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Abstract
We present a theoretical study of the terahertz-pulse-induced intraexcitonic dynamics of
optically created excitons in quantum wells, providing an explanation of the density
dependence of the 1s–2p intraexcitonic transitions observed experimentally. We find that two
types of many-body interactions, the phase space filling and the exchange interaction, are
responsible for the observed red-shift of the resonance frequency. In addition to calculating the
density renormalized exciton energy levels, which offer indirect information regarding the
density-dependent 1s–2p transitions, we developed a mean-field approach to examine the
intraexcitonic transition process directly. The resulting dynamic equation provides a useful
tool to gain insight into the intraexcitonic transitions in semiconductor nanostructures.
(Some figures in this article are in colour only in the electronic version)

1. Introduction

1s–2p transition decreasing with increasing exciton densities.
Additional experiments were performed thereafter using
similar techniques [12, 15, 17], and the excitonic contribution
to the THz dielectric response is theoretically obtained using
Fermi’s golden rule [15].
Theoretical investigations of the density influence on
exciton internal states, notably by Schmitt-Rink et al [19],
focused on the 1s exciton state in quantum well structures
and successfully explained the observed blue-shift of the
1s excitonic state in experiments [18, 20]. In this paper,
we will present a general method, which includes manybody interactions between excitons [21, 22], to investigate
the density influence on exciton energy levels and the
intraexcitonic dynamics of optically excited excitons in
quantum wells. Our aim is not to compete with other advanced
theories like the comprehensive theory proposed by Kira
et al [23]. Instead, we want to provide a straightforward
method that can be readily used to understand and estimate
how exciton densities can influence the intraexcitonic
transitions and, in particular, the resonance shift associated
with these transitions.

Accompanying the development of terahertz (THz) technology over the years, transient THz spectroscopy has become an
important experimental technique to understand low energy
resonances in various systems. Initially, this technique was
used to monitor the lifetime or population of ground state
excitons [1, 2] or observe far infrared (FIR) absorption by
magnetoexcitons [3, 4]. In recent years, it has also been used
to understand the quantum state of the ground state exciton
itself, and the dynamics related to many-body interactions
involved [5, 6]. The density influence on intraexcitonic
transitions was a less explored topic until recently when THz
spectroscopy became a standard technique [7, 8]. The transitions between internal excitonic states have been investigated
in many systems such as Cu2 O [5, 9–13], GaAs/AlGaAs
quantum wells [2, 6, 7, 14–16], and superlattices [8] by many
research groups, employing FIR or THz spectroscopy [1,
2, 5–7, 9–16]. The optical-pump-THz-probe study of the
intraexcitonic 1s–2p transition in GaAs/Alx Ga1−x As quantum
wells [7] clearly demonstrate that this process is strongly
density dependent, with the resonance frequency of the
0953-8984/11/345801+09$33.00
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Optically excited excitons, unlike an atomic system,
have special properties because they are composite particles
and are not true bosons. Thus, one has to be careful to
include the essential many-body interactions in an excitonic
system to investigate its dynamics and at the same time
keep the arising theoretical problem tractable. It has been
shown in a previous work [21] that, to the Hartree–Fock
order, there are two such interactions that correlate excitons:
the phase space filling (PSF) effect and the exchange
interaction. The influence of these two effects on the
interband excitonic dynamics was investigated using the
density matrix method [21, 22]. However, their influence
on the THz-pulse-induced intraexcitonic transitions is still
unclear. Employing a quasi-boson approach (compare with
section 2), there are two ways to investigate the intraexcitonic
dynamics in a semiconductor nanostructure. In section 3.1,
we will find how each exciton internal state is affected by
exciton densities, thus obtaining the intraexcitonic transition
frequencies indirectly. A second method, which will be shown
in section 3.2, deals with the intraexcitonic dynamics directly.
In this method, we first construct a mean-field wavefunction
for a system of excitons resonantly excited to the 1s excitonic
state and then we compute the deviation from this mean-field
wavefunction caused by a THz pulse using a variational
approach. The resulting dynamic equation for the deviation
is used to describe the THz-pulse-induced intraexcitonic
transitions. Finally, we use the derived equation to study
the 1s–2p intraexcitonic transition directly and connect the
observed red-shift to many-body interactions.
This paper is organized as follows. In section 2, we briefly
introduce the quasi-boson Hamiltonian, the quasi-boson
dynamic equation, and summarize our excitonic approach [21,
22]. In section 3, we present two theoretical methods to
investigate the density dependence of the intraexcitonic
transitions between 1s and 2p exciton states, and then discuss
the applicability of the adopted theoretical methods. Finally,
in section 4, we present our conclusions.

