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Abstract
Solution and quench treatments are very important for the heat-treatable aluminum alloys because any change in these treatments will induce a trade-oﬀ in volume fraction between the constituents and precipitates and so will cause a change in the mechanical properties. In this paper, three types of solution + quench treatments were applied to two kinds of aluminum alloys, i.e., the
Al–Cu–Mg alloy that contains disc/plate-shaped precipitates and the Al–Mg–Si alloy that contains rod/needle-shaped precipitates,
to change the relative content between the constituents and the precipitates and to develop diﬀerent coupling of the constituent and
precipitates. The specimen treated with an enhanced solution or a stepped solution is found to exhibit a signiﬁcant increase in yield
strength, ductility, and fracture toughness. A multiscale model is presented to quantitatively estimate the coupled inﬂuence of the
constituents and precipitates on the mechanical properties by combining with a strengthening model. The experimentally observed
non-monotonic dependence of ductility on the trade-oﬀ in volume fraction between the constituents and precipitates is reasonably
explained by using this multiscale model. In addition, the inﬂuence of stress triaxiality level on the ductility and fracture toughness is
also calculated. All the calculations are in quite good agreement with the experimental results.
 2005 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Low density combined with high strength have made
heat-treatable aluminum alloys the primary materials of
choice for applications such as in aircraft, where the speciﬁc strength (strength-to-weight ratio) is a major design
consideration. However, the low fracture toughness lim*
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tsinghua.edu.cn (G. Liu), junsun@mail.xjtu.edu.cn (J. Sun).

its the extensive application of commercial heat-treatable aluminum alloys. The coarse second phase
particles, termed constituents in aluminum alloys, are
mainly responsible for the low fracture resistance because the constituents are usually the void/crack initiators or the preferential crack paths [1]. Therefore,
lowering the volume fraction of constituents has been
regarded as the most important approach to improve
the fracture toughness for the aged aluminum alloys
[2–4].
The formation of constituents in aged aluminum
alloys primarily results from the presence of impurities,
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e.g., Fe and Si, and excessive amounts of major alloying
elements such as Mg, Zn, and Cu. This means that the
decrease of the iron and silicon levels and hence the volume fraction of constituents would improve the fracture
toughness [5,6]; this approach has been employed in the
development of 2124, 7050, 7175, and 7475 aluminum
alloys. However, the improvement of fracture toughness
by puriﬁcation is limited because the complete removal
of impurities is hard to achieve especially in commercial
aluminum alloys. Besides the constituents resulting from
the presence of impurities and excessive alloying elements, another kind of constituent is present in the commercial aluminum alloys, which contains alloying
elements as well but results from the non-equilibrium
solidiﬁcation due to the lower solvus limit of the alloying
elements in aluminum. In principle, this kind of constituent is soluble and could be dissolved into the solid solution reversibly through solution treatment. It is then
possible to develop another eﬀective approach to
improving the fracture toughness by solubilizing these
soluble constituents by applying an enhanced solution
treatment.
The enhanced solution treatment is a stepped solution treatment, in which the solution treatment will be
performed at temperatures which is gradually elevated
with time. In comparison, the traditional solution treatment is usually performed at a stationary temperature
and, in order to avoid the presence of transient liquid
phase, the stationary temperature will be greatly limited
so as not to exceed the melting point of multiphase eutectic. Since each of eutectic phases dissolves into the
matrix in a certain sequence during solution treatment,
the eutectic temperature will be elevated with the complete solution of one of the eutectic phases. This indicates that the upper temperature limit for solution will
gradually increase during the treatment and so the application of traditional solution treatment with a stationary lower temperature could not dissolve as much
soluble constituents as possible. In contrast, the application of stepped solution treatment with a gradual increase in temperature could both avoid exceeding the
eutectic melting and realize the complete solution of dissolvable constituents. So the enhanced solution treatment or stepped solution treatment has a potential for
industrial application. However, little work has been
carried out on the application of stepped solution treatment and some limited results showed that the aged aluminum alloys treated by the stepped solution treatment
exhibited greater strength [7,8]. But most importantly,
the enhanced solution treatment should have a signiﬁcant inﬂuence on the ductile fracture of aluminum
alloys, which has not been studied up to now.
The application of enhanced solution treatment is believed to decrease the volume fraction of constituents.
At the same time, the solution of dissoluble constituents
will make more alloying elements dissolve into the

