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Checkerboard mapping of a 16 x 16 matrix on p = 2 x 2 processors.
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steps to align the vector along the diagonal the vector along process columas.

_ p Mems Veeyo GRS ISR 2-
] oin 1 pel [ DXIZ XTFARANEE
00040 - TUTTT BRI,
et L] 0~ p=r AR RN
BN :’:,‘ij N HNnxn.
oOoodal L ol O

(©) All-to-one r;mxﬁ;n nfl;:minl results (d) Final ;:;mb‘mian of the result vectar

SEREsRmE: 2-D %9

FHEPREH T A EREEERE: SR SEEH
FEX SR E X AL 5 n RN
—RZ BB IMETR: UKIEENFISEEE
F|— AR,

X EANEAE AL TR B 2 O(log n) F B
HIFHAT AT I 18] 2 O(log n) .

FRAS (R I R 3 AR) 2 @(n? log n) ; TR, %5
TE S BRARAR.

SEREsRmE: 2-D %9

B SERE A B S R RS 5

XEF2-DRIGy, AR — AN EAE PR A B TR
Xt F RS T

5 WA XA AR h S ) ) B T K B A A
HIPTA RS, M o DN RIRERIF ) 358 R
%E, I B2 B — RS T S5 R A

H.

SEREsRmE: 2-D %9

DT 2 NRCERARET, AR (DA R B
] S IR ER /N Q2) 43 A AE B A 51 .
EAMEDLT, XI55 T IEERIE B RK/NER
Q) .

THEH () FHE R R B () Y ) 2 2l AR

1) (n/yF) % (n/v/F)
@ nlyP

http://gr.xjtu.edu.cn/web/zhaoy




Theory of Parallel Computing 2015

TS &: 2-D 5

B — B XS AL B I ]
te +t,_.n/‘[§
B ASCERTE B I N ]
(ts +tun/ /F) log(/P)
R R I ) R AR I ]
tcﬂ.zlp
Bat )
Tp == " +t;logp —I—iuﬁlogp

Yinliang Zhao (i##R5%) Xi'an Jiaotong University

9.4 ¥EPERIE

BB HIT R E
Cannone;%

Fox 3%
SystolicHes%
DNS3E%

SRR 2-D R0 ATy Rk

T. =pT, — W =t.plogp + tun,/Flogp
NTHRHERRRE, kT, 5 W%, &5 EFH
g (1) . HHw=n?

REHFIH RIS R BN Op).
BANERERBON (D

(AT R T H 5. L W =K%pleg'p

RNT AN, H (3) . @ Olplg*p)

HEHE D 3 W=n2=plg'p
@ ,=o(;|:;;)

http://gr.xjtu.edu.cn/web/zhaoy

R O AR O A 3

« Consider the problem of multiplying two » = n dense, square
matrices A and 13 to yield the product matrix ¢ = A = B.

« The serial complexity is O(n?).

« We do not consider befter serial algorithms (Strassen’s
method), although. these can be used as serial kernels in the
parallel algorithms.

« A useful concept in this case is called block operations. In this
view, an n x n matrix 4 can be regarded as a ¢ = ¢ array of
blocks A; ; (0 < 4, j < ) such that each block is an (n/qg) = (n/q)
submatrix.

« In this view, we perform ¢* matrix multiplications, each involving
(n/q) = (n/q) matrices.




Theory of Parallel Computing 2015

R O AR O A 3

« Consider two » =« n matrices A and B partitioned into p blocks
A ;and B ; (0 < i, j < /p)ofsize (n/,/p) = (n/,/p) each.

« Process P, ; initially stores A, ; and B, ; and computes block ¢, ;
of the result maftrix,

« Computing submatrix ¢, ; requires all submatrices A, . and By .
foro < k< /p
W

e All-to-all broadcast blocks of A along rows and B along
columns.

e Perform local submatrix multiplication.
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Matrix-Matrix Multiplication

* Two broadcasts take time 2(L. log(\/B) + Lu(n?/p) (/B — 1))

* Computation requires 7 multiplications of
(n/\/p) % (n/\/P) submatrices
* Parallel run time is approximately

2
mn

Tl.“j X 5 )
Tp ? + ts logp + _twﬁ.
* Algorithm is cost optimal
* lIsoefficiency is O(p?)
—due to bandwidth term ¢, and concurrency (p = n? thus n° = p3?)

