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Abstract

Series machines, i.e., machines connected in series with no buffering, are pervasive in pro-
duction systems. In the analysis, design, and optimization of the series-machine system, the
efficiency analysis is one of the most fundamental issues. There are not a lot of researches
analyzing the efficiency of the series-machine system under the assumption of Operation-
Dependent-Failures (ODF) mechanism and almost all of them assumed that machines break
down in terms of ODF-I (i.e., the breakdown of a machine could make all other series machines
forced down) rather than under ODF-II (i.e., the breakdown of a machine does not make any
other series machines forced down). The reason that ODF-I is usually assumed in the literature
is that the analysis of the series-machine system under ODF-II is much more complex than un-
der ODF-I, although ODF-II might be more common in practice. To systematically analyze
the efficiency of the series-machine system, in this paper, we propose an analytical method to
investigate the efficiency under both ODF-I and ODF-II failure mechanisms. Different from
under ODF-I, analytical expressions of the efficiency of series-machine systems under ODF-II
are hard to obtain and thus, limit bounds of the efficiency are derived and an algorithm is devel-
oped to calculate its exact value. Results show that the series-machine system under ODF-II
is more efficient than under ODF-I, which, intuitively making sense, is the reason that ODF-II
are more common in the industry.
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1 Introduction

Machines connected in series with no buffering are pervasive in production systems, €.g., in gen-
eral assembly systems of the automotive industry [1]. This configuration is called series-machine
system, which is shown in Figure 1.1, where circles represent machines my, my, ..., my. In gen-
eral, series machines are connected without buffering in the plant mainly due to two considerations:
1) buffers may be very expensive, e.g., they take up huge and costly space in the automotive in-
dustry; 2) although buffers could improve the throughput, they cause higher work-in-process and
longer production lead time, which conflicts the leanness concept in the production systems. Thus,

series-machine systems are inevitable and important in the production industry.

Figure 1.1: A series-machine system with N machines

In production systems, machines are usually unreliable, i.e., they break down randomly during
the production process and the repair time is also random. In the literature, the failure mechanism
of a machine could be either Time-Dependent-Failures (TDF) or Operation-Dependent-Failures
(ODF). Their difference is that, under ODF, a machine can break down only when it is operational
(i.e., up and busy); while under TDF, it could break down as well when it is idle (i.e., up but
forced down). More details of ODF and TDF can be found in monographs [2]-[4] and survey [5].
Since there are no intermediate buffers between the series machines, for each of the above two
failure mechanisms, the breakdown of a machine could either make all the other series machines
forced down or not make any series machines forced down, which we call type-I and type-II
mechanisms, respectively. Thus, we have four combinations of failure mechanisms for the series-
machine system and call them TDF-I, TDF-II, and ODF-I, ODF-II. In this paper, we concentrate
on ODF-I and ODF-II mechanisms. Differences of ODF-I and ODF-II failure mechanisms are
illustrated by exemplifying two series machines m; and m, in Figure 1.2, where cycle times of
machines are deterministic and identical. Note that these two machines are synchronous (i.e., jobs
do not move to the next machine until all of them are completed on the current machine).

The efficiency is one of the most important measures of the series-machine system. It indicates
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Figure 1.2: Illustration of ODF-I and ODF-II on two series machines

the extent to which machines’ downtimes impact on the throughput of the series-machine system.
Since it is closely related to the throughput, the efficiency plays a key role in analysis, design,
and optimization of production lines such as performance analysis of lines with stages consisting
of series machines [1], buffer allocation [6], stage aggregation [7], and performance analysis and
optimization of production systems obtained by stage aggregation [8, 9], etc. Clearly, if the effi-
ciency is not accurately estimated, errors of the throughput and other performance measures may
be large and unacceptable, which would lead to totally wrong conclusions and/or wrong decisions
in analysis, design, and optimization of production lines. Therefore, it is critical to analyze the
efficiency of the series-machine systems.

