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Microelectroosmotic ﬂow is usually restricted to low Reynolds number regime, and mixing in these microﬂuidic systems becomes problematic due to the negligible inertial
eﬀects. To gain an improved understanding of mixing enhancement in microchannels
patterned with heterogeneous surface charge, the lattice Boltzmann method has been
employed to obtain the electric potential distribution in the electrolyte, the ﬂow ﬁeld,
and the species concentration distribution, respectively. The simulation results show that
heterogeneous surfaces can signiﬁcantly disturb the streamlines leading to apparently
substantial improvements in mixing. However, the introduction of such a feature can
reduce the mass ﬂow rate in the channel. The reduction in ﬂow rate eﬀectively prolongs
the available mixing time when the ﬂow passes through the channel and the observed
mixing enhancement by heterogeneous surfaces partly results from longer mixing time.
Keywords: Lattice Boltzmann method; electroosmotic ﬂow; mixing; microchannel.

1. Introduction
Recent developments in microfabrication technologies have enabled a variety of
miniaturized ﬂuidic systems consisting of microducts, valves, pumps, nozzles, and
others. However, microﬂuidic devices are not simply scale-down version of conventional ones because ﬂuid behavior at microscale and macroscale are quite diﬀerent. To optimize design and operation, a better understanding of microscale ﬂuidic
transport phenomena is essential, e.g. surface eﬀects such as molecular interactions
and electrokinetic eﬀects become important.
Because of no moving component, electroosmotic ﬂow (EOF) is often a very
preferred pumping method for microdevices. Bulk ﬂow in a microchannel can be
achieved by applying an external electric ﬁeld along the channel. However, EOF is
usually operated in a low Reynolds number regime so that eﬃcient mixing becomes
a problem due to negligible inertial eﬀect. Species mixing in electroosmotic ﬂow
is inherently diﬀusion dominated, requiring either a long mixing channel or suﬃcient residence time to achieve a homogeneous solution. To enhance mixing, one
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approach is to use mechanical methods such as microstirrers. However, in addition
to the fabrication cost, these methods with moving components are not reliable for
practical applications.
Generally, one of the common approaches with no moving parts for enhancing
mixing in electroosmotic ﬂow is using heterogeneous zeta potential on the surfaces.1–9 To ensure an optimal device design and operation, we need quantitative
understanding on how such a feature enhances species mixing. This study will focus
on the mixing enhancement method by patterning heterogeneous surface charge on
microchannel walls and discuss both the mixing eﬃciency and mixing time. The
new insight could help microdevice optimal design and operation which were largely
by trial-and-error before.
2. Numerical Methods
The recent development of the lattice Boltzmann (LB) method has provided an alternative simulation tool for computational ﬂuid dynamics. As a derivative of lattice
gas automata (LGA), the LB method diﬀers from traditional numerical methods
which solve the conventional macroscopic governing equations for the conserved
ﬁelds such as ﬂow ﬁeld. The LB method tracks the evolution of the distribution
functions of the microscopic particles to describe the conserved ﬁelds. This provides
a method for obtaining streaming patterns in complicated systems. Recently, LB
model has also successfully been used in modeling a range of microﬂuidics electroosmosis applications.9–15 Here, in addition to describing ﬂow ﬁeld, LB method will be
used to model electric potential distribution and species concentration ﬁeld. One
beneﬁt of such an approach is the ease of programing because the computations
for the electric potential, the velocity ﬁeld, and the species concentration ﬁeld, are
all within the same framework. This feature could especially be more useful for a
multiprocessor code in parallel computing.
The rest of the paper is organized as follows. In Sec. 2, we present the discrete
Boltzmann equations for the velocity ﬁelds, the electric potential and the concentration ﬁelds. Section 3 presents numerical simulations of electroosmotic ﬂow in
uniform channels and channels patterned with heterogeneous surfaces. A brief conclusion is given in Sec. 4.
2.1. The discrete lattice Boltzmann equation
The discrete lattice Boltzmann equation with the Bhatnagar–Gross–Krook (BGK)
collision approximation, including an external force term, can be written as a general form16
δt
fi (r + ci δt , t + δt ) = fi (r, t) − [fi (r, t) − fieq (r, t)] + A ,
(1)
τ
where f is the distribution function, τ is the relaxation time, ci is the particle
discrete velocity, δt is the lattice timestep, and A is a substitution term representing the external force. For a D2Q9 square lattice, the discrete particle velocities
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can be written as c0 = 0 (the zero velocity distribution), ci = (cos[(i − 1)π/2],
sin[(i √
− 1)π/2])c for i = 1, 2, 3, 4 and ci = (cos[(i − 5)π/2 + π/4]), sin[(i − 5)π/2 +
π/4])
√ 2c for i = 5, 6, 7, 8, where c = δx /δt is the particle streaming speed satisfying
c = 3RT and δx is the lattice spacing step.
In Eq. (1), fieq (i = 0, 1, . . . , 8) is the equilibrium density distribution. For a
D2Q9 lattice it can be represented by a general form
fieq = ωi B ,

