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The existing studies involving matrix or tensor completion problems are commonly under the nuclear
norm penalization framework due to the computational efﬁciency of the resulting convex optimization
problem. Folded-concave penalization methods have demonstrated surprising developments in sparse
learning problems due to their nice practical and theoretical properties. To share the same light of
folded-concave penalization methods, we propose a new tensor completion model via folded-concave
penalty for estimating missing values in tensor data. Two typical folded-concave penalties, the minmax
concave plus (MCP) penalty and the smoothly clipped absolute deviation (SCAD) penalty, are employed
in the new model. To solve the resulting nonconvex optimization problem, we develop a local linear
approximation augmented Lagrange multiplier (LLA-ALM) algorithm which combines a two-step LLA
strategy to search a local optimum of the proposed model efﬁciently. Finally, we provide numerical
experiments with phase transitions, synthetic data sets, real image and video data sets to exhibit the
superiority of the proposed model over the nuclear norm penalization method in terms of the accuracy
and robustness.
& 2014 Elsevier B.V. All rights reserved.
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1. Introduction
It is well-known that tensors are the higher-order generalization of vectors and matrices. There are many applications of
tensors in physics, imaging, and information sciences. Especially,
the problem of estimating missing values in tensor visual data
arises in a number of computer vision and graphics applications,
such as image inpainting [1], video inpainting [2], scan completion
[3], etc. All these applications can be formulated as the so-called
tensor completion problem. The core of tensor completion problem
lies in how to build up an relationship between the known and
unknown elements.
Two kinds of relationships, the local relationship and the global
relationship, lead to two typical types of approaches for solving the
tensor completion problem. The local relationship approaches assume
that the missing entries depend on their neighborhoods and locally
estimate the unknown values on basis of some difference measure
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between the adjacent entries. In contrast, the global relationship
approaches ﬁll in the missing entries by using global information,
which is the strategy we will adopt in this paper.
Following [4,5], we ﬁrst ﬁx our notations and deﬁne the
terminology of tensors used in this paper. The upper case letters
are for matrices, e.g., X, and the lower case letters are for the
entries, e.g., xi;j . σ i ðXÞ denotes the i-th largest singular value and
σ ðXÞ denotes the singular vector of matrix X. The Frobenius norm
of the matrix X is deﬁned by ‖X‖F ¼ ðΣ i;j jxi;j j2 Þ1=2 . And the nuclear
norm is deﬁned by ‖X‖n ¼ Σ i σ i ðXÞ. We denote the inner product of
the matrix space as 〈X; Y〉 ¼ Σ i;j X i;j Y i;j . An N-order tensor to be
recovered is deﬁned by X A RI1 I2 ⋯IN , and its elements are
denoted by xi1 ;…;iN , where 1 r ik rI k , 1 r k r N; and an observed
N-order tensor is deﬁned by T . The “unfold” operation along the
k-th mode on a tensor X is deﬁned by unfoldk ðX Þ≔X ðkÞ A
RIk ðI1 ;…;Ik  1 Ik þ 1 ⋯IN Þ , and the opposite operation “fold” is deﬁned
by foldk ðX ðkÞ Þ≕X . We also denote ‖X ‖F ¼ ð∑i1 ;…iN jxi1 ;…;iN j2 Þ1=2 as the
Frobenius norm of a tensor X . Denote ri as the rank of X ðiÞ . For
more details of tensor, see an elegant review [5].
Tensor completion via the global relationship approach assumes
that the tensor X is sparse in the sense that each unfolding matrix
X ðkÞ is low rank. Mathematically, tensor completion can be formulated as the following optimization problem:
N

min
X

∑ αi RankðX ðiÞ Þ

i¼1
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s:t:
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X Ω ¼ T Ω;

ð1:1Þ

where X and T are N-order tensors, X ðiÞ is a mode-i unfolding matrix,

αi's are constants satisfying αi Z0 and ∑Ni¼ 1 αi ¼ 1, and the elements
of X and T in the set Ω are observed while the remainings are

missing. The missing elements of X will be completed by making the
rank of each mode-i unfolding matrix as small as possible. It is not
hard to see that the tensor completion problem is a natural generalization of the well-studied matrix completion problem [6,7]. Because
such optimization problem is a difﬁcult nonconvex problem due to
the combination nature of the rank function, Liu et al. [4] applied the
matrix nuclear norm ‖  ‖n to approximate the rank of unfolding
matrices. The advantage of such replacement is that the nuclear norm
is the tightest convex envelop of the rank of matrices. This leads to
the following convex optimization problem for tensor completion:
N

min
X

∑ αi ‖X ðiÞ ‖n

i¼1

s:t:

X Ω ¼ T Ω:

ð1:2Þ

Liu et al. [4] also deﬁned the tensor nuclear norm by
‖X ‖n ≔∑N
i ¼ 1 αi ‖X ðiÞ ‖n . It is obvious that the tensor nuclear norm is
a convex combination of the nuclear norms of all matrices unfolded
along each mode. With this new notion, (1.2) then can be rewritten as
min
X

s:t:

‖X ‖n
X Ω ¼ T Ω:

