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1. Introduction

In this paper we consider the solution methods for the system of km linear equations
Ax = b, (1.1)

where A = [A;] € C™¥™ js an m x m block matrix with all the blocks A; € C*¥, b, x € Ck™*1, The class of systems arises
not only in the numerical solution of 2D and 3D Euler equations in fluid dynamics [1-3], but also in the discretizations of
PDEs associated to invariant tori [4,5].

Elsner and Mehrmann in [6,7] gave several convergence results for some block iterative methods such as block Jacobi
method, block Gauss-Seidel method and block SOR method for the solution of linear system (1.1) when the coefficient ma-
trix A is either generalized M-matrices (see [6-8]) or consistently ordered p-cyclic matrices (see [9]). Later, Nabben [3,10]
established some further results on convergence of block iterative methods for the solution of this class of linear systems
with conjugate generalized H-matrices (see [11]). For example, he established convergence of the block Jacobi method, the
block Gauss-Seidel method, the block JOR-method and the block SOR-method.

Recently, Zhang et al. [11] further proposed several convergence results for some block iterative methods including the
block Jacobi method, the block Gauss-Seidel method, the block SOR method and the block AOR method for the solution of
linear systems when the coefficient matrices are generalized H-matrices.
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In what follows we will introduce some iterative methods of the system (1.1). Consider the following splitting of the
coefficient matrix A of (1.1),

A=D—L-U, (1.2)

where D is nonsingular, L and U are not necessarily (block) triangular in general. Assume that det(D — yL) # 0. Then the
(block) generalized accelerated overrelaxation (GAOR (BGAOR)) method is defined by

XD = £y, )X + (D —yD)" b, i=1,2,..., (1.3)

where £(y,w) = (D — yL)"'[(1 — w)D + (w — y)L 4+ wU] is the iteration matrix of the method (1.3). For ® = y, the
(block) generalized AOR method reduces to the (block) generalized SOR (GSOR (BGSOR)) method. If the splitting (1.2) is
standard (block) decomposition (i.e., D is (block) diagonal and nonsingular, L and U are strictly lower and strictly upper
(block) triangular, respectively), then the (block) generalized AOR method and the (block) generalized SOR method reduce
to the (block) AOR method and the (block) SOR method, respectively. Furthermore, if the method (1.3) is the (block) AOR
method and y = 0, then we obtain the (block) JOR method.

In this paper, we mainly discuss the convergence of parallel multisplitting block iterative methods of linear system (1.1).
The parallel multisplitting iterative methods are investigated in [12-16]. Let us consider the block case.

In order to solve the system (1.1) with parallel multisplitting block iterative methods, the coefficient matrix A = [A;] €
Ckm>km js split into

A=M,—Ny, s=1,2,...,r (1.4)

by means of the following block matrices M; = [ij] with

. [Ay. if(i.j)eQandi=jeN
R G R (12
and Ny = [ij] with
s __ 0, if(i,j) eQsandi=j €N
N={%a, 0D 265 (1o

Here Qs C P(m) = {(i,j) | i,j € N={1,2,...,m}, i # j} and each M; is nonsingular fors = 1, 2, ..., r. The splitting (1.4)
is called a multisplitting of the matrix A and is denoted by (Ms, N;, E);_,. Here, E; = diag(esllk, eflk, ..., elly)isakm x km
nonnegative diagonal matrix fors = 1,2, ...,r and Z;Zl E; = I, the km x km identity matrix. It follows that a parallel
multisplitting block iterative form of (1.1) can be described as follows:

r r
XD = S EMIINK® + ST EM D, i=1,2, (1.7)

s=1 s=1

With T = 2;21 E;M_'N; and calling T the iteration matrix of the method (1.7), Eq. (1.7) can be changed into the following
equations:

r
X =Y B0 =12,
s=1

ygi) — M_lNSX(i) +Ms_1b s=1,2,...,r.

