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Over the past 15 yr or more, researchers have been trying to achieve gain for electromagnetic fields
in the terahertz frequency region using biased semiconductor superlattices, but with little success.
In this work, we employ our model of the excitonic states in biased GaAs/Al0.3Ga0.7As
semiconductor superlattices to find the optimal structures for amplification of terahertz radiation. In
particular, we determine the optimum well width, barrier width, and bias field for terahertz fields
with frequencies ranging from 1 to 4 terahertz. We find that gain coefficients on the order of
C 2014 AIP Publishing LLC.
40 cm1 should be achievable over most of this frequency range. V
[http://dx.doi.org/10.1063/1.4892833]

The terahertz (THz) region of the electromagnetic spectrum, which has wavelengths ranging from 1 mm to 30 lm
(300 gigahertz—10 terahertz), has been the focus of intense
research over the past decade or more. There are a wide variety of potential applications for THz radiation, for instance,
in airport passenger screening,1 and in material science2
where it is used in ultrafast spectroscopic studies of semiconductor nanostructures to investigate many-body interactions
and the dynamics of transitions between internal excitonic
states.3–10 Most of these applications require compact, tunable THz sources as well as efficient detectors. Unfortunately,
designing such sources has proven very difficult as the THz
band lies between the realms of electronics and optics. Free
electron lasers provide tunable THz radiation but are not
compact;11 Quantum Cascade lasers are compact, but are not
very tunable.12 Nonlinear interactions in an air plasma provide broadband THz radiation but are not compact and cannot easily be made narrow-band.13
For many years, researchers have postulated that biased
semiconductor superlattices (BSSL) could be used as compact, tunable THz sources through stimulated emission
between Wannier-Stark ladder (WSL) states.14–19 When an
electric field Fo is applied to a superlattice with period d,
the electron and hole minibands are destroyed and replaced
by the WSL states, which are localized about the different
superlattice sites and have energies given by
hxB , where n is an integer and xB ¼ eFd=h is
En ¼ E0 þ n
the Bloch oscillation frequency.20 Because the WSL states
are equally spaced in energy and the transition dipoles
between neighboring states are all equal, it has been shown
that one cannot achieve THz gain using the non-interacting
electron WSL states.21,22 It has been shown theoretically23
that the electron-phonon interaction breaks the transition
symmetry and that THz gain should be possible. However,
experimentally, the evidence for such gain has been
a)
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inconclusive.23–27 More recently, it was proposed that
the breaking of the WSL transition symmetry due to the
electron-hole Coulomb interaction in undoped, optically
pumped BSSLs could be exploited to achieve THz gain. The
gain arises from transitions between different excitonic WSL
states,15,28–30 and the tunability of the gain is provided by the
applied dc bias.27,31
In Fig. 1, we plot the energies of nine different 1s excitonic WSL states as a function of the bias field; the size of
symbols on the curves is proportional to the optical dipole
element, Qn, of each excitonic WSL level. In the absence of
the electron-hole Coulomb interaction, all of the energy levels would be equally spaced. However, the interaction
clearly modifies the spacing. In particular, note the large difference between the energy separation of the n ¼ 0 state
and the n ¼ þ1 and n ¼ 1 states for F > 5 kV/cm. It is this
difference that we exploit to obtain THz gain. As is seen
in Fig. 1, the excitonic WSL energies deviate most significantly from the linear dependence on field at low fields
strengths. Thus, if one wishes to achieve THz gain at low frequencies (<4 THz), it is critical that the properties of the
BSSL are carefully calculated and optimized at these lower
bias fields.
Achieving THz gain in such superlattices is a difficult
task that requires careful design of the BSSL and proper
choice of the optical pumping wavelength and has not been
achieved to date. It is important to note that the energies and
THz transition dipole moments between different excitonic
WSL states are strongly affected by the well width, barrier
width, and bias field of the BSSL.15,28 However, while optimizing these parameters to find the best BSSL for THz is desirable, it is experimentally prohibitive with respect to both
time and cost as it would require the fabrication and testing
of a large number of BSSLs. Therefore, the development and
application of a theoretical model that can determine the
optimal BSSL structures for a given THz frequency is highly
desirable as it would provide experimentalists with guidance
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Hðze; zh ; rÞ ¼ H0 ðze; zh ; rÞ þ U e ðze Þ þ U h ðzh Þ þ eFz;