momentum state. This makes possible the use of our approach
that includes only K = 0 excitons.
One way to describe the wavefunction of an exciton is
to use its Fourier coefficients. This method, when further
developed, requires us to introduce the quasi-boson operator
B†q , which is closely related to the true exciton creation
operator B†µ (details about B†q and B†µ will be shown
below). The resulting dynamic equation for B†q is crucial in
determining the density influence on excitonic energy levels,
and it will be our starting point for constructing a mean-field
theory to directly examine intraexcitonic transitions in
section 3.2.
The quasi-boson creation operator, B†k , which represents
the creation of an electron–hole pair, is defined as [21]
†
B†k = OU(αk† β−k
)U † O† ,

(1)

†
) is the electron (hole) creation operator, here
where αk† (β−k
k is the momentum of the electron in the electron–hole pair.
The Usui transformation U [31] and the ordering operator O
are necessary to map fermion operators to the quasi-boson
operator [21, 32], B†k . The true exciton creation operator is
obtained with a canonical transformation
X
B†µ =
ckµ B†k ,
(2)
k

where µ denotes the internal state of an exciton and ckµ is
the expansion coefficient that can be obtained from exciton
wavefunctions. Since B†k represents quasi-bosons, it has a
special commutation relation [21],
[Bk , B†k0 ] = δk,k0 (1 − 2B†k Bk ),

(3)

and a supplementary condition
B†k B†k = 0.

(4)

Using the Usui transformation, we can transform the
Hamiltonian of a photoexcited semiconductor system [33] in
fermion space to obtain the Hamiltonian H in the quasi-boson
pair space. The details of the transformation process can be
found in [29], we thus only present the results here. The
Hamiltonian in the quasi-boson basis can be written as

2. The quasi-boson approach
In an excitonic approach, excitons are viewed as fundamental
excitations of optically excited semiconductors or semiconductor nanostructures. One distinct feature of an excitonic approach is that it can treat the intraband dynamics as transitions
between two internal excitonic states [24]. In this approach,
the PSF effects associated with the composite nature of
excitons need to be treated with care [25, 26]. One common
practice is to assume a low exciton density so that PSF effects
are negligible [24, 27, 28]. However, to understand the density
dependence of intraexcitonic transitions, we need to use
the density-independent quasi-bosonic exciton creation and
annihilation operators, and explicitly take into account their
density-dependent commutation relations [21, 24, 29, 30]. As
we will investigate the dynamics of excitons and the density
influence on the resonance of intraexcitonic transitions, we
focus on the picosecond time scale (∼1 ps) in which most
bound excitons are in the K = 0 center of mass (COM)

H = HX + HC + HI .

(5)

In equation (5),
HX =

X

Ek0 B†k Bk −

k

X
k1 ,k2

Vk1 −k2 B†k2 Bk1

(6)

is the Hamiltonian for non-interacting quasi-boson pairs
where the Coulomb interaction inside the pair is included as
the second term.
X
Vk1 −k2 B†k1 B†k2 Bk2 Bk1
(7)
HC = −
k1 ,k2

describes the exchange interaction and
X
HI = −
E(t) · (dcv B†k + h.c.)
k

2

(8)
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3. Density-dependent intraexcitonic transitions

describes the interaction of quasi-boson pairs with the laser
electric field, E(t).
The commutation relation, equation (3), is used to
develop the dynamic equation for B†k , which is given by
ih̄

After introducing the quasi-boson approach, we now use it
to investigate the density-dependent intraexcitonic transitions
that have attracted much interest in recent years [7, 12, 15]. It
was experimentally found that the resonance frequency of the
1s–2p transition is strongly dependent on exciton densities [7]
and that the resonance frequency is red-shifted as exciton
density increases. It is worth noting that the magnitude of
this red-shift is about four times larger than that of the
blue-shift of 1s excitons [18, 19]. To fully understand the
cause of this large red-shift theoretically, we use two different
methods in sections 3.1 and 3.2. First, we calculate the
density dependence of individual exciton states, and find the
energy difference between the 1s and 2p states. This method
is similar to that shown in [19], but is more systematic in
that it can be applied to an arbitrary exciton state. Second,
we will develop a mean-field theory to directly examine the
intraexcitonic process. This will provide a foundation for
using the renormalized exciton energy levels to evaluate the
resonance frequency of intraexcitonic transitions.