S

(1.8)

Eq. (1.8) shows that this multisplitting method has a natural parallelism, since the calculations of ygi) for various values of s

are independent and may therefore be performed in parallel. Moreover, the jth component of ys(i) need not be computed if
the corresponding diagonal entry of E; is zero. This may result in considerable savings of computational time.
If r = 1, then the multisplitting (1.4) turns into a single splitting

A=M,; — N, (1.9)

and the corresponding block iterative method is a general block iterative method.
An extrapolated parallel iterative method with a positive extrapolation parameter t is considered in [15,12]. The follow-
ing gives the extrapolated parallel block iterative method by the block iteration

.
XD =Y EMITNX® +b) + (1 —ox®, i=1,2,.... (1.10)

s=1

Its iteration matrix is defined by

.
T(r) =1 EM;'N;+ (1— 1)l
s=1
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In [15,16], the parallel generalized AOR (GAOR), block AOR (BAOR) and AOR methods are defined. Let
A=Di—L —U, s=1,2,...,r (1.11)

where D, € C¥™km is 3 nonsingular block matrix, L, € CK™*m and U, € C*"*km are not necessarily block triangular in
general. Assume that det(Ds — ysLs) # 0, s = 1,2, ..., r.Then the parallel block GAOR (BGAOR) method is defined by

.
X(H—l) ZQC(F,.Q)X“) +ZE3(DS_VSLS)_lbv i=1,2,..., (112)

s=1

where

L(I', 2) = ZES(DS - VsLs)il[(‘l — ws)Ds + (w5 — y5)Ls + U], (1.13)
s=1 .

FZ()’l,VZ,---»J/r)s .Q:(w1,w2,...,a),).
This method may be achieved by the multisplitting (1.4) with

1
M; = —(Ds — ysls),
Wy
; (1.14)
Ny = ;[(1 — ws)Ds + (w5 — yo)Ls + wsUs], s=1,2,...,T1.
S

The parallel BGAOR method reduces to the parallel BGSOR (parallel block generalized SOR) method if the parameter pairs
(s, ws) turn into (ws, ws) fors = 1, 2, ..., r and the parallel BGGS (parallel block generalized Gauss-Seidel) method if the
parameter pairs (ys, ws) turn into (ws, ws) with ws = 1fors = 1,2, ..., r. We denote by £(£2) and £pgges the iteration
matrices of the parallel BGSOR and the parallel BGGS methods, respectively.

If the decompositions in (1.11) are the usual block decompositions, i.e., D; € C*™*k™ is a nonsingular block diagonal part
of A, Ly € CK™km and U, e CK™*m are strictly lower and upper block triangular matrices, respectively, then the parallel
BGAOR and the parallel BGSOR methods reduce to the parallel block AOR (BAOR) and the parallel block SOR (BSOR) methods,
respectively. Lastly, we denote the iteration matrices of the extrapolated BGAOR and BGSOR methods by £(I", £2, ) and
L(£2, t), respectively.

This paper is organized as follows. Some notations and preliminary results about generalized H-matrices are given in
Section 2. The convergence results of parallel block iterative methods for linear systems with generalized H-matrices are
established in Section 3. In what follows, the convergence properties of parallel block iterative methods for linear systems
with special block tridiagonal matrices arising in special cases from the computations of partial differential equations are
discussed in Section 4 and some examples are given in Section 5 to illustrate the convergence results obtained in this paper.
Finally, conclusions are given in Section 6.

2. Preliminaries

In this section we give some notions and preliminary results about special matrices that are used in this paper. We denote
by C"™" (R™") the set of all n x n complex (real) matrices; C" the set of all n-dimensional complex vectors; R/, the set of posi-

tive vectors in R"; AT the transpose of A; AP the conjugate transpose of A; p(A) the spectral radius of A; Re(z) the real part of z.

Definition 2.1 (See [17]). A matrix A € C"™" is called Hermitian if A = A; a Hermitian matrix A € C"*" is called Hermitian
positive definite if xX"Ax > 0 for all 0 # x € C" and Hermitian semipositive definite if xX’Ax > 0 for all x € C". A matrix
A € C™" s called positive definite if Re(x" Ax) > 0forall 0 # x € C" and semipositive definite if Re(x"Ax) > Oforallx e C".

ByA > 0and A > 0 we denote that A is (Hermitian) positive definite and (Hermitian) semipositive definite. Analogously
we write A < 0if —A > 0and A < 0if —A > 0. Furthermore, for A, B € C"*", we writeA > Band A > BifA— B > 0 and
A—B=>0.

Definition 2.2. Let A = (a;) € C"™".If A is Hermitian, then |A| € C"™" is defined as |A| := v/ AA.

Definition 2.3 (See [6,3]).

