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Abstract

We give a bound for the number of boundary slopes
of orientable immersed proper π1-injective surfaces
of given genus g in an orientable Haken 3-manifold
M with a torus boundary, where the bound is
independent of M , and a function of g and m, the
number of the Jaco-Shalen-Johannson
decomposition tori of M .
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Introduction

In this talk, suppose M is a compact, orientable, con-
nected, irreducible 3-manifold with ∂M a torus.
An immersed, proper, π1-injective surface in M with non-
empty boundary is essential if it can not be properly ho-
motoped into ∂M . Let c be a homotopically non-trivial
simple loop in ∂M . If there is an essential surface in M
such that each component of ∂F is homotopic to a multi-
ple of c, then we call c a boundary slope of M .
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The question we investigate is a problem of P. Shalen
[4, Question 1]: Does the set of essential surfaces with
bounded genus in a simple knot complement given rise to
at most finitely many boundary slopes?
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M. Baker has given examples to show that if the bounded
genus assumption is dropped, then infinitely many bound-
ary slopes can be realized [2], and U. Oertel has found ex-
amples of manifolds in which every slope is realized by the
boundary of an immersed essential surfaces [3], see also [2].
On the other hand, A. Hatcher has shown that there are
only finitely many boundary slopes for embedded essential
surfaces, without a genus restriction [5].
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In the paper [4], J. Hass, J. Rubinstein & S. Wang have
shown:

Theorem ([4])

Suppose M is a compact orientable 3-manifold with ∂M a
torus, and g ≥ 0 is a given integer.
If int(M) admits a complete hyperbolic metric of finite vol-
ume, then the number of boundary slopes of an essential
immersed surface of genus at most g is bounded by a func-
tion N(1) if g ≤ 1 and N(g) + 1 if g > 1.
If M is a Haken 3-manifold, then there are only finitely
many boundary slopes realized by orientable essential
proper surfaces of genus at most g.
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In this talk, we give explicit bounds, independent of the
Haken manifold:

Theorem (main Theorem)

Suppose M is an orientable Haken 3-manifold with ∂M
a torus. Let m ≥ 1 be the number of Jaco-Shalen-
Johannson decomposition tori of M . Then, given g ≥ 0,
the number of boundary slopes of an essential orientable
immersed surface of genus at most g is bounded by a func-
tion F (g,m), independent of M , where

F (g,m) =
{

128πm + 5 g = 0
128πmg3 + 4g + 2 g ≥ 1

.
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Outline of the proof of the main Theorem:
Let M be an orientable Haken 3-manifold and Γ be the
Jaco-Shalen-Johannson decomposition tori of M . Let m =
#Γ ≥ 1. Call each component of M −N(Γ) a vertex
manifold, where N(Γ) is a regular neighborhood of Γ.
Let M∗ be the vertex manifold containing ∂M , which
plays a key role of the proof. Let {Bn, n = 1, 2, . . .}
be the boundary slopes for essential immersed surfaces of
genus at most g. Then for each Bn, there is an essential
surface Fn of genus at most g such that ∂Fn has ln compo-
nents, each with slope Bn. Deform Fn so that the number
of components of Fn ∩ ∂N(Γ) is a minimum.
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Outline of the Proof of the Main Theorem

Let F ∗
n be the union of the components of Fn ∩M∗ with

at least one boundary component in ∂M . Let l∗n be the
number of components of ∂F ∗

n in ∂M∗−∂M , and let #F ∗
n

be the number of components of F ∗
n . Let g(F ∗

n) denote the
sum of the genera of the components of F ∗

n . Then we have

Lemma (1)

l∗n ≤ 2(g + #F ∗
n − g(F ∗

n)− 1) ≤ 2(g + ln − 1).
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We have two cases.
Case (1): M∗ is hyperbolic.
Let |Bn| denote the length of Bn. We can prove

|Bn|ln ≤
∑

c∈F ∗
n∩∂M∗

L(c) ≤ −2πχ(F ∗
n) ≤ 2π(2g−2+ln+l∗n) .