(2)

where B is a substitution parameter and the weighting coeﬃcient ω0 = 4/9, ωi =
1/9 for i = 1, 2, 3, 4 and ωi = 1/36 for i = 5, 6, 7, 8. Within the same LB framework,
we just need to adjust the substitution term A in Eq. (1) and substitution parameter
B in Eq. (2) for electric potential, velocity, and concentration in sequence during
the simulations. Note that fi independently represents the distribution function of
the electric potential, velocity, and concentration accordingly.
2.1.1. The electric potential
From the electrostatic theory, the electric potential can be described by the Poisson
equation:
∇2 Φ = −

ρe
,
εε0

(3)

where ρe is the electric charge density, ε0 is the permittivity of free space and ε
is the relative dielectric constant of the solution. Generally, the electric potential,
Φ, can be decomposed into a potential due to the external electric ﬁeld, φ, and a
potential due to the electric double layer (EDL), ψ, i.e. Φ = φ + ψ.17 Therefore,
Eq. (3) can be rewritten as17
∇2 φ = 0 ,

(4)

and
∇2 ψ = −

ρe
.
εε0

(5)

During this study, we employ a uniform ∇φ along the streamwise direction in the
simulated smooth channels instead of solving Eq. (4). Assuming that the equilibrium Boltzmann distribution is applicable, the net charge density distribution can
be expressed as the sum of all the ions in the solution17 :



zα eψ
ρe =
zα enα,inf exp −
,
(6)
kB T
α
where zα and nα,inf are the valence and the bulk ionic concentration of type α ions,
respectively. The bulk ionic concentration, ninf is the product of the ionic molar
concentration, cinf and Avogadro’s number, NA . The constant e is the charge of a
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proton, and kB is Boltzmann’s constant. Substituting Eq. (6) into Eq. (5) yields
the nonlinear Poisson–Boltzmann equation:


1 
zα eψ
2
zα enα,inf exp −
∇ ψ+
= 0.
(7)
εε0 α
kB T
Assuming a uniform dielectric constant and neglecting any ﬂuctuations in the dielectric constant (since the ion-convection eﬀect is insigniﬁcant compared to ion
diﬀusion when the Peclet number is less than one hundred18 ), we can write the net
charge density distribution in a symmetric electrolyte, which is proportional to the
concentration diﬀerence between the cations and anions, as19


zeψ
n± = ninf exp ∓
,
(8)
kB T

ρe = ze(n+ − n− ) = −2zeninf sinh

zeψ
kB T


.

(9)

If assuming Eq. (7) as the steady state of an original second-order partial equation
in terms of ψ including temporal derivative, we can similarly obtain the substitution
term A in the LB Eq. (1) for the evolution of the electric potential due to the EDL

A = δt



zα eψ
1 
zα enα,inf exp −
ωi ,
εε0 α
kB T

(10)

and the substitution parameter B = ψ. The potential diﬀusivity, χ, which is equal
to unity in the simulations, is related to the relaxation time by
χ=

τ − 0.5δt δx2
.
3
δt2

The macroscopic electric potential in the liquid is obtained from

ψ=
fi .