(1)

where U e ðze Þ½U h ðzh Þ is the superlattice potential for the
electron [hole],34,35 H0 contains the kinetic and Coulomb
energy terms of the electron-hole pair. Here, ze and zh denote
the z coordinates of the electron and hole, respectively,
z  ze  zh and r denotes the electron-hole separation in the
x, y (transverse) plane. The exciton envelope function wqn is
expanded using an exciton Wannier function as
1 X iqmd
wqn ðr; ze; zh Þ ¼ pﬃﬃﬃﬃ
e Wn ðr; ze  md; zh  mdÞ;
N m

FIG. 1. The energy levels of the 1s excitons in the BSSL with barrier width,
b ¼ 12 Å and well width w ¼ 88 Å as a function of the bias field when the
electron-hole interaction is included. This structure is found to be optimal
for the amplification of terahertz fields of central frequency f ¼ 2 THz. The
size of the symbols on each curve is proportional to the absolute value of the
optical absorption coefficient, Qn.

and specific design parameters to maximize the probability
of success in observing and maximizing THz gain in BSSLs.
In this paper, we show that strong THz gain should be
achievable in suitably designed, undoped, optically pumped
GaAs/Al0.3Ga0.7As BSSLs. The excitons are optically
injected into the n ¼ 0 1s excitonic WSL state, and the structure is designed such that the energy difference between the
n ¼ 1 and n ¼ 0 WSL levels is equal to the energy of the
THz photons that are to be amplified (see Fig. 1). To achieve
maximum gain, there are two main criteria: (i) the energy
difference between the n ¼ 0 and n ¼ þ1 WSL levels should
be very different than the energy difference between the
n ¼ 1 and n ¼ 0 WSL levels and (ii) the intraband dipole
transition matrix element between the n ¼ 0 and n ¼ 1
WSL level should be large, while the element between n ¼ 0
and n ¼ þ1 WSL levels be small. Note that the first of these
criteria is clearly met for the BSSL of Fig. 1 for fields greater
than about 5 kV/cm. Using these criteria and others, we
design and implement a numerical algorithm to optimize the
well width, barrier width, and bias field in the BSSL for THz
gain at a given THz frequency between 1 and 4 THz. We
find that the optimization results in gain coefficients greater
than 40 cm1 for most of this frequency range.
To model and optimize the gain in a BSSL, we employ
a tight-binding model of 1s excitons in GaAs/Al0.3Ga0.7As
BSSLs that has been shown to give good agreement with
experimental results for the excitonic WSL.15,32,33 Here, we
first present a brief summary of this approach. In the twoband envelope function approximation, the Hamiltonian for
excitons in a superlattice under a bias field is given by15,34

(2)

where m is an integer, N is the number of lattice sites, q is
the exciton wave number in the z direction, d is the periodicity of the BSSL under investigation, and Wn(r, ze, zh) is the
exciton Wannier function. The index n is a discrete quantum
number of longitudinal motion that, in the high-field limit,
gives the approximate separation of the electron and hole in
units of the superlattice (SL) period and is thus approximately the WSL index described earlier. The WSL levels
will be denoted by n ¼ 0, 61, 62, … hereafter. Because we
are interested in optically active excitons, we are only interested in the q ¼ 0 states. The Wannier function Wn(r, ze, zh)
is calculated by expanding it in a basis of double well exciton wavefunctions where the expansion coefficients are
obtained by diagonalizing the effective Hamiltonian.15 In all
that follows, we only consider the excitons that are 1s-like in
their in-plane motion, as it has been shown that these excitons dominate the optical and THz response when the system
is optically excited on resonance with the n ¼ 0 1s
WSL exciton state.15 Using this formalism, the superlattice
eigenstates, jw0n i, and energies, En ¼ hxn , can be obtained.
Using the eigenstates, we calculate the terahertz dipole transition matrix elements along the superlattice axis,
^ 0 i, as well as the WSL optical absorption
Gn;m  ehw0n jZjw
m
coefficients, Qn. The material parameters used in our simulations can be found in Ref. 27.
After obtaining the properties of BSSLs, we use these to
calculate the linear THz absorption gain coefficient by first
calculating the linear susceptibility. We assume that the initial condition is that only the n ¼ 0 excitonic WSL level is
populated and that the THz field is a pure sinusoid. From
standard quantum linear response theory,36 the susceptibility
arising from the excitons is given by
vðxÞ ¼