ð1:3Þ

Following Liu's seminal work [4], an increasingly growing interest concentrates on the tensor completion study. Overall, the new
published literature can be coarsely classiﬁed into two aspects, i.e.,
the algorithm design and the model innovation. From the algorithm
design point of view, many new algorithms have been developed for
the tensor completion model (1.3) and its variants. To name a few,
Gandy et al. [8] developed two typical algorithms based on the
Douglas–Rachford splitting technique and its dual variant, the
alternating direction method of multipliers (ADMM). Tomioka
et al. [9] discussed the different variants for the tensor nuclear
norm based on the matrix nuclear norm and designed the corresponding algorithms based on ADMM. Yang et al. [10] employed the
variable splitting technique and the augmented Lagrangian method
to design a new algorithm and gave a rigid convergence analysis. In
[11], they further extended ﬁxed-point continuation method from
matrix completion to tensor completion. Xu et al. [12] extended
LMaFit for matrix completion to tensor completion. Kressner et al.
[13] proposed a new algorithm that performs Riemannian optimization techniques on the manifold of tensors of ﬁxed multi-linear
rank. Signoretto et al. [14] studied a learning framework with
tensors and developed a hard completion algorithm for the tensor
completion problem. Krishnamurthy and Singh [15] developed an
efﬁcient algorithm for tensor completion using the adaptive sampling technique. Although many excellent algorithms currently
have been designed for the tensor completion model (1.3) and its
variants, this model and its variants claim many drawbacks.
Romera-Paredes and Pontil [16] proposed a new tighter convex
relaxation for tensor completion. Yuan and Zhang [17] in the recent
work proposed a new formulation of tensor nuclear norm based on
the duality of spectral norm and made an elegant theoretical
analysis. Zhang et al. [18] proposed a new deﬁnition of tensor
nuclear norm based on t-SVD decomposition. Based on Kronecker
tensor decomposition (KTD), Phan et al. [19] proposed a novel
recovery model for tensor completion. Rauhut et al. [20] adopted an
efﬁcient algorithm based on truncated hard thresholding in hierarchical tensor representations for tensor completion and provided
partial convergence results. Considering the fact that matrix nuclear
norm is prone to over-penalize those large singular values, and
thus usually leads to a biased estimation, we will utilize the
folded-concave penalization techniques to partially overcome this

shortcoming. Our work will complement the current research for
tensor completion from the viewpoint of model.
More precisely, note that the rank function of a matrix can be
related to the l0-norm of a vector and the nuclear norm of a matrix
can be related to the l1-norm. It is commonly known that, the l0-norm
is the essential measure of sparsity, and the l1-norm can only be seen
as its best convex relaxation form. Several studies [21–23] have
shown that the l1-norm (or LASSO) penalty over-penalizes large
entries of vectors, and usually cannot avoid modeling bias. Moveover,
the relationship between the l1-norm and the nuclear norm implies
also that the nuclear norm over-penalizes large singular values, and
thus the modeling bias phenomenon also exists in low rank structure
estimation with nuclear norm penalty [24]. Even though a line of
works [4,8] illustrate the power of the nuclear norm penalization for
the low-rank tensor completion problem, there are some speciﬁc
applications that the nuclear norm penalization method cannot
provide desirable results. As shown in Fig. 1, when the missing
entries is relatively large, the tensor nuclear norm penalization
method cannot obtain good results. A natural question is that can
we ﬁnd an alternative penalization approach to overcome this drawback? Fig. 1 (f) provides an afﬁrmative answer. It is shown that the
SCAD based approach could obtain a near-optimal recovery result.
Recently, nonconvex penalties have been drawn more and more
attention in sparse learning problems, because people believe that one
of possible solutions of nonconvex penalization problem could overcome the drawbacks of the unique solution of convex penalization
problem. As a common practice, the l1-norm can be replaced by the
lq-norm with 0 o q o 1 if a more sparse solution is expected to be
obtained [25,26]. However, no theoretical guarantee with lq-norm is
made for reducing the modeling bias of LASSO. Fortunately, the
folded-concave penalization such as SCAD and MCP have been
proposed and show nice nearly unbiased property through numerous
numerical and theoretical studies [23,27–29]. Furthermore, [30,31]
have used the MCP penalization approach in various low-rank
structure learning applications, where comprehensive numerical
results demonstrated the outperformance over the nuclear norm
penalization approach.
In this paper, encouraged by the nice properties of foldedconcave penalty, we propose a general nonconvex formulation for
the tensor completion problem on basis of the folded-concave
penalization. This new formulation naturally extends the foldedconcave penalty from vector cases to tensor cases. We denote by
P λ ðÞ a general folded-concave penalty function. More details of
this function will be presented in Section 2. As such, we suggest
the use of the following model for tensor completion:
N

min
X

∑ αi ‖X ðiÞ ‖P λ

i¼1

s:t:

X Ω ¼ T Ω;

ð1:4Þ

where ‖X ðiÞ ‖Pλ ¼ ∑rj i¼ 1 P λ ðσ j ðX ðiÞ ÞÞ, here σ j ðX ðiÞ Þ is the j-th nonzero
singular value of mode-i unfolding matrix X ðiÞ . Similarly, we deﬁne
the tensor folded-concave norm by ‖X ‖P λ ≔∑N
i ¼ 1 αi ‖X ðiÞ ‖P λ . It is
clear that (1.4) is a nonconvex optimization problem, and thus
there exist multiple local minimizers in general. However, based
on the “bet-on-folded-concave-penalization” principle [29], the
local linear approximation (LLA) algorithm can ﬁnd a good
estimator of (1.4) as long as there exists a reasonable initial
estimator. Therefore, by combining the LLA algorithm and the
augmented Lagrange multiplier (ALM) method, we can derive an
efﬁcient algorithm for computing a speciﬁc local solution of the
optimization problem (1.4). The contributions of this work are
summarized as

 To alleviate the modeling bias of the nuclear norm, we propose
a general folded-concave penalization approach for the tensor
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completion problem. Moreover, we derive an efﬁcient LLA-ALM
algorithm for ﬁnding a good local solution of the resulting
nonconvex optimization problem.
We conduct a series of numerical experiments to demonstrate
the superiority of the suggested new model over the nuclear
norm based model.

The remainder of this paper is organized as follows. In Section 2,
we introduce the tensor folded-concave penalty and formulate the
folded-concave penalization approaches for tensor completion. In
Section 3 we present a novel algorithm for solving the proposed
model. And in Section 4 we conduct a series of simulations with
synthetic and real-word data sets to demonstrate the superiority of
the matrix SCAD norm and the matrix MCP norm based model over
the nuclear norm based model for dealing with the tensor completion
problem. In Section 5, we conclude this paper with some useful
discussions.