* Major drawback of the algorithm: not memory optimal

Matrix-Matrix Multiplication

» The two broadcasts take time 2(t, log(,/p) + t.(0?/p)( P = 1)).

« The computation requires | /p multiplications of (n//#) = (n/,/p)
sized submatrices.

« The parallel run time is approximately

3 2
n n
'f-p = ttglogp + 2t,——. (5
» VP

« Major drawback of the algorithm is that it is not memory
optimal.
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process is using a different block A, ..

process gets a fresh A, ;. after each rotation.

Matrix-Matrix Multiplication: Cannon’s Algorithm

¢ In this algorithm, we schedule the computations of the /p
processes of the ith row such that, at any given time, each

« These blocks can be systematically rotated among the
processes affer every submatrix mulfiplication so that every

CannonF ik: W

A[0,2] A[0.3]
B[0,2] B[0,3]
C[0,2] C[0,3]

A[0,1]
B[0,1]
C[o,1]

Cannon4E £ & &
&R TR
FEEN
MNEE
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& 33
& PEIRABAE
o L
o R

CannonF ik: *FFFA

A[0,1] A[0,2] A[0.3]
B[0,1] B[0,2] B[0,3]
C[o,1] C[0,2] C[0,3]
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CannonZE ik: Xf5FB

A[0,1] A[0,2]

A[0,3]

C[0,3]
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Cannon3fgix

Matrix-Matrix Multiplication: Cannon’s Algorithm Kotk Cannongst £ ok 4 ik

//#1‘7\1 Aan’ Ban; #J‘t{‘: Can (3)fOI‘ k=0 to ‘/;—1 dO
Align the blocks of A and B in such a way that each process Begin
mulfiplies its local submatrices. This is done by shifting all

for all P;; par-do

submatrices A; ; to the left (with wraparound) by i steps and (Dfor k=0to {1 do @) C=Ci+A;;B;;
all submatrices B; ; up (with wraparound) by j steps. fo}(f)ali Pi,{{pir-do (i) Ai; € A grimod 5
i) if i>k then (ii)B,, € By ;
- . 1] (i+1)mod p, j
» Perform local block multiplication, A” < Ai,(j+1)mod P endfor
» Each block of A moves one step left and each block of 13 ”e'nfhf endfor
moves one step up (again with wraparound). (1)if >k then End
Bi; € Bestymod 7, ; A 19 241
» Perform next block multiplication, add to partial result, repeat endif
until all ,/p blocks have been mulfiplied. endfor Ty(n)=T1+T2+T5
endfor =0(/p)+0MW)+0(p -(n/p))
(2)for all P;; par-do C;;=0 endfor =0’/ p)

Matrix-Matrix Multiplication: Cannon’s Algorithm

9.4.3 Fox3fi%

In the alignment step, since the maximum distance over which

a block shiftsis /7 — 1, the two shift operations require a total of
. . 204 4 .= N A A A A
2(t, + 1,02 /p) time. a3 BlCannon o4& 4 & Bg:g Bg,'i Bg:S Bg,':
o Each of the | /p single-step shifts in the compute-and-shift phase :‘f‘ ik R 5
of the algorithm fakes ¢, + t,.n*/p time. DA, 61 FF 1 17t H i st 32 B ;}g Q;'; ;}: Q;'j
o The computation time for multiplying ,/p matrices of size #IT—H B E Aso Ay Az 2 Azs
(n//P) = (n//p)isn/p. QA 2L B/ K GAR B R B2'0 B2)1 B2z B23
L ) HeBr A A -2 &,
« The pardllel time is approximately: A30 A3 1 A3 2 A33
(3B L i A% 5— & B30 B3y B3 B33
3 2 N Hyt o3 JYA
Tp = 2t e, © @ AR LR FITBLGR, KRAF, €T
» VT AR Z B iT— 5 545K

O#QM T p-1 4k

The cost-efficiency and iscefficiency of the algorithm are
identical to the first algorithm, except, this is memory optimal.
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Fox (and Cannon) treatments make the following
assumptions:
® The number of processes (p) is a perfect square

# The matrices to be multiplied are square of order n
Xn

# sqrt(p) divides n evenly

Fox3f&;

