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a b s t r a c t
Understanding non-Newtonian ﬂow in microchannels is of both fundamental and practical signiﬁcance
for various microﬂuidic devices. A numerical study of non-Newtonian ﬂow in microchannels combined
with electroviscous effect has been conducted. The electric potential in the electroviscous force term
is calculated by solving a lattice Boltzmann equation. And another lattice Boltzmann equation without
derivations of the velocity when calculating the shear is employed to obtain ﬂow ﬁeld. The simulation of
commonly used power-law non-Newtonian ﬂow shows that the electroviscous effect on the ﬂow depends
signiﬁcantly on the ﬂuid rheological behavior. For the shear thinning ﬂuid of the power-law exponent
n < 1, the ﬂuid viscosity near the wall is smaller and the electroviscous effect plays a more important role.
And its effect on the ﬂow increases as the ratio of the Debye length to the channel height increases and
the exponent n decreases. While the shear thickening ﬂuid of n > 1 is less affected by the electroviscous
force, it can be neglected in practical applications.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
The application of micro-electro-mechanical-systems has been
recently increasing in various ﬁelds. Devices with dimensions of the
order of microns are being developed for a range of miniaturized
ﬂuidic systems in advanced detecting processes and propulsion
systems [1]. Such microﬂuidic devices are not simply scale-down
version of conventional ones and this motivates research toward
a better understanding of microscale ﬂuidic transport phenomena
such as electrokinetic effect or surface effects to optimize the device
design and operation.
It is known that most solid surfaces carry electrostatic charges
or electrostatic surface potential. The electrostatic charges on the
solid surface will attract the counterions in the liquid when the
liquid contains certain amount of ions. The rearrangement of the
charges on the solid surface and the balancing charges in the liquid are called the electrical double layer (EDL) [2,3], composing of
the immobile compact layer and the mobile diffuse layer. When
liquid ﬂows through a microchannel under a hydrostatic pressure,
the nonzero electrical charges in the mobile part of the EDL are
carried downstream, building a balance between the streaming
current ﬂowing in the streamwise direction and the conductance
current ﬂowing back in the opposite direction. When the ions are
moved in the diffuse layer, they pull the liquid along with them
in the opposite direction to the pressure-driven ﬂow, leading to
a reduced ﬂow rate compared with the conventional theory pre-
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diction. Such electrokinetic effect of the presence of the EDL on
the ﬂow behavior is similar to that of a liquid having a higher
apparent viscosity, referred to the electroviscous effect [2]. Some
researches have shown that the electroviscous effect is signiﬁcant
in microﬂows and it causes an obvious ﬂow resistance increase
compared to conventional theory [3–5]. However, some literature
[6,7], including our previous experimental and numerical study
[8] has argued that the electroviscous effect is not so obvious in
microchannel ﬂow under moderate electrical conductivity of the
liquid and conductivity of the walls. To the authors’ best knowledge, most of the existing studies are limited to Newtonian ﬂuid.
However, the ﬂow behavior of non-Newtonian ﬂuid is of high
interest in practical applications such as sample collection, dispensing, reaction, detection, mixing, and separation of various
biological and chemical species on a micro-chip integrated with
ﬂuidic pumps and valves. The ﬂuid rheological behavior combined
with the microscale effects usually plays a more important and
complex role. Fundamental understanding of the non-Newtonian
role in liquid transport through microchannels is signiﬁcant to correctly predict and control the characteristics and performance of
such microﬂuidic devices. In this article, we numerically study the
ﬂow characteristics of non-Newtonian ﬂuids combined with the
electroviscous effect in microchannels by using the lattice Boltzmann method (LBM).
The LBM originates from mesoscopic kinetic equations and
intrinsically possesses some essential microscopic physics ingredients, which makes the LBM of great potential to capture the
non-continuum effects including non-equilibrium and electrokinetic phenomena in microﬂuidic devices. For the non-Newtonian
ﬂuid, its viscosity is related to the local rate of strain through the
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constitutive equation for the stress tensor. The kinetic essence of
the LBM makes it capable of calculating the local components of the
stress tensor without a need to estimate velocity gradients, while
the Navier–Stokes solvers need to get the derivatives of obtained
velocity proﬁles. This feature makes the LBM retain second-order
accuracy and high efﬁciency for shear-dependent non-Newtonian
ﬂow simulations [9–15].
In the next section, the lattice Boltzmann equations for the
velocity ﬁeld of non-Newtonian ﬂuid and for the electric potential
distribution are introduced with their boundary conditions. In Section 3, the LBM equations are used to analyze the velocity proﬁles
for non-Newtonian ﬂow combined with the electroviscous effect
under external pressure gradient. The distribution of the electroviscous force across the channel is also presented and discussed.
This article is concluded in Section 4.
2. Numerical methods
2.1. The lattice Boltzmann equation for non-Newtonian ﬂuid ﬂow
ﬁeld
The LBM tracks the evolution of the local distribution functions,
f of the computational particles to describe the conserved ﬁelds.
The discrete evolution equation with the Bhatnagar–Gross–Krook
(BGK) collision approximation is [16]:

the viscosity is given by:
 = 0 ˙ n−1 = 0 (S˛ˇ S˛ˇ )(n−1)/2 ,

S˛ˇ S˛ˇ and the parameter
where the shear rate-related ˙ is ˙ =
n is the power-law exponent which determines the response of
the ﬂuid to changes in shear rate. The ﬂuid is classiﬁed as shear
thinning for n < 1 and shear thickening for n > 1. The ﬂuid recovers
the Newtonian behavior with shear-independent viscosity 0 at
n = 1.
Coupling Eqs. (3), (6) and (7), together with  = , we can derive
a shear-dependent relaxation time v at each node in the lattice
Boltzmann evolution Eq. (1).
(1)
Note that the quantity fi c i˛ c iˇ in Eq. (6) is usually computed
with second-order accuracy during the collision process in the LBM
evolution. Therefore, the stress tensor components and the corresponding shear-dependent viscosity of non-Newtonian ﬂuid can
be obtained independent of the velocity ﬁelds, in contrast to most
traditional CFD methods which estimate the stress tensor components from the obtained velocity ﬁeld. This beneﬁt without a
need to get the derivatives of velocity proﬁles in computing the
stress tensor and non-Newtonian viscosity is clear when dealing
with ﬂow in complex geometry of irregular cross-sections or ﬂows
characterized by large velocity gradients [18].
We can demonstrate that Eq. (1) recovers the Navier–Stokes
equation by using the Chapman–Enskog approximation:



fi (r + ci ıt , t + ıt )
= fi (r, t) −

ıt
F · (ci − u) eq
eq
[f (r, t) − fi (r, t)] + ıt
fi (r, t),
v i
RT

(1)

where v is the relaxation time, ci is the particle discrete velocity and F is an external force term. For a D2Q9 square lattice,
i = 1, 2, 3, 4 and c i =
c0 = 0, ci = (cos[(i − 1)/2], sin[(i − 1)/2]) for √
(cos[(i − 5)/2 + /4], sin[(i − 5)/2 + /4]) 2c for i = 5, 6, 7, 8
where c = ıx /ıt is the particle streaming speed (ıx , ıt are the lattice spacing and time step, respectively). The equilibrium density
eq
distribution function, fi (i = 0, 1, ..., 8) for a D2Q9 lattice [17]:



eq

fi

= ωi 1 +



3(ci · u)
9(ci · u)2
3(u · u)
+
−
,
2
c
2c 4
2c 2

(2)

where ω0 = 4/9, ωi = 1/9 for i = 1, 2, 3, 4 and ωi = 1/36 for i = 5, 6, 7, 8.
The relaxation time v is linked to the kinematic viscosity  through:
v = 3

ı2t
ı2x

+ 0.5ıt .

(3)

The mass density and momentum density can be obtained by
summing over the distribution functions, fi (r,t):
=



fi and u =

i



fi ci .