2. Tensor completion via folded-concave penalty
In this section, we ﬁrstly introduce the deﬁnition of foldedconcave penalty functions and two typical instances, MCP and
SCAD. After that, we apply the folded-concave penalty function to
each unfolding matrix of a given tensor, deﬁning a type of tensor
folded-concave penalty. Two special cases, tensor SCAD and tensor
MCP, are given explicitly. Finally, with the new penalties, we
formulate the folded-concave penalization model for tensor completion problem.
2.1. The folded-concave penalty function
Following [29], a penalty P λ ðjtjÞ is called a folded-concave
penalty function on t A ð  1; þ 1Þ if it satisﬁes the following
properties:
(i)
(ii)
(iii)
(iv)

P λ ðtÞ is increasing and concave in t A ½0; 1Þ with P λ ð0Þ ¼ 0;
P λ ðtÞ is differentiable in t A ð0; 1Þ with P 0λ ð0Þ≔P 0λ ð0 þ Þ Z a1 λ;
P 0λ ðtÞ Z a1 λ for t A ð0; a2 λÞ;
P 0λ ðtÞ ¼ 0 for t A ½aλ; 1Þ with a pre-speciﬁed constant a 4 a2 ;
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where a1 and a2 are two ﬁxed positive constants.
It is not hard to verify that when a1 ¼ a2 ¼ 1, P λ ðjtjÞ degenerates
to SCAD; when a1 ¼ 1  a  1 and a2 ¼ 1, P λ ðjtjÞ degenerates to MCP.
Here MCP is of the form:
8 2
>
if jtjZ aλ;
< aλ =2;
ψ MCP ðtÞ≔   t 2
>
: λt   ; otherwise:
2a
And its derivative is given by


t
P 0λ ðtÞ ¼ λ 
; for some a 4 1;
a þ
where ðxÞ þ ≔maxðx; 0Þ. SCAD is of the form:
8
λjtj;
if jtj r λ;
>
>
>
>
2
2
>
>
< aλjtj  0:5ðjtj þ λ Þ ; if λ o jtj o aλ;
a1
ψ SCAD ðtÞ≔
>
>
> λ2 ða2  1Þ
>
>
>
if jtj Z aλ:
: 2ða  1Þ ;
And its derivative is given by
P 0λ ðtÞ ¼ λI ft r λg þ

ðaλ  tÞ þ
I
;
a  1 ft 4 λg

for some a 4 2:

Assume that λ ¼1, a ¼5 for MCP penalty function, and a¼ 3.7 for
SCAD penalty function. Fig. 2 intuitively reveals the differences of
LASSO penalty function with MCP and SCAD penalty functions.
Additionally, the properties (i)–(iv) can also be intuitively veriﬁed
from Fig. 2. Take the MCP penalty for example. From Fig. 2(a), we
observe that the MCP penalty function is increasing and concave in
t Z 0 with P λ ð0Þ ¼ 0. From 2(b), we ﬁnd that the MCP penalty
function is differentiable in t Z 0; when 0 o t o 1 (here a2 ¼ 1, and
λ ¼1), P 0λ ðtÞ Z 0:8 (here a1 ¼ 1  a  1 ¼ 1  5  1 ¼ 0:8); and when
t Z 5, P 0λ ðtÞ ¼ 0.
As mentioned early, the numerical and theoretical results have
been provided in many literatures to show that the folded-concave
penalty performs much better than the LASSO penalty in terms of
estimation accuracy and consistency when applied to the high
dimensional sparse modeling. These nice statistical properties
encourage us to apply the folded-concave penalty to deal with

Fig. 1. Visual comparison for different sampling ratio of tomato video. (a) Original image, (b) 70% missing image, (c) 90% missing image, (d) Recovery image by Nuclear norm
(70%), (e) Recovery image by Nuclear norm (90%), (f) Recovery image by SCAD (90%).
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the high-order tensor estimation problems that we study in
this paper.

Likewise, the matrix SCAD norm and tensor SCAD norm are
respectively deﬁned as
r

Recall that, for a given tensor X , the tensor nuclear norm is a
convex combination of the nuclear norms of all matrices unfolded
along each mode. Similarly, we can deﬁne the tensor foldedconcave norm by applying the folded-concave function to each
unfolding matrix X ðiÞ . More precisely, for a matrix A A Rmn , we
deﬁne the matrix folded-concave norm as:
r

‖A‖Pλ ≔ ∑ P λ ðσ j ðAÞÞ;

ð2:1Þ

j¼1

where σ j ðAÞ is the j-th singular value of A and r is the rank of A.
Clearly, ‖A‖P λ is nonconvex with respect to A. Moreover, it is easy
to verify that it possesses the following properties:
Proposition 2.1. The matrix folded-concave norm deﬁned in (2.1)
satisﬁes the following properties:
(i) ‖A‖Pλ Z 0, with equality iff A ¼0;
(ii) ‖A‖Pλ is unitarily invariant; that is, ‖UAV‖P λ ¼ ‖A‖P λ for any
orthonormal matrices U and V.
It is worth noting that the matrix folded-concave norm is not a
real norm since it does not satisfy the triangle inequality of a
norm. Similarly, we deﬁne the tensor folded-concave penalty as
N

‖X ‖P λ ≔ ∑ αi ‖X ðiÞ ‖P λ ;

ð2:2Þ

i¼1

where αi Z0 and ∑N
i ¼ 1 αi ¼ 1. Whenever without confusion, we
call ‖X ‖P λ a folded-concave norm of tensor X .
As one special instance, the matrix MCP norm and tensor MCP
norm are respectively deﬁned as
N