X
d †
h
Bp = −
[(Eg + V0 + pe + −p
)δk,p − Vp−k ]B†k
dt
k
X
X
+2
Vp−k B†p B†k Bk − 2
Vp−k B†k B†p Bp
k

k

+ E(t) · Mcv − 2E(t) · Mcv B†p Bp
X
+ ETHz (t)
Kq,p B†q (1 − 2B†p Bp ),

(9)

q

where Eg is the energy gap between the valence band and the
h ) is the kinetic energy of an electron
conduction band, pe (−p
(hole), Vq is the Coulomb interaction matrix in the momentum
space, Mcv is the interband transition matrix, and Kp,q is the
transition matrix between quasi-boson states, which can be
computed from exciton wavefunctions [24]. There are two
external pulses: the optical pulse E(t) and the THz pulse
ETHz (t) that follows the optical one.
Using the dynamic equation (9) and the canonical
transformation (2) we can derive a dynamic equation for true
exciton creation operators B†µ :
d
ih̄ hB†µ i + Eµ hB†µ i
dt
X
hB†µ i
†
†
= − ih̄ EXE + 2
Rµ
µ1 ,µ2 ,µ3 hBµ1 ihBµ2 Bµ3 i
Tinter
µ1 ,µ2 ,µ3
!
X
∗
†
+ E(t) · Mcv Cµ − 2
Cµ,µ1 ,µ2 hBµ1 Bµ2 i ,

3.1. Density influence on exciton energy levels
Rearranging equation (10), we have
!
X
d †
†
µ
ih̄ hBµ i + Eµ − 2
Rµ,µ2 ,µ3 hBµ2 Bµ3 i hB†µ i
dt
µ2 ,µ3
= − ih̄

(10)
+

where

R1µ
µ1 ,µ2 ,µ3 =

X

(11)

X

k∗ k
Vp−k cpµ cp∗
µ1 cµ2 cµ3 ,

(12)

k∗ p
Vp−k cpµ cp∗
µ2 cµ1 cµ3 ,

(13)

X

(14)

p

Cµ,µ1 ,µ2 =

X
p

cpµ ,

p
cpµ cp∗
µ1 cµ2 ,

µ1 6=µ,µ2 ,µ3

†
†
Rµ
µ1 ,µ2 ,µ3 hBµ1 ihBµ2 Bµ3 i

E(t) · M∗cv

Cµ − 2

X
µ1 ,µ2

Cµ,µ1 ,µ2 hB†µ1 Bµ2 i

,

(16)

µ2 ,µ3

which can be readily applied to different exciton energy levels.
When 1s excitons dominate the system (which is the case
when 1s excitons are resonantly excited), the change to the 1s
exciton state caused by interactions between excitons is given
by

k,p

Cµ =

X

which indicates that the excitonic energy level Eµ changes
with the number of excitons in the system according to the
following equation:
X
†
δEµ = −2
Rµ
(17)
µ,µ2 ,µ3 hBµ2 Bµ3 i,

k,p

R2µ
µ1 ,µ2 ,µ3 =

EXE
Tinter

+2

!

µ1 ,µ2

µ
µ
Rµ
µ1 ,µ2 ,µ3 = R1µ1 ,µ2 ,µ3 − R2µ1 ,µ2 ,µ3 ,

hB†µ i

†
δE1s ' −2R1s
1s,1s,1s hB1s B1s i,

(15)

(18)

where R1s
1s,1s,1s can be analytically obtained for a strict
2D system, and numerically for a general quantum well
structure [32]. For a strict 2D system, we have


315π 2
2
E1s n1s
δE1s ' 32π a2D 1 −
212

Eµ is the energy of an exciton with internal state µ, and
EXE is the phenomenological interband dephasing time
Tinter
constant (we have removed the THz term in equation (9) for
simplicity). This dynamic equation had been used to study
the ultrafast optical response of one-dimensional (1D) and
two-dimensional (2D) semiconductor nanostructures [21, 22]
via the density matrix method. The coefficients defined in
equations (11)–(15) have shown their importance in analyzing
the blue-shift and bleaching of 1s exciton resonance [22].

