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a b s t r a c t
The lattice Boltzmann method is developed to simulate the pressure-driven ﬂow and electroosmotic ﬂow
of non-Newtonian ﬂuids in porous media based on the representative elementary volume scale. The ﬂow
through porous media was simulated by including the porosity into the equilibrium distribution function
and adding a non-Newtonian force term to the evolution equation. The non-Newtonian behavior is considered based on the Herschel–Bulkley model. The velocity results for pressure-driven non-Newtonian
ﬂow agree well with the analytical solutions. For the electroosmotic ﬂow, the inﬂuences of porosity,
solid particle diameter, power law exponent, yield stress and electric parameters are investigated. The
results demonstrate that the present lattice Boltzmann model is capable of modeling non-Newtonian
ﬂow through porous media.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
Transport phenomena through porous media have numerous
applications in ﬂuid mechanics, heat transfer, condensed matter,
biology and environmental engineering and sciences [1] and have
been the hot research subject of wide interdisciplinary concerns. In
recent years, electrokinetic phenomena in microporous materials
have also attracted much attention in various ﬁelds such as capillary
electrochromatography and high-performance micropumps due to
the large surface of porous materials, the less dispersion to an analyte and the generated high pressure of the electroosmotic porous
ﬂow, which motivates research toward a better understanding of
microscale ﬂuidic transport phenomena to optimize the device
design and operation [2].
The recently developed lattice Boltzmann method (LBM), due
to its inherent vantages like simple implementation, high parallelizability and great convenience to handle complex geometry
and boundary conditions, has been successfully employed to study
complex transport phenomena and modeling complex physics
[3–6] which are usually hardly accessible to the macroscopic
approaches. Generally, there exist two approaches to simulate ﬂow
in porous media by using the LBM. In the ﬁrst pore-scale approach,
the ﬂow in the micropores is directly modeled by the standard LBM
[7–10]. The main advantage of this approach is that detailed ﬂow
information can be obtained. However, the size of computation
domain cannot be too large due to limited computer resources since
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each pore of the medium should contain several lattice nodes. In
the second macroscale approach, modeling is made for the ﬂuid
at a representative elementary volume scale (REV) by ignoring
the detailed geometry structure. This is accomplished by including an additional term to the standard lattice Boltzmann equation
to account for the presence of a porous medium [11–13]. In this
approach, the statistical properties of the porous structure are
directly included in models. Although detailed information of ﬂuid
ﬂow at the pore-scale is neglected, if this approach can be used
in large-sized computation domain and with appropriate models,
the approach can produce reasonable results. In addition, in some
practical applications, such approach is the only applicable one by
the numerical method based on the continuum assumption [12],
at least under the present situation of computer technology. Furthermore, the LBM solution in complex porous media can obtain
more useful transport information without increasing much computation efforts than directly solving a Darcy-type equation as are
contained in lots of commercial ﬂow ﬁeld simulation codes.
Recent rapid development in micro-fabrication technology
has enabled a variety of miniaturized ﬂuidic systems consisting of micro ducts, valves, and pumps. The ﬂow behavior of
non-Newtonian ﬂuid in microporous media is of high interest
in practical applications such as sample collection, dispensing,
reaction, detection, mixing, and separation of various biological and chemical species in capillary electrochromatography [14]
and high-performance micropumps [15–17]. The ﬂuid rheological
behavior combined with the microscale effects usually plays a more
important and complicated role. Fundamental understanding of
the non-Newtonian role in liquid transport through microporous
media is signiﬁcant to correctly predict and control the character-
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istics and performance of such microﬂuidic devices. However, to
the authors’ best knowledge, the existing LBM approaches for nonNewtonian ﬂow in porous media are all based on the pore-scale
study [18–21].
The objective of this work is to develop a lattice Boltzmann model for non-Newtonian porous ﬂow based on the REV
scale. In Section 2, the numerical models for pressure-driven and
electroosmotic-driven non-Newtonian ﬂows are introduced. In
Section 3, the pressure-driven and electroosmotic-driven ﬂows are
investigated with the present lattice Boltzmann model and the
inﬂuences of porosity, solid particle diameters, power law index,
yield stress and electric parameters are investigated and discussed.
A brief conclusion is given in Section 4.

