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1) we showed that even ELM adjusts partial connections in
an FNN, it does not degrade the generalization capability
provided the activation functionsused are carefully selected.
Especially, we veriÞed that for the polynomial, NadarayaÐ
Watson and sigmoid activation functions, ELM can realize
the almost optimal generalization error bound; 2) to realize
the almost optimal generalization error bound (i.e., attains the
almost optimal generalizationcapability), a close connection
between the number of hidden layer nodes and the number
of training samples is also achieved; and 3) we proved that
whenever the nonlinear function is algebraic polynomial, the
induced hidden layer output matrix in the ELM-like systems is
of full column rank, hence the well-known generalized inverse
technique can be efÞciently applied. For the nonpolynomial
case, we further showed that Tikhonov regularization can be
applied to guarantee the weak regularity without sacriÞcing
the generalization capability. The obtained results underlie
the feasibility and effectiveness of ELM-like systems from a
theoretical point of view.

Several problems still open. For example, do different
random assignments of the hidden parameters affect the per-
formance of an ELM-like system? If yes, how it affects? what
is the best random assignment? For other activation functions,
does ELM still not degrade the generalization capability?
All these problems are under our current investigation.

ACKNOWLEDGMENT

The authors would like to thank the associate editor and
the anonymous reviewers for their insightful comments and
suggestions on this paper.

REFERENCES

[1] G. Cybenko, ÒApproximation by superpositions of a sigmoidal function,Ó
Math. Control, Signals, Syst., vol. 2, no. 4, pp. 303Ð314, 1989.

[2] T. Chen and H. Chen, ÒUniversal approximation to nonlinear operators
by neural networks with arbitrary activation functions and its application
to dynamical systems,ÓIEEE Trans. Neural Netw., vol. 6, no. 4,
pp. 911Ð917, Apr. 1995.

[3] V. Maiorov, ÒApproximation by neural networks and learning theory,Ó
J. Complex., vol. 22, no. 1, pp. 102Ð117, 2006.

[4] D. E. Rumelhart, G. E. Hintont, and R. J. Williams, ÒLearning rep-
resentations by back-propagating errors,ÓNature, vol. 323, no. 6088,
pp. 533Ð536, 1986.

[5] G.-B. Huang, Q.-Y. Zhu, and C.-K. Siew, ÒExtreme learning machine:
Theory and applications,ÓNeurocomputing, vol. 70, no. 1, pp. 489Ð501,
2006.

[6] G.-B. Huang, L. Chen, and C.-K. Siew, ÒUniversal approximation
using incremental constructive feedforward networks with random hid-
den nodes,ÓIEEE Trans. Neural Netw., vol. 17, no. 4, pp. 879Ð892,
Apr. 2006.

[7] G.-B. Huang, Q.-Y. Zhu, K. Mao,C.-K. Siew, P. Saratchandran, and
N. Sundararajan, ÒCan threshold networks be trained directly?ÓIEEE
Trans. Circuits Syst. I, Exp. Briefs, vol. 53, no. 3, pp. 187Ð191,
Mar. 2006.

[8] Q.-Y. Zhu, A. K. Qin, P. N. Suganthan, and G.-B. Huang, ÒEvolu-
tionary extreme learning machine,ÓPattern Recognit., vol. 38, no. 10,
pp. 1759Ð1763, 2005.

[9] G.-B. Huang, H. Zhou, X. Ding,and R. Zhang, ÒExtreme learning
machine for regression and multiclass classiÞcation,ÓIEEE Trans. Syst.,
Man, Cybern. B, Cybern., vol. 42, no. 2, pp. 513Ð529, Feb. 2012.

[10] H.-J. Rong, G.-B. Huang, and Y.-S. Ong, ÒExtreme learning machine
for multi-categories classiÞcation applications,Ó inProc. IEEE Int. Joint
Conf. Neural Netw. (IJCNN), World Congr. Comput. Intell., Jun. 2008,
pp. 1709Ð1713.

[11] Y. Miche, A. Sorjamaa, and A. Lendasse, ÒOP-ELM: Theory, experi-
ments and a toolbox,Ó inArti�cial Neural Networks-ICANN. New York,
NY, USA: Springer-Verlag, 2008, pp. 145Ð154.

[12] Q. Liu, Q. He, and Z. Shi, ÒExtreme support vector machine classi-
Þer,Ó inAdvances in Knowledge Discovery and Data Mining. Berlin,
Germany: Springer-Verlag, 2008, pp. 222Ð233.