= 24.2Eb a22D n1s ,

(19)

where n1s is the areal density of 1s excitons, Eb is the binding
energy of a 1s exciton, and a2D is the radius of a 2D 1s
3
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consistently red-shifted for increased exciton density under
resonant excitation conditions (the pumping pulse is resonant
with the 1s excitonic state) [37]. The red-shift of the resonance
is mainly determined by the fact that, in the case of the 2s
excitonic state, the PSF is overwhelmed by the exchange
interaction in the system, giving rise to different results for
1s, 2s, and 2p states.
We note that several factors can cause some difference
between our theoretical prediction and experimental results.
First, different excitation conditions can result in different
δE1s and δE2p . Since the dynamic equation (equation (10))
does not include electron spin, we essentially model a
system excited by a circularly polarized laser pulse. If a
linearly polarized laser pulse is used, we should have δE1s '
12.1Eb a22D n1s and δE2p ' −38.0Eb a22D n1s , where a factor of
0.5 has arisen when electron spins are considered [19, 32]
(note that δE1s /δE2p does not change). Second, we need to
have a proper estimation of a2D , which is often hard to obtain
in experiments, to use the results in equations (19) and (20).
Finally, to have a quantitative comparison with experiments,
we need to work with real quantum wells [32], for which no
analytical expression can be obtained. It is generally expected
that the energy shifts due to many-body interactions are
weaker in real quantum wells than in a strictly 2D system.
Obtaining the density dependence of individual exciton
energy levels is not the end of our investigation because
there are two remaining problems: (1) unlike the 1s state,
the 2p state cannot be directly excited by an optical
pulse (in equation (16), C2p = 0). Thus the use of
P
2p
δE2p = −2 µ2 ,µ3 R2p,µ2 ,µ3 hB†µ2 Bµ3 i, which is derived from
equation (16), is not as intuitively compelling as the result for
the 1s exciton state, its interpretation and value can easily
be questioned. (2) According to Fermi’s golden rule, the
resonance of the THz-pulse-induced 1s to 2p intraexcitonic
transition would have

Figure 1. Variation of the 1s and 2p excitonic energy levels, in units
of |E1s |, in a strictly 2D system with the areal 1s exciton density.

exciton [19]. Similarly, for the 2p exciton state, we have
2p

δE2p ' −2R2p,1s,1s hB†1s B1s i,
= −76.0Eb a22D n1s .

(20)

It is interesting to note that, while the energy of the 1s
exciton state increases with exciton density [18, 19], that
of the 2p state decreases. This difference between 1s and
2p excitonic states shows that the delicate balance between
the PSF and exchange interactions can result in different
behavior for different excitonic states. Figure 1 shows the
energy levels of 1s and 2p states as a function of 1s exciton
density (the parameter a2D = 25 Å)1 . The linear increase of
E1s (blue-shift) has already been reported [18, 19], but the
behavior of the 2p exciton state was unclear for two reasons.
First, unlike 1s excitons, 2p excitons cannot be directly excited
by an optical pulse; second, theoretical analysis becomes more
difficult than the 1s exciton state using the method presented
in [19].
As we can see, equation (17) provides a systematic
method for estimating the density dependence of exciton
energy levels. It can be applied to an arbitrary exciton state,
and can include the effects due to different exciton states
(e.g. n1s , n2s . . .) when it is desired. The basic procedure for
obtaining δEµ is as follows: (1) find exciton wavefunctions in
p
the system [34–36]; (2) obtain the coefficients cµ from exciton
wavefunctions [22]; (3) find δEµ by calculating relevant
µ
Rµ1 ,µ2 ,µ3 s [32]. As another example, we investigate how the
resonance of 2s excitons is affected by 1s exciton densities.
Assuming 1s excitons are resonantly excited and dominate the
system, the energy shift of 2s excitons is given by
†
δE2s ' −2R2s
1s,1s,1s hB1s B1s i.

h̄ω1s−2p = E1s − E2p ,

and will give the correct result if only one exciton exists
in the system. However, it is unclear if equation (23) is
still valid when many-body interactions are included and
the dependences of E1s and E2p on exciton density are
considered. To address these concerns, the THz-pulse-induced
intraexcitonic transition process will be examined using a
mean-field method in section 3.2.

(21)

3.2. Mean-field method for THz-pulse-induced intraexcitonic
transitions

After obtaining R2s
2s,1s,1s numerically (for a strictly 2D
system), we have
δE2s = −85.4Eb a22D n1s ,

(23)

In this section, we further examine the THz-pulse-induced
intraexcitonic transitions directly using a mean-field method.
Starting from equation (9), we will construct an effective
action that employs the wavefunction ψk (t), which transcribes
the dynamics of the operator B†k into a complex number
(we will specify the properties of ψk below). This method
has several advantages. First, it demonstrates that the exciton
system can be described by an ensemble of two-level systems
distributed at different k points (compare with figure 2), and
that these two-level systems can interact with each other.

(22)

which clearly shows that the resonance of 2s excitons
is red-shifted, in contrast to the result for 1s excitons
(compare with equation (19)), and is in line with the
experimental observation that 2s excitonic resonance is
1 We note that a
2D = a0 /4, where a0 is the Bohr radius of a 1s exciton in
bulk semiconductors (compare with [19]).

