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1 Analytical Expression of Production Rate

For the two-machine geometric line, the production rate is expressed as [1]
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In addition, machine efficiencies are expressed as
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Assume p; and p, are fixed and r| and r, vary in (0, 1]. In the following, some useful derivatives

are derived.



2 Partial Derivatives

From (1.4), it follows that
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In addition, taking the partial derivative of both sides of (1.1) with respect to e; and e,, respec-

tively, we have
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Since PR is monotonically increasing in r; and r, (and thus, e; and e;), respectively [1], we have

IR > 0,i = 1,2, which implies that
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2.1 Derivatives for N = 1

For N = 1, the Q-function and the production rate can be simplified as
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Note that the expression of PR can be re-written as
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Let
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2.2 First Derivatives for N > 1

In the following, the first partial derivatives of a4, @y, B1, B2, 0, A, B, C, D, and Q with respect to

e and e, are derived.

The first derivatives of a; and a, are as follows:
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The first derivatives of A are as follows:
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The first derivatives of B are as follows:
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The first derivatives of C are as follows:
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The first derivatives of D are as follows:
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The first derivatives of Q are as follows:
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2.3 Second Derivatives for N > 1
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In the following, the second partial derivatives of a4, a,, 81, B2, 0, A, B, C, D, and Q with respect

to e; and e, are derived.

The second derivatives of @ and a, are as follows:
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The second derivatives of 8, and 3, are as follows:
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The second derivatives of ¢ are as follows:
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The second derivatives of A are as follows:
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The second derivatives of B are as follows:
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The second derivatives of C are as follows:
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The second derivatives of D are as follows:

8*D oVt (N =1V b @By | O 3,32 pae> plaz
(9_e% —Plpz[(l —e)? - 1—-e¢ 861][1 - e (_'32 Be )] ( @ +p) +
N-1
P1p20 a1 1 Oa 0B Oary B2
- 1-e; [(1—e1)2+1—e1(0e1ﬂ2+018e1) (8elﬁ2+a18 1)
8 (o7 o 8/32 o (9/32 aﬂz ][ p2€2 p1ar ]
+el(82ﬁ2 6616€1+6€16€1+a5e) +'8)+

pip2o 7 a1 Bn day B> ][ paey (Oay 01 pP1ay Pi (%ﬂ]
* 1—61 [1—61 ((96‘1'82 661) 1—62(681 +8€1)+(1—61)2+1—€1 6e1

+p1p2[ @152 o1 4 €l (8a1,8 ‘%2) N-1 elalBZ(N—l)o-N 2‘90;]

(1-e7)? 1—e;'\0e; 8e 1-¢;
p2ey (Oay OB p1as ] pip2e1a1 3 N—l[ pres (Par OB 2pras
[1—62(561 561)+(1—€1)2 " I—e d 1—62(6% " 6e§)+(1—61)3
D1 aa’z] [ a16> N-2 00 oo el oy 8ﬁ2 N 230’
N-1 P LI @
(1 —e1)? Oe; *( )P1p2 1- 61)20- 8 * 1- 61(661'8 'de 1) Oeq
ela/]ﬁz N_3 do\2 e1a152 N_za O'][ pzez p1a2 ]
o) il av
1o (N )or (ae1)+1—e10 5 @+ ) + 1
(N— 1)p1p2€10/152 oN- 230'[ 212 3(1/1 3,31) piez__pi @]
1—61 661 1—62 ael 061 (1—61)2 1—61 661
N-2
P1P20 o 01/32 day 3,32 ][ 212 P12 ]
= - 1)— _
1—61 [1—61+( )361][ ( IBZ ) 1—62(a1+ﬁl)+1—
N-1 2 2
P1p20 @152 2 — ey 0, 3ﬁ2 0y 501 B> B3 ]
* 1-¢ [(1 —e)? * 1 —el(aelﬁ2+a] de; )+el( oe? e 2 P2t 8@1 861 o 6e%)
N-1
p2e2 p1az2 | pipaod [ aif Oy, OB ][ p2er (O OB
[ ( 1+'81)+ el]+ 1—e [l—el ( '82 661) 1—62(861 861)
P12 P10 a1 da B> ]
— N-1
(l—el)z] 1 —e¢ [l—elo- e( ﬁ +a/lc') )0—+( )ela/l,Bg
.[_Pzel (‘%ﬂ + %)Jr P12 ]+ plpzelaflﬁZO_N—l p2e2 (5201 azﬁ]) 2p1a2 ]
1 —er\de Oe; (1- 61)2 | 1—e 56% 38% (1- 61)3
(N - l)plpza_N_g[ a1y 0o Oay 0B\ Oo
* 1- el 1- 610-361 * 61(661'82 361) 661
00 \2 oo e
+ (N—2)€1(11,82( ) +ela'1ﬁ20-¥][ D2e2 ( a +ﬁ )+ lpl_ 2]]
(N— Dpi1prera1a N 260’[ ) 20X%) 6(1’1 %)4_ P12 ]
1- (] 661 1- () 861 361 (1 - 61)2
N-1
_p1p2o 2018, 2 Oay 3[32 P a 501 B> B3 ]
T l-e [(1—61)2+1—81(881ﬁ e)+el( '82 (? 8el+aae1)
a 2 oM 21 5 0B
[pzz(a1+,8)+pl 2]+ P1p2 [ 182 e(—ﬁ fa ﬁ)o-+(N—1)e1a1,62 ]
el 1—e¢ 1-¢; Oe
p2er (Oa; OB P12 ] pip2e11f N—l[ per (9a 52[31 2p1ap ]
[1—62(5€1+5€1)+(1—61)2 " 1 —e o 1—62(64 " 66%)+(1_€l)3
(N - 1)P1P20_N_3[20/132 oo oy B\ Oo 0o \2
+2e (22 X yN-2 @
* 1-e¢ 1- elo-c?el el( '82 o Oe 1)0-661 *( )elalﬁz(ael)
oo e
+€1011ﬁ20'(9 2][ P2 22( @ B+ FL 2]

