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We propose a novel first-order formalism for a type of K-brane system. An example solution is presented
and studied. We illustrate how the deviation parameter affects the properties of the model, such as the
stability of the solutions and the localization of fermions and gravitons. We argue that our solution is stable
against linear perturbations. The tensor zero mode of a graviton can be localized on the brane while the
scalar zero mode cannot. The localization condition for fermion is also discussed.
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I. INTRODUCTION
Scalar fields with noncanonical kinetic terms, namely,
the K-fields, were initially introduced to cosmology as a
new mechanism of inflation [1–3]. Since then, K-fields
have been extensively studied in many fields. One of its
interesting applications is the modeling of thick K-branes.
Unlike the standard thick brane models, where branes are
usually generated by canonical scalar field(s) (see [4–14]
for some of the original papers of the brane world, and
Refs. [15–18] for reviews), thick K-branes are domain wall
branes generated by scalar fields with noncanonical kinetic
terms [19–24].
Like any kind of brane world model, the study of thick
K-brane models also contains at least three nontrivial
issues: solutions, stability, and properties (for example,
the localization of bulk matter fields and gravitons). The
stability of thick K-brane has been generally discussed in
Ref. [25], where the stability conditions for solutions of a
large class of thick K-brane models were derived.
As to the issue of finding solutions, it is worth mentioning that there are interesting dualities between some K-field
models and the standard model. In other words, some
K-field models support the same solution given by the
model with the standard kinetic term of the scalar field [26].
Such K-field models are called the twin-like models of the
corresponding standard model, and vice versa. Inspired
by the original work [26], some authors studied twin-like
models in the brane world [27–30]. The twin-like duality
offers us an alternative way to find simple analytical
K-brane solutions. However, some of the models can be
distinguished from the standard model only when linear
perturbations (especially the scalar perturbations) are considered, while some are indistinguishable even at the linear
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order [30,31], and hence might be phenomenologically
trivial.
In this paper we follow another route to search for
analytical solutions, i.e., the first-order formalism. In this
formalism, the original second-order Einstein equations are
rewritten as some first-order equations of the superpotential
(an arbitary function of the background scalar field). The
first application of this formalism in thick K-brane models
was proposed by Bazeia et al. [22] to solve the following
two types of models:
(i) type I: FðXÞ ¼ X − αX 2 , and
(ii) type II: FðXÞ ¼ −X2 =2.
Here, X and FðXÞ represent the standard and generalized
kinetic terms of the background scalar field, respectively.
The parameter α in the type I model represents the
deviation from the standard model, so let us call it the
deviation parameter.
Assuming α to be small, the authors of Ref. [22] found
some analytical (but not exact) solution for the type I
model. The trapping of bulk fermions on the corresponding
branes was discussed in Ref. [24].
In the present paper, we report a new first-order formalism
that enables us to obtain exact analytical K-brane solutions
of the type I model. The stability of our solution against liner
perturbation as well as the localization of fermions and
gravitons are studied. The type II model has been analytically solved in Ref. [22], so we will omit it here.
In the next section, we briefly review the K-brane model
and the stability condition for an arbitrary solution. We
revisit the type I model of Ref. [22] in Sec. III, where a new
first-order formalism is established to solve the system. In
particular, we study the Sine-Gordon superpotential as an
example, and give the corresponding solution. With this
solution, we study how the deviation parameter α affects
the properties of the model, including the localization of
fermions (Sec. IV), and the localization of gravitons of
both tensor and scalar parts (see Sec. V). In the end, we give
a brief summary of our results.
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II. A REVIEW ON K-BRANE AND
STABILITY CONDITIONS

LX > 0;

We study the simplest thick K-brane model, where a
background K-field minimally couples with gravity:


