was observed that the Al-, Ga-, and Sn-doped systems resemble the
typical ferromagnetic (FM) behavior, while CrMnFeCoNi follows the
paramagnetic (PM) behavior [61]. CrMnFeCoNi was found to have
lower yield strength than CrFeCoNi possibly because Mn weakens
solid solution hardening [57]. The influence of additional elements
on CrMnFeCoNi has also been investigated [3,62e65]. In particular,
the effect of Al on the structural and tensile properties of
CrMnFeCoNi system was carefully scrutinized [62], indicating that
there is a structural phase transition from fcc to bcc with increasing
Al content. Similar structural transition has been found in AlxCr-
CoFeNi (0 � x � 2) both by experimental [66e68] and theoretical
[69] studies. It turned out that unlike the conventional Fe-based
alloys [70e73], the effect of alloying becomes more complex and
decisive in designing novel HEAs with desired properties due to the
inherent multicomponent nature.

On the theoretical side, the understanding of the phase stability,
mechanical and magnetic properties of the CrMnFeCoNi-based
HEAs is very limited [46,74e76]. The primary goal of the present
study is to reduce this gap by providing a consistent description of
the fundamental properties of Al-doped CrMnFeCoNi alloys. There
are a few simulations on the microstructure and mechanical
properties of HEAs using conventional ab initio calculations
[69,74,77e80]. It is found that at room temperature CrMnFeCoNi
has PM fcc state [74]. Using ab initio magnetic exchange in-
teractions in combinationwith Heisenberg model and Monte-Carlo
simulations, Huang et al. demonstrated that the Curie temperature
(TC) of CrFeCoNi-based alloys is far below room-temperature in the
fcc phase but increases when the bcc phase appears [81,82]. Hence,
when keeping additional alloying elements at low levels and aim-
ing at room-temperature or above, the CrFeCoNi-based alloys
should be treated in the PM state.

According to the previous theoretical and experimental obser-
vations, small amount of Al doping in 3d-HEAs plays an important
role in forming stable bcc and fcc phases or a duplex state where
the two cubic phases coexist [62,83e86]. Recently, Tian et al. [69]
used alloy theory to describe the phase stability of AlxCrFeCoNi
(0 � x � 2). They reported that the system adopts fcc structure for
x < 0.597 and bcc structure for x > 1.229. In terms of valence
electron concentration (VEC), these theoretical limits correspond to
VEC > 7.57 and VEC < 7.04, respectively, which are in close agree-
ment with the experimentally established phase selection rules. To
the best of our knowledge, no similar theoretical limits have been
established so far for the AlxCrMnFeCoNi alloys. Adding equiatomic
Mn to CrFeCoNi decreases the VEC from 8.25 to 8. Hence, one may
assume that the theoretical stability fields of fcc and bcc phases
should also be altered by Mn addition. Specifically, if the phase
selection rule remains valid for AlxCrMnFeCoNi, then one would
expect that less Al content is required to destabilize the fcc struc-
ture and stabilize the bcc structure as compared to that in AlxCr-
FeCoNi. The second goal of this work is to provide an answer to this
question by systematically comparing the structural stability of
paramagnetic AlxCrMnFeCoNi alloys to that reported for
AlxCrFeCoNi.

2. Theoretical methodology

All ab initio calculations were performed by employing the exact
muffin-tin orbitals (EMTO) method [87], based on density func-
tional theory [88,89] and the full charge-density technique [87].
The self-consistent and total energy calculations were carried out
within the Perdew-Burke-Ernzerhof (PBE) generalized gradient
approximation [90] for the exchange-correlation functional. The
substitutional and magnetic disorders were treated within the
coherent-potential approximation (CPA) [91e94]. The PM state of
AlxCrMnFeCoNi alloys was modelled by the disordered local mag-
netic moment (DLM) approach [95]. In addition to the PM study,
which forms the main part of this work, we also carried out cal-
culations for the collinear magnetic (CM) configurations allowing
for non-zero total magnetic moment in the system. The CM results
were used to estimate the magnetic transition temperature as a
function of chemical composition.