In the literature, Buzacott initiated the efficiency analysis of the series-machine system in the
seminal work [10] and [11]. However, almost all existing researches focus on the efficiency analy-
sis of series-machine systems under type-I failure mechanisms (i.e., ODF-I and TDF-I). The reason
is that, on the basis of some assumptions, the efficiency of the series-machine system under type-II
failure mechanisms (i.e., ODF-II and TDF-II) is approximated in practice by the efficiency under
corresponding type-I mechanisms. One of these assumptions usually used is that in the series-
machine system, only one machine could break down at any time (see [11] and monographs [2,3]).
Another assumption for the approximation analysis is that the machine cycle time is much shorter
than the mean time between failures [12], [13]. In addition to the approximation analysis, another

reason that existing literature on type-II failure mechanisms is very limited is the complexity of



efficiency analysis under this type of failure mechanisms. Although it is easy to analyze the ef-
ficiency of the series-machine system under type-I failure mechanisms, it is very difficult under
type-II mechanisms. In [14], a bound analysis approach and an approximation approach were
developed to analyze the throughput of the series-machine system under ODF-II. In the bound
analysis approach, a numerical method was proposed to calculate the lower and upper bounds of
the expectation of the cycle completion time. Based on this method, the gap between the lower
and upper bounds could be as small as possible. In [2], a similar concept for the efficiency analysis
under ODF-II was also mentioned. In [7], an estimate of the efficiency under ODF-II was obtained
by an approximate approach.

Although type-I failure mechanisms are used for performance analysis, series-machine systems
usually operate under type-II failure mechanisms because these mechanisms make more sense and
are intuitively, more efficient. However, the accuracy of approximating type-II failure mechanisms
by type-I may be unacceptable for efficiency analysis, especially when there are a lot of series
machines and efficiencies of the machines are not close to 1 (which will be demonstrated in Section
5). Thus, this paper intends to analyze the efficiency of the series-machine system under type-II
failure mechanism. Due to space limitations, we focus on the analysis under ODF-II.

In this paper, we propose an approach to investigate the efficiency of the series-machine system
under ODF mechanisms. It can also be used to analyze the series-machine systems under TDF
mechanisms. As in the literature, for ODF-I, we obtain closed-form expressions of the efficiency.
While for ODF-II, it is very hard to derive closed-form expressions. Thus, we derive limit bounds
of the efficiency analytically and develop an algorithm to numerically calculate the efficiency under
ODF-II.

The main contribution of this paper is as follows: it analyzes limit bounds of the efficiency
of the series-machine system under ODF-II and develops an algorithm to calculate the efficiency;
it preliminarily investigates some properties of the efficiency under ODF-II, which may provide
some insights for deriving closed-form analytical expressions of the efficiency.

The remainder of the paper is organized as follows: In Section 2, the series-machine system
investigated in this paper is modeled and an approach for efficiency analysis is proposed. Based on

this approach, the efficiency of the series-machine system under ODF-I is analyzed. The efficiency



under ODF-II is analyzed in Section 3, where limit bounds of the efficiency are derived. In Section
4, an algorithm for estimating the efficiency under ODF-II is developed and based on the algorithm,
the limit bounds of the efficiency are numerically verified. Discussions and insights are presented
in Section 5. The conclusions and topics for future work are addressed in Section 6. Proofs of

theorems are provided in the Appendix.

2 Modeling of Series-Machine System and Approach to Effi-
ciency Analysis

In Subsection 2.1, we will model the series-machine system investigated in this paper. In Subsec-
tion 2.2, an approach to analyze the efficiency of the series-machine system is proposed and based

on this approach, the efficiency under ODF-I is analyzed.

2.1 Model

We make the following assumptions for the series-machine system investigated in this paper:

(i) The system consists of N machines, m;,m,, ..., my, which are connected in series without
buffering.
(i) The cycle time of machine m;, i = 1,2,..., N, is denoted as 7;.

(iii)) All machines are unreliable and are characterized by the reliability model, i.e., continuous
random variables that define machine’s Time Between Failures (7BF) and Time To Repair
(TTR). Mean values of TBF and TTR are Mean Time Between Failures (MI'BF) and Mean

Time To Repair (MITR), respectively. All random variables are mutually independent. The

MITBF;

efficiency of machine m;, i = 1,2,...,N, 1S ¢; = ="
1 1

(iv) All series machines have the same failure mechanism, which is either Operation-Dependent-

Failures-I (ODF-I) or Operation-Dependent-Failures-11 (ODF-II).



