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1 f+��))Hanna Neumann ß�

��+G �� rk(G )´�Ù���)¤���ê. e
rk(G ) <∞, K¡G ´k�)¤�§ÄK¡�Ã�)¤�.

gd��+Zn���n¶gd+Fn = 〈a1, a2, . . . , an|−〉 ��
�n.

gd��+Zn �f+E�gd��+Zm§Ù�m ≤ n.

gd+F2 = 〈a, b〉 k��?¿��ên �gdf+µ

Fn = 〈a, b−1ab, . . . , b−(n−1)abn−1〉 ≤ F2.
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1 f+��))Hanna Neumannß�

�G ´��+§rk(G ) := max{0, rk(G )− 1}.

1950’s, Hanna Neumann y²
µ

rk(H ∩ K ) ≤ 2 · rk(H) · rk(K ).

ß� (Hanna Neumann, 1950’s)

�G ´��gggddd+++§H,K ´G �f+§K

rk(H ∩ K ) ≤ rk(H) · rk(K ).

½n (Mineyev, Friedman, 2011)

gd+�Hanna Neumann ß�¤á.

Dicks, Jaikin�Ñ{zy².
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2 ØÄf+))Scottß�

�G ´��+§End(G )�G �¤kgÓ�)¤�N�+§Aut(G )
�G �gÓ�+.

½Â

�φ ∈ End(G ) �+G ���gÓ�. Kφ �ØÄf+�µ

Fixφ := {g ∈ G |φ(g) = g}.

�B ⊆ End(G ) ´+G ��xgÓ�. KB �ØÄf+�

FixB := {g ∈ G |φ(g) = g ,∀φ ∈ B} =
⋂
φ∈B

Fixφ.
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2 ØÄf+))Scottß�

�Fn ´��n �gd+. 1975c§J. Dyer ÚG. Scott�km©

égggddd+++ØÄf+�ïÄ:

½n (Dyer-Scott, 1975)

�φ ∈ Aut(Fn)´��k���gÓ�. Krk(Fixφ) ≤ n.

ß� (Scott, 1975)

�φ ∈ Aut(Fn). Krk(Fixφ) ≤ n º

½n (Bestvina-Handel, 1992)

Scott ß�¤á.
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2 ØÄf+))Scottß�

½n (Dicks-Ventura, 1996)

�B ⊆ End(Fn) ´?¿�xüüügggÓÓÓ���. Krk(FixB) ≤ n.

Ó�§¦�y²
FixB 3Fn ¥´.5�£inert¤§=µ
é?¿f+B ≤ Fn, k

rk(A ∩ B) ≤ rk(B).

½n (Bergman, 1999)

Dicks-Ventura ½né?¿�xgÓ�B ⊆ End(Fn)¤á.
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3 Nielsen ØÄ:nØ

�X ´��;�ëÏ�ÿÀ�m§f : X → X ´��ëYN
�. f �ØÄ:8�

Fixf := {x ∈ X |f (x) = x} ⊆ X .

ØÄ:8Fixf �©�¤ØÄ:a�Ø�¿.

eX¥�^�´c�Ù�f (c)½àÓÔ§K¡c�Nielsen �
´. f �ü�ØÄ:áuÓ��ØÄ:a��=�§��^
�^Nielsen �´ë�.

z�ØÄ:aF k������ê��êind(f ,F).
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3.1 ØÄ:��ê

1993c§ñËÙ�Jianhan Guo�Ñ
;�V­­¡gÓ��Ø
Ä:�ê���Ø�ªµ

½n (H¨ñ, 1993)

�X´;�V­­¡§f´X�gggÓÓÓ���§Kind(F) ≤ 1§�∑
ind(F)+1<0

{ind(F) + 1} ≥ 2χ(X ).

1998c§ñËÙy²
þãØ�ªék�ã9;�V­­¡�g
N�E,¤áµ

½n (ñËÙ, 1998)

�Xk�ã½;�V­­¡§f´X�gggNNN���§Kind(F) ≤ 1§�∑
ind(F)+1<0

{ind(F) + 1} ≥ 2χ(X ).
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3.2 ã9­¡�ØÄ:�ØÄf+

2011c§·�uy
ØÄ:a��#�ØCþµ

½Â (ñ-�-Ü, 2011)

�f : X → X ´ÿÀ�mX �gN�§fx : π1(X , x) → π1(X , x)
´f 3Ä�+π1(X , x)þp��Ó�. f �ØÄ:aF �«5
êchr(F) �:
eFixfx�4­¡+§Kchr(F) := 2− rk(Fix(f , x)), x ∈ F; ÄK

chr(F) := 1− rk(Fix(f , x)), x ∈ F.