1. Z¥ = {A = [Ay] € CF™km | A; € €K is Hermitian for alli,j € N = {1,2,...,m}and A; < Oforalli #j, i,j € N};
2.ZK ={A=[Aj] € ZX | Ay > 0, i € N};

3. Mk ={Ae /Z\,’; | there existsu € R such that Z]m:] uA; > Oforalli € N}, where R} denotes all positive vectors in

R™, and A matrix A € Z! is called a generalized M-matrix if A € M¥;
4. DK = {A = [Aj] € C™<km | A; € C**k is Hermitian for all i, j € N and A; > O for alli € N};
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5. H* = {A € DX | n(A) € MK}, where 1(A) = [Mj;] € C™>™ s the block comparison matrix of A and is defined as

Al ifi=
My = {—|A,~j|, ifi 1,

and A matrix A € D, is called a generalized H-matrix if A € HX.

3. Main results

In this section we discuss the convergence of parallel multisplitting block iterative methods when the coefficient matrices
are generalized H-matrices. The following lemmas will be used in this section.

Lemma 3.1. Let A = (ay) € C™" with a multisplitting (Ms, Ny, E))._,, and let T = Y., EM; "N and A = M — N, where

M; 0 --- 0 N:E; NiE, --- N{E
A 0 M, --- 0 . NoE; NoE; -+ NoE;
M= . . s N = . . . . (3.1)
0 0 -+ M N.Ey NE, --- N.E
Then p(T) = p(1\71 ‘W), where p(T) denotes the spectral radius of the matrix T.
Proof.
.
p(T) = p (Z ESM;1NS>
s=1
_‘1 =1
rE, E, --- E|Mi N 0
0 0 -+ O0f[M'N, O
=r U
L0 0 - 0l |y g . g
Fag—1
M{'Ni 0 - O]rg E ... E7
M;'N, 0 --- 0[]0 O - O
=r U
M7'N, 0 ... o] L0 O - 0l
M 'N:Ey My'N{E; -+ My 'N{E,
My 'NEr My 'NoEp  --- M, 'NE,
=p
| M 'N,Ey M;'N;E, --- M;'NE
= p(M~'N), (32)

where M and N are defined as in (3.1). This completes the proof. O

Lemma 3.2 (See [11]). Let A = [A;] € H,’; with a splitting A = My — Ny as in (1.9). Then p(M; " 'N;) < 1.

Theorem 3.3. Let A = [Aj] € H,’; with a multisplitting (M, Ns, E;);_,. Then the parallel multisplitting block iterative method
(1.7) converges to the unique solution of (1.1) for any choice of the initial guess x©.

Proof. We only prove that p(T) < 1. Lemma 3.1 shows that p(T) = ,o(I\?I‘W), where M and N are defined as in (3.1).Since
A€ H,’; indicates w(A) € M,’;, it follows from Definition 2.3 that there exists a positive diagonal matrix F = diag(f,ly, foIx,
..., fml), where I is the k x k identity matrix, such that AF satisfies

m
flAsl = > 1Al > 0, (33)
=1
foralli € N. Note that (M, Ns, E);_, is a multisplitting of A, E; = diag(esllk, ..., ell) is a km x km nonnegative diagonal
matrixfors =1,2,...,rand Z§=1 E; = I, the km x km identity matrix. Then we have

;
Zei:l, i:l,2,...,mandeizo,s:1,2,...,r. (3.4)
s=1
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As aresult,A = M; — N, = M — N; Z 1Es € Hk satisfying (3.3) foralls = 1, 2, ..., r. Following (3.3) and (3.4), we have
thatfors=1,2,...,r,

[ﬁ|A,.,.|_ 3 |AUU}:|—Z|: > |Aym}ei=f,-mﬂ|— Sl - > (mee;)fj
s=1

(i.))eQs (I.)E€Qs:j#l (i.)€Qs (I.)EQs:j# \s=1
= filAl — [ DAl + > |Ai,»tfj]
(i.))€Qs (i.)€Qs:j#i
> 0, =1,2 (3.5)
Thus, there exists a positive diagonal matrix F= diag(F, F, . F) such that AF satisfies (35)fori=1,2,...,mands =
1,2,...,r,which shows that A € H’,jn. From (3.1), we know thatA =M—Nisa splitting as in (1.9). It then follows from

Lemma 3.2 that p(T) = p(MQ_lNQ) < 1 which completes the proof. O

Theorem 3.4. Let A = [A;] € H,’; with a multisplitting (Ms, N, Es)?_;. Then the extrapolated parallel multisplitting block itera-

tive method (1.10) converges to the unique solution of (1.1) for any choice of the initial guess x©, provided € (0, 2/(1 + p)),
where p = p(T) and T is the iteration matrix of the method (1.7).