(v) All series machines process jobs in pace with each other, i.e., at the beginning of a processing
cycle, all machines start to process jobs; when all of them complete the processing, jobs are

synchronously moved to the next adjacent machine.

2.2 Analysis approach

Although the efficiency of the series-machine system under ODF-I has been analyzed in the litera-
ture, e.g., [2] and [3], existing methods are not applicable to analyze the efficiency under ODF-II.
In the following, we propose an approach for the efficiency analysis and verify its effectiveness
under ODF-I.

Denote the maximum value of the cycle times as 7, i.e.,

Tmax = Max ;. 2.1)
I<i<N

Let Y denote the cycle completion time of the series-machine system. Since the series machines
process jobs in pace with each other (see assumption (v) in Subsection 2.1), Y is the maximum
completion time of the series machines. Clearly, it is a random variable because of random failures
and repairs of the machines. Then, based on the definitions of throughput and capacity in [7], the

throughput and capacity of the series-machine system can, respectively, be expressed as

1 1

= —. C =

EY[Y]’ - Tmax'

2.2)

Thus, based on the definition of efficiency in [7], the efficiency of the series-machine system is

(2.3)

To derive the efficiency of the series-machine system, we need to calculate the denominator in
(2.3), i.e., the average cycle completion time Ey[Y]. In the following, we verify the effectiveness
of the above approach.

Under ODF-I, the breakdown of a machine will make all the other series machines forced



down. In other words, there is no overlapping between the operational time of a machine and
downtimes of the other machines. Since a machine could break down only when it is operational,
downtimes of all machines are non-overlapping, which can be observed in Figure 1.2. Thus, the
cycle completion time Y of the series-machine system can be expressed as the sum of two parts:
the necessary processing time 7,,, and the total downtime in a processing cycle of the series-
machine system. For machine m;, i = 1,2,..., N, the average downtime in a processing cycle is
%n, where MT'BF; and MITR; are Mean Time Between Failures and Mean Time To Repair of

m;, respectively. Therefore,
MTTR;
MIBF, "

EY[Y] =Timax T

N
i=1

(2.4)

N
1- é;
=Tmax + § T
Pyl

and thus, based on (2.3), the efficiency of the series-machine system defined by model (i)-(v) under
ODF-I is

Tmax
Eogp1 = —— 25—, 2.5)

1—6,'

N
Tmax + 24 —5 i
i=1

The efficiency in (2.5) is in accordance with the result in [2] and [3], which indicates the effective-

ness of the approach for efficiency analysis of the series-machine system.

3 Efficiency Analysis under Operation-Dependent-Failures-11

Using the proposed approach in Subsection 2.2, the efficiency of the series-machine system could
be derived by analyzing the average cycle completion time Ey[Y]. However, it is extremely hard to
calculate Ey[Y] analytically under ODF-II because downtimes of machines may overlap with each
other. In the following, we will present the expression of Ey[Y]. Since it is difficult to calculate
its exact value, we derive limit bounds for it. Based on the bounds of Ey[Y], we obtain lower and
upper bounds of the efficiency of the series-machine system under ODF-II.

Inspired by the analysis method in [14], we now provide the expression of Ey[Y]. Let W;,
i = 1,2,...,N, denote the number of failures of machine m; in a processing cycle. (Clearly,

the values of W;’s are non-negative integers.) Corresponding repair times are denoted by X;j,



i=1,2,...,N,j=1,2,...,W,. Thus, the completion time (i.e., the processing time and repair
times) of m; to process a job is 7;+ vzv]l Xij. Since the breakdown of a machine cannot make any other
series machines forced down (seé_Figure 1.2), the cycle completion time of the series-machine
system can be expressed as .