By Lemma (1), l∗n ≤ 2(g + ln − 1), So when ln ≥ 2, we
have

|Bn| ≤
{

6π g = 0
2π(2g + 1) g ≥ 1

.
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So by Lemma 2.3 in [4], #{Bn, n = 1, 2, . . .} ≤ N(2g+1),
if g ≥ 1; #{Bn, n = 1, 2, . . .} ≤ N(3) = 198, if g = 0.
So, we can easily know that the main Theorem holds for
Case (1).



Boundary Slopes
of Immersed
Surfaces in

Haken Manifolds

Qiang Zhang

Introduction

Outline of the
Proof of the
Main Theorem

Question

Reference

Outline of the Proof of the Main Theorem

Case (2): M∗ is a Seifert manifold.
Let ∂M∗ = {T1, . . . , Th}, and ∂M = Th. Let Cnj denote
the union of all components of ∂F ∗

n in Tj . For conve-
nience, the coordinates of a closed curve c ⊂ T (µ, λ) will
be denoted by (uc, vc).
When ln = 1, Bn is homologically zero, and there is at
most one such boundary slope in ∂M . So we assume ln ≥
2 below. Let Bn = (un, vn) and let O(M∗) be the Seifert
orbifold of M∗. Let χ∗ denote the Euler characteristic of
O(M∗). Since ∂M∗ has at least two components, we have
χ∗ ≤ −1/2. First, we prove two Lemmas:
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Lemma (2)

|un| ≤ U(g) =
{

2 g = 0
2g g ≥ 1

.

Lemma (3)

If un 6= 0, then

#{vn, n = 1, 2, . . .} ≤
{

32πm + 1 g = 0
32πmg2 + 1 g ≥ 1

.
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Proof of Lemma (2): We only to consider un 6= 0.
So, we can assume that F ∗

n is horizontal relative to the
Seifert fibering. Since F ∗

n has ln boundary curves in ∂M ,
each of which has a coordinates a non zero multiple of
(un, vn), we know that the projection p : F ∗

n → O(M∗) is
an orbifold branched covering of degree at least ln|un|. By
the estimate of the degree of p, we have

ln|un|χ∗ ≥ χ(F ∗
n) = 2#F ∗

n − 2g(F ∗
n)−#∂F ∗

n .

We have #∂F ∗
n = l∗n + ln and by Lemma (1), 2#F ∗

n −
2g(F ∗

n) ≥ l∗n − 2g + 2, so

ln|un|χ∗ ≥ −(ln + 2g − 2).
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Since χ∗ ≤ −1/2 and ln ≥ 2, we have

|un| ≤
ln + 2g − 2

ln|χ∗|
≤ 1
|χ∗|

+
2g − 2
ln|χ∗|

.

So

|un| ≤ U(g) :=
{

2 g = 0
2g g ≥ 1

,

i.e., Lemma (2) holds.
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Proof of Lemma (3): Let Mi, i = 1, 2, . . . , h−1, be the
vertex manifold of M sharing the torus Ti with M∗ (it is
possible that Mi = Mj , for some i 6= j). Denote the copy
of Ti on Mi by T ′

i and the gluing map by gi : Ti → T ′
i . Let

F ∗
ni ⊂ Mi

⋃
gi

M∗ be a subsurface of Fn, which is obtained
from gluing F ∗

n and the components of Fn∩Mi having gi(c)
as boundary components for some c = (uc, vc) ∈ Cni, by
the map gi|Cni : Cni → gi(Cni), c 7→ gi(c).
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If Mi is a Seifert manifold, the gluing map gi : Ti(µi, λi) →

T ′
i (µ

′
i, λ

′
i) is determined by a matrix Ai =

(
pi qi

ri si

)
,

where ri 6= 0, and pisi − qiri = −1, pi, qi, ri, si ∈ Z. Let
gi∗ be the induced map on homology, so that

gi∗(uiµi + viλi) = (u′iµ
′
i + v′iλ

′
i) .