[13] B. FrŽnay and M. Verleysen, ÒUsing SVMs with randomised feature
spaces: An extreme learning approach,Ó inProc. Eur. Symp. Artif. Neural
Netw. (ESANN), 2010.

[14] G.-B. Huang, X. Ding, and H. Zhou, ÒOptimization method based
extreme learning machine for classiÞcation,ÓNeurocomputing, vol. 74,
no. 1, pp. 155Ð163, 2010.

[15] E. Parviainen, J. RiihimŠki, Y. Miche, and A. Lendasse, ÒInterpreting
extreme learning machine as an approximation to an inÞnite neural
network,Ó inProc. Knowl. Discovery Inform. Retr. (KDIR), 2010,
pp. 65Ð73.

[16] B. FrŽnay and M. Verleysen, ÒParameter-insensitive kernel in extreme
learning for non-linear support vector regression,ÓNeurocomputing,
vol. 74, no. 16, pp. 2526Ð2531, 2011.

[17] H.-X. Tian and Z.-Z. Mao, ÒAn ensemble ELM based on modiÞed
AdaBoost.RT algorithm for predicting the temperature of molten steel
in ladle furnace,ÓIEEE Trans. Autom. Sci. Eng., vol. 7, no. 1, pp. 73Ð80,
Jan. 2010.

[18] J. Lu, Y. Zhao, Y. Xue, and J. Hu, ÒPalmprint recognition via locality
preserving projections and extreme learning machine neural network,Ó in
Proc. 9th Int. Conf. Signal Process. (ICSP), Beijing, China, Oct. 2008,
pp. 2096Ð2099.

[19] B. P. Chacko, V. V. Krishnan, G. Raju, and P. B. Anto, ÒHandwrit-
ten character recognition using wavelet energy and extreme learning
machine,ÓInt. J. Mach. Learn. Cybern., vol. 3, no. 2, pp. 149Ð161,
2012.

[20] A. Mohammed, R. Minhas, Q. Jonathan Wu, and M. Sid-Ahmed,
ÒHuman face recognition based on multidimensional PCA and extreme
learning machine,ÓPattern Recognition, vol. 44, no. 10, pp. 2588Ð2597,
2011.

[21] I. Marques and M. Gra–a, ÒFace recognition with lattice independent
component analysis and extreme learning machines,ÓSoft Comput.,
vol. 16, no. 9, pp. 1525Ð1537, 2012.

[22] S. Saraswathi, S. Sundaram, N. Sundararajan, M. Zimmermann, and
M. Nilsen-Hamilton, ÒICGA-PSO-ELM approach for accurate multiclass
cancer classiÞcation resulting in reduced gene sets in which genes
encoding secreted proteins are highly represented,ÓIEEE/ACM Trans.
Comput. Biol. Bioinform., vol. 8, no. 2, pp. 452Ð463, Feb. 2011.

[23] C. R. Rao and S. K. Mitra,Generalized Inverse of Matrices and its
Applications. New York, NY, USA: Wiley, 1971.

[24] D. Serre,Matrices: Theory and Applications. New York, NY, USA:
Springer-Verlag, 2010.

[25] H. Jaeger, ÒThe Ôecho stateÕ approach to analysing and training recurrent
neural networks-with an erratum note,Ó German Nat. Res. Center Inform.
Technol., Berlin, Germany, GMD Rep. 148, Jan. 2010.

[26] H. Jaeger,Tutorial on Training Recurrent Neural Networks, Cov-
ering BPPT, RTRL, EKF and the Echo State Network Approach.
Sankt Augustin, Germany: GMD-Forschungszentrum Informationstech-
nik, 2002.

[27] H. Jaeger and H. Haas, ÒHarnessing nonlinearity: Predicting chaotic sys-
tems and saving energy in wireless communication,ÓScience, vol. 304,
no. 5667, pp. 78Ð80, 2004.

[28] Y. Pao, Adaptive Pattern Recognition and Neural Networks. Boston,
MA, USA: Addison-Wesley, 1989.

[29] F. Cucker and S. Smale, ÒOn the mathematical foundations of learning,Ó
Amer. Math. Soc., vol. 39, no. 1, pp. 1Ð49, 2002.