‖X ‖MCP ≔ ∑ αi ‖X ðiÞ ‖MCP :

and

j¼1

i¼1

‖X ‖SCAD ≔ ∑ αi ‖X ðiÞ ‖SCAD :
i¼1

2.3. A general folded-concave penalization framework for tensor
completion
Similar to LASSO, the nuclear norm penalty over-penalizes
large singular values, usually leading to a biased estimator. In
particular, for tensor completion problem, if the proportion of
missing elements is high (say, 90%), the nuclear norm based
approach cannot provide good recovery results (see Fig. 1). To
reduce the bias, we suggest to use the tensor folded-concave
penalty instead of the nuclear norm penalty, which then yields the
following model:
‖X ‖P λ

min
X

r

and

j¼1

2.2. The tensor folded-concave penalty

‖A‖MCP ≔ ∑ ψ MCP ðσ j ðAÞÞ

N

‖A‖SCAD ≔ ∑ ψ SCAD ðσ j ðAÞÞ

X Ω ¼ T Ω:

s:t:

It can also be written as
N

∑ αi ‖X ðiÞ ‖P λ

min
X

i¼1

X Ω ¼ T Ω:

s:t:

ð2:3Þ

It can be seen that (2.3) is a nonconvex optimization problem.
Nevertheless, as we will show later, one can ﬁnd a speciﬁc local
optimal solution which usually outperforms the global optimal
solution of the nuclear norm penalization problem (1.3).

3. The main algorithm
In this section, we ﬁrst discuss the generalized singular value
shrinkage which will be useful in deriving our algorithm. And
then, we present the LLA-ALM algorithm for the proposed optimization problem (2.3). The proposed algorithm will be divided
into an outer loop and an inner loop. In each iteration, the outer
loop builds on the local linear approximation (LLA) algorithm
which turns the folded-concave penalized problem into a series of
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Fig. 2. (a) Plots for LASSO, MCP, and SCAD penalty functions. (b) Plots for the derivative functions of LASSO, MCP, and SCAD penalty. Here λ ¼1, a is set 5 for MCP penalty,
and 3.7 for SCAD penalty.
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reweighed nuclear norm penalization problems; and the inner
loop is an ALM algorithm solving the resulting weighted nuclear
norm based tensor completion. The LLA-ALM repeats these two
loops until convergence. We describe the LLA-ALM algorithm in
Algorithm 1.
3.1. Generalized singular value shrinkage operator

where ½Dτ;W ðAÞi;j ¼ sgnðAi;j ÞðjAi;j j τW i;j Þ þ : Here W is an arbitrary
elementwise nonnegative matrix. The optimality of Sτ;W is shown
in following theorem:
Theorem 3.1. For each τ Z 0, X, Y, X old A Rmn , and any foldedconcave penalty function P λ ðÞ, if W ¼ Diagð½P 0λ ðσ 1 ðX old ÞÞ;
P 0λ ðσ 2 ðX old ÞÞ; …; P 0λ ðσ r ðX old ÞÞÞ, then Sτ;W satisﬁes

For a matrix X, the singular value shrinkage operator Sτ is
deﬁned by

Sτ;W ðYÞ ¼ argmin

Sτ ðXÞ≔U X Dτ ðΣ X ÞV TX ;

where

ð3:1Þ

is the singular decomposition of X and
where X ¼ U X Σ
½Dτ ðAÞij ¼ sgnðAij ÞðjAij j  τÞ þ :
The operator Sτ has been widely used to derive efﬁcient
algorithms for dealing with the matrix completion problem
[32,33]. Similarly, we deﬁne the generalized singular value shrinkage operator by
T
XVX

ð3:2Þ

X

is the locally linear approximation (LLA) of ‖X‖Pλ when Xold is given.
Proof. The proof can be conducted following the ideas in [32,33].
Let X ¼ U mn Σ nn V 0nn be the SVD of X. Without loss of generality,
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let m 4 n. Assume that μi ¼ P 0λ ðσ i ðX old ÞÞ. Then it follows that
(
)
n
n
1
1
old
2
2
0
2
‖X Y‖F þ τQ P λ ðσ ðXÞjσ ðX ÞÞ ¼
‖Y‖F  2 ∑ σ i ui Yvi þ ∑ σ i
2
2
i¼1
i¼1
þ τQ P λ ðσ ðXÞjσ ðX

old

ÞÞ;

Plugging the values of the optimal
we get

n
1
FðU; VÞ≔ ∑  ðu0i Yvi  τμi Þ þ ðu0i Yvi  τμi Þ þ ðu0i Yvi  τμi Þ2þ :
2
i¼1

ð3:4Þ

w:r:t:

ðui ; vi ; σ i Þ; i ¼ 1; 2; …; n;

n
1
1 0
∑ ðu0i Yvi  τμi Þ þ ðu0i Yvi  τμi Þ  ðu0i Yvi  τμi Þ2þ ¼
∑
ðui Yvi  τμi Þ2 :
2
u0 Yvi 4 τμi 2

i¼1

ð3:8Þ
Note that for every i, the problem
max

‖u‖2 r 1;‖v‖2 r 1

We easily ﬁnd that its unique solution is given by Sτμi ðu0i Yvi Þ ¼
ðu0i Yvi  τμi Þ þ .
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^ vÞ,
^ where u^ and v^ are respectively the left
has the unique solution ðu;
and right singular vectors of the matrix Y corresponding to its i-th
largest single value. It is easy to see that maximizing the expression to
the right of (3.8) w.r.t. ðui ; vi Þ, i ¼ 1; …; n, is equivalent to maximizing
the individual term u0i Yvi . Thus, if r denotes the number of singular

ð3:6Þ

σi Z 0

i

ð3:5Þ

under the constraints U 0 U ¼ I n , V 0 V ¼ I n , and σ i Z 0 8 i.
It is seen that (3.5) is separable for σi, i ¼ 1; …; n. It then sufﬁces
to minimize it w.r.t. each σi separately. Consider the problem
min  σ i u0i Yvi þ 12 σ 2i þ τμi σ i :

ð3:7Þ

Minimizing FðU; VÞ w.r.t. (U, V) is equivalent to maximizing

where Σ ¼ diagð½σ 1 ; …; σ n Þ, U ¼ ½u1 ; …; un , and V ¼ ½v1 ; …; vn .
Minimizing (3.4) is equivalent to minimizing
n
1
∑  σ i u0i Yvi þ σ 2i þ τμi σ i ;
2
i¼1

σi, i ¼ 1; …; n, into (3.5),
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Fig. 4. Comparison of the phase results for different approaches. (a) HaLRTC, (b) McpLRTC (two-step), (c) ScadLRTC (two-step).
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Fig. 5. The recovery of 3-order tensor of size 50  50  50. (a) The Tucker rank was ﬁxed to (15,15,15), and the curves of log10(RelE) versus sampling ratio are shown. (b) The
sampling ratio was ﬁxed to 0.4, and the curves of log10(RelE) versus rank are shown.