(11)

(12)

i

2.1.2. The flow field
For the ﬂow ﬁeld, we have the substitution term
A = δt

F · (ci − u) eq
fi (r, t) ,
RT

(13)

where u is the macroscopic velocity, T is the temperature, R is the gas constant,
and F is the external force acting per unit mass, and20


3(ci · u) 9(ci · u)2
3(u · u)
B =ρ 1+
+
−
.
(14)
c2
2c4
2c2

February 26, 2010 8:50 WSPC/141-IJMPC

S0129183110015105

Lattice Boltzmann Simulation of Electroosmotic Micromixing

265

The mass density and momentum density can be obtained by summing over the
distribution function, fi (r, t) like


ρ=
fi and ρu =
fi ci .
(15)
i

i

The kinematic viscosity, ν, is given by
ν=

τ − 0.5δt δx2
.
3
δt2

(16)

Using the Chapman–Enskog approximation, it can be shown that Eq. (1) recovers
the momentum conservation expression in the Navier–Stokes equations:


∂u
+ (u · ∇)u = −∇p + ρν∇2 u + ρF ,
(17)
ρ
∂t
where p is the pressure and ρF is the electrical force acting on the ﬂuid, relating to
the electric potential Φ by ρF = −ρe ∇Φ.
2.1.3. The species concentration field
In general, a species is transported by convection of the carrier ﬂuid and diﬀusion
due to the concentration gradient. By applying the lattice Boltzmann method to
describe the species transport in the solute, we have A = 0 and


3(u · u)
3(ci · u) 9(ci · u)2
+
−
B = cd 1 +
.
(18)
c2
2c4
2c2
The species concentration cd is obtained by

cd =
fi .

(19)

i

Again, applying the Chapman–Enskog expansion, it can be shown that the LB
equation for species transport recovers the normal continuum equation for convection and diﬀusion21 :
∂cd
+ (u · ∇)cd = D∇2 cd ,
∂t

(20)

where the diﬀusion coeﬃcient, D, is related to the corresponding relaxation time
via
D=

τ − 0.5δt δx2
.
3
δt2

(21)

Note that the LB equations with the general form of Eq. (1) for electric potential
distribution in the electrolyte, the ﬂow ﬁeld, and the species concentration are not
coupled together and the equations are solved in sequence during the present study.
The parameters of δt , c, and τ are adjusted independently in diﬀerent cases.
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2.2. Boundary conditions
The lattice Boltzmann method becomes an ideal simulation tool for ﬂuid ﬂows in
complex geometries because the boundary conditions can readily be implemented.
To solve the LB equation for the electric potential, the zeta potentials on the upper and lower walls are ﬁxed and Dirichlet boundary conditions are employed.22
Periodic boundary conditions are employed for the electric potential at the channel
inlet and outlet. For the velocity ﬁeld, we have adopted the non-slip boundary condition23 on the upper and lower walls and used periodic boundary condition at the
inlet and outlet. At the channel inlet where the sample meets buﬀer, the sample is
injected at the upper half of the channel while the buﬀer moves in at the lower half
of channel. Therefore, the species concentration is unity across the upper half of
the channel and zero across the lower half of the channel. A ﬁrst-order extrapolation is adopted for the inlet boundary whilst Neumann boundary conditions (with
∂cd /∂n = 0) are implemented along the solid walls, so that species cannot penetrate into the wall. Extrapolation scheme is again used at the outlet to determine
the unknown concentration distributions.