Proof. Since the iteration matrix of the extrapolated parallel multisplitting block iterative method is

.
T(t)=1Y EM'Ne+(1 -0l =1T+1-1)l,

s=1

we have p(T(t)) = p(ztT+(1—1)I) < tp(T)+|1—1|.Theorem 3.3 implies that p(T) < 1.Asaresult, p(T(7)) < 7p(T)+
[T—1| < 1forall T € (0,2/(1+ p)). Thus, the extrapolated parallel multisplitting block iterative method converges to
the unique solution of (1.1) for any choice of the initial guess x©’. This completes the proof. O

In what follows, we consider convergence of the parallel BGAOR iterative method of the system (1.1).

Theorem 3.5. Let A = [A;] € H,’; with a multisplitting (1.11).If 0 < ys < ws < 1and0 < ws for s = 1,2, ...,r, then the
parallel BGAOR iterative method (1.12) converges to the unique solution of (1.1) for any choice of the initial guess x©.

Proof. Since the parallel BGAOR iterative method (1.12) is induced by the multisplitting (Ms, Ns, Es);_, defined in (1.4) with

1
M = ;(Ds — ¥sLs),
ls (3.6)
= Z[(l — ws)Ds + (ws — y)Ls + osUs], s=1,2,...,1,
S

it follows from Lemma 3.1 that p(L(I, 2)) = p(zgzl ESM;]NS) = p(I\?I”IQI), where M and N are defined as (3.1). Follow-
ing, we will prove thatA = M—N isa generalized H-matrix. LetRs, Ss, Ty, C P(m) = {(i,j) | i,j e N={1,2,...,m}, i #j},
RiNSs=RNTy =T, NS; =@PandRyUS; UT; = P(m). Then fors = 1,2,...,r, Dy = [D;] € Ckm<km [ — [L;] e ckmxkm
and U; = [Uy] € C*™km jn (3.6) are defined by

Dii = Aijs (l,]) € R andi:jeN
U710, (L.j)ERs, i #]
Jpp— Al]? (17]) S SS

= :07 (i, ))ESs, 57
=10, (G, )ET..

Since A € H,’; indicates u(A) € M,’;, Definition 2.3 shows that there exists a positive diagonal matrix F = diag(filx, f2Ik,
., fmlk), where I, is the k x k identity matrix, such that AF satisfies

m
flAil = > 1Al >0, (38)
j=Lj#i
foralli € N. Note that (Ms, N, E;);_, is a multisplitting of A, E; = diag(e}lk, ..., el'ly) is a km x km nonnegative diagonal
matrixfors =1,2,...,rand Zgﬂ E; = I, the km x km identity matrix. Then we have

.
de=1, i=12...,mande>0 s=12,...,1. (3.9)
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~

Asaresult, A = M; — Ny = M, — Ny 31, E; € HX satisfying (3.8) foralls = 1,2, ..., r.LetA = [A;j] € C¥ .Since 0 < y; <
ws; <1land0 < ws fors =1, 2,...,r, it follows from (3.8) and (3.9) that

FlAL =)0 > Amnmlfi = [(ﬁm,—,w -y |A,-ju;-) %) |A,~jm}

s=1 j=1,j#i (i.j) €Rs;j#i (i.j)€Ss
r
-> [(1 — ;) (f,-|Aﬁ| - > |Ai,~tf,»>
s=1 (i.j)€Rs:j#i
+os—v) Y Alfi+os Y |A,»,-m} el
(i.))€Ss (i.)€Ts
= [(ﬁmu -y |Afj|ﬁ> -% ) |Ai,-u;}
(i.j)€Rs:j#i (i.))€Ss
- [(1 — ) (ﬁmin - > |A,»,-u;->
(i.J)€Rs;j#i
+os—y) Y WAlfi+os Y |Al-,-m}
(i.J)€Ss (i.)ETs
= o {f,-mia = Y Al = D Al — |A,-ju;}
(i.j)€Rs:j#i (i.)€Ss (i.)ETs
m
= fil&il = > 1Aylf
=L
>0, i=1,2,....m;s=1,2,...,r. (3.10)
Therefore, there exists a positive diagonal matrix F = diag(F, F, ..., F) such that AF satisfies (3.10)fori = 1,2,...,m

ands = 1,2,...,r, which shows that A € HE..(3.1) shows that A = M — N is a splitting as in (1.9). It then follows from
Lemma 3.2 that p(L(I", 2)) = p(X_s_, EsM;'Ny) = o(M~'N) < 1 which completes the proof. O

It is easy to obtain immediately the following corollaries from Theorem 3.5.