2.1. The Herschel–Bulkley model for non-Newtonian ﬂow in
porous media
For the non-Newtonian ﬂuids exhibiting a yield stress value
 such that a ﬁnite pressure gradient, threshold gradient, must
be provided before ﬂow can start, we adopt the Herschel–Bulkley
model [22]
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where S˛ˇ is the shear strain rate tensor. This model combines
power law and Bingham non-Newtonian behavior by adjusting n
and  0 , and can describe most non-Newtonian ﬂuids.
We employ the modiﬁed form of Blake–Kozeny equation [22,23]
for pressure-driven Herschel–Bulkley ﬂuids of ﬂowing in porous
media:
ū =

 D ε 1+(1/n)  p
p

εn
3n + 1

3(1 − ε)

20 C  L

−

3(1 − ε)0
εDp 0

1/n

,

ε3 Dp2
72C  (1 − ε)2

,

(4)

eff =

4

3+


1 n
n

(8C  εK)

p =

K



n
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Recall that the Forchheimer ﬂow resistance can be described as
the following equation based on the Ergun equation for Newtonian
ﬂow in porous media [25],
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where  is the ﬂuid kinematic viscosity, FN is the Forchheimer ﬂow
resistance for Newtonian ﬂuid, and Fε is the geometric function of

εC  0
,
2K

(8)

where is the ﬂuid density and p is the pressure. Nithiarasu et al.
[26] adopted a model which is applicable for a medium with both a
constant and a variable porosity under the consideration of porosity
effect. The model can be expressed by the following equations:

∇ · u = 0,

(9)

u
ε

1
= − ∇ (εp) + ∇ 2 u + εF,

(10)

where F represents the total body force due to the presence of
a porous media and other force ﬁelds, and it can be represented
using the Herschel–Bulkley force in Eq. (8) if only considering the
pressure force.
2.2. The lattice Boltzmann model for porous ﬂow
For the lattice Boltzmann simulation based on the REV scale,
Guo and Zhao [11] deﬁned an equilibrium distribution function to
include the effect of the porous media,
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where ω0 = 4/9, ωi = 1/9 for i = 1, 2, 3, 4 and ωi = 1/36 for i = 5,
6, 7, 8. For a D2Q9 square lattice [27], cs2 = c 2 /3 and c0 = 0,
ci = (cos[(i − 1) /2], sin[(i − 1) /2])c for
√ i = 1, 2, 3, 4 and ci = (cos[(i −
5) /2 + /4], sin[(i − 5) /2 + /4]) 2c for i = 5, 6, 7, 8 where
c = ıx /ıt is the particle streaming speed (ıx and ıt are the lattice
spacing and time step, respectively).
Adding a force term into the lattice Boltzmann equation to
account for the force due to the presence of a porous media, the
discretized equation can be written as [11]
fi (x + ci ıt , t + ıt ) − fi (x, t) =

1 eq
[f (x, t) − fi (x, t)] + ıt Fi ,
v i

(12)

where x is the position vector, time t, and relaxation time  v . The
force term Fi is deﬁned in [11,28] for porous ﬂow as
Fi = ωi
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The density , and velocity u are obtained from [11]
fi

and
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the model of Eq. (3) simpliﬁes to:
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where ū is the average streamwise velocity of the porous media, ε
is the porosity, p is the pressure difference, Dp is the solid particle
diameter, L is the length of the porous media, C is a constant which
accounts for the tortuosity effect of the porous medium and should
be determined experimentally and an average C = 25/12 is used
[24]. By introducing the deﬁnition of permeability
K=

porous media [25]. Similar to this Forchheimer force equation, the
ﬂow resistance for Herschel–Bulkley ﬂuids ﬂowing in porous media
is stated as

∂u
+ (u · ∇ )
∂t

2. Numerical methods
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We can demonstrate that Eq. (12) recovers the Navier–Stokes Eq.
(10) by using the Chapman–Enskog approximation. In this work,
we extend this lattice Boltzmann model to non-Newtonian ﬂow.
The corresponding relaxation time is
v = 3

eff ıt
ı2x

+ 0.5,

(15)

If only considering the pressure gradient driving the
Herschel–Bulkley ﬂuids in porous media, the external force is
stated as
F = −

∇ (εp)

+ εFHB .