CPA is a single-site mean-field approximation. Using this
approach, one completely ignores the atomic short range order and
local lattice relaxation effects. Accordingly, all systems here were
treated as ideal solid solutions with rigid underlying crystal
structure to generate the coherent Green's function and the alloy
component Green's functions (impurity Green's functions) were
computed by solving the single site Dyson equation in the real
space. This approach is rather standard in alloy community and has
been employed in many former publications [69,72,87,93,96]. The
local environment in the equiatomic fcc CrMnFeCoNi HEA has been
observed by Owen et al. [54]. Comparing their results to the lattice
strain for Ni powder, three NiCr binary alloys and one NiCoCr
ternary alloy, indicates the absence of the severe lattice distortion
as anticipated in the case of multi-component solid solutions.
Based on this recent finding, the employed mean-field method is
expected to have the ability to properly describe the bcc and fcc
AlxCrMnFeCoNi (0 � x � 5) alloys. We should also mention the
appearance of phase decomposition in high Al alloys (such as the B2
phase formation) observed in experiments [62]. Since for low and
intermediate Al levels (for x up to 1.5e2.0), the system is expected
to form solid solution at room-temperature [97] and since most of
the interesting phenomena take place within this compositional
interval, here we neglect the phase decomposition and consider
ideal solid solutions for all Al concentrations.

The one-electron equations were solved within the scalar-
relativistic approximation and soft-core scheme. The Green's
function was calculated for 16 complex energy points distributed
exponentially on a semicircular contour containing the valence
states below the Fermi level. In the basis set, we included s, p, d, and
f orbitals (lmax ¼ 3), and in the one-center expansion of the full
charge density lmax ¼ 8 was used. The electrostatic correction to the
single-site CPA was described using the screened impurity model
[98] with screening parameter 0.6. The Brillouin zones were
sampled with 20 000e25 000 uniformly distributed k-points,
which ensured the necessary convergence for all energies and en-
ergy differences. The equilibrium volume was extracted from the
equation of state obtained by fitting the total energies calculated for
nine different volumes by a Morse type of function [99].
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3. Results

3.1. Equilibrium volume and lattice stability

Weuse theWigner-Seitz radius to quantify the volume and to be
able to directly compare the volumes of the two cubic lattices. In
Fig. 1, we present the theoretical equilibriumWigner-Seitz radii (w,
in Bohr) and structural energy difference (DE, in mRy) for PM bcc
and fcc AlxCrMnFeCoNi (0� x� 5) alloys as a function of Al content.
For comparison, the available experimental data for the fcc and bcc
phases are also shown [62]. In general, the agreement between the
present theoretical and the experimental data is satisfactory. The
theoretical results slightly underestimate the Wigner-Seitz radii,
which is likely to be due to the neglected thermal effects and also to
the employed PBE approach. However, the observed concentration
dependence of the lattice parameters for AlxCrMnFeCoNi is well
captured by theory. Pure Al has larger equilibrium volume than the
present host alloy, and thus its addition to CrMnFeCoNi causes a
dilation of the lattice. Both theory and experiment yield positive
slopes forw(x) with Al addition. At lowAl content, theory predicts a
nearly linear variation of Dw(x)/Dx ~0.028 (0.052) Bohr/x in the bcc
(fcc) lattice, compared to the experimental change of ~0.025 (0.075)
Bohr/x in the bcc (fcc) phase, correspondingly. Although at x ¼ 0,
the fcc lattice has smaller volume than the bcc one, the different
composition dependences lead to wfcc > wbcc for x > 1.4. The dif-
ference between the slopes of wfcc(x) and wbcc(x) might be due to
the larger flexibility of the bcc structure to incorporate a large
substitutional element than the close-packed fcc lattice. We recall
that the number of nearest neighbor atoms increases from eight to
twelve as we go from bcc to fcc lattice, which is likely to affect the
flexibility to accommodate a large impurity on a lattice site.

Qualitatively the present trends for the Wigner-Seitz radii are
similar to those calculated for AlxCrFeCoNi [69]. The main differ-
ence is that the crossing point between wfcc and wbcc occurs at x z
Fig. 1. Theoretical (solid symbols connected with lines) and experimental [62] (open
symbols) equilibrium Wigner-Seitz radii (w, in Bohr) (upper panel) and structural
energy difference (DE, in mRy) (lower panel) for paramagnetic bcc and fcc AlxCrMn-
FeCoNi (0 � x � 5) alloys as a function of Al content.
1.8 in Mn-free HEA [69] compared to x z 1.4 obtained for the
present system. These atomic fractions correspond approximately
to 31 at.% (atomic percent) and 22 at.% Al concentrations, respec-
tively. Since the differences between the bcc and fcc equilibrium
volumes of CrFeCoNi (see Ref. [69]) and CrMnFeCoNi are nearly the
same, we conclude that the volume-enhancing effect of Al is
different in Mn-containing and Mn-free HEAs. Namely, in AlxCr-
FeCoNi [69] wfcc and wbcc are increased by 0.047 Bohr and 0.033
Bohr, respectively, as x increases from 0 to 1. Both of these slopes
are slightly larger than those obtained for the present fcc and bcc
alloys: the relative changes of wfcc and wbcc in AlxCrMnFeCoNi are
0.045 Bohr and 0.028 Bohr as x rises from 0 to 1, respectively.
Nevertheless, the difference between the fcc and bcc slopes is larger
for the Mn-free alloys (0.014 Bohr) than for the Mn-containing al-
loys (0.017 Bohr) which explains the shift in the critical xwhere the
two lattices have similar volumes per atom.