-
7-"‘-1}11 U Agxas Byxs p=16
AO,Z EERY 3 A0'3
i1 Be, 4Bz, B2z |71 B2s3 1 Bg, 3 B3, ) B33
Do bqoenne RO FRR L. T Eeenne n
B30 B3,1 B3.2 B33 iBo,2 Bo,1 Bo,2 Bo.3
i O dpeeeeadode . i ediedee 3
2,0 > H A2,1 > >
tBo,o Bo. 1 Bo,2 130,3 IBLo B1 1 B1.2 B1 3
[ . /A“ o [, [ wrf o] [,.32.
Bio | %¥B11 Bi2 |¥ B3 ¥ B2 "B2,1 | WBa2 | Bas

(©

Fox3f&;

ﬂ—'\-gil : A4><4s B4><47 p=16

......... PO R
“ Ao, 1

Bi0 Bi1 | 1B12 By 3
Qoo IR . '41 2 I

B2 o B2.1 B2.2 B2 3

0.4 46 B £ &
041 M &£ #iTo0k Rk
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0.4.3 FOX £ %

9.4.4 Systolic £ &

9.4.5 DNS £ %
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Pros and Cons of Cannon

Local computation one call to (optimized) matrix-multiply

Hard to generalize for
# p not a perfect square
# A and B not square
% Dimensions of A, B not perfectly divisible by s=sqrt(p)

# A and B not “aligned” in the way they are stored on
processors

# block-cyclic layouts
Memory hog (extra copies of local matrices)

Yinliang Zhao (4R %) Xi'an Jiaotong University

SUMMA
k i Bk
i I—I—I—I-i@\I k
i /Iéf. T N : /jz C(i)
A(ik) I P

i, j represent all rows, columns owned by a processor
* kis a single row or column
« or a block of b rows or columns

* C(i.j) = Ci.)) + Z A1, K)*B(k.j)

* Assume a pr by pc processor grid (pr = pc = 4 above)
* Need not be square

SUMMA Algorithm

SUMMA = Scalable Universal Matrix Multiply

Slightly less efficient, but simpler and easier to
generalize

Presentation from van de Geijn and Watts

# www.netlib.org/lapack/lawns/lawn96.ps

# Similar ideas appeared many times

Used in practice in PBLAS = Parallel BLAS

# Basic Linear Algebra Subprograms

# www.netlib.org/lapack/lawns/lawn100.ps

http://gr.xjtu.edu.cn/web/zhaoy

k i Bk

I M k

| . A
i /Ié—> VN /j (i)

Ai k) I P
For k=0ton-1 ... orn/b-1whereb is the block size
... =#colsin A(i,k) and #rows in B(k,j)

foralli=1topy ...in parallel

owner of A(i,k) broadcasts it to whole processor row
forallj=1to pc ... in parallel

owner of B(k,j) broadcasts it to whole processor column
Receive A(i k) into Acol
Receive B(k,j) into Brow
C_myproc =C_myproc +Acol * Brow

13
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SUMMA performance

° To simplify analysis only, assume s = sqrt(p)

Yinliang Zhao (4R %) Xi'an Jiaotong University

For k=0 to n/b-1
foralli=1tos ... s=sqrt(p)
owner of A(i,k) broadcasts it to whole processor row
...time =log s *(a + B * b*n/s), using atree
forallj=1to s
owner of B(k,j) broadcasts it to whole processor column
...time =log s *(a + B * b*n/s), using a tree
Receive A(i,k) into Acol
Receive B(k,j) into Brow
C_myproc = C_myproc + Acol * Brow
... time = 2%(n/s)2*b

° Total time=2*n3/p + a*logp*n/b + B*Iogp*nzls

ScalLAPACK Parallel Library
ScalLAPACK SOFIT'WARE HIERARCHY

Message Passing Primitives
(MPL,PVM, etc.)