4

J. Phys.: Condens. Matter 23 (2011) 345801

D Wang et al

which can be reduced to equation (24). Thus ψk must be
a complex number, and the connection between B†k (t) (in
the Heisenberg picture) and ψk (t) is shown in the following
equation:
h0|B†k (t)|0i = h9MF |B†k |9MF i = ψk (t).

A similar procedure shows that Bk can be transcribed to ψk∗ .
We now construct an effective action from equation (9).
The effective action has three parts, S = S0 + SI + ST . S0 is
the effective action that includes the PSF and the exchange
interaction between excitons, which is given by (taking p and
q as continuous variables for simplicity)
Z
Z
S0 [ψ ∗ (p, t), ψ(p, t)] = M2 dt dp dq



∂
× ψ ∗ (p, t) iδ(p − q) + h(p, q) ψ(q, t)
∂t

− V(p − q)ρ(p, t)ρ(q, t)
(27)

Figure 2. In an optically excited quantum well, electron–hole pairs
are created at different ks. At each k, the quantum state is given by a
superposition of the vacuum state |0k i and the excited state B†k |0k i.

Second, in this method the phase associated with ψk can
be conveniently treated (like a real two-level system, this
phase turns out to be important). Finally, by constructing
an effective action, many theoretical techniques, such as the
variational method, the Green’s function method, and the
linear response theory can be explored to study different
experimental situations.
The basic properties of ψk can be inferred from the
properties of B†k . The commutation relation in equation (3)
and the condition in equation (4) strongly suggest that B†k
is the raising operator of a two-level system at k. In fact,
B†k can be mapped onto Pauli matrices using the equivalence
relations B†k ←→ σ+k /2 = (σxk + iσyk )/2, Bk ←→ σ−k /2 =
(σxk −iσyk )/2. We note that, for k 6= k0 , the Pauli matrices obey
0
the relation [σik , σjk ] = 0, here i, j = x, y, z. After identifying

where h(p, q) = Ep δ(p−q)−V(p−q)[1−ρ(p, t)], ρ(p, t) =
ψ ∗ (p, t)ψ(p, t) is the quasi-boson occupancy in the p state,
and δ(p − q) is the Dirac delta function. M is a coefficient
introduced for converting discrete p to a continuous variable.
For a 2D system, M = s/4π 2 , where s is the area used
to normalize exciton wavefunctions. From the expression of
h(p, q), we find that the Coulomb interaction that correlates
an electron and hole to form an exciton is reduced by a factor
1 − ρ(p, t).
The action SI is the interaction of the system with an
optical pulse that is given by
Z
Z
SI = −M dt [E(t) · Mcv ] dp ψ ∗ (p, t)[1 − ρ(p, t)].

B†k with σ+k , the excitonic Hamiltonian H = HX + HC + HI
shown in [21] can be rewritten using Pauli matrices. The
mapping of B†k to σ+k and the construction of the Hamiltonian
using σ k indicate that an optically excited quantum well
can be described by a series of ψk at each k that describes
the quantum state of the electron–hole pair at k, i.e. the
wavefunction of the system is given by
1 Y
(1 + ψk∗ B†k )|0i,
|9i = √
N k

(26)

(28)
The interaction with a THz pulse is given by
Z
Z
ST = −M2 dt ETHz (t) · dp dq K(q, p)ψ ∗ (p, t)ψ(q, t)
× [1 − ρ(p, t)],

(24)

(29)

which will be taken as a perturbation in the remainder of this
paper. In constructing SI and ST , both the optical and the THz
pulses are represented as classical fields. In other situations, a
quantized optical field may be necessary and can be integrated
into this method. The resulting effective action S ensures that
the variation of the action δS[ψ ∗ (p, t), ψ(p, t)]/δψ ∗ (p, t) = 0
will reproduce the correct dynamic equation for ψ(p, t) and
recovers equation (9). Here δS/δψ ∗ denotes the functional
derivative with respect to ψ ∗ .
To proceed further, we apply the linear response theory to
investigate intraexcitonic transitions induced by a THz pulse
after the system is optically excited. With the THz pulse, the
system is described by ψ(p, t), which differs from the mean
field ψ0 (p, t) (the wavefunction describing the system after
the optical excitation) by a small quantity ζ (p, t). Following
the procedure of the linear response theory [41], the equation
for ζ (p, t) is found to be

