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The height of the water in a reservoir is to be raised by I through pumping in fresh water.
The added water must also compensate for a linearly increasing rate of water loss. Let aq(¢),
x9(t) and wu(f) denote respectively the height of the water above its initial level, the rate of
water loss, and the pumping rate at time 7. The pumping cost is proportional to the square
of the pumping rate, so the problem is
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under the constraints
21(0) =0, 2(T)=h, x9(0)=0, & =u(t)—xs(t), og=1.

Show that the adjoint variables in PMP can be written A\i(f) = A and X\a(¢) = At + B for
constants A and B to be determined.

By identifying T' = 1 with a constraint on the terminal value of @9 show that the optimal
control under this constraint is u(t) = h +1/2, 0 < ¢ < 1. Deduce that if the initial value
of @9 is increased by a small amount e then the optimal cost increases by approximately

(1/2)(h +1/2)2e.
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