The theoretical structural energy difference
DE(x)¼ Ebcc(x)� Efcc(x) is shown in Fig. 1 as a function of Al content.
The Al-free PM solid solution crystallizes in the fcc structure with
DE(x) ¼ 3.79 mRy. The fcc lattice has lower energy than the bcc one
for x < 1.10, while the bcc structure becomes stable at larger x
values. For comparison, in AlxCrFeCoNi the fcc structure is stable for
x < 1.11 [69]. The energy difference decreases with increasing x and
reaches minimum value near x z 2.7. Most interestingly, close to
the highest Al-content considered here, the two solid solutions
have energies very close to each other suggesting the re-
stabilization of the fcc lattice at very high Al-contents. Hence, the
clearly bcc stabilizing effect of Al in low-Al hosts gradually changes
and in high-Al hosts Al turns into an fcc stabilizer. We will return to
this question below when discussing the phase stability.
3.2. Magnetic structure and magnetic transition temperature

The present PM alloys are described using a static DLM picture.
Accordingly, the total magnetic moment is zero but there are non-
vanishing local magnetic moments on alloy components. The
theoretical local magnetic moments of AlxCrMnFeCoNi (0 � x � 5)
alloys for fcc and bcc structures are plotted in Fig. 2 as a function of
Al content. All moments are computed at the corresponding
theoretical equilibrium volumes (see Fig. 1). The local magnetic
Fig. 2. Theoretical local magnetic moments at 0 K for paramagnetic bcc (solid symbols
connected with lines) and fcc (open symbols connected with lines) AlxCrMnFeCoNi
(0 � x � 5) alloys as a function of Al content.



Fig. 3. Theoretical Curie temperature for bcc (solid squares connected with lines) and
fcc (solid circles connected with lines) AlxCrMnFeCoNi (0 � x � 5) alloys as a function
of Al content. Note that y ¼ x/(5 þ x), where x is the atomic fraction of Al in
AlxCrMnFeCoNi alloys.
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moments are nonzero on theMn, Fe, and Co (Mn, Fe, and Cr) sites in
the PM bcc (fcc) structure. Previous findings claimed thatMn and Cr
favor antiferromagnetic alignment with the other alloying ele-
ments in MnFeCoNi and CrMnFeCoNi [61], AlCoxCr1-xFeNi alloy
(0 � x � 1) [85], AlxCrFeNi2Cu (0 < x < 1.5) [100], and CrFeCoNi-
based HEAs [101]. We emphasize that the present results corre-
spond to DLM picture, meaning that we mimic a totally random
magnetic state rather than a collinear approximation to the PM
state like in Ref. [61].

We find that mFe(bcc) [mCo(bcc)] decreases from 2.24 (1.09) to
2.05 (0.66) mB as x increases from 0 to 2. On the other hand, mFe(fcc)
changes from 1.56 to 1.92 mB when x rises from 0 to 2. For com-
parison, in bcc (fcc) AlxCrFeCoNi alloys (Ref. [69]) only the Fe and Co
(Fe) sites have nonzero local magnetic moments. That is, the
presence of Mn induces local magnetic moments on Cr atoms in the
fcc structure of the high-Al alloys. In Mn-free case (Ref. [69]),
mFe(bcc) [mCo(bcc)] decreases from 2.29 (1.13) to 2.08 (0.63) mB when
x increases from 0 to 2, while mFe(fcc) increases from 1.79 to 1.96 mB
when x changes from 0 to 2. Thus, the increase of mFe(fcc) in theMn-
containing alloys (0.36 mB) is almost twice as large as that in the
Mn-free system (0.17 mB) upon adding 29 at. % Al (x ¼ 2) to the host
alloy. Increasing x from 0 to 2 produces slightly smaller changes in
mFe(bcc) [mCo(bcc)] in AlxCrMnFeCoNi than in AlxCrFeCoNi. Based on
the different magnetic moments in the Mn-containing AlxCrMn-
FeCoNi and Mn-free AlxCrFeCoNi systems, we conclude that the
constituent elements play a crucial role in the magnetic properties
of HEAs. Such findings agree well with the previous experimental
measurement [56].