(16)
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2.3. The porous model for electric potential
Because of no moving component, electroosmosis is often a
preferred pumping method for microdevices over pressure-driven
ﬂow. Bulk movement of liquid in a microchannel can be achieved
by applying an external electric ﬁeld along the channel. In order to
simulate electroosmotic ﬂow driven by the external electricity in
porous media at the REV scale, due to the charge of the solid porous
material in the channel, it is desirable to remove the charge density’s dependence on position at the pore level. An effective charge
density eff was obtained which results in the same volume ﬂow
in a single pore that would result if the actual charge density had
been used [29]
eff

=

εε0 εe
K
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p

p Ap



−1

,

(17)

where ε0 is the permittivity of free space, εe is the relative dielectric
constant of the solution, p is the zeta potential of the pores, Ap is the
cross-sectional area of a single pore, and the integration term takes
into consideration double layer effects. The Poisson–Boltzmann
equation for the solid porous material can be linearized by assuming that the zeta potential is small enough, then the integration in
Eq. (17) is solved analytically and the effective charge density of the
solid porous material is expressed as
eff

=

εε0 εe
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,
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and the modiﬁed charge density per unit volume. In the end, for the
electroosmotic-driven Herschel–Bulkley ﬂuid ﬂow in the porous
media, by considering both the charge of the solid porous material
calculated by Eq. (18) and the modiﬁed net charge density of the
channel calculated by Eq. (22), in Eqs. (13) and (14) we have
E
F = ε (

eff

+

e ) + εFHB ,

(24)

where E is the external electricity intensity.
3. Results and discussion
3.1. Pressure-driven Herschel–Bulkley ﬂuids ﬂowing in porous
media
First we study the pressure-driven Herschel–Bulkley ﬂuids
ﬂowing in porous media, which have numerous signiﬁcant applications [31]. We set a porous ﬂow between two parallel channels.
The channel height H = 10−5 m, particle diameter Dp = 0.1H, pressure gradient dp/dx = 107 Pa/m, the porosity ε = 0.1, 0.3, 0.5 and 0.8.
We choose the crude oil at 14 degree as the working ﬂuid [23]:
= 891.8 kg/m3 , 0 = 0.04054 kg/m sn−2 ,  0 = 0.356 kg/m s2 , n = 0.81.
For comparison, we also compute the case of n = 1.25 with the other
parameters remaining unchanged. The velocity results are shown in
Fig. 1, in which the dashed lines represent the solutions of modiﬁed
Blake–Kozeny Eq. (3) and the solid lines for the LBM results.

where is the reciprocal of the Debye length, In is a modiﬁed Bessel
function of the ﬁrst type of order n, and Rp is the average pore size
calculated by,
Rp =

Dp ε
.
3(1 − ε)

(19)

The charge of the solid porous material may change the electric
potential distribution between the parallel channels, a modiﬁed
 , instead of the zeta potential at the walls of
wall zeta potential, w
the channel, w is used
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The relationship between the electric potential in the liquid, ,
and the modiﬁed net charge density per unit volume, e , at any
point in the liquid is described by the Poisson equation:

∇2

=−

e

ε0 εe
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Assuming that the equilibrium Boltzmann distribution is applicable, the modiﬁed net charge density distribution can be expressed
as the sum of all the ions in the solution:
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where z˛ and n˛,0 are the valence of type ˛ ions and the bulk ionic
concentration, respectively. The bulk ionic concentration, n0 can be
expressed as the product of the ionic molar concentration, c0 , and
Avogadro’s number, NA . The constant, e, is the charge of a proton, kB
is Boltzmann’s constant and T is the absolute temperature. Substituting Eq. (22) into Eq. (21) yields the nonlinear Poisson–Boltzmann
equation:

∇2

+

1
ε0 εe



z˛ en˛,0 exp
˛

−

z˛ e
kB T



= 0.

(23)

This Poisson–Boltzmann equation can be solved similarly with the
lattice Boltzmann method (see details in our previous work [30])
and then we can obtain the modiﬁed electric potential distribution

Fig. 1. Comparisons of velocity proﬁles across the porous channel between the
present LBM and Eq. (3). Solid lines are LBM results and dashed lines are solutions
of Eq. (3). (a) n = 0.81; (b) n = 1.25.
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Fig. 2. The velocity distribution at various porous material electric potentials and
wall zeta potentials. (a) w = −30 mV; (b) p = −5 mV.