Table 1
Comparison of different algorithms for tensor completion.
Method
X A R203040
HaLRTC
McpLRTC
X A R505050
HaLRTC
McpLRTC

RelE

RelE

RelE

RelE

RelE

rank ¼ ð5; 5; 5Þ
sr ¼ 0.2
0.1664
9.9077e 09

sr ¼0.3
4.1046e  08
5.3838e  09

sr ¼ 0.4
2.8490e  08
3.8213e  09

sr ¼ 0.5
2.1048e  08
2.7772e  09

sr ¼ 0.6
1.4824e  08
2.1923e  09

rank ¼ ð20; 20; 20Þ
sr ¼ 0.2
0.4776
7.0992e  06

sr ¼0.3
0.3613
1.7554e  08

sr ¼ 0.4
0.2295
4.6224e  09

sr ¼ 0.5
0.0812
6.9488e  11

sr ¼ 0.6
5.5721e  08
1.6253e  12

rank ¼ ð20; 20; 20Þ
sr ¼ 0.2
0.2582
3.5845e  09

sr ¼0.3
9.9137e  08
5.4009e  12

sr ¼ 0.4
7.3952e  08
5.1924e  13

sr ¼ 0.5
5.6499e  08
1.6424e  13

sr ¼ 0.6
4.3090e  08
5.4143e  14

rank ¼ ð30; 30; 30Þ
sr ¼ 0.2
0.3567
2.8162e  08

sr ¼0.3
0.2149
9.0363e  10

sr ¼ 0.4
0.0107
4.1360e  12

sr ¼ 0.5
8.0883e  08
6.4521e  13

sr ¼ 0.6
6.1612e  08
2.1485e  13

rank ¼ ð10; 10; 10; 10Þ
sr ¼ 0.2
0.2907
1.2018e  10

sr ¼0.3
6.7965e  08
4.2610e  12

sr ¼ 0.4
5.0980e  08
1.3042e  12

sr ¼ 0.5
3.8944e  08
3.0447e  13

sr ¼ 0.6
2.9747e  08
8.5476e  14

rank ¼ ð15; 15; 15; 15Þ
sr ¼ 0.2
0.4014
7.3938e  09

sr ¼0.3
0.2308
2.0871e  11

sr ¼ 0.4
6.8892e  08
1.8744e  12

sr ¼ 0.5
5.2483e  08
4.4083e  13

sr ¼ 0.6
4.0167e 08
1.4846e  13

sr ¼0.3
0.1762
9.9880e  12

sr ¼ 0.4
4.7063e  08
2.6949e  12

sr ¼ 0.5
3.4415e  08
6.5783e  13

sr ¼ 0.6
2.6090e  08
1.0281e  13

X A R100100100
HaLRTC
McpLRTC
X A R100100100
HaLRTC
McpLRTC
X A R50505050
HaLRTC
McpLRTC
X A R50505050
HaLRTC
McpLRTC

X A R2020203020
HaLRTC
McpLRTC

rank ¼ ð5; 5; 5; 5; 5Þ
sr ¼ 0.2
0.6873
1.4524e 10

values of Y larger than τμi , then the ðui ; vi Þ, i ¼ 1; …; r, that maximize
the expression (3.8) correspond to ½u1 ; …; ur  and ½v1 ; …; vr ; the r left
and right singular vectors of Y. From (3.6), the optimal Σ ¼ diag
½σ 1 ; …; σ n  is given by Dτ;W ðΣ Þ≔ diag½ðσ 1  τμ1 Þ þ ; … ; ðσ n  τμn Þ þ .
Hence, the minimizer of (3.3) is given by UDτ;W ðΣ ÞV 0 . □

iteratively solving a convex problem which locally approximates
the original nonconvex problem in each step. For the more details,
please refer to [34].
The outer loop of the suggested Algorithm 1 is based on LLA.
The reasonability is shown in Proposition 3.2:

3.2. The LLA algorithm based outer loop iteration

Proposition 3.2. Let q(x) be a concave function on ð0; 1Þ. Then

The LLA algorithm is a special case of the majorization–minimization (MM) method [34,35]. In principle, MM proceeds by

qðxÞ r qðx0 Þ þqðx0 Þ0 ðx  x0 Þ
which holds an equality iff x ¼ x0 .
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According to [29], qðx0 Þ þ q0 ðx0 Þðx  x0 Þ is called a LLA of q(x) at
x0. From Proposition 3.2, the LLA is the best convex majorization of
a nonconvex function. Since the objective function ‖X ðiÞ ‖Pλ in
problem (2.3) is concave with respect to σ ðX ðiÞ Þ, in each step we
approximate ‖X ðiÞ ‖P λ by its LLA at X old
ðiÞ . Then we obtain the
following problem:

This problem can be solved by using the ALM framework. To show
this, we deﬁne the augmented Lagrangian function as follows:
N

old
LðX ; Y i ; Mi jX old
ðiÞ Þ ¼ ∑ αi Q P λ ðσ ðY i;ðiÞ Þjσ ðX ðiÞ ÞÞ þ〈Mi;ðiÞ ; Y i;ðiÞ  X ðiÞ 〉
i¼1

β

þ ‖Y i;ðiÞ  X ðiÞ ‖2F
2

N

min
X

∑ αi Q Pλ ðσ ðX ðiÞ Þjσ ðX old
ðiÞ ÞÞ

i¼1

X Ω ¼ T Ω;

s:t:

ð3:10Þ

which majorizes the nonconvex problem (2.3). The problem (3.10)
is then a weighted nuclear norm penalization problem, and thus,
can be efﬁciently solved by the ALM algorithm framework that we
will show in the next subsection.
3.3. The ALM algorithm based inner loop iteration
The problem (3.10) is equivalent to the following optimization
problem by introducing the auxiliary variables Y i :
N

min
X

∑ αi Q Pλ ðσ ðY i;ðiÞ Þjσ ðX old
ðiÞ ÞÞ

s:t:

For a given X old , problem (3.12) is minimized by the ALM
algorithm via alternatively optimizing Y i , X , and Mi .
More precisely, through ﬁxing X and Mi , we can update Y i by
solving the following optimization problem:
Mi;ðiÞ 2
β
min Y i;ðiÞ  X ðiÞ þ
 þ αi Q Pλ ðσ ðY i;ðiÞ Þjσ ðX old
ðiÞ ÞÞ:
Yi 2
β

X

X ¼ Y i ; i ¼ 1; …; N;
X Ω ¼ T Ω:

ð3:11Þ

Table 2
Comparison for different sampling ratio of real video data.

ð3:13Þ

Based on Theorem 3.1, the solution of this optimization problem is
given by Y i;ðiÞ ¼ Sαi =β;W i ðX ðiÞ  Mi;ðiÞ =β Þ, where Wi depends on the
concrete form of the folded-concave penalty function. And then,
through ﬁxing Y i and Mi , we update X by solving the following
optimization problem:
min

i¼1

ð3:12Þ


Mi;ðiÞ 2

∑Y i;ðiÞ  X ðiÞ þ


β

i

s:t:

F

X Ω ¼ T Ω:

ð3:14Þ

Table 3
Comparison for different sampling ratio of hyperspectral/multispectral images.

Dataset

sr

HaLRTC

McpLRTC

sr

HaLRTC

McpLRTC

Dataset

sr

HaLRTC

McpLRTC

sr

HaLRTC

McpLRTC

Tomato
Ocean
Xylophone
Miss
Garden
Tennis

0.2
0.2
0.3
0.3
0.3
0.4

0.0964
0.1233
0.0833
0.0744
0.2266
0.1284

0.0492
0.0627
0.0445
0.0287
0.1594
0.0816

0.3
0.3
0.4
0.4
0.4
0.5

0.0742
0.0934
0.0638
0.0525
0.1931
0.1052

0.0391
0.0424
0.0372
0.0234
0.1357
0.0676

Hyperspectral
Balloons
Beers
Glass
Lemon
Superballs

0.2
0.2
0.2
0.2
0.2
0.2

0.0498
0.0414
0.0265
0.0976
0.1534
0.1019

0.0279
0.0233
0.0170
0.0603
0.1048
0.0575

0.3
0.3
0.3
0.3
0.3
0.3

0.0371
0.0273
0.0187
0.0691
0.1131
0.0691

0.0219
0.0166
0.0133
0.0427
0.0780
0.0425

Fig. 6. Visual comparison for one slice of xylophone video. (a) Original image, (b) 70% missing image, (c) Recovery image by HaLRTC, (d) Recovery image by McpLRTC.
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Fig. 7. Visual comparison for one slice of the hyperspectral images. (a) Original image, (b) 80% missing image, (c) Recovery image by HaLRTC, (d) Recovery image by
McpLRTC.

Table 4
Comparison for different sampling ratio of medical images.
Dataset

sr

HaLRTC

McpLRTC

sr

HaLRTC

McpLRTC

BRAIN
PANORAMIX
MRIX
PNEUMATIX
KNIX
INCISIX1

0.2
0.3
0.3
0.3
0.3
0.3

0.0077
0.0724
0.1347
0.1654
0.1727
0.1848

0.0034
0.0148
0.0330
0.0973
0.0812
0.0770

0.3
0.4
0.4
0.4
0.4
0.4

0.0047
0.0468
0.0921
0.1326
0.1272
0.1402

0.0032
0.0102
0.0202
0.0809
0.0579
0.0546

Straightforwardly, the solution of this optimization problem is
given by
80
1
1
>
>
> B∑i Y i þ β ∑i Mi C
>
>
<B
C
ði1 ; …; iN Þ2
= Ω;
@
A
N
X i1 ;…;iN ¼
>
>
>
i1 ;…;iN
>
>
:T
ði1 ; …; iN Þ A Ω:
i1 ;…;iN
Finally, according to ALM, M is updated by the rule:
Mi ¼ Mi þ βðY i  X Þ. All the above update rules constitute the
inner loop of the proposed Algorithm 1.
3.4. The LLA-ALM algorithm
Through combining the inner loop and the outer loop, we
summarize the LLA-ALM algorithm for the solution of (2.3) in
Algorithm 1.
Algorithm 1. The LLA-ALM algorithm.

Input: Observation T Ω , parameter λ, a, αi, βinit, βmax;
Output: X ;
1:
Initialize X ;
2:
N ¼ ndimsðX Þ % computing the order of tensor X
3:
for outIter ¼1 to outMaxIter do
4:
for i¼ 1 to N do
5:
Mi ’0;
6:
W i ’Diagð½P 0λ ðσ 1 ðX ðiÞ ÞÞ; P 0λ ðσ 2 ðX ðiÞ ÞÞ; …; P 0λ ðσ ri ðX ðiÞ ÞÞÞ; %
r i ¼ RankðX ðiÞ Þ
7:
end for
8:
β ¼ βinit
9:
for innerIter ¼1 to innerMaxIter do
10:
for i¼1 to N do
11:
Y i;ðiÞ ’Sαi ;W i ðX ðiÞ  Mi;ðiÞ Þ;
β

12:
13:
14:
15:
16:
17:
18:
19:
20:

end for
X i1 ;…;iN ’



∑i Y i þ β1∑i Mi
N


i1 ;…;iN

if i1 ; …; iN 2
= Ω;

if i1 ; …; iN A Ω;
X i1 ;…;iN ’T i1 ;…;iN
for i¼1 to N do
Mi ’Mi þ β ðY i  X Þ;
end for
β’minð1:1nβ; βmax Þ;
end for
end for

Some useful remarks on Algorithm 1 are as follows, which will
help to understand the essence and guide the implementation
design of the algorithm.
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Fig. 8. Visual comparison for one slice of MRIX data. (a) Original image, (b) 70% missing image, (c) Recovery image by HaLRTC, (d) Recovery image by McpLRTC.