(4)

i



˛ˇ = −pı˛ˇ + 

∂uˇ
∂u˛
+
∂xˇ
∂x˛



= −pı˛ˇ + 2S˛ˇ ,

(5)

where  is the dynamic viscosity, ı˛ˇ is the Kronecker delta, and
S˛ˇ = 1/2((∂u˛ /∂uˇ ) + (∂uˇ /∂u˛ )) is the shear strain rate tensor. We
calculate S˛ˇ at each node in the LBM as [18]:
S˛ˇ = −

3  (1)
fi c i˛ c iˇ ,
2c 2 v

(6)

i=0

(1)





∂u
+ (u · ∇ )u
∂t

where fi is the non-equilibrium part of the distribution function.
In the commonly used power-law model for non-Newtonian ﬂuid,

= ∇ 2 u + F,

(8)

The force term under external pressure gradient p can be
expressed as:
F = −∇ p − e E,

(9)

where e is the net charge density per unit volume at any point in
the liquid, E is the stream electric ﬁeld caused by the ion movement
in the solution, and e E presents the electro-viscosity term. The
stream electric ﬁeld can be obtained through a balance between
streaming current and electrical conductance current at steady
state:
E=−

e u

,

(10)

here is the electrical conductivity of the liquid layer. A solution
conductivity law originally devised by Friedrich Kohlrausch (see
Ref. [19] for details), which states that the conductivity of a dilute
solution is the sum of independent values: the molar conductivity
of the cations and the molar conductivity of the anion. The law
is based on the independent migration of ions and then can be
written as:
= n+

We know that the stress tensor for an incompressible ﬂuid with
pressure p is given by:

(7)



+

where

+ n−

−,

(11)

is the molar conductivity.

2.2. The lattice Boltzmann equation for electric potential
Note that the net charge density per unit volume, e , must be
obtained before solving the velocity ﬁeld from Eq. (9). The relationship between the electric potential in the liquid, , and the net
charge density per unit volume, e , at any point in the liquid is
described by the Poisson equation:

∇2

=−

e
,
εε0

(12)

where ε0 is the permittivity of free space and ε is the relative
dielectric constant of the solution. Assuming that the equilibrium
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Fig. 1. The streamwise velocity proﬁles across the channel at various power-law exponents.

Boltzmann distribution is applicable, the net charge density distribution can be expressed as the sum of all the ions in the solution:
e =




z˛ en˛,0 exp

˛

z˛ e
−
kB T


,

(13)

where z˛ and n˛,0 are the valence of type ˛ ions and the bulk ionic
concentration, respectively. The bulk ionic concentration, n0 can
be expressed as the product of the ionic molar concentration, c0
and Avogadro’s number, NA . The constant, e, is the charge of a proton, kB is Boltzmann’s constant and T is the absolute temperature.
Assuming a uniform dielectric constant and neglecting the ﬂuctuation of the dielectric constant, we obtain the net charge density
distribution proportional to the concentration difference between
the cations and anions [20]:


n± = n0 exp

ze
∓
kB T


,

(14)
Fig. 2. The total force and the electroviscous force distribution across the channel.
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e = ze(n+ − n− ) = −2zen0 sinh

ze
kB T


.

(15)

Substituting Eq. (13) into Eq. (12) yields the nonlinear
Poisson–Boltzmann equation:

∇2

+

1 
z˛ en˛,0 exp
εε0



−

˛

z˛ e
kB T



= 0.

(16)

Though there are sophisticated schemes to solve Eq. (16), to
solve all the ﬁelds within the same LBM framework, the following discrete lattice Boltzmann evolution equation for the electric
potential has been employed [21,15]:
gi (r + c i ıt , t + ıt )
= gi (r, t) −


×

(g − 0.5ıt )ıt ωi
ıt
eq
[g (r, t) − gi (r, t)] +
g i
g

1 
z˛ en˛,0 exp
εε0


−

˛

z˛ e
kB T


,

(17)

where g is the distribution function and geq is the corresponding
eq
equilibrium distribution function on a D2Q9 lattice, with g0 = 0,
eq
eq
g1, 2, 3, 4 = /6, and g5, 6, 7, 8 = /12. The potential diffusivity, ,
which is equal to unity in the simulations, is deﬁned as:
=

2(g − 0.5ıt ) ı2x
.
3
ı2t

(18)