Z
1
5 pﬃﬃﬃﬃﬃﬃ
S ¼ d x −g
R þ Lðϕ; XÞ :
(1)
2κ 25
Here, κ25 ¼ 8πG5 is the gravitational coupling constant
and G5 is the five-dimensional Newtonian constant.
X ≡ − 12 gMN ∇M ϕ∇N ϕ represents the kinetic term of the
background scalar field ϕ. In the standard model of a thick
brane, L ¼ X − VðϕÞ, where VðϕÞ is an arbitrary potential
of the scalar field. The Einstein equations are
1
GMN ≡ RMN − gMN R ¼ κ 25 T MN ;
2

(2)

In this paper, we always use latin letters, M; N;   , as the
indices of bulk coordinates, and greek letters, μ; ν;   , as
brane coordinate indices. We always use Lg to denote
the derivative of L with respect to g, e.g., LX ≡ ∂L=∂X.
For simplicity, the extra dimension is labeled as y ≡ x5 .
Then the general metric that preserves four-dimensional
Poincaré symmetry takes the following form:
2

ds ¼ e

2AðyÞ

μ

ν

2

ημν dx dx þ dy ;

Let us study the following model:
L ¼ X − αX2 − VðϕÞ:

2

6ð∂ y AÞ ¼

κ25 ðL

2

þ LX ð∂ y ϕÞ Þ:

(5b)

The equation of motion for the scalar field is given by
ð∂ 2y ϕÞðLX þ 2XLXX Þ þ Lϕ − 2XLXϕ ¼ −4LX ð∂ y ϕÞð∂ y AÞ:
(6)
This equation can be derived from Eqs. (5). Therefore, only
two of the dynamical equations are independent.
In principle, one can find uncountable domain wall
solutions with different L (simply because we cannot fix
solutions of A; ϕ, and VðϕÞ by using only two independent
equations). However, not all the solutions are stable against
small perturbations around them. The stability of a general
class of K-brane models was studied in Ref. [25]; the
conclusion is that models with

1
≡ αc :
3k2 v2

(9)

The same model was studied in Refs. [22,32,33], where
the authors assumed that the first-order derivative of the
warp factor is an arbitrary function of ϕ, called the
superpotential WðϕÞ:
∂ yA ¼ −

κ25
WðϕÞ:
3

(10)

Then the Einstein equations (5) can be rewritten as

(4)

(5a)

(8)

The deviation parameter α can take any value provided
that the stability conditions (7) are satisfied. Suppose the
scalar field is a kink: ϕð∞Þ ¼ v with v being a
constant, and ϕð0Þ ¼ 0. Then the stability conditions imply
a lower bound on the parameter:

where the four-dimensional Minkowski metric ημν ¼
diagð−1; þ1; þ1; þ1Þ, and e2AðyÞ , is called the warp factor.
With this metric, we can explicitly write the Einstein
equations as
− 3∂ 2y A ¼ κ25 LX ð∂ y ϕÞ2 ;

(7)

III. THE MODEL AND FIRST-ORDER
FORMALISM

α>−
(3)

LXX X
> 0;
LX

are always stable against linear perturbations.

where the energy-momentum tensor is defined as
1 δSm
¼ gMN L þ LX ∇M ϕ∇N ϕ:
T MN ≡ pﬃﬃﬃﬃﬃﬃ MN
−g δg

γ≡1þ2

∂ y ϕ þ αð∂ y ϕÞ3 ¼ W ϕ ;

(11)

1
3
2
V ¼ ð∂ y ϕÞ2 þ αð∂ y ϕÞ4 − κ25 W 2 :
2
4
3

(12)

In the standard model (α ¼ 0), Eq. (11) reduces to
∂ yϕ ¼ Wϕ:

(13)

Thus, by introducing the superpotential, one can rewrite
the original second-order Einstein equations (5) into two
first-order Eqs. (10) and (11). For this reason, this method
is called the first-order formalism. After being given a
suitable WðϕÞ, the system can be analytically solved [34].
However, when α ≠ 0, the relation between ∂ y ϕ and W ϕ
becomes rather complex, so that analytical analysis of the
system is achievable only for a small deviation parameter,
0 < α ≪ 1; see Refs. [22,32,33]. When α became large,
one has to come back to numerical calculation. Therefore, it
is interesting to search for a new approach, from which
exact analytical solutions can be obtained even when α is
very large.
Let us first observe Eq. (5a) and notice that when α ≠ 0,
the right-hand side of Eq. (5a) contains α while the lefthand side is a function of W. This means W must contains
α. So, instead of Eq. (10), we assume
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FIG. 1. Plots of the solutions and G00 with k ¼ 1 and ϕ0 ¼ π2.