The mMn(bcc) [mMn(fcc)] in the present alloys increase from 2.09
(1.29) to 2.33 (2.57) mB as going from x ¼ 0 to x ¼ 5. The individual
increments of mMn(bcc) and mMn(fcc) are 0.24 mB and 1.28 mB,
respectively. Consequently, mMn(bcc) slightly increases as a function
of x, while the mMn(fcc) rapidly (weakly) increases at low (high) x.
Additionally, we find that mFe(bcc) and mMn(bcc) are larger than
mFe(fcc) and mMn(fcc) at low x. With increasing x, due to the different
composition dependences, mMn(fcc) becomes larger than mMn(bcc)
for x > 1.4, while mFe(fcc) > mFe(bcc) for x > 4.0. Compared to
mFe(bcc), mFe(fcc), mMn(bcc), and mMn(fcc), we find that mCo(bcc) and
mCr(PM, fcc) are relatively small and vanish around x¼ 5 and x < 2.1,
respectively. In particular, mCr(fcc) is almost zero for x < 2.8 but
increases sharply above.

Recently, Huang et al. proved that Mn-free AlxCrFeCoNi HEAs in
the bcc phase possesses higher Curie temperature (TC) than in the
fcc phase [81]. For example, the calculated TC of Al0.5CrFeCoNi in the
bcc phase is about twice of that in the fcc phase. Here we calculate
TC in the Mn-containing AlxCrMnFeCoNi HEAs. We employ the
mean-field approximation, which was found to provide relatively
accurate estimates for the critical temperature in HEAs [74].
Accordingly, TC ¼ 2/3 � (EPM-ECM)/[kB � (1-y)], where EPM and ECM

are the total energies obtained at the individual equilibrium vol-
ume for PM and CM state, respectively, and y is the concentration
for the non-magnetic (Al) component, where y ¼ x/(5 þ x). In our
CM calculations, we find that Mn and Cr have antiparallel spin
alignment relative to the other alloy constituents, which was re-
ported also by previous studies [61,85,100,101]. We plot the theo-
retical Curie temperatures for the bcc ðTbccC Þ and fcc ðT fcc

C Þ crystal
structures as a function of Al content in Fig. 3. We find that the
critical temperature is larger in the bcc phase than in the fcc phase.
On the other hand, Tbcc

C decreases quickly with increasing Al con-

tent, while T fcc
C weakly decreases below x z 4.09 and increase

beyond. The overall trends for both critical temperatures are similar
to those reported for the Mn-free AlxCrFeCoNi HEAs [81].

For all concentrations considered here, T fcc
C is far below the

room-temperature and thus the fcc structure should be treated as
PM. For x < 1.1, TbccC is above and for x > 1.1 TbccC below the room-
temperature. We recall that x z 1.1 separates the two phases ac-
cording to Fig. 1. This finding supports our assumption that when
modeling the AlxCrMnFeCoNi system at ambient conditions one
should consider the PM state. Nevertheless, due to the broad two-
phase region discussed in the next section, the small fraction of bcc
structure appearing in the fcc-rich duplex AlxCrMnFeCoNi HEA
might still show spontaneous magnetization at room-temperature
if they lose Al due to the concentration gradients. In the rest of the
present workwe omit this effect, assuming that it hasminor impact
on the phase stability. At the same time, we invite experimentalists
to verify this interesting phenomenon by detecting possible mag-
netic bcc grains embedded in PM fcc HEA matrix.
3.3. Phase stability

We study the thermodynamics of AlxCrMnFeCoNi (0 � x � 5)
system following the technique adopted by Tian et al. [69]. We
approximate the AlxCrMnFeCoNi alloy with a pseudobinary system
formed between Al and the host CrMnFeCoNi HEA. That is, we
consider AlyM1-y with M ¼ CrMnFeCoNi and compute the Gibbs
energy as a function of y ¼ x/(5 þ x). For phase a (denoting fcc or
bcc), the Gibbs energy is computed relative to pure fcc CrMnFeCoNi
and fcc Al5CrMnFeCoNi (y ¼ 0.5) having Gibbs energies per atom
Gfcc(0) and Gfcc(0.5), respectively, i.e.,

DGa(y) ¼ Ga(y) � (1 � 2y)Gfcc(0) � 2yGfcc(0.5).