3. Results and Discussion
3.1. Electroosmotic mixing in uniform microchannels
First, a simple electroosmotic ﬂow between two parallel plates is considered. The
upper and lower surfaces are deﬁned by y = H and y = 0, respectively, the
channel height is set to be H = 10 µm and the channel length L = 10H.
The simulated channel serves as a representative component of an integrated
chip and both H and L are ﬂexible design parameters that can easily be adjusted. Unless otherwise speciﬁed, εε0 = 7.79 × 10−10 C2 /(J · m), T = 293 K,
e = 1.6 × 10−19 C, NA = 6.02 × 1023 mol−1 , kB = 1.38 × 10−23 J/K,
ρ = 998.2 kg/m3 , z = +1, ν = 1.004 × 10−6 m2 /s, the uniform zeta potential of ζ = −100 mV on the whole surface. External DC electrodes are located
at the two ends of the channel and the externally-applied electric ﬁeld between
the channel inlet and outlet is ﬁxed at ∆φ = 5 V, which sustains a uniform
externally-applied electric intensity of ∇φ = −500 V/cm in the present simulation.
Figure 1 presents the species concentration distribution across the channel at
uniformly spaced cross-sections along the channel (X = x/L) for cinf = 10−5 mol/l
and D = 10−10 m2 /s. As the mixing proceeds from the channel inlet (cd = 0 for
0 ≤ Y ≤ 0.5, and cd = 1 for 0.5 < Y ≤ 1) to the outlet, the concentration diﬀerence
between the upper and lower streams becomes smaller. Since the mixing process is
dominated by diﬀusion, the channel length is insuﬃcient to have a homogeneously
mixed sample at the outlet. To obtain a fully-mixed solution (cd = 0.5), a longer
residence time is needed to allow the species to mix. This can be achieved by either
extending the channel length or by applying a smaller electric ﬁeld.
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Fig. 1. Species concentration proﬁles from the channel inlet (X = 0) to the outlet (X = 1) for
cinf = 10−5 mol/l and D = 10−10 m2 /s.

To quantify the mixing enhancement at the channel cross-sections along the
streamwise direction, a mixing eﬃciency can be calculated from7 :


H
0 |cd − cd,inf |dy
× 100% ,
(22)
σ(x) = 1 −  H
|c
−
c
|dy
d,0
d,inf
0
where cd,0 and cd,inf are the species concentrations in the completely unmixed
(cd,0 = 0 or 1) and completely mixed (cd,inf = 0.5) states, respectively. The calculated mixing eﬃciency from the channel inlet to the outlet is presented in Fig. 2(a)
for diﬀerent diﬀusion coeﬃcients and bulk ionic concentrations. As the mixing proceeds, the gradients of the mixing eﬃciency curves diminish due to the decreasing concentration diﬀerence between the upper and lower ﬂow streams. The ﬁgure
clearly shows that the current operating conditions are only suitable for species
that have a large diﬀusion coeﬃcient. To mix a species having a smaller diﬀusion
coeﬃcient, it would be necessary to use a lower electric ﬁeld gradient to ensure
suﬃcient mixing time.
Previous studies have usually focused only on the mixing eﬃciency since this is
one of the most important parameters when comparing the eﬀectiveness of diﬀerent
mixing enhancement methods. However, the mixing eﬃciency cannot be considered
in isolation since the mixing time is also an important parameter in the design of
a real device. We cannot aﬀord a mixing enhancement method with unnecessary
long mixing time. In the present study, we analyze the mixing process in terms of
the mixing time, t(x), for the species to travel from the inlet to position, x, along the
channel. The total mixing time is the time required for a species to pass from the
entrance to the exit of the microchannel. A desirable mixing enhancement method
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Fig. 2. Species mixing eﬃciency proﬁles from the channel inlet to the outlet. (a) Mixing eﬃciency
against distance. (b) Mixing eﬃciency against mixing time.