∂yA ¼ −

κ 25
ðWðϕÞ þ αYðϕÞÞ;
3

W¼

(14)

where both W and Y are arbitrary functions of ϕ. Plugging
the above equation into Eq. (5a) and comparing the
coefficients, we immediately obtain
∂yϕ ¼ Wϕ

(15)

Y ϕ ¼ W 3ϕ :

(16)

and

ϕ ¼ ϕ0 arcsinðtanhðkyÞÞ:

Obviously, the construction of first-order formalism inevitably leads to noncanonical modification of the scalar
potential. So, from now on, let us call the sum of all the
terms in LðX; ϕÞ that contains α the α-term.
Equations (14)–(17) constitute the first-order formalism
of our model: given a suitable WðϕÞ, analytical solutions
can be found by simply solving these equations. Note that
such solutions usually can be embedded into a supersymmetric model [35,36].
To illustrate this, let us consider the Sine-Gordon
potential:

(18)

(19)

Without loss of generality, we take the parameter k to be
positive, so that ϕðy → ∞Þ ¼  π2 ϕ0 ≡ v, and αc ¼
− 3π4 2 k21ϕ2 .
0
Using the constraint equation (16), we get
Y¼

(17)


ϕ
;
sin
ϕ0


which leads to a kink-like solution for the scalar field:

From another Einstein equation (5b), we get
1
3
2
V ¼ W ϕ 2 þ αW ϕ 4 − κ 25 ðW þ αYÞ2 :
2
4
3

kϕ20


 
 
1 3 4
ϕ
3ϕ
k ϕ0 9 sin
þ sin
:
12
ϕ0
ϕ0

(20)

Then the scalar potential can be obtained:
 
 
1 2 2 2 ϕ
3 4 4 4 ϕ
V ¼ k ϕ0 cos
þ k αϕ0 cos
2
ϕ0
4
ϕ0
 
 2

2 2
k ϕ0
2ϕ
2
2
2
2
2 ϕ
−
:
sin
6 þ 5k αϕ0 þ k αϕ0 cos
ϕ0
ϕ0
18
(21)
For convenience, we have taken the dimensionless quantity
ϕ20 κ25 ¼ 3. Solving Eq. (14), we obtain the expression of
the warp factor:
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2 2 2
A ¼ − 1 þ k αϕ0 ln ðcoshðkyÞÞ
3
1
1
− k2 αϕ20 þ k2 αϕ20 sech2 ðkyÞ:
6
6
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(22)

The asymptotic behavior of A in the boundary of the extra
dimension is


2 2 2
lim A ¼ − 1 þ k αϕ0 kjyj:
(23)
y→∞
3

spin connection (see Ref. [37] for details), and η is the
Yukawa coupling. The equation of motion takes the
following form:
fγ μ ∂ μ þ γ 5 ð∂ r þ 2A0 Þ − ηeA ϕgΘ ¼ 0:

(27)

To obtain the four-dimensional effective action, one needs
to decompose the bulk spinor field Θ into chiral KaluzaKlein (KK) modes:
Θ ¼ e−2A

XX

ψ C;n ðxμ Þf C;n ðrÞ;

(28)