Here Ga(y) is the Gibbs energy per atom for Aly(CrMnFeCoNi)1-y in
the a phase.We notice that the choice of the standards states has no
influence on the phase stability but makes the comparison between
the two competing phases easier. The individual Gibbs energies are
approximated as Ga(y) z Ea(y) � TSmix(y) � TSamag(y), where Ea(y)
is the total energy per atom for Aly(CrMnFeCoNi)1-y in the a phase,
and T is the temperature. The mixing entropy

Smix ¼ �kB
P6

i¼1ci ln ci and the magnetic entropy

Smag ¼ kB
P6

i¼1Ci lnð1þ miÞ are estimated within the mean-field
approximation, where ci is the concentration and mi the local



Fig. 5. Theoretical bcc (solid squares) and fcc (solid circles) phase boundaries for
AlxCrMnFeCoNi (0 � x � 5) alloys as a function of temperature. Here the phase
boundaries are expressed in terms of atomic fractions of Al (x). The available experi-
mental limits for the bcc (open square) and fcc (open circle) phases for AlxCrMnFeCoNi
[62] and the theoretical phase boundaries for AlxCrFeCoNi [69] are shown for
comparison.
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magnetic moment of the ith alloying element. The concentrations
are cM ¼ (1-y)/5 for M ¼ Cr, Mn, Fe, Co and Ni and cAl ¼ y for Al. For
each temperature, the common tangent method is used to find the
stability fields of fcc and bcc phases. The total energy calculations
were carried out at the theoretical equilibrium volumes.

Fig. 4 displays the fcc and bcc relative Gibbs energies for
AlxCrMnFeCoNi alloys. Results are shown for four temperatures: 0,
300, 600, and 1000 K. At 0 K, the two Gibbs energies cross each
other around y ¼ 0.183 (x ¼ 1.124) (see also Fig. 1). Below y ¼ 0.089
(x ¼ 0.488) the fcc phase is stable and above y ¼ 0.249 (x ¼ 1.658)
the bcc phase is stabilized. For 0.089 < y < 0.249 (0.488 < x < 1.658)
both fcc and bcc phases are present. At 300 K, there is a single fcc
phase for y < 0.088 (x < 0.482) and a single bcc phase for y > 0.214
(x > 1.361). The trend is similar at higher temperatures, suggesting
that the duplex (fcc þ bcc) region is reduced with increasing
temperature especially in the bcc side of the phase diagram. In
other words, temperature seems to favor the bcc lattice against the
fcc one. This may be understood if we consider that the main
temperature effect included in the present study is given by the
magnetic entropy term and that the local magnetic moments are
larger in the bcc phase than in the fcc phase for x values up to ~2.5
(y ~0.33) (see Fig. 2).

It has been suggested that the valence electron concentration
(VEC) parameter qualitatively predicts the fcc/bcc phase stability in
HEAs [102]. The VEC of the AlxCrMnFeCoNi system is shown in Fig. 4
(top axis). We find that at 300 K, the system prefers single fcc phase
for VEC > 7.56 and single bcc phase for VEC < 6.93. For intermediate
VEC values (6.93 < VEC < 7.56) the two phases co-exist. This duplex
region corresponds to 0.482 < x < 1.361. The present finding agrees
quite well with the empirical VEC criterion, namely, the fcc (bcc)
solid solution is stable when VEC � 8.0 (VEC < 6.87) [102].

To explicitly present the temperature dependence of the phase
boundaries for AlxCrMnFeCoNi, we plot the individual phase limits
at 0, 300, 600, and 1000 K in Fig. 5. For comparison, we also include
the available experimental limits for AlxCrMnFeCoNi [62] and the
theoretical phase boundaries for AlxCrFeCoNi system [69]. As
shown in Fig. 5, both bcc and fcc phase boundaries for
Fig. 4. Comparison of the Gibbs free energies of paramagnetic bcc (solid squares connected w
alloys at different temperatures (T ¼ 0, 300, 600, and 1000 K) as a function of Al content (bo
where x is the atomic fraction of Al in AlxCrMnFeCoNi alloys.
AlxCrMnFeCoNi move towards lower-Al levels, but the changes are
relatively small. In the following, we compare the present theo-
retical fcc and bcc stability fields with those reported for Mn-free
alloys [69]. This comparison is especially important since it can
reveal the effect of equiatomic alloying withMn and the robustness
of the phase selection rule when going from a 5-component system
to a 6-component system. The phase boundaries obtained at 0 K are
shown in Table 1, and below we discuss the results at 300 K. We
recall that in AlxCrFeCoNi, at 300 K the formation of fcc and bcc
phases appears for x < 0.597 and x > 1.229, respectively. With the
VEC values, the above limits are VEC > 7.57 and VEC < 7.04,
ith lines) and fcc (solid circles connected with lines) Aly(CrMnFeCoNi)1�y (0 � y � 0.5)
ttom axis) and valence electron concentration (VEC) (top axis). Note that y ¼ x/(5 þ x),