2
e2 N X X jGn;m j ðpm  pn Þ
;
o m n>m hðxnm  x  iCnm Þ

(3)

where N is the 3D density of excitons and pn is the probability of an exciton being in the nth state. The quantity, Cnm, is
a phenomenological constant that is related to the full width
at half maximum (Dnm) (FWHM) of the given transition by
Dnm ¼ Cnm =p:

(4)

We assume that experiment is performed at low temperatures
(e.g., 10 K), that the n ¼ 0 excitonic state is resonantly
excited with a short (few hundred fs) optical pulse and that
the THz pulse arrives within a few hundred femtoseconds
after the optical pulse.13 Because we will be considering

062112-3

Lei et al.

Appl. Phys. Lett. 105, 062112 (2014)

THz fields that are almost resonant at the Bloch frequency,
xB, and initially only the n ¼ 0 WSL state is populated
(pn ¼ dn,0), we can assume that only the n ¼ 1, 0, þ1 states
contribute significantly. We then obtain
"
#
e2 N
jG0;1 j2
jG1;0 j2
; (5)

vðxÞ ’
þ
hðx  x  iCÞ hðxþ  x  iCÞ

o
where xþ  xþ1  x0 and x  x0  x1 are both positive quantities. For simplicity, we assume that the linewidths
of both transitions are characterized by the single parameter,
C. The complex wavenumber for the plane wave propagating
through the medium is given by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(6)
k ¼ ko n2o þ vðxÞ;
where no is the average index of refraction of the medium
when the excitonic resonances are not included and ko
 x/c. To obtain the absorption coefficients, we can write
the wavenumber as
k ¼ nðxÞko þ iaðxÞ=2;

(7)

where n(x) is the index of refraction and a(x) is the absorption coefficient36
aðxÞ ¼

xv00 ðxÞ
:
cno

(8)

Combining Eqs. (5) and (8) and c(x) ¼ a(x), we obtain the
final expression for the gain coefficient (which is the negative of the absorption coefficient) at the THz frequency, f
"
e2 NhxC
jG0;1 j2
cðxÞ ¼
hcno o ðhx  2phf Þ2 þ ðhCÞ2

#
jG1;0 j2
:
(9)

2
ðhxþ  2phf Þ2 þ ðhCÞ
This expression can now be used to optimize the BSSLs. For
this purpose, we first calculated the excitonic states of a large
number of BSSLs with well widths, w, between 10 Å and
98 Å, barrier widths, b, between 10 Å and 98 Å, and bias field,
F, between 0 kV/cm and 30 kV/cm—resulting in a total of
245 025 data sets.37 The selection process has two steps.
First, we perform a preliminary screening to select only structures that meet the following criteria: (i) To ensure we are in
the regime where the excitonic WSL states involved in the
gain process resemble non-interacting WSL states, we require
that the square of the optical absorption coefficients, Qn, of
the n ¼ 0, 61 WSL levels together are larger than 40% of
the sum Pover all WSL levels (i.e., ðjQ1 j2 þ jQ0 j2
þjQ1 j2 Þ= n Q2n > 0:4); (ii) We require that the absorption
coefficient of the n ¼ 0 WSL level is not too small (i.e.,
jQ0 =Q1 j  0:2) because this is the WSL level the optical
pulse excites; and (iii) We also require the n ¼ 0 to n ¼ 1
intraband transition matrix element is large enough to provide
strong intraband transitions (jG0;1 j > 0:04 is used in practice). Then, after this initial screening, we compute the gain
coefficient for each data set using Eq. (9). We assume that the
experiments are run at a temperature close to 10 K and thus