Obviously, the geometry of the bulk space-time is asymptotically anti–de Sitter.
Solutions with different values of α are depicted and
compared in Fig. 1. The other two parameters are fixed as
k ¼ 1 and ϕ0 ¼ π2, so that the solution with α > αc ¼ −1=3
is stable. Note that instead of studying T 00 ¼ −e2A L, we
prefer to study the zero-zero component of the Einstein
tensor GMN :

where n denotes different excitations of KK modes, while
C ∈ fþ; −g reminds us that each excitation corresponds
to two different chiralities. We assume ψ C;n ¼ Cγ 5 ψ C;n ,
namely, ψ þ;n and ψ −;n represent the right- and left-chiral
spinor KK modes, respectively, and they are mutually
related by four-dimensional Dirac equations:

G00 ¼ −3e2A ½2ð∂ y AÞ2 þ ∂ 2y A;

γ μ ∂ μ ψ C;n ðxρ Þ ¼ mn ψ −C;n ðxρ Þ:

C

(24)

which is equivalent to T 00 (up to a constant), but only
depends on the warp factor A, so is much easier to calculate.
In the subsequent investigations, it is more convenient to
redefine the fifth coordinate as dy ≡ eA dr, and to rewrite
line element (4) in a conformal flat form:

n

(29)

Inserting Eq. (28) into the equation of motion (27), we
obtain a Schrödinger-like equation for f C;n ðrÞ:
ð−∂ 2r þ V C ðrÞÞf C;n ¼ m2n f C;n ;

(30)

the potential is
ds2 ¼ e2AðrÞ ðημν dxμ dxν þ dr2 Þ:

(25)

Let us denote the derivative with respect to r by a prime, for
example, A0 ≡ ∂ r A.

V C ¼ ðηeA ϕÞ2 þ C∂ r ðηeA ϕÞ:
Defining F ≡ ∂ r þ CηeA ϕ, we can
Schrödinger-like equation as follows:

IV. FERMION LOCALIZATION AND THE α-TERM
The issue of trapping fermions with a nonvanished α was
discussed in Ref. [24], where the analytical background
solution is valid only for 0 < α ≪ 1, and the numerical
method was applied when α became larger. The conclusion
of Ref. [24] is that the ability to trap fermions is inversely
proportional to α. The numerical study for a large range of
values of α is also consistent with this conclusion. In this
section, we will study precisely how a large α would affect
the localization of fermions by using the solution given in
Sec. III.
As usual, we consider a bulk spin-12 field Θðxμ ; rÞ, which
couples with gravity and the background scalar in the
following form:
Z
pﬃﬃﬃﬃﬃﬃ
S1=2 ¼ d5 x −gΘ̄ðΓM DM − ηϕÞΘ:
(26)

(31)
rewrite

F F † f C;n ¼ m2n f C;n :

the
(32)

The theory of supersymmetric quantum mechanics ensures
the semipositive definite of m2n , namely, m2n ≥ 0. In this
paper, what we care about is the zero mode f C;0 which
corresponds to the massless fermion (m20 ¼ 0) in fourdimensional space-time. The mass of f C;0 is assumed to be
generated by the spontaneous symmetry breaking, for
example, or by some other mechanisms.
The zero mode can be easily read out from Eq. (32):
 Z

r
f C;0 ðrÞ ∝ exp Cη
dr̄eAðr̄Þ ϕðr̄Þ :
0

(33)

To trap the zero mode on the brane, we require
f C;0 to
R
be normalizable, namely, the integration drðf C;0 Þ2 is
finite, or

Here, ΓM ¼ ðe−A γ μ ; e−A γ 5 Þ and DM ¼ ∂ M þ ωM are the
Γ-matrices and covariant derivative in the five-dimensional
curved space-time, respectively. ωM ¼ ð12 A0 γ μ γ 5 ; 0Þ is the
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Z
dy exp −AðyÞ þ 2Cη

0



y

dȳϕðȳÞ

< ∞;

(34)
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as written in the y-coordinate [37]. According to Eq. (23),
the integrand asymptotically behaves as


2 3 2
k þ αk ϕ0 þ Cηπϕ0 jyj; for jyj → þ∞:
(35)
3
Obviously, the integral converges only when
2
k þ αk3 ϕ20 þ Cηπϕ0 < 0:
3