The macroscopic electric potential in the liquid is calculated
from:
=


i

ıt 
gi +
2
i



1 
z˛ en˛,inf exp
εε0
˛



−

z˛ e
kB T

76.34 × 10−4 Sm2 /mol, dp/dx = 105 Pa/m, the surface zeta potential
of  = −100 mV.
First, we ﬁx the channel height at H = 6 m. Fig. 1(a), (b), (c), (d)
and (e) presents the velocity proﬁles across the channel for various
ionic concentrations at power-law exponents of n = 0.5, 0.75, 1, 1.25
and 1.5, respectively (the ionic molar concentration of c0 = 108 M
in the ﬁgure denotes the case without electroviscous effect). It is
shown that for different ionic concentrations in the same ﬁgure, the
velocity proﬁle gets ﬂattened and the magnitude decreases as the
ionic concentration decreases, especially for shear thinning ﬂuid of
n < 1. Comparing different ﬁgures at the same ionic concentration,
it can be found that the velocity reduction caused by electroviscous effect increases as power-law exponent decreases. For shear
thickening ﬂuid with power-law exponent n > 1, the electroviscous
effect on the ﬂow is not evident, while the effect is obvious for shear
thinning ﬂuid of n < 1. This can be explained that the electroviscous
effect produces resistance force inside the EDL, which increases
the viscosity of the liquid near the wall. Since the viscosity of nonNewtonian liquid near wall with power-law exponent n < 1 is quite
small compared to the n > 1, the increased electro-viscosity takes a
more important part in the total viscosity for non-Newtonian with
n < 1 than the one with n > 1.
Fig. 2 presents the distribution of the total force (Fx ) and the
resistance force of the electroviscous term (e Fx ) across the channel
at the same ionic concentration (c0 = 10−6 M) for different powerlaw exponents. We can see that the resistance force close to channel
wall is much larger than the driving force, especially at lower
power-law exponents, while the resistance force remains zero at
most part of the channel center region. And under the same ionic



ωi .

(19)

2.3. The boundary conditions for the lattice Boltzmann equations
The LBM is of good ability for handling general boundary conditions due to its kinetic nature and essential character of microscopic
physics. In the solving for the electric potential, the zeta potentials
at upper and lower walls are ﬁxed and the Dirichlet boundary conditions are employed [22]. The periodic boundary conditions are
employed for the electric potentials at the channel inlet and outlet.
For the velocity ﬁeld, the non-slip boundary conditions at the upper
and lower walls proposed by Zou and He [23] are adopted, and the
periodic boundary conditions are applied again at the channel inlet
and outlet.
3. Results and discussion
The present non-Newtonian LBM model without considering
the electroviscous term has been validated in our previous work
[15], in which a pressure-driven ﬂow between two parallel plates
is considered and the simulated velocity proﬁles are in good agreement with the analytical solutions for different power-law index
n.
A pressure-driven non-Newtonian ﬂow between two parallel
plates with electroviscous effect is considered here. A uniform
pressure gradient dp/dx is applied along the streamwise direction as the external force shown in Eq. (9). The lower and upper
non-slip walls are deﬁned by y = 0 and y = H. In the simulation, we set the non-Newtonian ﬂuid to be KCl solution with
three different concentrations of 10−4 , 10−5 and 10−6 M. And we
choose T = 293 K, z = 1, e = 1.6 × 10−19 C, εε0 = 7.79 × 10−10 C2 /(J m),
NA = 6.02 × 1023 mol−1 , kB = 1.38 × 10−23 J/K,  = 997.94 kg/m3 , 0 =
983.75 × 10−6 kg · sn−2 /m, K+ = 73.52 × 10−4 Sm2 /mol, Cl− =

Fig. 3. The magniﬁcation of streamwise velocity distribution close to the wall for
shear thinning ﬂuid.
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to the electroviscous resistance. It is also shown that the blocking
inﬂuence is more serious at lower power-law exponents by comparing velocity proﬁles at n = 0.5 and n = 0.75, which is consistent
with the force distribution as shown in Fig. 2.
Fig. 4 presents the velocity proﬁles for shear thinning ﬂuid of
n = 0.75 across the channel by changing the channel heights. We can
see that for all these channels, the velocity proﬁle gets more ﬂattened as the ionic concentration decreases. In addition, at the same
ionic concentration, the velocity reduction increases as channel
height reduces. These phenomena are attributed to the variations
in the Debye length, D , deﬁned as:

D

=

εε0 kB T
,
2NA c0 e2 z 2

(20)

to describe the characteristic thickness of the electric double layer
(EDL). The calculated Debye length for c0 = 10−4 M is 0.0397 m,
compared to 0.397 m for c0 = 10−6 M. The less ionic concentration
produces the larger Debye length. As the ratio of the Debye length to
the channel height increases, it provides wider inﬂuencing region
of resistance force within the channel and the electroviscous effect
is more signiﬁcant, resulting in larger velocity reduction. For the
largest simulated channel height of 14 m shown in Fig. 4(c), we
can see that the discrepancies between velocity proﬁles at various
concentrations are very small, which denotes that the electroviscous effect can be neglected even for the shear thinning ﬂuid of
n = 0.75 in this channel.
In the end, we compared the de-ionized ultra-ﬁltered (DIUF)
water ﬂow in the channel of H = 4.484 m presented by Baviere
et al. [7] with our LBM simulation results. The electroviscous term is combined with Newtonian ﬂuid of n = 1. Because
the zeta potential and the properties of the bulk liquid were
not measured in [7], we adopted the properties of the DIUF
water which may cause the largest electroviscous effect presented by Ren et al. [5] for an approximate comparison,
c0 = 10−6 M,  = −245 mV, H+ = 349.82 × 10−4 Sm2 /mol, OH− =
198.0 × 10−4 Sm2 /mol. The product of friction factor and Reynolds
number from the experimental data and the computed LBM results
are shown in Fig. 5. We can see that the experimental data are in
rough agreement with the present LBM results. The LBM predicts
the resistance 6% larger (fRe = 102) than the conventional analytical solutions (fRe = 96). Note that the deviation is still within the
experimental uncertainties.

Fig. 4. The streamwise velocity proﬁles across the channel at various channel
heights.

concentration, the inﬂuence range of the resistance force expands
wider as the power-law exponent decreases. We know that the
electroviscous force is usually conﬁned within the EDL layer close
to the wall, however, it is observed that its effect extends to deeper
ﬂow for shear thinning ﬂuids as shown in the ﬁgure. For the shear
thickening ﬂuids of n = 1.25 and n = 1.5 shown in the ﬁgure, the
resistance force is very small and can be neglected. The velocity
proﬁles for shear thinning ﬂuids of n = 0.5 and n = 0.75 close to the
wall are magniﬁed in Fig. 3(a) and (b) for a more clear observation.
We can see that the resistance force almost blocks the liquid adjacent to the wall from moving forward, especially at a lower ionic
concentration. Inside the EDL, the velocity changes very slowly due

Fig. 5. The LBM simulation results compared with experimental data [7].
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4. Conclusions
Motivated by the growing interest in non-Newtonian ﬂuid
applications such as sample collection, dispensing, detection, mixing, and separation in microﬂuidic devices, we have numerically
studied the non-Newtonian ﬂuid ﬂow combined with electroviscous effect in microchannels. We have applied the lattice
Boltzmann methodology to describe the electric potential ﬁeld
and the ﬂow ﬁeld. The presented second-order accurate LBM for
shear-dependent non-Newtonian ﬂow ﬁeld avoids time consuming
derivations of the velocity data to calculate the shear.
It is found that the electroviscous effect on the ﬂow characteristics in microchannel is signiﬁcantly dependent on the ﬂuid
rheological character, and the power-law exponent n plays an
important role. For the shear thinning ﬂuid with power-law exponent less than unity, the electroviscous force term takes a large
part in the total force close to the wall and even to the center ﬂow,
which causes an evident resistance to the ﬂow. The velocity proﬁle gets more ﬂattened and its magnitude decreases as the ionic
concentration decreases. In contrast, for the Newtonian ﬂuid and
the shear thickening ﬂuid, the electroviscous effect is conﬁned to
a quite small zone close to the wall and it can be neglected under
moderate electrical conductivity of the liquid and conductivity of
the walls. In addition, the electroviscous effect depends on the ratio
of the Debye length to the channel height. The effect on the ﬂow
will weaken even for a shear thinning ﬂuid when this ratio is very
small.
Acknowledgments
This work was supported by the National Natural Science Foundation of China (No. 50776067) and by the Program for New
Century Excellent Talents in University of China (NCET-07-0676).
References
[1] M. Gad-el-Hak, The ﬂuid mechanics of microdevices—the Freeman scholar lecture, J. Fluids Eng. 121 (1999) 5.