Y = max (7 + | X;j)- (3.1)

I<i<N

=
In expression (3.1), the distribution of W;, i = 1,2,..., N, depends on 7; and on the distribution of
TBF of machine m;; TBF and TIR (i.e., X;;’s) follow general continuous distributions.

Since it is hard to calculate the exact value of Ey[Y], in the following, we derive limit bounds for
it. For this purpose, we first investigate the limits of Ey[Y] based on the assumption of exponential
distributions of 7BF and deterministic repair times, and then prove for general distributions of TBF
and TTR, Ey[Y] is bounded by the above limits.

To derive the limits of Ey[Y], for the sake of simplicity, we assume that TBF of m;, i =
1,2,...,N, are independent and identically distributed with an exponential distribution with pa-

1

rameter A; and repair times are deterministic. That is to say, W; ~ Poisson(4;7;) and X;; = e

where failure rate A; = ﬁﬂ, repair rate y; = MI%, and MTBF; and MTTR; are Mean Time Between
Failures and Mean Time To Repair of machine m;, respectively. Thus, expression (3.1) is rewritten

as

Y = max (T,' + E), (3.2)

1<i<N M

where W; ~ Poisson(4;7;),i=1,2,...,N, and W;’s are independent.
Having 4;’s and y;’s go to zero or infinity while e; fixed, we could derive the limits of Ey[Y].
To do that, we choose 2N constants (A7, uj, A5, 43, . . ., Ay, i) such that AIIT;; =e¢;and let 4; = ad;

and u; = au;, where a € (0, +00). Now expression (3.2) becomes
(3.3)

where W; ~ Poisson(ad;7;),i=1,2,...,N. As aresult, we obtain:

Proposition 3.1 When «a goes to zero (i.e., all failure and repair rates go to zero), the mean



N
value of the cycle completion time Y, in (3.3) goes to Ty, + >, —7;. Mathematically,

-
im Ey, [Y,] = Tpas + Y ——17; (34)

Proof: See the Appendix.

Proposition 3.2 When a goes to infinity (i.e., all failure and repair rates go to infinity), the
mean value of the cycle completion time Y, in (3.3) goes to max = with probability one. Mathe-

I<i<N &

matically,

lim Ey [Y,] = max E, w.p.l. 3.5

a—+0o0 I<i<N ¢;

Proof: See the Appendix.

Lemma 3.1 The right-hand sides of equations (3.4) and (3.5) are, respectively, upper and

lower bounds of the mean value of the cycle completion time Y in (3.1), i.e.,

1 -

€;

b (3.6)

T.
max — < Ey[Y] < Tyax +

N
I<i<N ¢; -

1

Proof: See the Appendix.

Remark 3.1 Although equations (3.4) and (3.5) are derived under the assumption of expo-
nential distributions of time between failures and constant repair times, it is clear that the proof

of Lemma 3.1 is independent of distributions of TBF and TTR. Therefore, Lemma 3.1 holds for

general reliability models.

Theorem 3.1 The efficiency of the series-machine system defined by model (i)-(v) under ODF-

Il is bounded by
T T
e < Epapy < m;” (3.7)
el ' X -t
Tonax + 3, =41 1<i<N ¢
=1

e;

Based on (2.3), it follows from Lemma 3.1 that (3.7) holds. Note that the lower bound is the

efficiency of the series-machine system under ODF-1.



Remark 3.2 From (3.7) one can observe that if for some i’, e, < 1 and Ty = Ty, while
e,=1,Yi=1,2,...,N, i # i, then the lower and upper bounds of E,;s, are both equal to ey, and
thus, the efficiency E,qp» = ey. Clearly, a special case is that e; = 1. In other words, if e; = 1,

Yi=1,2,...,N, the lower and upper bounds are 1, and the efficiency E,;r> = 1.