Remark 3.3. In the implementation of our algorithm, the tensor X
is initialized by the algorithm of high accuracy (HaLRTC) in Liu
et al. [4].
Remark 3.4. In Algorithm 1, using different folded-concave penalty leads to different weighting matrix Wi. For example, when
SCAD is applied, we have W i ¼ DiagðλI fσ ðX ðiÞ Þ r λg þ ððaλ  σ ðX ðiÞ ÞÞ þ
=a  1ÞI fσ ðX ðiÞ Þ 4 λgÞ, while when MCP is used, we have W i ¼
Diagððλ  ðσ ðX ðiÞ Þ=aÞÞ þ Þ.
Remark 3.5. According to Proposition 3.2 and the convergence
guarantees of ALM [38], it is not hard to verify that the original
function value of problem (2.3) is monotonically nonincreasing.
Then by using a modiﬁed version of Lyapunov's theorem in [36],
one can prove that the sequences generated by Algorithm 1
converge to a stationary point of the original function of (2.3).
Remark 3.6. As we mentioned early, each LLA step results in a
weighted tensor nuclear norm penalized problem for which ALM
is utilized to solve. To guarantee the convergence, many LLA steps
need to be taken and thus the computation burden must be very
high. However, in [29], following the line of Bickel's theory [37] in
the maximum likelihood estimation, Fan et al. proved the statistical equivalence between the two-step and fully converged LLA
solutions of the folded-concave penalization problem in the sparse
learning setting. They further recommended to use the two-step
LLA solution as the folded-concave penalized estimator with the
LLA algorithm initialized by the LASSO estimator. Based on their
fantastic conclusion, we will adopt the two-step LLA solution as
the ﬁnal estimator instead of the exact convergence of outer loop

iterations. Our empirical results in terms of phase transition plots
(see Section 4) also demonstrate that there is indeed no signiﬁcant
difference between the two-step and full-step LLA solutions.
4. Experiments
In this section, we conduct extensive simulation studies with
synthetic data sets, real video, hyperspectral/multispectral images,
and medical images to demonstrate the superiority of the suggested folded-concave penalization over the nuclear norm penalization. SCAD and MCP are particularly simulated.
4.1. Experiment setting
In the following experiments, the parameter λ was ﬁxed to 1, a
was set to 5 for MCP and 3.7 for SCAD, and βinit ¼ 1e  9 and
βmax ¼ 1e10. In all the tests, motivated by the study of [29] for
sparse learning problems, X in Algorithm 1 was initialized by the
algorithm HaLRTC proposed in [4]. In order to ensure convergence,
it would be better to set the number of inner iterations large
enough. Therefore, it was set to 400 for the simulated data
experiments, and 240 for the real data experiments. As discussed
in Remark 3.6, the number of iterations in the outer loop was set to
2 for reducing the computation cost. When considering the
3-order tensor model, the value of αi was ﬁxed to 13 . When
considering the 4-order tensor model, the value of αi was set to
1
4 . The relative error RelE≔‖X rec  X orig ‖F =‖X orig ‖F was used to
evaluate the recovery performance. Additionally, in our simulation