SUMMA performance

Total time = 2*n3/p + a*logp*n/b + B*logp* n2 /s

Parallel Efficiency =
11 +a*logp*p/(2*b*n2) + B *log p * s/(2*n) )

~Same B term as Cannon, except for log p factor

log p grows slowly so this is ok
Latency (o) term can be larger, depending on b

When b=1, get a*logp*n

As b grows to n/s, term shrinks to

a*logp*s (log p times Cannon)

Temporary storage grows like 2*b*n/s
Can change b to tradeoff latency cost with memory

http://gr.xjtu.edu.cn/web/zhaoy

Periormance of PBLAS

Speed iu MAops of PDGEMM
Machine Procs | Black >
Sive | 2000 [ 4000 | 10000
PDGEMM = PBLAS routine Cray TIE 4=0x2 32| 1055 | 1070 o
for matrix multiply 16=dxd 030 | 4005 | 4202
4=8x8 13456 | 14287 | 16755
Observations IBM 8r2 4 0 755 ] [
For fixed N, as P increases 16 2514 | 2850 0
Mflops increases, but 64 6205 | 8700 | 10774
less than 100% efficiency Tutel XD/3 MP 4 a2 30 ] ]
For fixed P, as N increases, Taragon 6 1233 | 1281 ¢
Mflops (efficiency) rises _ 64 496 4864 | 5257
Berkeley NOW 4 2 463 | 470 [)
32=dx8 2490 | 2822 [ 3450
64 4130 | 5457 | 6647
Efficiency = MElops{ PDGEMM)/( Procs*MElops DGEMM))
DGEMM = BLAS routine Madiine Teak/ | DGEMM | Proes N
for matrix multiply proc | Mflops 2000 [ 4000 | L0000
Cray TIE 600 360 4| 73| T
Maximum speed for PDGEMM 6| &) 70 .75
=# Procs * speed of DGEMM 64) .58 62 73
BM 8P2 266 200 G
Observations (same as above): 8| .79 89
Efficiency always at least 48% 6] 48| 68 B4
For fixed N, as P increases, Tutel XP/SMP | 100 kY 4] 92
efficiency drops Taragon 16| 86| .89
For fixed P, as N increases, 64) 78| 84 91
efficiency increases Berkeley NOW | 334 129 4] .90 9
32| 60| 68 84
64 50| 68 81

14



Theory of Parallel Computing 2015

Yinliang Zhao (i##R5%) Xi'an Jiaotong University

Systolic3fEik

Systolic3fEik
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11 22 33 44
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T
ENS
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12 bys bs,
Step 3 b1y b,, bs5 b4
b, bs2 b, s
J | |
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a;qa ! 3
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1828 2(;;1%1 N Coo N Cos Coa
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- »,
Systolic3fEik
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13 b4
Step 4 b by ba
b1y b,, bs5 44
J J | |
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v CJIP c ZP Ci37/ Cia
2. a 33031| | 42| |
2122 C 1? Cy ZP Co3 Coa
834041
81852855~ Ca,l?H Cs2 N Cs3 C34
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Systolic3fEik

Systolic3fEik
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Coa Co ZP C23P CzAP
| | |
. 831014| | a3‘2133,2H a3,3b3.3H Az Py,
CB,IP C32 P C33P C34P
- ¥,
Systolic3fEik
Step 8

aiby,
.

C149

— - (-
ES
Coa Co2 Co3 >

a2,1b1.3H

a,b,4
Co AP

b 3
C3a Cs2 Cs3 7

R
L || |

Az g,
3
C34

http://gr.xjtu.edu.cn/web/zhaoy
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Systolic3fEik

Cip=apiby i+ a by +a;shss+a,by,

Cio=ay byp+a b+ a;3bs,+a,by,

Systolic3fEik
Step 9
J J | |
- Cia Cio Ci3 Cia
| | | |
31D 4
- Coa Co2 Co3 B CzAP
| | | |
3015 [832D,4
- C3a Cs2 N C33?H CSAP
Systolic3fEik
Step 10
J J | |
- Cia Cio Ci3 Cia
| | | |
- Cos Coo Co3 Coys
| | | |
agiby 4
- C3a Cs2 Cs3 B Cs4/

Over
Cas=a3, by 4+ 83,054+ 33054+ 854by4
P11 || P N P13 N P14
Cia Cio Cis Cia
[ | | |
P21 N Pss I Ps3 N Paa4
Co1 Cf,z Cos Coa
P31 N P35 I P33 N P34
C31 C3o Cs3 C3a
- »,
Systolic3fEik
Systolic i &
//ﬁﬁ)\ Amxn' ank; “ﬁ&“cmxk
Begin

fori=1tom par-do
for j=1to k par-do
M¢;=0
(i) while P;; # #lafebat do
G = G +ab
if 1 <mthen & £b#P,,;endif
if j <k then £ #a#P,;, endif
endwhile
endfor
endfor

End

http://gr.xjtu.edu.cn/web/zhaoy
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Recursive Layouts
For both cache hierarchies and parallelism, recursive
layouts may be useful

Z-Morton, U-Morton, and X-Morton Layout

N
=N

Also Hilbert layout and others
What about the user’s view?