take the dephasing time to be 1.32 ps (hC ¼ 0:5 meV), which
is chosen to be close to the value that has been found experimentally in a 67/17 BSSL at low temperature.28,38 Finally,
using the WKB approximation for the non-interacting electron and hole zero-field bands, we verified that the probability
of Zerner tunneling out of the minibands of interest is negligible (<103 per Bloch oscillation period) for all of the
selected BSSLs.
Figure 2 shows the optimized BSSLs we have obtained
for different THz frequencies ranging from 1 to 4 THz. The
optimized bias field (F), well width (w) and barrier width (b)
are shown in the red curves in Figs. 2(a)–2(c). We note that
the selected BSSLs represent maxima of the terahertz gain
with respect to F, w, and b. To gain some insight into how
fast the gain coefficient decreases as F and w are moved
away from the maximum, in Fig. 2(a) and 2(b), we use the
unshaded regions to indicate the parameter space where the
gain coefficient is reduced by less than 30% from the optimal
value. The boundaries are obtained by fitting the gain coefficient as a function of one variable, while keeping the other
two constants. For instance, at f ¼ 2 THz, the upper and
lower boundaries of F are calculated by fitting the gain
coefficient as a function of F, while keeping w ¼ 88 Å and
b ¼ 12 Å. We note because the values of b are very close to
the lower limit set in our simulations (10 Å), its upper and
lower boundaries are not calculated.
It can be seen from Fig. 2 that for F, the white region is
very narrow, which means that the gain coefficient is sensitive
to the bias field. On the other hand, the white region for w is
relatively large, thereby allowing a larger variation in w before
the gain coefficient is reduced significantly. Figure 2 also
shows that the bias field, F, is almost linearly dependent on the
central frequency of the THz field. This is perhaps expected
because (in the absence of excitonic effects) the WSL spacing
is given by eFd and the optimized d is decreasing almost linearly with the THz frequency [Figs. 2(b) and 2(c)]. The well

FIG. 2. The (a) bias field, (b) well width, and (c) barrier width for the
optimized BSSL structures as a function of the THz frequency. The red lines
with filled circles are the optimized values, while the black lines with filled
triangles indicate the limits of the range over which the gain is reduced by
less than 30%. The results are for 
hC ¼ 0:5 meV.
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FIG. 3. (a) Gain coefficient of the optimized BSSLs as a function of the THz
frequency to be amplified for an exciton density of N ¼ 1.0  1015/cm3. The
red curve with solid circles is for the
globally optimized structures given in
2. The blue curve with solid triangles
is for a fixed BSSL with b ¼ 17 Å and
w ¼ 67 Å, in which only the bias field
is optimized at each frequency. (b) The
optimized bias field for the 67/17
BSSL as a function of THz frequency.