Remark 3.3 From (3.7), we can see that E,;y\ is a lower bound of Er>. This can be intuitively
explained under the assumption of the exponential reliability model of machines: when failure rates
A;’s and repair rates u;’s are close to 0, downtimes of different series machines hardly overlap with
each other, which implies that the average cycle completion time under ODF-II is close to that
under ODF-1. As for the upper bound of E,us, we can see that if T; = 7, i = 1,2,...,N, then

Eoqp» < min e;, which intuitively makes sense.
1<i<N

4 Numerical Verification of Limit Bounds of the Efficiency

Although Theorem 3.1 provides the lower and upper bounds, no closed-form expressions of E,;s,
are derived so far (note that the error of the estimate in [7] may be large). To precisely estimate
Eyq> in terms of (2.3), based on the mechanism of ODF-II, we propose a numerical method to
calculate the expected cycle completion time, Ey[Y]. This method is shown in Algorithm 1.

The output of the above algorithm, Y, is an estimate of Ey[Y]. In this algorithm, N, as before,
is the number of series machines, T the total number of processing cycles simulated, k; the number
of failures of machine m;, and le represents m;’s residual uptime to its next failure.

Algorithm 1 can be used to verify the generalization of (3.7) for all reliability models. To do
that, we numerically verify (3.6) by estimating the expected cycle completion time (i.e., Ey[Y]) of
the series-machine system. For this purpose, 5,000 series-machine systems are constructed with

parameters selected randomly and equiprobably from the following sets:

N €[2,10], 7 €{0.9,0.95,1,1.05, 1.1},
e €{0.5,0.55,0.6,0.65,0.7,0.75,0.8,0.85,0.9,0.95, 0.99}, (4.1)

« €{0.1,1,10,100}, MITR* € {0.5,1,1.5,2,2.5},



Algorithm 1 Calculation of Expected Cycle Completion Time under ODF-II
1 k< 1,Vie{l,2,...,N}
2:Y<0,tT
3: fori=1:Ndo

4. Generate TBF, following the specified distribution of Time Between Failures
5:  Generate TTR;, following the specified distribution of Time To Repair
6: R/ « TBFy,
7: end for
8: while 7 > 0 do
9: t«t—1
10. fori=1:Ndo
11 S 0
12: while R/ < 7, do
13: ST — 8T + TTRy,
14: ki—k +1
15: Generate TBF, following the specified distribution of Time Between Failures
16: Generate TTR;, following the specified distribution of Time To Repair
17: R/ « R/ + TBF,
18: end while
19: Si:Y+Ti+Sl.r’”ew,R{<—le—Ti
20:  end for

21: Y <« max S;
1<i<N

22: end while

. Y
23.Y<—T

where @ and MITR" are used to calculate MTTR in terms of MITR = MITTR*.

As for the reliability models, we consider exponential distribution and Weibull, gamma, and
log-normal distributions with various coefficient of variation (CV'). For the sake of simplicity, dis-
tributions and CV’s of all times between failures and repair times of machines in a series-machine

system are assumed to be identical. The reliability model and CV are selected randomly and

equiprobably from the following set:

Reliability model € {Exp, Weibull, gamma, log-normal},
4.2)

CV €{0.1,0.25,0.5,0.75, 1}.

The analysis is confined to CV < 1 since, most of manufacturing equipment has CV’s of times
between failures and repair times less than 1 (see [15] and [16]).

The expected cycle completion time of the series-machine system is estimated based on Algo-

10



rithm 1 and the estimation result with 99% confidence level is denoted as [Y, 55}2, Ygf;z]. To verify

(3.6), we denote

N
T; 1 - €;
lBode = max —, UBode = Tmax t+ Ti, (43)
1<i<N ¢; : — e
and define
€ = [min(Y:y, = IBoap2, 0) + min(UBoap2 — ¥13,,0)|. (4.4)

YLB

Clearly, if € = 0, then the interval [ odf2?