Corollary 3.6. Let A = [A;] € H,’; with a multisplitting (1.11). If 0 < ys < ws < 1and 0 < ws for s = 1,2, ..., r, then the
parallel BAOR iterative method converges to the unique solution of (1.1) for any choice of the initial guess x©.

Corollary 3.7. Let A = [A;] € H,’; with a multisplitting (1.11). If 0 < ws < 1for s = 1,2, ..., r, then the parallel BGSOR and
BSOR iterative method converges to the unique solution of (1.1) for any choice of the initial guess x©.

Theorem 3.8. Let A = [A;] € H,’; with a multisplitting (1.11). If 0 < ys < ws < 1and 0 < ws fors = 1,2, ..., r, then the
extrapolated parallel BGAOR iterative method converges to the unique solution of (1.1) for any choice of the initial guess x©.
Proof. Similar to the proof of Theorem 3.4, it is easy to obtain the proof coming from Theorem 3.5. O

Corollary 3.9. Let A = [A;] € H,’; with a multisplitting (1.11). If 0 < ws < 1fors =1, 2, ..., r, then the extrapolated parallel
BGSOR iterative method converges to the unique solution of (1.1) for any choice of the initial guess x©.

4. Applications to special cases from the solution of partial differential equations

In this section, we will discuss the convergence of matrices arising in the numerical solution of some special partial
differential equations such as the Euler equation [2], the Navier-Stokes equation [1], elliptic equations [9] and so on. These
matrices have the following form

T s
M| T e ok (4.1)

S
S T
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where Ty, S, Sy € C™ are defined by

c —-A

At
T=|4 ¢ , (4.2)

S
—At ¢

—-B~ —B*

S] = . 52: . (43)
—-B~ —B*

Here A = At —A~ € C**and B = BT — B~ e C**¥ are decompositions of Hermitian (indefinite) matrices A, B into positive
semidefinite parts A*, B* and negative semidefinite parts —A~, —B~, while C = A™ +A~ + B + B™. Furthermore, N(A) N
N(B) = J, where N(A) = {x € C" | Ax = 0} is the right null space of the matrix A.

WithT = M; — N;, s=1,2,...,t, where M and N; are defined by (1.5) and (1.6), one has the splitting

M=P—Q;, s=1,2,...,t, (4.4)
where
P, = diag(Ms, Ms, . .., M) € CPoPk (4.5)
and
Ny —5;
Qs — _SZ Ns T e Cprkxprk. (46)
N . : . _Sl
_SZ Ns
Let
T=D,—L,-U, s=12,...,t (4.7)
be as in (1.11). Then the matrix M can be written as
M=Ds—L —U, s=12,...,t, (4.8)
where
Ds = diag(D,, D., ..., D.) € CPkxPk,
L
/
L= -5 LS c Cprkxprk (4.9)
s — . . ’
-S, L
and
Ul =S
U = UG e Pk, (4.10)
. =S
U/]

S

Based on the splittings (4.4) and (4.8), this section will establish some convergence results for the parallel multisplitting
block iterative method and the parallel multisplitting block GAOR (AOR) method, respectively.

Theorem 4.1. Let M be as in (4.1)-(4.3). For the splitting (4.4) of M, the parallel multisplitting block iterative method (1.7)
converges to the unique solution of (1.1) for any choice of the initial guess x©.

Proof. According to Theorem 6.1 in [3], we have M + M" ¢ M,i‘r- It is easy to obtain M € Hl’j‘r from Lemma 3.1 in [18]. It
follows from Theorem 3.3 that p(T) < 1, where T = Z§=1 EM; IN;, i.e., the parallel multisplitting block iterative method
(1.7) converges to the unique solution of (1.1) for any choice of the initial guess x@. O

Theorem 4.2. Let M be as in (4.1)-(4.3). For the splitting (4.8)of M,if 0 < ys <ws < 1and0 < wsfors =1,2,...,¢t, then
the parallel BGAOR iterative method (1.12) converges to the unique solution of (1.1) for any choice of the initial guess x©.