Table 1
Theoretical fcc and bcc phase boundaries at 0 K (static conditions) for AlxCrFeCoNi (Ref. [69]) and AlxCrMnFeCoNi (present results) HEAs, alongwith available experimental data
for AlxCrMnFeCoNi [62]. Shown are the upper and lower limits for the fcc and bcc phases expressed in terms of atomic fractions of Al (x), Al concentrations (cAl in at.%) and
valence electron concentration (VEC). The last four columns list the relative differences (D1 in %) between the phase boundaries obtained for AlxCrFeCoNi (Ref. [69]) and
AlxCrMnFeCoNi (present results) HEAs, as well as the relative phase boundaries differences (D2 in %) between the present theoretical and experimental results for
AlxCrMnFeCoNi HEAs [62].

AlxCrFeCoNi (Ref. [69]) AlxCrMnFeCoNi (This
work)

AlxCrMnFeCoNi
(Ref. [62])

D1 (%) D2 (%)

fcc bcc fcc bcc fcc bcc Dfcc Dbcc Dfcc Dbcc

x 0.651 1.277 0.488 1.658 0.435 0.952 25.0 29.8 12.2 74.2
cAl 14.0 24.2 8.9 24.9 8.0 16.0 36.4 2.9 11.3 55.6
VEC 7.52 6.98 7.56 6.75 7.60 7.20 0.5 3.3 0.5 6.3
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respectively [69]. The comparison between the results obtained for
the two alloy systems may be done on different levels. Considering
first the Al fraction (x) relative to the principal elements, we find
that the two-phase duplex region in the Mn-containing AlxCrMn-
FeCoNi system (0.482 < x < 1.361) is slightly wider than in the Mn-
free AlxCrFeCoNi system (0.597 < x < 1.229). The phase stability
may also be quantified in terms of concentrations. Considering the
Al concentration (cAl ¼ y), we observe that in Aly(CrMnFeCoNi)1-y
less Al is enough to destabilize the fcc (cAl¼ 8.8 at.%) and to stabilize
the bcc (cAl ¼ 21.4 at.%) phase than in Aly(CrFeCoNi)1-y (cAl ¼ 13.0
at.% and cAl ¼ 23.5 at.%, respectively). That is, when equiatomic Mn
is present in the HEA, 8.8 at.% Al doping is sufficient to enter the
duplex region as compared to 13.0 at.% needed in Mn-free case. On
the other hand, stabilizing the bcc phase requires 2.1 at.% more Al in
Mn-free alloy than in Mn-bearing alloy. Finally, when expressing
the phase stability in terms of VEC, the variation of the duplex re-
gion upon Mn addition is calculated to be surprisingly small.
Namely, the two-phase field changes from 7.04 < VEC <7.57 to
6.93 < VEC < 7.56 upon adding equiatomic Mn to AlxCrFeCoNi.
Similar conclusion is reached from the 0 K results (Table 1). This
finding gives a theoretical confirmation for the VEC-based phase
selection criterion. We should however point out that this
conclusion is reached based on paramagnetic calculations for
totally random solid solutions and can fail whenever a magnetic
transition or a phase separation/segregation occurs.