width, w, of the best BSSLs is in the range of 68 Å to 96 Å,
with the value decreasing with f when f > 2.25 THz. Similarly,
the barrier width, b, also decreases with the f and becomes a
constant at f ¼ 2.25 THz where it hits the lower limit we set for
allowable b. From the results shown in Fig. 2, we conclude
that, to obtain an optimized BSSL, both the well width and the
barrier width should decrease as the central frequency of the
terahertz field increases. Figure 2 also indicates that using a
single BSSL for frequencies ranging from 1 THz to 4 THz is
not a good strategy. For example, if we select the structure that
is optimized for the frequency of 1 THz (b ¼ 22 Å and
w ¼ 96 Å), its gain coefficient at 4 THz (at the optimized bias
field, F ¼ 17.75 kV/cm (Ref. 39)) is about 30 times smaller
than that of the optimized structure (F ¼ 20.5 THz, b ¼ 10 Å
and w ¼ 68 Å, also see Fig. 3).
Having found the optimal BSSLs for each THz frequency value, we now plot the gain coefficients of these
structures in Fig. 3. In the calculation, we have used an exciton density of N ¼ 1.0  1015/cm3, which is relatively low so
as to minimize exciton-exciton interactions and is consistent
with our previous work.15 Figure 3 shows that the gain coefficient, for the central frequency f ranging between 1 and 4
THz generally increases with f. For f  2.25 THz, the
increase is approximately linear; to some extent, this linear
dependence arises because c(x) is directly proportional to x.
However, for f > 2.25 THz, the increase is much slower. The
cause of the reduced rate of increase can be seen in Fig. 2(c),
where it is seen that no optimization of b was possible when
f > 2.25 THz as the smallest allowed b had been reached.
Therefore the chosen BSSLs for f > 2.25 may not be the
globally best ones, but one would have to perform calculations beyond the envelope function approximation to obtain
reliable results beyond the 10 Å limit, and this would be prohibitively computationally expensive.37 Finally, we note that
the gain coefficients shown here are comparable to those
reported with THz quantum cascade lasers.15,40,41
The gain coefficient obtained from the optimal BSSLs
can be substantially larger than those obtained using a single
BSSL. For instance, we investigated a particular BSSL structure with w ¼ 67 Å and b ¼ 17 Å that has been used in previous15,28,34,42 For this structure, we followed the procedure
described earlier and calculated its properties for different F
ranging between 0 kV/cm and 30 kV/cm, resulting in a total
of 76 data sets after the initial screening. Then for each given
frequency f, we find the optimal bias field F and the

corresponding gain coefficient, which are also shown in Fig.
3 for an exciton density of N ¼ 1.0  1015/cm3. The gain
coefficient is no longer linear with f, but shows a peak close
to f ’ 2.5 terahertz and a decrease beyond that the obtained
gain coefficients are seen to be well below those of the globally optimized structures, but shows reasonable tunability for
frequencies greater than 2.5 THz. In addition, the gain coefficient below f ’ 2.25 THz is close to zero because the bias
fields required for larger gain (5 kV/cm) do not satisfy our
initial screening conditions (and thus removed) since the
excitonic WSL energy structure is not well established at
such low bias fields. Such a situation is also shown in Fig. 1
(although it is a different structure), where
P at F ¼ 5 kV/cm,
the condition ðjQ1 j2 þ jQ0 j2 þ jQ1 j2 Þ= n Q2n > 0:4 is not
satisfied.
Finally, we briefly discuss the optimal BSSL for f ¼ 2
THz, which has the optimal results of F ¼ 7.75 kV/cm,
w ¼ 88 Å and b ¼ 12 Å. Figure 1 shows the basic properties
of the WSL levels of this structure. The variation of the
energy, En, of each WSL level with respect to the bias field
is shown and the asymmetry in the energy levels can be
clearly seen, for instance, E0  E1 < E1  E0 as E0  E1
¼ 8.33 meV and E1  E0 ¼ 6.87 meV. As we can see, the
n ¼ 2, 1, and 1 WSL levels have the largest optical dipole
elements, not the n ¼ 0 state, which is optically pumped in
our simulation. However, this is not critical because the intensity of the pumping laser can be increased to achieve the
desired exciton density.
In summary, we have found the optimum optically
pumped GaAs/Al0.3Ga0.7As BSSLs to achieve amplification
in the THz frequency regime. The optimization process is
based on a tight-binding model of BSSLs that includes
electron-hole interactions. This computationally efficient
model enables us to compute and compare the THz gain of a
lager number of different BSSLs. We found that the bias
field depends almost linearly on the THz frequency and the
well width and the barrier width should decrease as the THz
frequency increases for optimal amplification. We believe
that this will be useful in designing the first experiments to
observe gain in BSSLs which will hopefully pave the way to
the design of THz amplifiers.
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We set 10 Å as the lower limit for both layers because the envelope function approximation has reduced accuracy below that size.
38
F. T. Vasko, Phys. Rev. B 69, 205309 (2004).
39
Given the BSSL structure (w ¼ 96 and b ¼ 12 Å), there are a total of 121
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