where N is a normalization coefficient and |0i denotes the
vacuum state. As we can see, the quantum state at each k is
a superposition of two levels |0i and B†k |0i, with ψk∗ being a
coefficient. We note that ψk is the wavefunction and is also
an order parameter because its values at different k disclose
information about the coherence of the system, it is similar
to the Bardeen–Cooper–Schrieffer (BCS) form for the exciton
condensate wavefunction [38], and it has already been pointed
out that a coherently excited semiconductor nanostructure can
indeed be described by equation (24) in the mean-field sense
(i.e. ψk being the mean field) [39, 40]. Since we are dealing
with a two-level system at each k point, a formal expression
for the mean field |9MF i is given by [40]
Y
|9MF i =
(cos θk + eiγk sin θk B†k )|0i,
(25)
k
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∂
i + Ev
∂t
Z
− 2 dv V(u − v)[ψ0 (u, t)ψ0∗ (v, t) − ρ0 (u, t)]ζ (v, t)




dv


δ(u − v) − V(u − v) ζ (v, t)

where E2p is the energy of a single 2p exciton. We also have
Z
2
du dv V(u − v)cu2p (|cv1s |2 cu∗
Uµ = 2N1s M
µ
− |cu1s |2 cv∗
µ ),

− 2[F0 (u, t) − ψ0∗ (u, t)G0 (u, t)]ζ (u, t)
Z
+ 2ψ0 (u, t) dv V(u − v)ψ0 (v, t)[ζ ∗ (u, t) − ζ ∗ (v, t)]
Z
= ETHz (t) dv K(u, v)ψ0 (v, t)[1 − 2ρ0 (u, t)],
(30)

Wµ = 2N1s M

Z

v∗ i(γv −γu )
du dv V(u − v)cu2p [cu1s cv∗
1s cµ e

v u∗ i(γu −γv )
],
− cu∗
1s c1s cµ e

(35)

and

where F0 (u, t) = dv V(u−v)ρ0 (v, t), G0 (u, t) = dv V(u−
v)ψ0 (v, t), and ρ0 (q, t) = |ψ0 (q, t)|2 . In equation (30),
we have neglected terms involving the optical pulses for
simplicity, this amounts to assuming that there is no overlap
between the optical pulse and the THz pulse.
The ground state |9MF i, which is determined by ψ0 (p, t)
can be obtained by solving the dynamic equation derived from
the action S0 + SI as we have done in previous publications
using the density matrix method [21, 22]. For the experimental
situation that we are considering (1s heavy-hole excitons are
excited resonantly), it has been found experimentally [18]
and numerically [21, 22] that 1s excitons dominate both the
population and the photoluminescence. Thus a reasonable
approximation to ψ0 (p, t) is given by [39]
p
p∗
ψ0 (p, t) = N1s c1s exp[−iẼ1s t − iγp ],
(31)
R

2

(34)

R

p

N1s e−iẼ1s t
Z
v
× M2 du dv cu∗
2p Ku,v [1 − ρ(v, t)]c1s exp[−iγv (t)].

K1s−2p =

(36)
We note that
Dµ = N1s M2 e−i2Ẽ1s t

Z

du dv cu2p cu1s cv1s V(u − v)

× (cuµ − cvµ )

(37)

is highly time dependent.
The fact that the expression of Wµ involves γp (Uµ
contains no γp ) has an immediate implication: if γp has
random values at different p points, Wµ ≈ 02 , and can
thus be ignored to a large extent; in contrast, if γp is a
constant function of p, then Wµ needs to be evaluated. This
requires us to know the coherence status of the system under
consideration.
From equations (33) and (36), we see that the resonance
frequency of ζ2p is given by

where N1s is the 1s excitons’ population. The energy Ẽ1s =
E1s +δE1s is the density renormalized energy of the 1s exciton
state. Here γp (t) describes the coherence status of the system.
In equation (30), ψ0 (p, t) acts as an important parameter,
determining the dynamics of the system. In particular, as
we will see, γp plays an important role in determining the
resonance frequency of the 1s–2p intraexcitonic transition.
The initial value problem shown in equation (30) may
be solved numerically provided that γp is treated properly.
However, analytical results are more desirable to gain better
understanding of the nature of intraexcitonic transitions,
and will be pursued in the remainder of this section. The
generation of 2p excitons can be quantified by projecting
ψ(p, t) onto the 2p state, which is given by
X q
82p (t) =
c2p [ψ0 (q, t) + ζ (q, t)],
(32)

h̄ω1s−2p = E2p − Ẽ1s − U2p − W2p ,

(38)

where U2p and W2p is the density-dependent correction to the
resonance energy. Interestingly, we find that
Z
2
u 2 v∗
U2p = 2N1s M
du dv V(u−v)cu2p (|cv1s |2 cu∗
2p −|c1s | c2p )
2p