Y(fff}z] locates in [LB,4y2, UBoas2], which implies that
Ey[Y]is in [IB,4f2, UBy4r2] with a probability greater than 99%; if € is very small, say, less than
4 x 1073, then either Y{fj}z is a little less than LB,y or Yo(izl;z a little greater than UB,ys», which
implies that Ey[Y]is in [LB,2, UB,4r2] with a probability close to 99%. Taking into consideration
that the estimate based on simulations is noisy, we regard Ey[Y] locates in [IB,;¢2, UBoir2] (in
other words, (3.6) holds) if

€<4x107. 4.5)

The expected cycle completion time of these constructed 5,000 series-machine systems has
been estimated using the following procedure: 20 repetitions of Algorithm 1 were carried out and
for each repetition, the simulation run for 200, 000, 000 processing cycles (i.e., T in Algorithm 1

was 200, 000, 000). As a result, we have:

Numerical Fact 4.1 For all 5,000 series-machine systems constructed in terms of (4.1) and
(4.2), € = 0 for 4970 of the systems; for the other 30 systems, € < 4 X 107>, Thus, (3.6) holds for

all 5,000 systems analyzed, which implies (3.7) holds.

5 Discussions and Insights

In this section, we compare the efficiency of the series-machine system under ODF-I and ODF-II
and get some insights from the efficiency analysis.

From (2.5), we can see that under ODF-I, the efficiency of the series-machine system does not
depend on failure and repair rates. In other words, for a given N, if cycle times and efficiencies

of machines are fixed, the efficiency of the series-machine system under ODF-I is a constant.

11



However, this conclusion does not hold for ODF-II (see (3.4) and (3.5)). Although the exact value

of the real efficiency under ODF-II is hard to obtain, Theorem 3.1 indicates that

Eoip1 < Eoafa- (5.1)

Inequality (5.1) indicates that, E,4f; is a lower bound of E,;f,. Since it is hard to analytically
calculate E,;», in practical applications, E,;y; is usually used to approximate it. The accuracy of
this approximation is very high for systems with small N, large relative MTTR (i.e., large @), and
e close to 1, which could be observed in Table 5.1 (see the case that N = 2, ¢ = 0.99, MTTR = 5),
where E, ;s> 1s calculated based on Algorithm 1. However, for systems with large N and small e
and relative MITR, the approximation error could be as large as 49.93% (see the case that N = 8,
e = 0.7, MITR = 0.25). Based on the results in Table 5.1, one can expect that the approximation
accuracy is much worse for larger N and smaller e and relative MITR. Thus, we should carefully
use the efficiency approximation in performance analysis and continuous improvement of practical

systems.

Table 5.1: Efficiency of the series-machine system with identical machines (7 = 1)

N e MITR E()dfl E,,dfz
0.7 0.25 | 0.5385 0.5998
) ’ 5 0.5385 0.5437
0.99 0.25 | 0.9802 0.9804
5 0.9802 0.9803
0.7 0.25 | 0.2258 0.4510
3 ' 5 0.2258 0.2510
0.99 0.25 | 0.9252 0.9298
' 5 0.9252 0.9256
From (3.7), we can see that when e¢; = 1, Vi = 1,2,..., N, the efficiency of the series-machine

system under both ODF-I and ODF-II are 1. In other words, if all machines are (nearly) reliable,
operations of the system under both failure mechanisms are (almost) identical, which can also be

observed in Figure 1.2 and Table 5.1.

12



6 Conclusions and Future Work

The efficiency of the series-machine system is important in production systems engineering. How-
ever, almost all researches focus on type-I failure mechanisms (i.e., ODF-I and TDF-I), under
which the breakdown of a machine makes all other series machines forced down. Nevertheless,
type-1I failure mechanisms (i.e., ODF-II and TDF-II), under which the breakdown of a machine
does not make any other series machines forced down, are more common in the industry. In this
paper, we proposed an approach to investigate the efficiency of the series-machine system under
ODF-I and ODF-II mechanisms. Although it is very hard to derive the closed-form expression of
the efficiency under ODF-II, we analyzed its lower and upper bounds by limit analysis and devel-
oped an algorithm to calculate the efficiency. The results show that, ODF-II is more efficient than
ODF-I.

The future work will concentrate on the efficiency analysis under TDF-II mechanism and fitting
closed-form analytical expressions of the efficiency under type-II failure mechanisms. Based on
these expressions, not only we can easily calculate the efficiency of the series-machine system, but
also analytically investigate the impact of system parameters on the efficiency without using the

time-consuming algorithms.
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A Appendix: Proofs of Theorems

A.1 Proof of Proposition 3.1

Proof: Due to space limitation, we prove it for N = 2 and 7; = 7, = 7. The general case is proved

similarly.