For the Mn-bearing AlxCrMnFeCoNi HEAs, both the present
theoretical results and the available experimental observation [62]
indicate that a structural phase transition appears with increasing
Al content. At 300 K, we find that AlxCrMnFeCoNi favors single fcc
phase for cAl < 8.8 at.% and single bcc phase for cAl > 21.4 at.%, while
a duplex fcc-bcc region corresponds to 8.8 at.% < cAl < 21.4 at.%.
Such phase transition is consistent with the experimental findings
[62]. Namely, AlxCrMnFeCoNi alloys in the as-cast state were
measured and divided into three regions: the single fcc alloys with
cAl < 8 at.% and the single bcc region with cAl > 16 at.%, while the
duplex phases with 8 at.% < cAl < 16 at.%, respectively. Micro-
structural characterizations suggest that AlxCrMnFeCoNi (cAl > 16
at.%) alloys consist of disordered bcc and ordered bcc (B2) phases
[62]. Furthermore, it is found that the content of ordered bcc (B2)
phase increases with increasing Al content [62]. In the present
theoretical study, we observe a sizable difference (~33.8%) between
the theoretical and the experimental phase boundaries for the bcc
phase, while the difference is only ~10% for the fcc phase. Such
difference between the theoretical and experimental phase
boundary for the bcc structure should partly be due to the presence
of the above mentioned ordered B2 structure or the short range
order effects associated with the B2 formation (above the ordering
temperature). Similar observation has been reported in other Al-
containing HEA systems, such as AlCrFeCoNiCu [103], AlxCoCrFe-
Mo0.5Ni [104], AlxCrFeCoNi [105]. When using the theoretical phase
boundaries at 0 K (Table 1), the relative differences further increase
for the bcc phase but remain almost unchanged for the fcc phase. In
addition to the B2 phase formation, we also associate the differ-
ences between the theoretical and experimental phase boundaries
to the increased magnetic transition temperature in the bcc phase
relative to that of fcc phase. In order to account for this effect one
should carry out proper thermodynamic modeling of the fcc and
bcc/B2 phases close to their magnetic transition temperatures.
Considering the phase separation andmagnetic transition effects in
addition to the paramagnetic solid solutions is in progress.

Before ending this section, we briefly return and discuss the
high-Al end of our theoretical phase stability study. At 0 K, x ¼ 5
leads to vanishing Gibbs energy difference between the fcc and bcc
phases. Increasing temperature slightly reduces this critical con-
centration and the fcc phase is stabilized in high-Al alloys. The fact
that in high-Al alloys (x > 2.5) the effect of Al on the structural
energy difference changes trend is in line with the theory of lattice
stability of transition metals [106]. The reason for Al being fcc
stabilizer in high-Al alloys but bcc stabilizer in low-Al alloys is
connected to the change of the mean number of d-electrons in the
system. Aluminum addition decreases the number of d electrons
and thus when present in low amounts it brings the alloy closer to
the bcc “deep” in the structural energy differencemap [106]. On the
other hand, when VEC is reduced below ~6, further Al addition
brings the system away from the bcc “deep” and thus destabilizes
the bcc structure. Eventually, according to the above electronic
structure mechanism, in high-Al alloys the hexagonal close packed
phase (not considered here) is expected to appear rather than the
fcc phase.
3.4. Bain path calculations

In the previous section, we reported our phase stability study for
AlxCrMnFeCoNi and demonstrated the presence of a wide two-
phase region at intermediate Al concentrations. Al addition to the
base CrMnFeCoNi alloy induces structural transition like in CrFe-
CoNi [69] and the phase boundaries (single fcc or bcc phase) of
these two alloy systems are consistent with each other when
expressed in terms of VEC. The thermodynamic stability is a
necessary but not sufficient condition for the phase stability. One
should also consider the dynamical stability. Such dynamical sta-
bility assumes that all phonon frequencies should be real. Unfor-
tunately, today it is very cumbersome to perform full phonon
calculation for multicomponent systems especially in the para-
magnetic state. An alternativeway to verify themechanical stability
is to consider the elastic stability criteria which can be estimated
from the single-crystal elastic constants. For cubic systems, the
mechanical stability requires B ¼ (C11 þ 2C12)/3 > 0, C44 > 0 and
C’ ¼ (C11-C12)/2 > 0. For the present alloys, the calculated bulk
moduli are always positive, and the C44 values are large for both
crystal structures (between 120 and 200 GPa). However, the
tetragonal elastic constants C0 turn out to be small (below 50 GPa)
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and sensitive to the alloy composition. Here instead of discussing
the alloying effects on the elastic constants, we focus on the
tetragonal Bain path connecting the two cubic phases. We recall
that the curvature of the potential energy surface against tetragonal
lattice constant c/a is proportional to the tetragonal shear modulus
C’. That is, a local minimum (the relative energyminimum along the
Bain path) on the tetragonal Bain path indicates elastically
(dynamically) stable lattice.