19 (2.31)



2 2 2
ot T e Gato ) e+ G gfi g v
[P om0 o LG el )
[a o A * 1itxii %%)+1?ﬁ%%}w4
8 e e SR o e IR e L L
s 111]_9_2:]1[(%’82 6ﬁ2) N1 4 Ba(N — 1)0_1\/-22_2]
' [1piezz(% " Z_f]l) " (1p—1(:)2]
2 2
" %ﬁlﬁz‘w 1[(1 f2e2)2(?921 " g%) " 1pfe;(ai§; " ailg.lez) T flel)2 Z:
POl Doy, o Bopoaat
+ m/a’z[(N - 2)o" 332-2 g: + O'N‘2aflz(;;2]}[lpiee2 (1 + ) + lpl_aezl]
LN - 1ip_1p621€16¥1ﬁ20_N 2:99:[(1 b )2(01 1B+ 1piee22(% . %) . 1Ijle1 %]

__pip> O_N_l[ (7] %_‘_ (50/1 0P B )][ paer (@ 1+ﬁ1)+ D1 2]

+
1- (4] 1- €1 (962 (961 862 0/166166’2 1- (%) — €1

L b O_N_l[ a1 +€1(6alﬁz+6¥1%)][p2(al +,31)+ Daes %+ Di (9012]

1 —e 1 —¢ Oe (1-ey)? 1 — e, Oes 1—616_62
L P N O [ alﬁz Oa, 5,32 ][ pae> P1 2 ]
N -1 + +
1 — 61( ) (962 1- (4] (Gelﬁz (961) (CY] ﬁl) — €1
L Pipaar v 2[5',32 ][ paex (O0ay 0B P12 ]
Rt +(N-1 T (—+ )+
1-e¢ de ( )'82662 1- eg(ael 061) (1-¢))?
pip2e1aifs N—l[ P2 (Oar  OBi\  prer P pi 5@2]
- 1 — €1 7 (1 —62)2(681 * 661)+ 1 — € 661662 - (1 —61)2 662
(N— Dpiprera; - 3[6,82 do do Oo 0o ]
+ (N =-2)B——
=i 7 96,736 TN P, 5 TP 5 e
[ e+ 2|
—e —e
(N— Dpipaeiaiffa y_ 230'[ p2ex 0By P1 302]
1—e 7 de; L (1 - 2)2(a1+,81) 1 — e, e, " 1—e0e, 1

(2.32)

20



(?ZD :p1p2€1 [(0@’1 % +ay aﬁZ)O_ _
6e§ 1 —e; 1\de, Oe, 8e

v 2 - S [ 2y 1 22
Oe, Oer) L1 —ey —e

pipeia1 0By noi[ P2 paey (Oay 0B p1 Oay
+ — 0 [ﬁ(al +ﬁ1)+ (6_32+6_e2)+ —]

1—61 862 1—62 1—61682
pip2ei [0, ,3 N-2 00 P2
# B (C0s 4 a2 )0+ oV = D025 | P )

pex 9B pi @] p1p2e121f3> N—l[ 21? P2 (Oar OB

" oede T-adel 1-¢ ¢ |ldoegp@thlt (1—e2)2(8e2+82)

P2 OB prex &P D 32042] (N = Dpipse; | 0 B2\ n_, 00
(1 —¢,)2 ey * 1—e; de3 - 1 —e de? - ( ﬁz 662)0- 0

cas v -2 (G T s 2]

1—61 (%)

dey oe? l-e¢
(N— lipilzamﬁzo_zv 222[(1 L )2(“1 VB + lpiezz(gz g/j;)ﬂlj—;%]
S o G 0 i G G P e 2
+pllpi—eelfhg_f§“]v 1[(1 e A 13622(;_2%?1@%]
e P2 2 (8 = Do | e+ + 2
1[jle1 g:j]erllizil:lﬁzaN_l[(lzp SERUR (1—e2)2?9§;

P2 3,31 4 prer 0B + P1 52012]+ (N = Dpipse; a; 5,320_]\; 2_0'
(1 —e))20e; 1—e, A R e, de,

Ao \2 0o e @
+a1ﬁ2[(N—2)0'N_3(6—e2) +0'N_2¥]}[ P26 @+ )+ L 21]

1—61

(N— 1)]911?261&1/320_1\/ , 0o

paé 3,31 14 3012]
1—81 662[(1— )2( : B1)+ 1—8266’2 * 1—6’1 062
Pllpzelafl o 2[3 ,32 +N - 1)3,32 30’][ paes ( @+ ) + P1C¥2 ]
—e 6e2 de, 662 —e
2pi1prera; N—2[8ﬁ2 ][ P2 p2ez Of P1 502]
ZP1P2717 P2 N -1 it} 2
- 1—61 7 0620--'_( )182662 ( — e )z(al ﬁ1)+ 1 ) 662 1 — €1 662

2 0, i i
N P1P261CV1,320_N_1[ ( + ) + —222 B P2 OB P az]
1—e; (1- )3 (1-e)?0ey 1—ey 93  1—e; de3

+(N_1)p1p261“10N-3{832 0o [(N 2),32( Z) 4 i]}
€

1-¢ O0e, 6e2

| P2e2 (@) +By) + pP1as ]
1—62 1—61

(2.33)

21



The second derivatives of Q are as follows:
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