13



Based on expression (3.2) and the total probability formula, we have

m=0 n H H2 m=0 n=0

_EwWil | EwWal 0 B o omon
;11 ” —;;PWI— }P{Wz—n}mln('ul,ﬂz)
1 - S o (47)” um it (T

Replacing 4; and u; by ad? and au;, respectively, we have

Ey [Y,] -7
2 @& STy (V) (A.2)
= - — m+n—1 (/l ) (/lZT) —a(/l +L)T i ﬁ i
2L min (e )

Clearly, )
1—e¢;
lim (Ey, [Yo] = 1) = Z} =, (A3)
1.e.,
2\ 1 — ¢
lim Ey, [¥,] =7+ Z ’ (A.4)
|

A.2 Proof of Proposition 3.2

Proof: To prove the proposition, we construct a sub-series of Y, and prove it converges to 1m<2)1$/ o
with probability 1.

LetS,, = 7, + % where W; ~ Poisson(ad;7;). We construct N series {S i}, where S
isS;owithk =[aland b = k—-a,i =1,2,...,N, k= 1,2,...,and b € [0,1). Clearly, there

is a one-to-one mapping between @ and (k,b). Based on {S;:};”,, we construct {¥;},?,, where

k=1°

14



Y, = max S;;. Thus, {Y;};>, is a sub-series of Y, and for any fixed b, lim Y, = hm Y. Hence, to

1<i<N a—+00 k— o0

prove the proposition, we only need to prove that, Vb € [0, 1),

P{1im ¥, = max ~} = 1. (A.5)

k—co I<i<N ¢;
To prove (A.5), we need an auxiliary inequality of S ;. Clearly,

E[Syl=1i+ g =2 (A.6)
u

i €i

and
/l?Ti _ 1 —e¢ T

Var[S ] = (k — b)(u?)? e (k- b)/vl;'k.

(A7)

Based on Chebyshev’s inequality [17] and taking into account the above two equations, we have

Var[Six] 1-e 7
S, >}< L. Ve >0, A8
{fs. ] A P (A9
Then, we prove equation (A.5). Without loss of generality, assume T—: = 1ma>1§7 -L. Thus, we have

r{ %> of

-#{ > e}
{

I<i<N e;
T
=P} max Slk>—+e}+P{maXS,k<——e}

e 1<i<N (4]
N N
:P{U{S“‘ > Z—i+6}}+P{ﬂ{Stk < 2_6}} (A.9)

i=1

T
max S, — —
1<i<N e

_
n
R
Z >

<SPS s T plsi< Do)

€1 €1
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1.e.,

I<i<N e;

P{ 'Yk — max T

<)

v (A.10)
— € Ti
>1 -
; ee; (k—b)u;

1 G d-e)r
 k-=b — eepr

As aresult, Vb € [0, 1), we have

Y, — max &
I<i<N ¢

<)

(A.11)

which implies

Ti
Y, — max —
1<i<N e;

<}

Ti
Y, — max —
1<i<N e;

- 6} (A.12)

Based on Borel-Cantelli Lemma [17], equation (A.5) holds, which implies

P| lim ¥, = max ~'} = 1. (A.13)

a—+00 I<i<N e;

Finally, we prove equation (3.5). Based on the monotone convergence theorem [18], we obtain

lim Ey [Y,] = E[ lim Y,] = max =, w.p.1. (A.14)

a—+00 a—+00 I<i<N ¢;
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A.3 Proof of Lemma 3.1

Wi
Proof: First, we prove the right-hand side inequality. Let S; = 7; + 3} X;;,i = 1,2,..., N. Since