In Fig. 6, the total energies of PM AlxCrMnFeCoNi (0 � x � 5)
alloys are plotted as a function of Wigner-Seitz radius w and tet-
ragonality parameter c/a. Results are shown for eight compositions
(x ¼ 0, 0.26, 0.56, 1.0, 1.25, 2.14, 3.33, 5.0). The considered intervals
for the Wigner-Seitz radius is 2.50 � w/Bohr �2.90 and for the
tetragonal lattice parameter 0.8 � c/a � 1.65.

We observe that for the Al-free alloy, there is only oneminimum
which corresponds to the fcc lattice (c/a ¼ 1.414). This agrees well
with the experimental finding that the fcc structure is the ground
state of CrMnFeCoNi [17]. Upon Al addition, a second local mini-
mum develops at c/a ¼ 1.0 which corresponds to the bcc lattice.
Tian et al. [69] found that two local minima exist and the DE be-
tween them is 0.23 mRy in AlCrFeCoNi alloy: one for bcc phase at c/
a ¼ 1.0 and the other for fcc c/a ¼ 1.414. For the present system, the
structural energy difference DE between the two cubic lattices
gradually decreases from 3.79 mRy at x ¼ 0 to 0.20 mRy at x ¼ 1.0.
For larger x values, the bcc lattice becomes the stable phase. These
trends seen in the energy maps (Fig. 6) agree with those of the
Fig. 6. Total energy contour maps (in mRy) for paramagnetic AlxCrMnFeCoNi
(0 � x � 5) alloys as a function of tetragonal lattice parameter (c/a) and Wigner-Seitz
radius (w in Bohr). All energies are plotted relative to the corresponding fcc (c/
a ¼ 1.414) minima. Maps are shown for x ¼ 0, 0.26, 0.56, 1.0, 1.25, 2.14, 3.33, and 5.0.
Gibbs energy (Fig. 2). The mechanical stability of the bcc lattice first
increases until xz 2.14 and then decreases with further increasing
x. However, both cubic lattices remain mechanically stable in terms
of the tetragonal lattice distortion up to the highest Al content
considered here. It is important to observe that the two elastically
stable lattices possess different contour maps around the local
minima (except for x ¼ 1, 1.25, and 5), suggesting a sizable phonon
contribution to the phase stability. Taking into account such terms
requires full phonon calculations, which however are beyond the
reach of today's ab initio methods when it comes to six component
paramagnetic alloys.

4. Conclusions

Using first-principles alloy theory, we have investigated the
phase stability and magnetic properties of paramagnetic
AlxCrMnFeCoNi (0 � x � 5) high-entropy alloys considering the
competing fcc and bcc crystal structures. The calculated equilib-
rium volumes agree well with the available experimental data for
both crystals. With increasing Al content, the crystal structure of
the AlxCrMnFeCoNi alloys transforms from fcc (x < 0.482,
VEC > 7.56) to bcc (x > 1.361, VEC < 6.93) with a two-phase (duplex)
region in between the above limits. Such phase transitions are
consistent with the experimental measurements. The somewhat
larger deviation between the theoretical and experimental phase
boundaries in duplex-bcc zone is associated to the appearance of
the B2 precipitates in the bcc phase and possible increased of the
magnetic transition temperature. Further theoretical efforts are
needed to resolve this question.

By comparing the phase stability boundaries for the Mn-
containing AlxCrMnFeCoNi and Mn-free AlxCrFeCoNi systems, we
find that Mn reduces the stability field of the fcc phase and
broadens the width of the duplex region when expressed in terms
of Al concentration x. When expressed in terms of valence electron
concentration (VEC), it is found that the previously established
phase limits are robust and show weak dependence on the base
alloy composition. At 300 K, the fcc phase in the Mn-bearing (Mn-
free) alloys is predicted to be stable for VEC > 7.56 (VEC > 7.57),
while the bcc phase is stable for VEC < 6.93 (VEC < 7.04). The
magnetic transition temperatures for both cubic phases are found
to be below the room-temperature within their respective stability
fields. However, magnetic bcc grains may appear in the fcc part of
the two-phase region due to Al-depletion of the bcc phase.

The Bain path calculations indicate that upon Al doping, both
crystal structures remain elastically stable, supporting their co-
existence within the duplex region. For a more complete dynam-
ical stability, however, one should go beyond the elastic stability
and investigate the full phonon spectra as a function of composi-
tion. The present results demonstrate the ability of using ab initio
alloy theory for studying phase stability of paramagnetic HEAs, and
provide a theoretical verification for the phase selection rules based
on valence electron concentration.
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