= 2N1s R2p,1s,1s ,

(39)

which is closely related to δE2p (compare with equation (20)).
However, W2p has no counterpart in section 3.1, thus
equation (38) generalizes the simple expression shown in
equation (23) by including effects caused by many-body
interactions in the intraexcitonic transition process.
With the above results, we can now directly examine the
resonance frequency of the 1s–2p intraexcitonic transition. We
continue to use an ideal quantum well, which is a strict 2D
system, as an example to work out the numerical values of
h̄ω1s−2p . The energy renormalization of 1s excitons had been
obtained in equation (19), i.e. Ẽ1s ' E1s + 24.2E1s a22D n1s ,
and U2p ' 76.0Eb a22D n1s is obtained using equations (39)
and (20). We thus only need to compute W2p to find h̄ω1s−2p ,
for which we consider two extreme situations: the totally

q

P q
and the contribution due to the THz pulse is q c2p ζ (q, t)
(the other contribution is from the decoherence of the
system). We will focus on this term and examine its time
dependence.
To this end, we introduce a general basis ζµ (t) ≡
P p
p
c
ζ
(p,
t).
Using the orthogonality of cµ , we obtain
p µ
P p∗
ζ (p, t) = µ cµ ζµ (t) and find equation (30) can be written
as
X
d
(Uµ + Wµ )ζµ (t)
i ζ2p (t) = −E2p ζ2p (t) +
dt
µ
X
+2
Dµ (t)ζµ∗ (t) + ETHz (t)K1s−2p ,
(33)

2 This conclusion is obtained with the assumptions that V(u) and cu (µ =
µ
1s, 2p) are smooth functions of u, and that γu varies rapidly with u.

µ
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of Eg only slightly depends on material or the width of a
quantum well) strongly hints that the renormalization is in
fact associated with the energy levels of carriers, which is the
perspective some authors had adopted: finding how the energy
levels of a carrier, not the bandgap, are affected by many-body
interactions [19].
The excitonic approach presented in this paper has its
strengths and weaknesses. Using this approach, the THzpulse-induced carrier dynamics can be intuitively understood
as transitions between internal exciton states, and numerical
and analytical results can be derived to estimate how the
transitions are affected by other factors such as exciton
densities. The excitonic approach’s limitations are mainly due
to the many-body interactions it can handle, at the same time
keeping the approach tractable.
One limitation is how many exciton states we include in
our calculations. As 1s exciton density increases, many-body
interactions redistribute carriers dynamically to accommodate
new excitons (compare with equation (10)), creating excitons
with higher internal states (2s, 2p, . . .) and nonzero COM
motions. To fully describe carrier dynamics, a complete
excitonic basis, which combines both the internal states and
COM motions of an exciton, are desirable. However, an
excitonic approach involving too many basis states will cause
difficulty in numerical calculation, losing its advantages [22].
It is thus necessary, when applying the excitonic approach,
to restrict ourselves to investigating low to medium exciton
densities (<1011 cm−2 ), for which a large portion of
excitons remains in the K = 0, 1s state [22, 28] when 1s
excitons are resonantly created. For higher carrier densities,
equations obtained using the dynamics controlled truncation
method [46] may be a better choice. We note, however, that
the restriction to K = 0 quasi-bosons, a practice employed
in this paper, is not a new type of approximation. In fact,
a careful comparison [21] was carried out to demonstrate
that, with further simplifications, the dynamic equations for
hB†p i and hB†p Bq i (compare with equation (9)) can be reduced
to the Hartree–Fock order semiconductor Bloch equations
(SBEs) [33]. Thus, the approximation we used is similar to
that used in deriving SBEs. Another complication is from
a plasma of unbound but correlated electrons and holes
created by a nonresonant excitation condition or high lattice
temperatures [15]. This problem can be partially remedied by
tuning the mean field in equation (31) to mimic this situation,
but in general the dielectric THz responses of unbound
carriers may need a separate treatment [15]. In principle, the
excitonic approach can include effects due to free carriers
by including more bound and unbound excitonic states, but
this will cause analytical and computational difficulties, thus
invalidating the reasons for choosing an excitonic approach.
We finally note that other processes, such as the formation
of biexcitons [54, 55] and Auger recombination [56, 57],
can further complicate the analysis on the intraexcitonic
transitions at high exciton concentrations. If biexcitonic
effects are of interest, we could derive equations for
hB†p B†q i and perform factorizations to retain terms related to
biexcitons [28, 52, 53]. For the exciton density (.1011 cm−2 )

coherent case (γp is a constant), and the random phase case
in which W2p can be omitted.
In the first case, we find
W2p = −138.4E1s a22D n1s ,