=1
Wi
2. X;j is the total repair time of m; in its cycle time 7;, its mean value is
=1
il 1 —e;
Z Xij] = T, (A.15)
‘- M, BF e;
ie,Vi=1,2,...,N,
l—e¢ i
Es[Si—7i]= —eTi, Es,[Si] = 1 (A.16)
€; e;
As a result, we have
EY[Y] — Tmax
:ES,-[ lrngi)lsl Sl] — Tmax
=Es| max (S, = Ta)]
ES,[ max(S; — ] (A17)
1<i<N
ES,[ (Sl - T ]
al 1- e;
= Z T;.
-1 €
Then, we prove the left-hand side inequality. Since
max S; > Sy, Vi’ € {1,2,...,N}, (A.18)
1<i<N
we have
ES,.[ max S,-] > Eg,[Si] = -, Vi, (A.19)
1<i<N e

17



which implies

Ey[Y] = ES,.[ max S,-] > max = (A.20)

1<i<N I<i<N e;

References

[1] Y. Zhao, C.-B. Yan, Q. Zhao, N. Huang, J. Li, and X. Guan, “Efficient simulation method
for general assembly systems with material handling based on aggregated event-scheduling,”

IEEE Transactions on Automation Science and Engineering, vol. 7, no. 4, pp. 762775, 2010.

[2] J. A. Buzacott and J. G. Shanthikumar, Stochastic Models of Manufacturing Systems. En-
glewood Cliffs, N. J.: Prentice Hall, 1993.

[3] S.B. Gershwin, Manufacturing Systems Engineering. Englewood Cliffs, N. J.: PTR Prentice
Hall, 1994.

[4] J. Li and S. M. Meerkov, Production Systems Engineering. New York: Springer, 2009.

[5] Y. Dallery and S. B. Gershwin, “Manufacturing flow line systems: A review of models and

analytical results,” Queueing Systems, vol. 12, no. 1-2, pp. 3-94, 1992.

[6] C. Shi and S. B. Gershwin, “A segmentation approach for solving buffer allocation problems

in large production systems,” International Journal of Production Research, vol. 54, no. 20,

pp. 6121-6141, 2016.

[7] C.-B. Yan and Q. Zhao, “A unified effective method for aggregating multi-machine stages in
production systems,” IEEE Transactions on Automatic Control, vol. 58, no. 7, pp. 1674-1687,

2013.

[8] C.-B. Yan, Q. Zhao, N. Huang, G. Xiao, and J. Li, “Formulation and a simulation-based

algorithm for line-side buffer assignment problem in systems of general assembly line with

18



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

material handling,” IEEE Transactions on Automation Science and Engineering, vol. 7, no. 4,

pp. 902-920, 2010.

S. M. Meerkov and C.-B. Yan, “Production lead time in serial lines: Evaluation, analysis,
and control,” IEEE Transactions on Automation Science and Engineering, vol. 13, no. 2, pp.

663-675, 2016.

J. A. Buzacott, “Automatic transfer lines with buffer stocks,” International Journal of Pro-

duction Research, vol. 5, no. 3, pp. 183-200, 1967.

——, “Prediction of the efficiency of production systems without internal storage,” Interna-

tional Journal of Production Research, vol. 6, no. 3, pp. 173-188, 1968.

B. Tan, “Variance of the throughput of an N-station production line with no intermediate
buffers and time dependent failures,” European Journal of Operational Research, vol. 101,

no. 3, pp. 560-576, 1997.

——, “Effects of variability on the due-time performance of a continuous materials flow
production system in series,” International Journal of Production Economics, vol. 54, no. 1,

pp. 87-100, 1998.

C. Commault and Y. Dallery, “Production rate of transfer lines without buffer storage,” IIE

Transactions, vol. 22, no. 4, pp. 315-329, 1990.

R. R. Inman, “Empirical evaluation of exponential and independence assumptions in queue-
ing models of manufacturing systems,” Production and Operations Management, vol. 8,

no. 4, pp. 409-432, 1999.

J. Li and S. M. Meerkov, “On the coefficients of variation of uptime and downtime in man-

ufacturing equipment,” Mathematical Problems in Engineering, vol. 2005, no. 1, pp. 1-6,

2005.
A. Rényi, Probability Theory. Amsterdam: North-Holland Publishing Co., 1970.

A. Klenke, Probability Theory: A Comprehensive Course. London: Springer, 2008.

19