256 C.-y. Zhang et al. / Journal of Computational and Applied Mathematics 279 (2015) 249-260

Proof. The proof is similar to that for Theorem 4.1 and is easy to obtain from Theorem 3.5. O

5. Numerical examples
In this section some examples are given to illustrate the results obtained in Sections 3 and 4.

Example 5.1. Let the coefficient matrix A of linear system (1.1) be given by

3 -2 2 -1 1 -1
-2 3 -1 2 -1 1
40 —35 100 —80 —50 40

A=1_35 40 —80 90 40 —40|° (5.1)
3 -3 -6 4 10 -8
-3 3 4 -5 -8 9

It is easy to see that A € H%. Now we verify the convergence results of some block iterative methods for linear systems with
given matrix A € H3 in Section 3.

We choose
r3 -2 2 -1 1 —11
-2 3 -1 2 -1 1
0 0 100 -8 -50 40
Mi=19o 0o —s0 90 40 —40]| (52)
0 0 0 0 10 -8
Lo o0 0 0o -8 9
-3 -2 0 0 0 0T
-2 3 0 0 0 o0
40 -35 100 -8 0 O
Mi=1_35 40 —80 90 o0 o0 (5.3)
3 -3 -6 4 10 -8
| -3 3 4 -5 -8 9]
and
3 -2 0 0 0 0
-2 3 0 0 0 o
0 0 100 -8 0 O
Ms=109 0 -8 9 o0 o0 (5.4)
0 0 0 0 10 -8
0 0 0 0 -8 9

Then,Ns = M; —Afors = 1, 2, 3. Set E; = diag(1/2,1/2,1/6,1/6,1/3, 1/3),E, = diag(1/3,1/3,1/2,1/2,1/6, 1/6) and
E; = diag(1/6,1/6,1/3,1/3,1/2, 1/2). Then, we have 2;1 E; = I, and consequently, (M, N;, Es)g’:1 is a multisplitting of
the matrixAand T = Zfz] E;M; 'N; is the iteration matrix. Direct computation yields p(T) = 0.8987 < 1, which shows
that the parallel multisplitting block iterative method (1.7) is convergent.

Example 5.2. Consider the following linear system arising in the numerical solution of the Euler equation [2]:
Mx = b, (5.5)

where M € C#*3x2x(4x3x2) js a5 in (4.1)-(4.3)and b = [1,3,1,2,5,3,2,1,7,5,9,0,2,0,1,2,1,0,1, 3, 1.2, 4,6, 8]".
Hereat =a- =2, S| =[5 3B =]2, J]andc=a"+a 4B 45 =[5 7| Thena=

AT —A~=0andB=B"—B" = {]andhence N(4)\N(B) = #.Then

T $
o 52 T S] (4x3%x2)x(4%x3x2)
M = s, T s |€C , (5.6)

S T



C.-y. Zhang et al. / Journal of Computational and Applied Mathematics 279 (2015) 249-260 257

Table 5.1
The comparison of convergence speed with different r and E; = %L;X;Xz.
r 1 2 3 4 5 6
p(T}) 0.1801 0.2901 0.2844 0.2959 0.2894 0.2796
Number of iterations 11 13 13 13 13 12
Table 5.2
The comparison of convergence speed with different r and E.
r 1 2 3 4 5 6
p(Ty) 0.1801 0.1801 0.1801 0.1801 0.2719 0.2719
Number of iterations 11 12 12 12 12 12

Note that in Table 5.2 the weighting matrices E are chosen as follows: E; = diag(ls, 0, I, 0) and E; = diag(0, Ig, 0, Is) whenr = 2; E; = diag(lg, 0, I, 0),
E, = diag(0, Is, 0, 0) and E3 = diag(0, 0, 0, Iy) when r = 3; E; = diag(ls, 0, 0, 0), E; = diag(0, Is, 0, 0), E3 = diag(0, 0, Is, 0) and E; = diag(0, 0, 0, Ig)
whenr = 4; E; = diag(ls, 0, 0, 0), E, = diag(0, Is, 0, 0), E5 = diag(0, 0, Is, 0) and E;, = Es = diag(0, 0, 0, %IG) whenr = 5; E; = diag(ls, 0, 0, 0),
E, = diag(0, Is, 0, 0), E5 = Eg = diag(0, 0, %IG, 0) and E4 = Es = diag(0, 0, 0, %Is) when r = 6, where I is the 6 x 6 identity matrix.