½n (ñ-�-Ü, 2011)

�X´ã½V­­¡§f´X�gN�§Kind(F) ≤ chr(F)§�∑
ind(F)+chr(F)<0

{ind(F) + chr(F)} ≥ 2χ(X ).
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3.3 ­¡+�ØÄf+

½n£ñ-�-Ü¤òScottß��ñËÙ'uØÄ:�ê�Ø�ª
éX
å5§��ö��N´dþã'X��. �­��´§y
²
µ

½n (ñ¨�¨Ü, 2011)

�G ´­¡+£=G Ó�u,�V­4­¡�Ä�+¤§φ ∈
End(G ) ´G �?�gÓ�. K

rk(Fixφ) ≤ rk(G ).
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3.3 ­¡+�ØÄf+

½n (Ç¨Ü, 2014)

�G ´­¡+§B ⊆ End(G ) ´G �?¿�xgggÓÓÓ���. K

rk(FixB) ≤ rk(G ).

½n (Ç¨Ü, 2014)

­¡+G �?¿�xgggÓÓÓ���B �ØÄf+´.5�§=µé?
¿f+A ≤ G , k

rk(A ∩ FixB) ≤ rk(A).
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4.1 n�6/�ØÄ:�ØÄf+

2012c§·�ïÄ
n�Seifert6/�gÓ��ØÄ:a�ØÄ
f+§��
Xe(Jµ

½n (Ü, 2012)

�M´ ; � � ½ � �Seifert6 / § Ù ; /O(M)´ V ­
�§f´M�gÓ�§K
(A) éf���ØÄ:aF, ind(F) ≤ chr(F);
(B) ∑

ind(F)+chr(F)<0

{ind(F) + chr(F)} ≥ B,

Ù¥

B =

{
4
(
3− rkπ1M

)
M is a closed surface F × S1

4
(
2− rkπ1M

)
others

.
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4.2 n�6/�ØÄ:�ê

þã(J=⇒ Seifert6/gÓ��ØÄ:a�êk.:

½n (Ü§2012)

�M´ ; � � ½ � �Seifert6 / § Ù ; /O(M)´ V ­
�§f´M�gÓ�§Kéf�?¿ØÄ:aF, ind(F) ≤ 1§�∑

ind(F)+1<0

{ind(F) + 1} ≥ B.

½n (Ü§2013)

�M´;�VVV­­­n�6/§f´M�gÓ�§Kéf�?¿ØÄ:
aF, ind(F) ≤ 1§� ∑

ind(F)+1<0

{ind(F) + 1} ≥ B.
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4.3 n�6/�ØÄf+))V­6/

½n (�-�, 2012)

�M ´��;�!�½��k�NÈ�VVV­­­nnn���666///§φ´G =
π1(M) �?�gÓ�. K

rk(Fixφ) < 2 · rk(G ).

½n (�-�, 2012)

�3�X�4V­n�6/Mn 9gÓ�φn : π1(Mn) → π1(Mn)
¦�Fixφn �4­¡+�∀ε > 0,∃N > 0, s.t. ∀n > N,

rkFixφn
rkπ1(Mn)

> 2− ε.

ØØØÄÄÄ:::���ØØØÄÄÄfff+++ 15 / 27



4.3 n�6/�ØÄf+))V­6/

½n (�-�, 2012)

�M ´��;�!�½��k�NÈ�VVV­­­nnn���666///§φ´G =
π1(M) �?�gÓ�. K

rk(Fixφ) < 2 · rk(G ).

½n (�-�, 2012)

�3�X�4V­n�6/Mn 9gÓ�φn : π1(Mn) → π1(Mn)
¦�Fixφn �4­¡+�∀ε > 0, ∃N > 0, s.t. ∀n > N,

rkFixφn
rkπ1(Mn)

> 2− ε.