(36)

When η ¼ 0, this condition can be fulfilled by asking
α < −3=ð2k2 ϕ20 Þ. However, this violates the stability condition (9). For η > 0 and C ¼ þ, the inequality (36) is
always violated, so the right-chiral fermion is nonnormalizable for positive η. On the other hand, the leftchiral fermion (C ¼ −) can be normalized if
η>

k
2
7k
þ αk3 ϕ0 >
> 0:
πϕ0 3π
9πϕ0

PHYSICAL REVIEW D 89, 104034 (2014)

∂ ν Dμν ¼ 0 ¼ Dμμ :

Note that all indices are raised with ημν , so that ∂ μ ≡ ημν ∂ ν .
Under this decomposition, the original field perturbations can be classified into scalar (Ξ ≡ hrr ; Ψ; B, F, and
Φ ≡ δϕ), tensor (Dμν ), and vector (Cμ and Gμ ) modes.
All these modes are functions of the bulk coordinates xρ
and r. Each type of mode evolves independently [25], so we
can discuss them separately. As in the standard model, the
spectrum of the vector modes contains only a nonlocalizable zero mode. So we omit the vector modes and only
consider the tensor and scalar modes.
A. Tensor mode
Let us first focus on the tensor part, for which the
perturbed metric reads
ds2 ¼ e2AðrÞ ½ðημν þ Dμν Þdxμ dxν þ dr2 :

(37)

To obtain the second inequality, we used Eq. (9).
In sum, even the smaller α can strengthen the localization
of the fermion; a positive Yukawa coupling is necessary to
localize the left-chiral fermion zero mode. Given a fixed
coupling η, a large positive α would destroy the localization
condition (37). Our results are consistent with those of
Ref. [24].

(41)

(42)

Note that the tensor mode is independent with the scalar
part and in our model we only modify the scalar Lagrangian
of the standard model, so the dynamical equation for the
tensor mode takes the same form as the one in the standard
model [7,25]:
□ð4Þ Dμν þ D00μν þ 3A0 D0μν ¼ 0:

(43)

Consider the following decomposition:
V. GRAVITONS AND THE α-TERM
The localization of gravitational modes is another important issue because it relates to the reproductions and
modifications of the four-dimensional Newtonian gravity.
To study the localization of gravitational modes, one needs
to analyze the spectrum and configurations of small perturbations fδgMN ; δϕg around the background solution
fgMN ; ϕg. In the r-coordinate, we define the perturbed
metric as follows:
2

ds ¼ e

2AðrÞ

ðηMN þ hMN Þdx dx ;
M

hμr ¼ ∂ μ F þ Gμ ;

(39a)

hμν ¼ ημν Ψ þ ∂ μ ∂ ν B þ 2∂ ðμ CνÞ þ Dμν ;

(39b)

where Cμ and Gμ are transverse vector perturbations:
μ

∂ Cμ ¼ 0 ¼ ∂ Gμ ;

(40)

and Dμν is a transverse and traceless (TT) perturbation:

(44)

where ϵμν ðxρ Þ is transverse and traceless, ημν ϵμν ¼ 0 ¼
∂ μ ϵμν , and satisfies □ð4Þ ϵμν ¼ m2 ϵμν . Then χðrÞ satisfies
the following Schrödinger-like equation:
−χ 00 þ UT ðrÞχ ¼ m2 χ;

(45)

9
3
UT ðrÞ ¼ A02 þ A00 :
4
2

(46)

with

(38)

N

namely, δgMN ≡ e2AðrÞ hMN ðxρ ; rÞ.
To simplify the calculation, the scalar-tensor-vector
decomposition is widely applied in the study of linearization of gravitational systems:

μ

Dμν ðxρ ; rÞ ¼ e−3=2A ϵμν ðxρ ÞχðrÞ;

This equation can be factorized as
J J † χ ¼ m2 χ;