W. Cao et al. / Neurocomputing 152 (2015) 261–273

studies with synthetic data sets, following the setting in Liu et al.
[4], the tensor was generated by the well-known tucker decomposition, i.e., X ¼ C1 U 1 2 U 2 3 U 3 , where the core tensor C is of
size r  r  r and Ui is of size 50  r. The entry of X was computed
by X ði; j; kÞ ¼ ∑1 r m;n;l r r Cðm; n; lÞU 1 ði; mÞU 2 ðj; nÞU 3 ðk; lÞ.
4.2. Phase transition plots
Phase transition plots have been widely used to characterize
the ability of one algorithm to recover sparse signals and low-rank
matrices [39,40]. In this subsection, we empirically investigate the
recovery performance of the folded-concave penalization and the
nuclear norm penalization approaches to tensor completion in
terms of phase transition plots. In this set of experiments, the
entries of Ui were randomly sampled from a uniform distribution
in the range [  0.5,0.5] and the entries of C were from a uniform
distribution in the range [0, 1]. The rank r varied in the range
[1:1:30], and the sampling ratio ρ varied in the range
[0.01:0.01:0.8]. For a given pair ðr; ρÞ, the recovery was regarded
as successful if RelE was less then 1e  7.
4.2.1. Two-step LLA versus full-step LLA
With the above setting, we compared the performance of
SCAD/MCP generated by two-step LLA and full-step LLA. Our
two approaches are respectively abbreviated as McpLRTC and
ScadLRTC. Fig. 3 plots the recovery performance of SCAD/MCP, in
which the black indicates failed recovery, while the white indicates successful recovery. It is observed that for both MCP and
SCAD, the phase results of two-step LLA are almost the same as
those of full-step LLA, indicating that two-step LLA could produce
one enough accurate solution. This provides a empirical support
for our suggested two-step LLA strategy in practice. It is also
shown that there is no signiﬁcant performance difference between
the SCAD and the MCP, which implies that they may lead to an
equivalent result in practical use.
4.2.2. Tensor folded-concave penalty versus tensor nuclear norm
penalty
In this experiment, we demonstrated the superiority of the tensor
folded-concave penalty over the tensor nuclear norm penalty when
applied to tensor completion problem. Similarly, the recovery performance was examined for different values of r and ρ. As such, the phase
results for tensor nuclear norm and tensor MCP/SCAD norm are
presented respectively in Fig. 4. As expected, it is demonstrated that
the successful recovery area by the tensor MCP/SCAD is much larger
than that by the tensor nuclear norm. This highlights the promising
merits of folded-concave penalization and further encourages us to
apply it for more real-world applications.
4.3. Numerical simulations
We further assess the superiority of the tensor folded-concave
penalty for tensor completion by a series of simulated experiments.
We compared our algorithms with Liu's algorithm with high accuracy (HaLRTC) [4]. In the ﬁrst group of experiments, the original
tensor of size 50  50  50 with Tucker rank (15,15,15) was generated
as Section 4.2. After sampling the original tensor with different ratios
among [0.1:0.03:0.6], then the original tensor were recovered by the
above three algorithms. The experimental curve of the relative error
RelE in logarithmic scale versus the varying sampling ratio is shown
in Fig. 5(a). From Fig. 5(a), it is seen that for easy problems, i.e.,
problems with high sampling rate and small Tucker rank, these three
algorithms can successfully recover the original tensor, however our
algorithms McpLRTC/ScadLRTC have more accurate solutions due to
the adaptive reweighted scheme; for hard problems, i.e., problems
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with appropriately high sampling rate and small Tucker rank, our
algorithms McpLRTC/ScadLRTC can achieve a successful recovery
while HaLRTC failed; for very hard problems, i.e., problems with
low sampling and large Tucker rank, these three algorithms can not
successfully recover the original tensor. Additionally, the recovery
result of McpLRTC is almost the same as that of ScadLRTC. In the
second group of experiments, we ﬁxed the sampling ratio to 0.4, and
the original 50  50  50 tensors were generated by varying the rank
among [6:2:40]. The experimental curve of the relative error RelE in
logarithmic scale versus different rank is shown in Fig. 5(b), which
exhibits an almost similar result as in the ﬁrst group of experiments.
All these experiments illustrate the outperformance of the foldedconcave penalization approaches. Due to almost the same performance of McpLRTC and ScadLRTC, we only compare McpLRTC and
HaLRTC in the sequel.
Different problem settings are further used to test the algorithms.
The tensors of different order from three to ﬁve with varying Tucker
rank were generated. And also we varied the sampling ratio (sr) from
0.2 to 0.6. Table 1 presents these different settings and the recovery
performance for different algorithms. We ﬁnd from Table 1 that for
easy problems, McpLRTC and HaLRTC both can successfully recover
the original tensor, however McpLRTC achieved higher accuracy
solutions than HaLRTC; for hard problems, McpLRTC can produce a
solution of high accuracy but HaLRTC failed.

4.4. Image and video applications
In this subsection, we outline potential image and video
application examples with three different types of data: real
videos, hyperspectral/multispectral images, and medical images.
Real videos: We used the data from [4] and [42] for estimating
missing information in videos. Note that when we treat a video as
a sequence of images, a color video can be naturally interpreted as
a 4-order tensor. We report the recovery results for different
sampling ratios in Table 2. For visual comparison, we also show
one frame of the xylophone video with sampling ratio 0.3 in Fig. 6.
Hyperspectral/multispectral images: The hyperspectral images
from [4] and the multispectral images from multispectral Image
Database [43] were used in our experiments. Hyperspectral/multispectral sensors collect information as a set of images. Each image
represents a range of the electromagnetic spectrum and is also
known as a spectral band. These images are then combined and
form a three-dimensional hyperspectral/multispectral data cube
for processing and analysis. Hence, the hyperspectral/multi-spectral image data can be interpreted as a 3-order tensor. In Table 3,
we report the quantitative results for different sampling ratios of
hyperspectral/multispectral images. In Fig. 7, we show the recovery results of different algorithms for one image of the hyperspectral image sequence where the sampling ratio is ﬁxed to 0.2.
Medical images: We used the medical image data from the
OsiriX repository [44], which contains a large number of different
data sets of mostly MRI scans. The corresponding recovery results
for different algorithms are reported in Table 4. Fig. 8 then shows a
recovery experiment using the MRIX data set of the repository
[44]. Since it contains 26 slices of dimension 256  256 for a
human lumbar, we only show one of these slices.
Tables 2–4 illustrate that McpLRTC provides signiﬁcantly better
recovery results than HaLRTC in terms of the relative error RelE. In
addition, similar to the phase transition, there is no visible performance difference between McpLRTC and ScadLRTC. Hence, we deliberately omitted the results of ScadLRTC. Furthermore, as shown in
Figs. 6–8, the images generated by McpLRTC are visually sharper and
clearer than those recovered by HaLRTC. This uniformly supports that
the folded-concave penalization approaches outperform the nuclear
norm penalization approach in real applications.
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5. Conclusion
In this paper, we studied the problem of estimating missing values
in tensor data. Through extending the folded-concave penalty from
vector to tensor, we proposed a nonconvex formulation for tensor
completion problem which signiﬁcantly alleviates the estimation bias
of the tensor nuclear norm based formulation. We developed an
efﬁcient LLA-ALM algorithm for computing the proposed foldedconcave penalization estimators. The two-step LLA strategy has been
particularly suggested to reduce the computational cost of the LLAALM algorithms. We also provided a wide scope of simulations and
real-world experiments to assess the performance of the suggested
new algorithms. The simulations and real-world experiments show
that, compared with the tensor nuclear norm based approach, the
tensor SCAD and the tensor MCP based approaches have an obviously
superior reconstruction ability as demonstrated in phase diagram
studies. And also, when applied to video completion task, at the low
sampling ratio, the tensor MCP and the tensor SCAD can recover much
sharper images than the nuclear norm based approach. Hence, the
folded-concave approaches are encouraged to tackle the tensor
completion problem in practice.
Our future work will involve deriving the exact recovery conditions
for tensor completion via the folded-concave penalty. In addition, we
believe that the folded-concave penalization framework should also
yield efﬁcient and robust approaches to more general tensor optimization problems, such as low-rank tensor learning problems [14], and
tensor robust principal analysis (tensor RPCA) [41].
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