[30] D.-X. Zhou and K. Jetter, ÒApproximation with polynomial kernels and
SVM classiÞers,ÓAdv. Comput. Math., vol. 25, nos. 1Ð3, pp. 323Ð344,
2006.

[31] G. H. Golub and C. F. Van Loan,Matrix Computations. Baltimore, MD,
USA: JHU Press, 2012.

[32] G.-B. Huang, D. H. Wang, and Y. Lan, ÒExtreme learning machines: A
survey,ÓInt. J. Mach. Learn. Cybern., vol. 2, no. 2, pp. 107Ð122, 2011.

[33] H. T. Huynh, Y. Won, and J.-J. Kim, ÒAn improvement of extreme
learning machine for compact single-hidden-layer feedforward neural
networks,ÓInt. J. Neural Syst., vol. 18, no. 05, pp. 433Ð441, 2008.

[34] H. T. Huynh and Y. Won, ÒRegularized online sequential learning
algorithm for single-hidden layer feedforward neural networks,ÓPattern
Recognit. Lett., vol. 32, no. 14, pp. 1930Ð1935, 2011.

[35] L. GyšrÞ, M. Kohler, A. Krzyzak, and H. Walk,A Distribution-Free The-
ory of Nonparametric Regression. New York, NY, USA: Springer-Verlag,
2002.



20 IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 26, NO. 1, JANUARY 2015

[36] R. DeVore, G. Kerkyacharian, D. Picard, and V. Temlyakov, ÒApproxi-
mation methods for supervised learning,ÓFound. Comput. Math., vol. 6,
no. 1, pp. 3Ð58, 2006.

[37] S. P. Boyd and L. Vandenberghe,Convex Optimization. Cambridge,
U.K.: Cambridge Univ. Press, 2004.

[38] R. DeVore and G. Lorentz,Constructive Approximation. New York, NY,
USA: Springer-Verlag, 1993.

[39] A. Pinkus, n-Widths in Approximation Theory. Berlin, Germany:
Springer-Verlag, 1985.

[40] M. Leshno, V. Y. Lin, A. Pinkus, and S. Schocken, ÒMultilayer
feedforward networks with a nonpolynomial activation function can
approximate any function,ÓNeural Netw., vol. 6, no. 6, pp. 861Ð867,
1993.

[41] S. Lin, X. Liu, J. Fang, and Z. Xu, ÒIs extreme learning machine
feasible? A theoretical assessment (part II),ÓIEEE Trans. Neural Netw.
Learn. Syst., to be published.

[42] J. L. Kelley and M. Stone,General Topology, vol. 233. New York, NY,
USA: Van Nostrand, 1955.

Xia Liu was born in Yulin, China, in 1984. She
received the M.S. degree in basic mathematics from
YanÕan University, YanÕan, China, in 2010. She is
currently pursuing the Ph.D. degree with the School
of Mathematics and Statistics, XiÕan Jiaotong Uni-
versity, XiÕan, China.

She has been with the Department of Mathematics,
Yulin University, Yulin, since 2010. Her current
research interests include learning theory and non-
linear functional analysis.

Shaobo Lin received the B.S. degree in mathematics
and the M.S. degree in basic mathematics from
Hangzhou Normal University, Hangzhou, China. He
is currently pursuing the Ph.D. degree with XiÕan
Jiaotong University, XiÕan, China.

His current research interests include machine
learning and scattered data Þtting.

Jian Fang was born in Jiangsu, China, in 1986.
He received the B.Sc. degree in mathematics from
Nanjing Normal University, Nanjing, China, in 2008.
He is currently pursuing the Ph.D. degree with the
School of Mathematics and Statistics, XiÕan Jiaotong
University, XiÕan, China.

His current research interests include sparse mod-
eling and synthetic aperture radar imaging.

Zongben Xu received the Ph.D. degree in mathe-
matics from XiÕan Jiaotong University, XiÕan, China,
in 1987.

He currently serves as the Vice President of
XiÕan Jiaotong University, the Chief Scientist of
the National Basic Research Program of China
(973 Project), and the Director of the Institute for
Information and System Sciences, XiÕan Jiaotong
University, where he is a member of the Chinese
Academy of Sciences. His current research inter-
ests include intelligent information processing and

applied mathematics.
Prof. Xu was a recipient of the National Natural Science Award of China

in 2007, and the CSIAM Su Buchin Applied Mathematics Prize in 2008. He
delivered a 45 minute talk on the International Congress of Mathematicians
in 2010.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