From the ﬁgures we can see that as the porosity increases,
the porous velocity increases. The LBM results are in good agreement with the solutions from modiﬁed Blake–Kozeny Eq. (3) for
Herschel–Bulkley ﬂuids, though the LBM can exhibit more details
of velocity change close to the wall.
3.2. Electroosmotic ﬂow of Herschel–Bulkley ﬂuids ﬂowing in
porous media
In this section, we investigate the porous Herschel–Bulkley
ﬂuid ﬂow driven by the external electricity. We choose
εε0 = 7.79 × 10−10 C2 /J m,
T = 293 K,
z = 1,
e = 1.6 × 10−19 C,
23
−1
−23
NA = 6.02 × 10 mol , kB = 1.38 × 10
J/K,
= 997.94 kg/m3 ,
√
n−1
−6
0 = 983.75 × 10 ( 0.5s)
kg/m s. The plane channel height
is H = 10−5 m, solid particle diameter Dp = 0.1H, porosity ε = 0.5,
yield stress  0 = 0.25 kg/m s2 , power law exponent n = 0.75, the
bulk ionic concentration c0 = 10−5 M, the external electric intensity
parallel to the channel Ex = 40 kV/m. In Fig. 2(a) we ﬁx the upper
and bottom wall zeta potential w = −30 mV and change porous
material electric potential p = 0, −5, and −10 mV. In Fig. 2(b) we
ﬁx p = −5 mV and change w = −10, −30, and −50 mV.
The ﬁgures present both the full velocity proﬁles across the
channel and the enlarged section close to the wall for clear view.
From Fig. 2(a) we can see that the velocity increases as the porous
material electric potential p increases due to the increase in effective charge density eff as shown in Eq. (18). The velocity close to
the wall is much larger than the one in the channel center region
since the wall zeta potential w is larger than the porous material
electric potential p and the total charge density close to the chan-
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Fig. 3. The velocity distribution at various bulk ionic concentrations and external
electric intensities. (a) Ex = 40 kV/m; (b) c0 = 10−5 M.

nel wall is larger than that in the center region. We can also see
that the bulk ﬂuid remains resting at p = 0. This is because that
the electroosmotic driving force in the center region is very small
due to both the zero effective charge density eff at p = 0 and the
quite small modiﬁed charge density e in the channel center region.
This small driving force is not able to overcome the non-Newtonian
yield stress, or the threshold force.
As seen in Fig. 2(b), we can see that the velocity close to the wall
increases as wall zeta potential w increases due to the increase in
modiﬁed charge density e at larger w . However, the velocity in the
channel center region almost remains the same at the shown range
of zeta potentials because the zeta wall effect is restricted close to
the wall and its effect in the bulk region can be nearly neglected.
In Fig. 3, we study the effect of bulk ionic concentration
and the external electric intensity on the velocity. The plane
channel height is H = 10−5 m, solid particle diameter Dp = 0.1H,
porosity ε = 0.5, yield stress  0 = 0.25 kg/m s2 , power law exponent
n = 0.75, the upper and bottom channel zeta potential w = −30 mV,
porous material electric potential p = −5 mV. In Fig. 3(a) we ﬁx
Ex = 40 kV/m and change the bulk ionic concentration c0 = 5 × 10−6 ,
10−5 , and 5 × 10−5 M. In Fig. 3(b) we ﬁx c0 = 10−5 M and change
Ex = 30, 40, and 50 kV/m. From Fig. 3(a) we can see that larger bulk
ionic concentration results in larger velocity since both the effective charge density eff and modiﬁed charge density e increase as
the bulk ionic concentration increases. In Fig. 3(b), we can see that
the velocity increases nearly proportionally as the external electric intensity increases, which means that we can control the ﬂow
rate by adjusting the magnitude of the external electric intensity
conveniently.
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Fig. 4. The velocity distribution at various solid particle diameters and porosities.
(a) ε = 0.5; (b) Dp = 0.1H.

Fig. 5. The velocity distribution at various power law exponents and yield stresses.
(a)  0 = 0.25 kg/m s2 ; (b) n = 0.75.