(47)

where
3
J ≡ ∂ r þ A0 ;
2

3
J † ¼ −∂ r þ A0 :
2

(48)

According to the supersymmetric quantum mechanics,
such a factorization implies m2 ≥ 0. So the model is stable
against the tensor perturbation. Meanwhile, the zero mode
can be easily read as
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χ ð0Þ ∝ e3=2A :
The normalization condition for the zero mode is
Z
Z
3AðrÞ
¼ dye2AðyÞ < ∞:
dre
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(49)

(50)

This condition is satisfied if
α>−

3 1
≡ αt :
2 k2 ϕ20

(51)

Recall that the stability condition is α > αc ¼ − 3π4 2 k21ϕ2 .
0

Obviously, αc > αt , so we can conclude that any solution
that satisfies the stability condition supports a localizable
tensor zero mode. As a result, four-dimensional Newtonian
gravity can be reproduced in these models.
In addition to the zero mode, we have a continuum
spectrum that causes a small scale correction to the
Newtonian potential. According to Refs. [10,38], the
correction is determined by the behavior of UT ðrÞ at large
r. One can easily prove that the asymptotic behavior of
UT ðrÞ is independent of the parameter α, so we conclude
that the correction to the Newtonian potential is ΔV Newton ∝
1=r3 no matter what value α takes.
The next question is, does the parameter α affect the
resonant spectrum of the tensor mode? To illustrate this
question, let us study the following equation:
J † J χ~ ¼ m2 χ~ :

(52)

This equation looks like Eq. (47), except the order of the
operators is reversed. In supersymmetric quantum mechanics, χ~ is called the superpartner of χ. Except for the ground
state, superpartners share the same spectrum. Thus, if χ~ has
massive resonant peaks, so does χ. Expanding Eq. (52), we
obtain another Schrödinger-like equation where the potential is given by
~ T ðrÞ ¼ 9 A02 − 3 A00 :
U
4
2

(53)

~ T ðrÞ (Fig. 2) does not show any attractive
The plot of U
well, so it is impossible for χ~ to have resonant modes;
so does χ. From the same plot, we also see that, just like
fermions, gravitons are more likely to be trapped on brane
with a smaller α.
B. Scalar modes
Let us study the scalar perturbations under the longitude
gauge, i.e., take F ¼ 0 ¼ B. This gauge completely fixes
the gauge freedoms in the scalar section, and the perturbed
metric takes a simple form:
ds2 ¼ e2AðrÞ ½ημν ð1 þ ΨÞdxμ dxν þ ð1 þ ΞÞdr2 :

(54)

FIG. 2.

~ T ðrÞ for k ¼ 1 and ϕ0 ¼ 2.
Plot of U
π

1
− Ψ − Ξ ¼ 0;
2

(55)

3 0
3
A Ξ − Ψ0 ¼ κ 25 LX ϕ0 Φ;
2
2

(56)

3 ð4Þ
3
3
□ Ψ − Ψ00 − A0 Ψ0 þ κ25 ϕ02 LXX e−2A ϕ02 Ψ
2
2
2
¼ 2κ25 LX ϕ0 Φ0 − κ 25 ϕ02 LXX e−2A ϕ0 Φ0 þ κ25 ϕ02 LXϕ Φ: (57)
Using Eqs. (55), (56), and (5), we can eliminate Ξ, Φ, and
LXϕ in Eq. (57) and obtain the following equation:

 3A 
e
ð4Þ
00
Ψ0
□ Ψ þ γΨ þ γ ∂ r ln
LX ðϕ0 Þ2



A02
0
Ψ ¼ 0;
(58)
þ 2γA ∂ r ln
LX ðϕ0 Þ2
where γ ¼ 1 þ 2 LLXXXX.
In the case LX > 0, we can rewrite the above equation
into a more compact form,
□ð4Þ Ψ̂ þ γ Ψ̂00 − γζðζ−1 Þ00 Ψ̂ ¼ 0;