where T, S;, S, € C3*2xG%2) gre defined by

c -A"
T = —AT C —-A" |,
At C 57)
5.7
—B~ —B*
Sy = —B~ , S, = —B*
—B~ —B*
Writing T = M; — N;, where M; and N are defined by
e 0 ] [c -A-
M;=|-A" C o0, My=|0 C —-A"
—AT C 0 C
¢ o ] [c -A-
M;=|-A" C —-A |, Msq=|0 C 0 (5.8)
0 ¢ —AT C
¢ A~ ] c o
Ms=|-A" Cc o0, M¢g=|0 C —-A"
0 ¢ At C

and Ny = M; — T fors = 1, 2, 3, 4, 5, 6, then we have a multisplitting (P;, Qs, E;);_, of the matrix M with 1 < r < 6, where
P; and Qs are defined by (4.4)-(4.6), and E; = 1I4X3X2, where I4X3X2 isthe (4 x 3 x 2) x (4 x 3 x 2) identity matrix for s =
1,2, ..., r.Furthermore, the iteration matrix is T, = Zr ]QS By direct computation, one obtains p(T;) = 0.2901,
p(?l‘4) = 0.2959, p(Ts) = 0.2894 and p(Tg) = 0.2796. Tl‘llS shows that the parallel multisplitting block iterative method
(1.7) for linear system (5.5) converges to the unique solution of (5.5) for any choice of the initial guess x©.

In what follows we consider the convergence speed (i.e., quantity of spectral radius of iteration matrix and number of
iterations required for given accuracy ¢) of the parallel multisplitting method for different values of r. As is shown in [14,19],
for a given linear system, the convergence speed of the parallel multisplitting method depends not only on the choice of the
parallel multisplitting of the coefficient matrix and the weighting matrix but also on the number r of splittings in such a
parallel multisplitting.

Tables 5.1-5.2 indicate the changing on both the quantity of spectral radius of iteration matrix and the number M of it-
erations required for given accuracy € = [x™ —x™=1 ||, < 10~* for different r and different choice of weighting matrices
E;, where || x||» denotes 2-norm of the vector x. The initial guess was taken to be the vector of all one’s.

Finally, we test the convergence of the parallel BGAOR iterative method (1.12) for linear system (5.5). Assume that (5.6)
and (5.7) hold. Let M; be defined asin (5.8)and Ny = M;—T fors = 1, 2, 3, 4.Let T = D, —L;—U;, where D; = M,,L; = Oand
U, = Nsfors = 1, 2, 3, 4. ThenM = Ds—L;—Us, where D;, L; and Us are defined in (4.9) and (4.10), and thus, (P, Qs, ES);‘:1 is
amultisplitting of the matrix M, where P; = 0~ ' (Ds—y L), Qs = o~ [{(1—0)Ds+(0—y)Li+wU;,0 <y <0 <1,0<w
and E; = 0.2514,3x2 With I 32 the (4 x 3 x 2) x (4 x 3 x 2) identity matrix fors = 1, 2, 3, 4. As a consequence, L(y, w) =
22:1 EP~ 1Q, is the iteration matrix of the parallel BGAOR iterative method (1.12). Let p(£(y, w)) denote the spectral radius
of £L(y, w). The comparison results of p(L(y, ®)) with different parameter pairs (y, w) are shown in Table 5.3 to show that
the change of the convergence of the parallel BGAOR iterative method with parameter pair (y, ) changing.
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Table 5.3

The comparison results of p(£L(y, ®)) with different parameter pairs (y, ).
(v, ) (0.1,0.2) (0.3,0.4) (0.5,0.6) (0.7,0.8) (0.8,0.9) 0.9,1)
p(L(y,w)) 0.8592 0.7184 0.5776 0.4367 0.3663 0.2959
(v, w) (0.8,0.8) (0.9,0.9) (0.9,0.95) (0.95,0.99) (0.99,0.99) (1,1)
p(L(y,w)) 0.4367 0.3663 0.3561 0.3030 0.3005 0.2959

The table shows that the change in the convergence of the parallel BGAOR iterative method with change in the parameter
pair (y, ).
In the following, we will discuss the convergence of the parallel BGAOR iterative method (1.12) for linear system (5.5). It

is easy to see from Table 5.3 that p(L£L(y, w)) decreases gradually when r and w increase from 0.1 and 0.2, respectively, to
1. Furthermore, we have

min  p(L(y, ) = p(L(1, 1)) = p(Lpsccs), (5.9)
y,we(0,1],y <w

where £pgcgs denotes the iteration matrix of the parallel BGGS methods.
In addition, since the parallel BGSOR, the parallel BAOR and the parallel BSOR methods are special cases of the parallel
BGAOR-method, the same results for the parallel BGSOR, the parallel BAOR and the parallel BSOR methods can also obtained.