[2] R.J. Hunter, Zeta Potential in Colloid Science: Principles and Applications, Academic Press, New York, 1981.
[3] D.Q. Li, Electro-viscous effects on pressure-driven liquid ﬂow in microchannels,
Colloids Surf. A: Physicochem. Eng. Aspects 195 (2001) 35.
[4] L.Q. Ren, D.Q. Li, W.L. Qu, Electro-viscous effects on liquid ﬂow in microchannels, J. Colloid Interface Sci. 233 (2001) 12.
[5] L.Q. Ren, W.L. Qu, D.Q. Li, Interfacial electrokinetic effects on liquid ﬂow in
microchannels, Int. J. Heat Mass Transf. 44 (2001) 3125.
[6] R. Baviere, F. Ayela, Micromachined strain gauges for the determination of liquid ﬂow friction coefﬁcients in microchannels, Meas. Sci. Technol. 15 (2004)
377.
[7] R. Baviere, F. Ayela, S. Le Person, M. Favre-Marinet, Experimental characterization of water ﬂow through smooth rectangular microchannels, Phys. Fluids 17
(2005) 098105.
[8] G.H. Tang, Z. Li, Y.L. He, C.Y. Zhao, W.Q. Tao, Experimental observations and
lattice Boltzmann method study of the electroviscous effect for liquid ﬂow in
microchannels, J. Micromech. Microeng. 17 (2007) 539.
[9] E.S. Boek, J. Chiny, P.V. Coveney, Lattice Boltzmann simulations of the ﬂow of
non-Newtonian ﬂuids in porous media, Int. J. Mod. Phys. B 17 (2003) 99.
[10] S. Gabbanelli, G. Drazer, J. Koplik, Lattice Boltzmann method for non-Newtonian
(power-law) ﬂuids, Phys. Rev. E 72 (2005) 046312.
[11] J. Boyd, J. Buick, S. Green, A second-order accurate lattice Boltzmann nonNewtonian ﬂow model, J. Phys. A 39 (2006) 1424.
[12] S.P. Sullivan, L.F. Gladden, M.L. Johns, Simulation of power-law ﬂuid ﬂow
through porous media using lattice Boltzmann techniques, J. Non-Newtonian
Fluid Mech. 133 (2006) 91.
[13] S.P. Sullivan, L.F. Gladden, M.L. Johns, L.F. Gladden, Veriﬁcation of shearthinning LB simulations in complex geometries, J. Non-Newtonian Fluid Mech.
143 (2007) 59.
[14] C.H. Wang, J.R. Ho, Lattice Boltzmann modeling of Bingham plastics, Physica A
387 (2008) 4740.
[15] G.H. Tang, X.F. Li, Y.L. He, W.Q. Tao, Electroosmotic ﬂow of non-Newtonian ﬂuid
in microchannels, J. Non-Newtonian Fluid Mech. 157 (2009) 133.
[16] X.Y. He, L.S. Luo, Theory of the lattice Boltzmann method: from the Boltzmann
equation to the lattice Boltzmann equation, Phys. Rev. E 56 (1997) 6811.
[17] Y.H. Qian, D. d’Humieres, P. Lallemand, Lattice BGK models for Navier–Stokes
equation, Europhys. Lett. 17 (1992) 479.
[18] A.M. Artoli, A.G. Hoekstra, P.M.A. Sloot, Optimizing lattice Boltzmann simulations for unsteady ﬂows, Comput. Fluids 35 (2006) 227.
[19] H.S. Harned, B.B. Owen, The Physical Chemistry of Electrolytic Solutions, 3rd
ed., Reinhold Book Corp., New York, 1958.
[20] C.L. Ren, D.Q. Li, Improved understanding of the effect of electrical double layer
on pressure-driven ﬂow in microchannels, Anal. Chim. Acta 531 (2005) 15.
[21] J.K. Wang, M. Wang, Z.X. Li, Lattice Poisson–Boltzmann simulations of electroosmotic ﬂows in microchannels, J. Colloid Interface Sci. 296 (2006) 729.
[22] G.H. Tang, W.Q. Tao, Y.L. He, Thermal boundary condition for the thermal lattice
Boltzmann equation, Phys. Rev. E 72 (2005) 016703.
[23] Q. Zou, X.Y. He, On pressure and velocity boundary conditions for the lattice
Boltzmann BGK model, Phys. Fluids 9 (1997) 1591.