must achieve a good mixing eﬃciency without signiﬁcant reduction of overall ﬂow
rate.
Figure 2(b) presents the mixing eﬃciency against the mixing time t(x). Although
the average velocity for cinf = 10−5 mol/l is larger than that for cinf = 10−6 mol/l,
it can be seen that the same species achieves very similar mixing eﬃciencies for
diﬀerent bulk ionic concentrations. Figure 2(b) indicates that there are small variations in the mixing eﬃciency proﬁle which are due to diﬀerences in the velocity
magnitude and shear rate. For D = 10−9 m2 /s, the samples are nearly fully mixed
at the end of the channel and can achieve about 80% mixing within the ﬁrst 0.015 s.
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However, for D = 10−10 m2 /s, the operating conditions are not optimized for mixing, and it would be necessary to reduce the ﬂow rate by adjusting the applied
electric ﬁeld. In addition, it can be seen that the mixing proﬁles against time are
very similar for the same diﬀusion coeﬃcient implying that it is mainly the mixing
time that causes the diﬀerent mixing eﬃciencies seen in Fig. 2(a). The prolonged
mixing time will increase the molecular diﬀusion process and thereby improves the
mixing eﬃciency at a certain location.
3.2. Electroosmotic flow in heterogeneous microchannels
To achieve a completely homogeneous solution in a relatively short channel, especially for a species with a relatively low diﬀusion coeﬃcient, high mixing performance is essential. We consider the eﬀect of introducing a heterogeneous zeta
potential along the surface of the channel. This is a commonly adopted approach for
enhancing the mixing in electroosmotic ﬂows1–8 and can be achieved by fabricating
the surface from diﬀerent materials or by modifying the local surface charge e.g. using electrodes buried beneath the substrate or through laser ablation. In practice,
it is also possible to obtain variations in the zeta potential due to contamination
of the microchannel walls, variations in the wall coating, or gradients in the buﬀer
pH.24
The ionic molar concentration is ﬁxed at cinf = 10−5 mol/l and the diﬀusion
coeﬃcient D = 10−10 m2 /s in the following sections, which is a general value for
commonly used chemical reagents.
The test problem consists of a smooth channel with six heterogeneous patches of
ζw = +100 mV applied along X = 0.2–0.25, 0.4–0.45, and 0.6–0.65 on the bottom
wall, X = 0.3–0.35, 0.5–0.55, and 0.7–0.75 on the top wall, while the other surfaces
of the channel are maintained at a uniform zeta potential of ζ = −100 mV. Figure 3

Fig. 3. (Color online) Velocity vectors, streamlines and species concentration contours in a microchannel composed of six sections of heterogeneous surface (from the top to the bottom).
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presents the velocity vectors, streamlines and species concentration distribution for
the case with six sections of heterogeneous surface. We can clearly see the presence
of ﬂow disturbances in the heterogeneous regions. The velocity vectors indicate
that the ﬂuid undergoes a change in ﬂow direction and the streamlines show local
recirculation zones in the vicinity of the heterogeneous patches. In addition, the
velocity proﬁles away from the heterogeneous regions exhibit a signiﬁcant “concave”
ﬂow distribution.
Figure 4(a) shows the mixing eﬃciency with two (X = 0.2–0.25 on the bottom
wall, and X = 0.3–0.35 on the top wall), four (X = 0.2–0.25 and X = 0.4–0.45 on
60
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Fig. 4. Species mixing eﬃciency of the uniform and heterogeneous channels showing the eﬀect
of diﬀerent numbers of heterogeneous patch. (a) Mixing eﬃciency against distance. (b) Mixing
eﬃciency against mixing time. Q is the mass ﬂow rate and Q0 is the mass ﬂow rate for the uniform
surface potential channel.
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the bottom wall, and X = 0.3–0.35 and X = 0.5–0.55 on the top wall), and six
heterogeneous patches, in comparison with a uniform channel surface potential of
ζ = −100 mV. The mixing eﬃciency at the channel outlet is 39.9, 44.4, and 50.2%
for two patches, four patches, and six patches, respectively. It can be seen that the
introduction of a heterogeneous surface enhances the mixing, especially for multiple
heterogeneous sections. However, Fig. 4(b) demonstrates that the enhancement in
the mixing eﬃciency is partly caused by the increased total mixing time due to the
decreased ﬂow rate. In Fig. 4(b), the mass ﬂow rate per unit width for the smooth
channel is Q0 = 2.32 × 10−5 kg/s. The corresponding calculated mean velocity
across the channel is 0.00386 m/s, which is in good agreement with the Helmholtz–
Smoluchouski electroosmotic velocity in the standard electroosmotic ﬂow, uHS =
0.00389 m/s, calculated by25
uHS =