Fig. 4 presents the effect of solid particle diameter Dp and porosity ε on the porous velocity. We set H = 10−5 m,  0 = 0.25 kg/m s2 ,
power law exponent n = 0.75, w = −30 mV, p = −5 mV, c0 = 10−5 M,
and Ex = 40 kV/m. In Fig. 4(a) we ﬁx ε = 0.5 and change Dp = 0.05H,
0.1H, and 0.15H while in Fig. 4(b) we ﬁx Dp = 0.1H and change ε = 0.3,
0.5, and 0.8. We can see that the porous velocity increases as the
solid particle diameter increases in Fig. 4(a) and as the porosity
increases in Fig. 4(b).
It is known that the velocity of pressure-driven ﬂow in porous
media is in proportion to the pressure gradient and permeability,
and in inverse proportion to the viscosity. Similarly, to investigate
the velocity of electroosmotic ﬂow of Herschel–Bulkley ﬂuids in
porous media, a reference velocity uref can be induced, which is
in proportion to the electroosmotic force and permeability, and in
inverse proportion to the effect dynamic viscosity. The reference
velocity uref can be deﬁned as

wall, and the second term, marked as uc , can represent the velocity
in the middle of channel.
In Fig. 4(a), the permeability K increases as the solid particle
diameter Dp increases at the same porosity, thus uw increases. The
average pore size Rp increases as the solid particle diameter Dp
increases, and the term
(r)dAp /( p Ap ) in uc decreases as Rp

uref =

K
Ex (
eff

e

+

eff ).

(25)

Using the expression of the effective charge density
the reference velocity uref can be expressed as
uref =

KEx
eff

e

+

Ex εε0 εe
eff


p

(r)dAp
p Ap

eff

in Eq. (18),


−1

.

(26)

As e is very large near the wall and decreases to zero in the center
zone of channel while eff is small near the wall compared with e
and keeps unchanged in the channel, the ﬁrst term in the right hand
side of Eq. (26), marked as uw , can represent the velocity near the

increases. Because 0 <
(r)dAp /( p Ap ) < 1 and p is negative,
it can be deduced that uc increases as the solid particle diameter Dp
increases.
In Fig. 4(b), the permeability K increases as the porosity ε
increases at the same solid particle diameter, so both uw and uc
increase as the porosity ε increases.
Fig. 5 presents the effect of power law exponent n and yield
stress  0 on the porous velocity. We set H = 10−5 m, Dp = 0.1H, ε = 0.5,
−5 M, and E = 40 kV/m. In Fig. 5(a)
w = −30 mV, p = −5 mV, c0 = 10
x
we ﬁx  0 = 0.25 kg/m s2 and change n = 0.75, 1.0, and 1.25 while in
Fig. 5(b) we ﬁx n = 0.75 and change  0 = 0, 0.25, and 0.5 kg/m s2 .
Fig. 5(a) shows that the porous velocity decreases as the power law
exponent increases since the effective viscosity gets larger as the
power law exponent increases. From Fig. 5(b) we can see that the
porous velocity decreases as the yield stress increases since larger
yield stress counteracts more driving force.
To study the effect of Debye layer length on the porous velocity,
we simulate the cases for two different bulk ionic concentrations,
c0 = 10−5 and 10−6 M at channel height H = 10−6 m. The external electric intensity is ﬁxed at Ex = 400 kV/m to overcome the
very large threshold force for c0 = 10−6 M. Other parameters are
Dp = 0.1H, ε = 0.5,  0 = 0.25 kg/m s2 , p = −5 mV, and lower plate wall
zeta potential w1 = −30 mV. Two magnitudes of power law expo-
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consideration by including the porosity into the equilibrium distribution and adding a non-Newtonian force term to the evolution
equation. The non-Newtonian behavior is considered based on
the Herschel–Bulkley model, though the present LBM model is
straightforward for other non-Newtonian ﬂuid models. For the
pressure-driven non-Newtonian porous ﬂow, the LBM results agree
well with the analytical solutions, in addition, the LBM results can
exhibit more details of the velocity close to the wall.
For the electroosmotic porous ﬂow, the inﬂuences of porosity,
solid particle diameter, power law exponent, yield stress, zeta wall
potential, pore electric potential, external electricity intensity, bulk
ionic concentration, and Debye layer length are investigated. The
results show that the porous velocity increases as the power law
exponent and the yield stress decrease. The electric potential of the
porous material has signiﬁcant effect on the porous velocity in the
channel center region while the channel wall zeta potential mainly
determines the velocity close the wall. The channel wall zeta potential effect on the velocity is more sensitive to the lower power law
exponents, especially at smaller ratio of channel height to the Debye
layer length. The results demonstrate that the present lattice Boltzmann model is capable of modeling complicated non-Newtonian
ﬂow behaviors through porous media. The further validation by
comparing the numerical results with the experimental data is the
next work.
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