# Fortunately, many problems can be solved on a
permutation

# Never need to actually change the user’s layout

Yinliang Zhao (4R %) Xi'an Jiaotong University

0.4 46 & £ ik
9.4.1 7 £ # 1T 9 Rk
9.4.2 Cannon £ ¢
0.4.3 FOX £ %
9.4.4 Systolic f i

9.4.5 DNS £ %

Summary of Parallel Matrix Multiplication

1D Layout
# Bus without broadcast - slower than serial
# Nearest neighbor communication on a ring (or bus
with broadcast): Efficiency = 1/(1 + O(p/n))
2D Layout
4 Cannon
= Efficiency = 1/(1+ O(a * ( sqrt(p) /n)3 + b* sqrt(p) /n))
= Hard to generalize for general p, n, block cyclic, alignment
#SUMMA
= Efficiency = 1/(1 + O(a * log p * p / (b*n2) + bxlog p *
sqrt(p) /n))
= Very General
= b small => less memory, lower efficiency
» b large => more memory, high efficiency
# Recursive layouts

http://gr.xjtu.edu.cn/web/zhaoy

DNS3feiZ

# %: & Dekel. NassimifeSahnit & ¢4SIMD-CC L 5 45 B F ok, a2 &
#a And, &7 at i AO(logn), & — A & Atk 6 K ik o

EABM: Bt —F—Fo—F S G LDk, HELEEKIL))MEA A,
#iFAAR ABLkTFORTLEEIR R R L2 B A2 E0,0)F.

238 Bt 5 s B Hp=nd= (29)3=239, g 58 BP 4z F 42 E (k.L.j)
& Zr=kn?+in+j, 0<i,j, k<n-1)o £FKi)OLEZBP G =AEFE S
A,.B..C, 4% & F A ALK, BIKi,jl4= C[k.i,j], 424 # 34 %0,
K ik: ind4 ata jfeb; B 4F T 4 BA[O,1,j14B[0,i.];
D#te L A:ABRA ks L4l (— 51— 46 £);
Alij#h A4 (— 7 546 %); BAI%K L4 (—F 546 £);
QaRzH:MAARLEHA. B4 EATAE;
Bk fois Lk € # T4 542 R KAo;
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ai,k
aik /:H bk.j
ai,k
ai,j bi,j
ai,j

ai,k ai,k

bki ek
- ~

ai,k ai,k-
ai BZT
ai,j
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DNS3i%
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(b)

DNS3i%

y

7

ai,k

9. 12

bi,j

ai,j

k

I1

14 (OB

al

bk,

P
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1 X (-6)+2 X 8=1(
3X (-5)+4X 7

IX (=542 X 7=9
Cl1=3 X (-6)+4 X8

Co0o
Co1
C10

http://gr.xjtu.edu.cn/web/zhaoy
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BRIN: Apxns Baxns  HiH: Coxn

(1)for m=3q-1 to 2q do /AEk#EHIA,B, m=2 endfor
for all r in {p, r, =0} par-do //r,=0fr endfor

A m) € A, /A001)€A(000),A(100)€A(101) endfor
endfor JIA(011)€A(010),A(110)€A(111) endfor
end
endfor

DNS3RiZ%: EikiiA
1 rFB R EmMAEUR ;
/{p, r,=d}RRr(Osrsp-D RS, (®for m=2q-1 to q do /KIEEHIB,m=1
13 Bl B m AT for all r in {p, 1,,= ¥} par-do

begin //Mn=2, p=8=22fl, q=1, r=(r,r,r,), B, € B, /B(010)€B(000),B(100)€B(110)
/B(011)€B(001),B(101)€B(111)

L) A € A, 1A100)¢A000)%  (4for r=0 to p-1 par-do

(1.2) By € B, /B(100)€B(000)% C=A,XB,
endfor endfor
endfor (5)for m=2q to 3q-1 do

(2)for m=q-1to 0 do  /ARjHEEIA, m=0 for r=0 to p-1 par-do
for all r in {p, r,,= Iy4y,} Par-do //v=r,fir C,=C,+C.am

http://gr.xjtu.edu.cn/web/zhaoy
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