Then u′i = piui + rivi and v′i = qiui + sivi. So for any
c = (uc, vc) ∈ Cni, we have u′gi(c)

= piuc + rivc. So∑
c∈Cni

|u′gi(c)
| =

∑
c∈Cni

|piuc + rivc|.
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If Mi is hyperbolic, then we can give T ′
i ⊂ ∂Mi a Eu-

clidean metric (possibly nonunique) induced by the hy-
perbolic structure of int(Mi) and a Euclidean coordinate
system T ′

i (µ
′
i, λ

′
i) on T ′

i such that L(c′) ≥ |u′c′ | and L(c′) ≥
|v′c′ |, ∀c′ = (u′c′ , v

′
c′) ⊂ T ′

i (µ
′
i, λ

′
i). Like the case Mi being a

Seifert manifold, we also have (If ri = 0, then si 6= 0. For
convenience, we still call the non-zero one ri)∑

c∈Cni

|u′gi(c)
| =

∑
c∈Cni

|piuc + rivc|.
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In the notation above, we have

Assertion∑
c∈Cni

|piuc + rivc| =
∑

c∈Cni

|u′gi(c)
| ≤ f(g, ln),

where f(g, ln) := 2π
(
4g − 4 + ln(U(g) + 2)

)
.

Proof: If Mi is a Seifert manifold, then the proof is similar
to the one of Lemma (2) and if Mi is hyperbolic, then the
proof is similar to the one of Case (1).
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Recall we have assume un 6= 0. So F ∗
n is horizontal in M∗

and uc 6= 0. So |riuc| ≥ 1, and∑
c∈Cni

|piuc + rivc|
|riuc|

≤ f(g, ln) ,

i.e., ∑
c∈Cni

|pi

ri
+

vc

uc
| ≤ f(g, ln) (2.1)

Since F ∗
n is horizontal in M∗, by Lemma 2.3 in [4], we

have
h−1∑
i=1

∑
c∈Cni

vc

uc
= −ln

vn

un
− u

k∑
i=1

βi

αi
, (2.2)

where u = lnun and
∑k

i=1
βi

αi
is the Euler number of the

fibering of M∗.
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So, by (2.1) and (2.2), we have

−(h− 1)f(g, ln)− P ≤ −ln
vn

un
≤ (h− 1)f(g, ln)− P ,

where P =
∑h−1

i=1

∑
c∈Cni

pi

ri
− u

∑k
i=1

βi

αi
is a constant.

So

#{vn; n = 1, 2, . . .} ≤ 2|un(h− 1)f(g, ln)|/ln + 1.
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Since h− 1 ≤ m, by Lemma (2) and Assertion, we have

#{vn; n = 1, 2, . . .} ≤
{

32πm + 1 g = 0
32πmg2 + 1 g ≥ 1

,

where ln ≥ 2. So Lemma (3) holds.
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If un = 0, then |vn| = 1. So when ln ≥ 2, by Lemma (2)
and (3), we have

#{Bn, n = 1, 2, . . .} = #{(un, vn), n = 1, 2, . . .}
≤ 2|un| ×#{vn, n = 1, 2, . . .}+ 1

≤
{

128πm + 5 g = 0
128πmg3 + 4g + 1 g ≥ 1

.

Recall that when ln = 1, there is at most one boundary
slope if g ≥ 1. So

#{Bn, n = 1, 2, . . .} ≤
{

128πm + 5 g = 0
128πmg3 + 4g + 2 g ≥ 1

,

i.e., the main Theorem also holds.
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Since (un, vn) is a boundary slope, un and vn must be
coprime. So we can know that F (g,m) may be far larger
than #{Bn, n = 1, 2, . . .} from the calculation of #{Bn, n =
1, 2, . . .}.
Since the number of boundary slopes is bounded by N(2g+
1) + 1 which is an asymptotic quadratic function of g in
Case (1), I guess it is also bounded by a quadratic function
of g in Case (2), but I can not give a proof.
Question: Is the number of boundary slopes bounded by
a quadratic function of g?
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Thank you!
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