εε0 ζ
∇φ ,
µ

(23)

where µ is the ﬂuid dynamic viscosity. Note that the mass ﬂow rate is reduced by introducing heterogeneous zeta potential on the microchannel surface. Consequently,
there is more time available for species to mix.
It is informative to consider the eﬀect of changing the zeta potential of the heterogeneous patch whilst keeping the surface potential of the remaining walls ﬁxed at
ζ = −100 mV. Figure 5 indicates that the recirculation zones only occur when the
heterogeneous surface potential is of the opposite sign (ζw = +150 mV) to that of
the homogeneous surface (ζ = −100 mV). In addition, the size of the recirculation
zone is observed to increase as the magnitude of the heterogeneous potential increases. The presence of a large recirculating eddy causes the bulk ﬂow to be forced
away from the heterogeneous patch and pass through a narrower region increasing
the local concentration gradients which enhance the mixing. The streamwise velocity near the heterogeneous patch is slightly increased for the case of ζw = −150 mV,
while it is slightly decreased for the case of ζw = −50 mV. For both cases in which
the heterogeneous surface potential is of the same sign to that of the homogeneous
surface, the streamlines only exhibit slightly tortuous approaching and departing
the heterogeneous patch regions.
Figure 6(a) shows the mixing eﬃciency for diﬀerent values of zeta potential on
the six heterogeneous patches (ζw = −150, −50, +100 and +150 mV). It can be
seen that the mixing eﬃciency increases when the magnitude of the heterogeneous

(a)

(b)

(c)

Fig. 5. (Color online) Detail of the streamlines in the vicinity of the heterogeneous patch. (a)
ζw = +150 mV. (b) ζw = −150 mV. (c) ζw = −50 mV.
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Fig. 6. Species mixing eﬃciency of the uniform and heterogeneous channels. (a) Mixing eﬃciency
against distance. (b) Mixing eﬃciency against mixing time. Q is the mass ﬂow rate and Q0 is the
mass ﬂow rate for the uniform surface potential channel.

potential of opposite sign increases, and decreases when the heterogeneous potential of identical sign increases. Figure 6(b) presents the mixing eﬃciency against
mixing time and shows that the ζw = +150 mV case has the longest total mixing
time on account of the reduction in the ﬂow rate through the channel. Conversely,
the case with a heterogeneous surface potential of ζw = −150 mV has the shortest
total mixing time due to the increased ﬂow rate through the channel. Compared
with the uniform channel, the mixing eﬃciency at the channel outlet is improved by
38 and 59% for ζw = +100 mV and ζw = +150 mV, respectively. The corresponding mixing time is prolonged by 44 and 65% as shown in Fig. 6(b). It is evident
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Fig. 7. Mixing eﬃciency and mixing time for the heterogeneous channel (circles) and uniform
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that the prolonged mixing time plays a signiﬁcant role in the increase in mixing
eﬃciency.
Figure 7 presents the mixing eﬃciency and mixing time for the heterogeneous
channel compared with the uniform channel by varying external voltage potentials.
The mixing eﬃciency decreases as the external voltage increases due to the reduced
mixing time in the microchannel. In addition, we can see that when the external
voltage increases from 25 to 100 kV/m, the mixing time diﬀerence between the
heterogeneous case and the uniform case decreases obviously, however, the diﬀerence in mixing eﬃciency between heterogeneous case and the uniform case only
changes slightly, which denotes that the enhancement of heterogeneous surface is
more eﬀective when the ﬂow velocity is larger at a higher external voltage potential.
4. Conclusions
Motivated by the growing interest in electroosmosis as a no-moving-component
method to pump, mix, and control ﬂuid motion in microﬂuidic devices, we have
studied the common mixing enhancement method by distributing heterogeneous
zeta potential on microchannel surface in EOF. We have applied a general lattice
Boltzmann equation, which recovers the nonlinear Poisson–Boltzmann equation,
to solve the electric potential distribution in the electrolytes, recovers the Navier–
Stokes equation including the external force term, to solve the velocity ﬁeld, and
recovers the species convection-diﬀusion equation, to solve the species concentration.
We have shown that the distribution of heterogeneous zeta potential on microchannel surface can change the ﬂow pattern by pushing the local ﬂuid away
from the heterogeneous surface region and enhance the degree of mixing. However,
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the observed enhancement in the mixing eﬃciency is partly due to the increased
total mixing time. The disturbance eﬀect is limited by the low ﬂuid velocity. The
mixing enhancement is more eﬃciency when the ﬂow velocity becomes larger. The
present study recommends that the mixing time should be taken into account as
well as the mixing eﬃcient when evaluating the mixing performance of the mixing
enhancing methods and it would be necessary to ﬁnd a balance between them.
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