ØØØÄÄÄ:::���ØØØÄÄÄfff+++ 15 / 27



4.4 n�6/�ØÄf+))Seifert6/

½n (Ü§2014)

�M´;��½��Seifert 666///§Ù;/O(M)´V­
�§f´M�?����½½½���gÓ�§fπ �f p��Ä�+�gÓ
�. K

rk(Fix(fπ)) < 2 · rk(π1(M)).

���Seifert6/+�gÓ��ØÄf+�Ã�)¤µ

~~~:

�G = F2 × Z = 〈a, b〉 × 〈t〉 §

φ ∈ Aut(G ) : a 7→ at, b 7→ b, t 7→ t.

KFixφ = 〈t, a−mbam|m ∈ Z〉 Ã�)¤.
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5 .5�, �Ø �9BH

½Â

f+A 3+G ¥¡�.5�£inert¤§eé?�f+B 6 G , k

rk(A ∩ B) ≤ rkB.

½Â

f+A 3+G ¥¡��Ø �£compressed¤§eé?�f
+A 6 B 6 G , k

rkA ≤ rkB.

½Â

f+A 3+G ¡�BH§erkA ≤ rkG .

5

.5�=⇒ �Ø �=⇒ BH.
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5 .5�!�Ø �!BH

é?¿�xgÓ�B ⊆ End(G ),

½n (Bergman, 1999)

FixB 3Fn ¥o´BH.

¯K(Bergman, 1999)

FixB 3Fn¥�½´...555���?

½n (Martino-Ventura, 2004)

FixB3Fn¥o´���ØØØ   ���.

½n (Ü-Ventura-Ç, 2015)

FixB 3?¿­­­¡¡¡+++¥o´���ØØØ   ��� .
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FixB 3Fn ¥o´BH.
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6.1 ¦È+�ØÄf+: �õêBH

�G = G1 × G2 × · · · × Gn, z�ÏfGi ´k�)¤�gd+½4
­¡+£î.«5ê��K¤§·�¡��¦È+.

½nA (Ü-Ventura-Ç, 2015)

é¤k�φ ∈ Aut(G )§rkFixφ ≤ rkG
⇐⇒ ¤k�Gi äk�Ó�a.))î¼�½V­�.

î¼�: Z, π1(S) for χ(S) ≥ 0.
V­�: Fn (n > 1), π1(S) for χ(S) < 0.

~(Ø÷v½nA¥^�)

�G = F2 × Z = 〈a, b〉 × 〈t〉§

φ ∈ Aut(G ) : a 7→ at, b 7→ b, t 7→ t.

KFixφ = 〈t, a−mbam|m ∈ Z〉.

ØØØÄÄÄ:::���ØØØÄÄÄfff+++ 19 / 27



6.1 ¦È+�ØÄf+: �õêBH

�G = G1 × G2 × · · · × Gn, z�ÏfGi ´k�)¤�gd+½4
­¡+£î.«5ê��K¤§·�¡��¦È+.

½nA (Ü-Ventura-Ç, 2015)

é¤k�φ ∈ Aut(G )§rkFixφ ≤ rkG
⇐⇒ ¤k�Gi äk�Ó�a.))î¼�½V­�.

î¼�: Z, π1(S) for χ(S) ≥ 0.
V­�: Fn (n > 1), π1(S) for χ(S) < 0.

~(Ø÷v½nA¥^�)

�G = F2 × Z = 〈a, b〉 × 〈t〉§

φ ∈ Aut(G ) : a 7→ at, b 7→ b, t 7→ t.

KFixφ = 〈t, a−mbam|m ∈ Z〉.

ØØØÄÄÄ:::���ØØØÄÄÄfff+++ 19 / 27



6.1 ¦È+�ØÄf+: �õêBH

�G = G1 × G2 × · · · × Gn, z�ÏfGi ´k�)¤�gd+½4
­¡+£î.«5ê��K¤§·�¡��¦È+.

½nA (Ü-Ventura-Ç, 2015)

é¤k�φ ∈ Aut(G )§rkFixφ ≤ rkG
⇐⇒ ¤k�Gi äk�Ó�a.))î¼�½V­�.

î¼�: Z, π1(S) for χ(S) ≥ 0.
V­�: Fn (n > 1), π1(S) for χ(S) < 0.

~(Ø÷v½nA¥^�)

�G = F2 × Z = 〈a, b〉 × 〈t〉§

φ ∈ Aut(G ) : a 7→ at, b 7→ b, t 7→ t.

KFixφ = 〈t, a−mbam|m ∈ Z〉.

ØØØÄÄÄ:::���ØØØÄÄÄfff+++ 19 / 27



6.2 ¦È+�ØÄf+: �ê�Ø 

½nB (Ü-Ventura-Ç, 2015)

�G = G1 × · · · × Gn ´¦È+. eé¤k�φ ∈ Aut(G )§Fixφ
3G¥´���ØØØ   ��� , KG �½´e�a.��:

(euc1) G = Zp × (Z/2Z)q for some p, q > 0; or
(euc2) G = NS2 × (Z/2Z)q for some q > 0; or
(euc3) G = NS2 × Zp × (Z/2Z) for some p > 1; or
(euc4) G = NS `

2 × Zp for some ` > 1, p > 0; or

(hyp1) G = Fr × NS `
3 for some r > 2, ` > 0; or

(hyp2) G = Sg × NS `
3 for some g > 2, ` > 0; or

(hyp3) G = NSk × NS `
3 for some k > 3, ` > 0.

¯K

½nB¥��ã´�d^�?
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~f: ØÄf+��Ø �

~~~1:

�G = F2 × F2 = 〈t, u〉 × 〈a, b〉, �

φ ∈ Aut(G ) : t 7→ t, u 7→ tu, a 7→ a, b 7→ ab.

K
Fixφ = 〈t, u−1tu, a, b−1ab〉 6 〈t, bu, a〉.

~~~2:

�G = F2 × NS4 = 〈t, u〉 × 〈a, b, c , d |aba−1bcdc−1d〉, �

φ ∈ Aut(G ) : t 7→ t, u 7→ tu, a 7→ ab, b 7→ b, c 7→ cd , d 7→ d .

K

Fixφ = 〈t, u−1tu, b, aba−1, d , cdc−1〉 = 〈t, u−1tu〉×〈b, aba−1, d〉 ∼= F5

� Fixφ 6 〈t, au, b, d〉 ∼= F4.
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~fµØÄf+��Ø �

~~~3:

�G = NS2 × NS2 × Z2 = 〈a, b|aba−1b〉 × 〈c , d |cdc−1d〉 × 〈e|e2〉,

φ ∈ Aut(G ) : a 7→ a, b 7→ be, c 7→ cd , d 7→ d , e 7→ e.

K
Fixφ = 〈a, b2, c2, d , e〉 6 〈a, bc, d , e〉

Ï�c2 = a · bc · a−1 · bc �b2 = bc · bc · c−2.
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~f: ØÄf+�.5�

~~~4:

�G = F2 × NS3 = 〈t, u〉 × 〈a, b, c |aba−1bc2〉, �

φ ∈ Aut(G ) : t 7→ t, u 7→ u, a 7→ ab, b 7→ b, c 7→ c .

K
Fixφ = 〈t, u, aba−1, b, c〉 = 〈t, u〉 × 〈b, c〉.

�K = 〈at, u〉. K

Fixφ ∩ K = 〈t−mutm|m ∈ Z〉

Ã�)¤.
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6.3 ¦È+�ØÄf+: 4�.5�

½nC (Ü-Ventura-Ç, 2015)

�G = G1 × · · · × Gn ´��¦È+. eé¤k�φ ∈
Aut(G )§Fixφ 3G ´...555���(inert) , KG ´±ea.�
�µ(euc1)!(euc2)!(euc3)!(euc4) ½

G = Fr for some r > 2; or

G = π1(S) for some closed surface χ(S) < 0
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.5ß�(Ü-Ventura-Ç, 2015)

�G = G1 × · · · × Gn´��¦È+. K±e�ã�dµ

1 é¤k�φ ∈ End(G )§Fixφ 3G ¥´.5�¶

2 é¤k�φ ∈ Aut(G )§Fixφ 3G ¥´.5�¶

3 G áu±ea.��µ(euc1)!(euc2)!(euc3)!(euc4)!g
d+Fn £n ≥ 2¤!­¡+π1(S) £χ(S) < 0¤.

5

(1)
trivial
===⇒ (2)

Theorem C
=======⇒ (3)

???
==⇒ (1)

{(3)− (euc4)} Dicks−Ventura,1996
============⇒

Wu−Z .,2014
(2)
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