Example 5.3. Consider a large sparse linear system arising in the numerical solution of the elliptic equations [9]:

Ax =0b, (5.10)
where
rB —I
A— —I B . € Cmnxmn (5.11)
SURRETU
L -1 B

where I is the m x m identity matrix and B € C™*™ are defined by
-4 —1

B— -1 4 T e ¢mxm. (5.12)
o _q
L -1 4

For r = 2 and two positive integers my, m; with 1 < m, < my; < n, we define a multisplitting A = D — L; — U; of the
block matrix A, where

D = diag[B, B, ..., B] € C"™*™";
Li=[J]eC™m™ s=1,2 (5.13)
Us=[UJ] e C™™, s=1,2

with

[ _ I, j=i—1,2<i<my,
10, otherwise,

@ _ I, j=i—1,m=<i=<n,
|0, otherwise,

I, j=i—1,m+1<i<n, (5.14)
U =11, j=i+1,1<i<n-1,

0, otherwise,

I, j=i—1,2<i<my—1,
u® =11, j=i+1,1<i<n-—1,

0, otherwise,

and two weighted matrices

Es = diag[E{), ..., E®] e C™ ™ 5=1,2 (5.15)

> ~nn
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Table 5.4
Multisplitting BGAOR method withn = m.
m 5 7 11 13 15 20

(i)

Time 00483 0785 0892 07120 19663  20.2959
Iter 19 30 56 75 93 148

(ii)

Time 00613 00837 0.0880 07052 19551  20.3108
Iter 19 30 56 75 93 148

Table 5.5
Multisplitting BGAOR method when the cases (i) and (ii) forn = m = 10.

(y.o) (091) (071) (051) (0711) (1.1,1) (1,1)

(i)
Time 0.0753 0.0815 0.0819  0.0895 0.0884  0.0726

Iter 42 51 52 105 84 39
(ii)
Time 0.1130 0.0737 0.0810 0.103 0.0923  0.0731
Iter 44 51 56 115 83 41
where
I, 1<i<my,
EV =11/2, my+1<i<m—1
07 my S i S n
. (5.16)
O’ 1 E 1 E mp,
EP =11/2, my+1<i<m—1,
I, m; <i<n.

Welet (i)m; = [%”], my; = [%]; (iiym; = [%”], my = [g],where[ | denotes the integer part of corresponding real num-
ber. Then we get two weighted matrices E; and E,. The initial guess of x, is taken as a zero vector. Here ||x**1 — x¥|| /|| x**+1]|
< 107% is used as the stopping criterion. All experiments were executed on a PC using MATLAB programming package.
InTable 54,y = y; = y», = 0.7 and w = w; = w; = 1, we report the CPU time (Time) and the number of iterations
(Iter) for the multisplitting block GAOR iterative method. In Tables 5.5, let m = 10, we report the CPU time (Time) and
the number of iterations (Iter) for the multisplitting block GAOR iterative method for different y and w. Following from
Tables 5.5, for (y, @) = (1, 1) it can be seen that the convergence rate of the multisplitting block GAOR iterative method is

faster than the other parameterized iterative method for generalized H-matrices.

6. Conclusions

The paper is devoted to the study of the convergence properties of some parallel multisplitting block iterative methods
for the solution of linear systems arising in the numerical solution of the Euler equation. We give sufficient conditions for
the convergence of parallel multisplitting block iterative methods including the parallel block generalized AOR (BGAOR),
the parallel block AOR (BAOR), the parallel block generalized SOR (BGSOR), the parallel block SOR (BSOR), the extrapolated
parallel BAOR and the extrapolated parallel BSOR methods. Furthermore, we present the convergence of the parallel block
iterative methods for linear systems with special block tridiagonal matrices arising in the numerical solution of the Euler
equation. Finally, we have given some examples to demonstrate the convergence results obtained in this paper.
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