(40)

implying that
h̄ω1s−2p = (E2p − E1s ) + 38.2a22D n1s E1s ,
which shows that the 1s–2p resonance frequency increases
(blue-shifted) with the 1s exciton density. We note that
δ(h̄ω1s−2p )/δE1s ' 1.58 in this case. On the other hand, in
the second case we have
h̄ω1s−2p = (E2p − E1s ) − 100.2a22D n1s E1s ,

(41)

implying that the energy difference between 2p and 1s
exciton states decreases (red-shifted) as the 1s exciton density
increases, and that
δ(h̄ω1s−2p )/δE1s ' −4.12,

(42)

which explains the experimental observation that shows
h̄ω1s−2p decreases as exciton density increases, and that
δ(h̄ω1s−2p )/δE1s ' −4.0 (estimated using the plot in [7]),
strongly suggesting that in experiments the system has
random phases at different k points.
We finally comment on the validity of adopting
the random phase model in deriving equation (41). In
experiments performed so far, exciton densities are well above
1010 cm−2 because of the limitation in the sensitivity of THz
measurement techniques [15]. In the high exciton density
regime, the scattering between different ψp , which can destroy
the phase coherence in the system, is hard to avoid. In
addition, the several picoseconds time delay before the THz
pulse interacts with excitons that were optically excited [7]
will result in the loss of coherence between ψk at different k
sites, while having a limited effect on the exciton population.
Finally, unbound carriers can significantly alter the phase of
ψp at different p points. Therefore we believe it is reasonable
to use the random phase model in this study.
3.3. Discussion of the excitonic approach
In our investigation, the bandgap Eg is assumed to
be a constant. It has been shown [42] that, due to
the electron–electron and electron–phonon interactions, a
renormalization can happen to Eg at high carrier densities
(typically, the carrier density n is well beyond 1011 cm−2
when this renormalization is considered) or high temperatures
when the phonon population becomes large [43–45]. We did
not need to consider the bandgap renormalization for three
reasons. First, the carrier densities we considered are below
n = 1011 cm−2 when exciton signatures are still strong, in
which no bandgap renormalizations were reported. Second,
given a certain exciton density, Eg has the same value for 1s,
2p . . . excitonic states. Thus the energy difference between
two excitonic states (e.g. equation (41)), which is the central
result of this work, should be independent of Eg , whether
it is renormalized or not. Furthermore, the universality of
bandgap renormalization [43–45] (the measured dependence
7
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we are interested in, the inter-particle distance rs ' 3.6,3
which implies the average distance between excitons is much
larger than their radius and biexciton formation can be largely
neglected. The Auger recombination process, which usually
involves more than three particles, is normally only significant
in non-equilibrium conditions when the exciton density is very
high [58]. As a scattering process, Auger recombinations can
potentially have several effects: (1) reduce exciton lifetime;
(2) increase the number of free electrons/holes; (3) cause loss
of coherence between ψk at different k sites. However, using
the Auger recombination rate obtained in [57, 58], it can be
shown that this process only has minimal effect on exciton
lifetime, as well as other effects, at the density of .1011 cm−2 .
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4. Conclusion
In this work, we investigated intraexcitonic dynamics induced
by a THz pulse in an optically excited exciton system. We
have theoretically shown that the 1s–2p exciton resonance
frequency is red-shifted as exciton densities increase. In [15],
the THz dielectric responses due to both excitons and unbound
electron–hole pairs are computed using Fermi’s golden rule
and the Drude model. From our results, we believe the phase
coherence (described by γp ) of the system, which is largely
determined by many-body interactions, is another important
factor that accounts for the dynamics of intraexcitonic
transitions. While the exciton system considered in this study
has random phases, there are other systems that might have
perfect phase coherence, notably an excitonic condensate [47,
48], in which the THz induced intraexcitonic transitions can
have different properties, e.g. showing blue-shift instead of
red-shift as exciton density increases.
The mean-field method presented in this study, including
the effective action and the derivation of equation (30), can be
applied to more general problems related to exciton systems.
For example, using a quantized optical field in the effective
action in equations (28) and (29), our mean-field method
can be extended to the study of excitons in microcavities
or photonic crystals, in which strong interactions between
excitons and photons result in exciton–polaritons [49–51]. We
hope our model and approach can serve as a useful tool for
the investigation of exciton dynamics in these systems in the
future.
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