(59)

0
by redefining Ψ ¼ e−3A=2 L1=2
X ϕ Ψ̂. Here,

ζ ≡ e3A=2

ϕ0 1=2
L :
A0 X

(60)

In addition, if γ > 0, then we can define a new coordinate,
z, such that
dz
¼ γ −1=2 :
(61)
dr
In the new coordinate, we can rewrite Eq. (59) as
_ − ζðζ −1 Þ̈ Ψ̂ þ γ_ ðζ −1 Þ· ζ Ψ̂ ¼ 0;
̈ − γ_ Ψ̂
□ð4Þ Ψ̂ þ Ψ̂
2γ
2γ

(62)

where dots denote the derivatives with respect to z. After a
~ we finally obtain
further redefinition of the field Ψ̂ ¼ γ 1=4 Ψ,
what we are looking for, a Schrödinger-like equation:
̈~
−1 ̈
~ þΨ
~
□ð4Þ Ψ
Þ ¼ 0;
− Ψθðθ

Then the perturbation equations are [25]

104034-6
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VI. SUMMARY

~ S ðzÞ ¼ θðθ−1 Þ̈ for k ¼ 1 and ϕ0 ¼ 2.
FIG. 3. Plot of U
π

where θ ≡ γ 1=4 ζ. This equation enables us to introduce the
KK decomposition
X nμ
~ ¼
Ψ
eipμ x φn ðzÞ:
(64)
n

Since ðpnμ Þ2 ¼ −m2n , Eq. (63) immediately reduces to the
following equation for φn ðzÞ:
−̈φn þ US ðzÞφn ¼ m2n φn ;

(65)

where US ðzÞ ¼ θðθ−1 Þ̈ . Equivalently, Eq. (65) can be
factorized as follows:
A† Aφn ðzÞ ¼ m2n φn ðzÞ;

(66)

with
d θ_
A¼ þ ;
dz θ

d θ_
A ¼− þ :
dz θ
†

ACKNOWLEDGMENTS
(67)

This equation assures the positive semidefiniteness of m2n
and, equivalently, assures the stability of the solution.
Obviously, the zero mode (m20 ¼ 0) takes the form
φ0 ∝ θ−1 . As we have pointed out in Ref. [25], the scalar
zero mode is always unlocalizable, no matter what value α
takes. This can also be concluded from the shape of US (see
Fig. 3), from which we know there is no bound or resonant
state in the spectrum of the scalar graviton. So, the same as
the standard model, our model is free of the long range scalar
fifth-force problem.1

1

We set an example for solving the K-brane system via
the first-order formalism. A novel first-order formalism is
established to solve the type I model of Ref. [22]. An exact
analytical solution was obtained by taking the Sine-Gordon
superpotential. We also studied the stability of the solution
against linear field perturbations. The localization of the
fermion and graviton was analyzed.
Our study indicates that the stability conditions demand
a lower bound for the deviation parameter α. On the other
hand, the requirement of localizing bulk fermions imposes
an upper bound for the deviation parameter because a
large deviation parameter can violate the localization condition of the fermion zero mode (37) for a given Yukawa
coupling. In addition, we studied the localization of tensor
and scalar gravitational perturbations. We found that the
tensor zero mode is always localizable provided that the
stability conditions are satisfied, while the scalar zero mode is
always nonlocalizable. There is no sign for gravitational
resonance either in the tensor or the scalar section.
Note that although a negative deviation parameter
αs < α < 0 does not necessarily break the linear stability
of our solution, it may lead to problems when other issues
such as causality and UV analyticity are considered [39].
The study of Ref. [39] indicates that α has to be positive at
least in models without gravity. Obviously, to make our
model a consistent low energy effective theory, it is
necessary to consider constraints from other issues. But
this is beyond the scope of the current work, so we leave
them for our future work.

This is because a localizable scalar zero mode corresponds to
a new long range force gauge boson, which transmits a new force
we have never seen before.
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