matrix and so will induce more strengthening second
phase particles to be precipitated. This indicates that a
trade-oﬀ in volume fraction between the constituents
and precipitates will be achieved by applying the enhanced solution treatment. Because the independent decrease of coarse constituents should be favorable for
enhancing the fracture resistance while the independent
increase of strengthening precipitates should induce
somewhat contrary results, the trade-oﬀ in volume fraction between the constituents and the precipitates will be
possible to create a non-monotonic evolution trend of
the ductility or of the fracture toughness. For analysis
purposes, there is an urgent need to understand the combined inﬂuence of both the constituents and the precipitates on the ductile fracture. It has been well known
that the coarse constituents in aluminum alloys are from
several to tens of micrometers in diameter, depending on
the fabrication procedure, and the ﬁne strengthening
precipitates are tens of nanometers in size, hundreds of
times less than that of constituents [9]. In addition, there
exists another kind of second phase particle of intermediate size between the constituents and precipitates,
termed dispersoids, in the commercial aluminum alloys
(see Fig. 1) and all three kinds of the second phase particles contribute to the fracture behaviors simultaneously. Therefore, the combined inﬂuence of both the
constituents and the precipitates is essentially a multiscale coupling that should connect the microstructural
features from micrometer-scale length to nanometerscale length [10–13]. There have been rare studies on
the multiscale coupling of second phase particles intrinsically contained in aged aluminum alloys, so the application of enhanced solution treatment should motivate
not only some technological attention but also some theoretical attention especially on the modeling and simulation of the combined inﬂuence of multiscale-sized
second phase particles on the ductile fracture.
In this paper, we focus on the experimental and theoretical investigations of the combined inﬂuence of
coarse constituents and ﬁne precipitates on the ductile
fracture in heat-treatable aluminum alloys. Three types
of solution + quench treatments, including an enhanced
solution treatment, have been applied to two typical
heat-treatable aluminum alloys, i.e., Al–Cu–Mg alloy
containing disc- or plate-shaped strengthening precipitates and Al–Mg–Si alloy containing rod- or needleshaped strengthening precipitates, respectively, to study
the coupled inﬂuence of constituents and precipitates on
the ductile fracture and to study the improvement of
ductility and fracture toughness by applying the enhanced solution treatment. The changes in volume fractions of second phase particles as well as the changes in
quasi-stationary mechanical properties were experimentally measured for comparison. With consideration of
the signiﬁcant inﬂuence of stress triaxiality level on the
constituent cracking or decohesion, the dependence of
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Fig. 1. SEM and TEM images illustrating the three kinds of second phase particles with diﬀerent sizes and morphologies in the (a) Al–Cu–Mg alloy
and (b) Al–Mg–Si alloy.

strain to fracture or tensile ductility on the stress triaxiality level was investigated as well. A multiscale fracture
model [14,15] was presented to estimate the coupled
inﬂuence of second phase particles on the ductility and
fracture toughness of aged aluminum alloys and the calculations were found to ﬁt well with the experimental
results.

2. Experimental procedures

rate of 5 K/s. The enhanced solution for Al–Cu–Mg
alloy involved ﬁrst treating at 766 K for 2 h, followed
by an increase in treatment temperature up to 776 K
with a rate of 4 K/h; for the Al–Mg–Si alloy, the ﬁrst
treatment was at 703 K for half-an-hour, followed by
an increase in treatment temperature up to 708 K with
a rate of 7 K/h. The maximum error of all the temperature measurements was ±1 K.
The Al–Cu–Mg alloy and Al–Mg–Si alloy were artiﬁcially aged at 513 K and at 463 K for various times
from 0.25 h to 10 days to get diﬀerent aging conditions.

2.1. Materials and processing
2.2. Microstructural determination
The aluminum alloys used in present experiment were
hot-rolled Al–Cu–Mg plate of 16 mm thickness and extruded Al–Cu–Mg and Al–Mg–Si rods of 18 mm diameter, both supplied by the research laboratory of XiÕan
Aircraft Industry Ltd. The Al–Cu–Mg plate and the
Al–Cu–Mg rod were from the same ingot. The composition in weight percentage is 4.62% Cu, 0.65% Mg, 0.22%
Mn, 0.08% Si, 0.1% Fe, 0.1% Zn, and balance Al for Al–
Cu–Mg alloy and 1.12% Mg, 0.57% Si, 0.25% Cu, 0.22%
Cr, and balance Al for Al–Mg–Si alloy.
Three types of solution + quench treatment were applied on the two aluminum alloys for comparison, i.e.,
enhanced solution + fast quench treatment (abbreviated
as EF), traditional solution + fast quench treatment
(TF), and traditional solution + slow quench treatment
(TS). The traditional solutions for the Al–Cu–Mg and
Al–Mg–Si alloys were treated at 766 K for 2 h and at
703 K for half-an-hour, respectively. The fast quench
treatment refers to quenching into cold water while the
slow quench treatment means cooling with a controlled

The microstructures of sectioned Al–Cu–Mg and
Al–Mg–Si rods were examined using optical microscopy.
Metallographic preparation involved methods of standard surface preparation. The specimens were etched
with KellerÕs etchant. Based on quantitative microscopy
[16], the size and volume fraction of the three populations of second phase particles in the aluminum alloys,
i.e., coarse micrometer-sized ellipse-shaped constituents,
intermediate sub-micrometer-sized sphere-shaped dispersoids, and ﬁne nanometer-sized plate/disc-shaped
(in Al–Cu–Mg alloy) or rod/needle-shaped (in Al–Mg–Si
alloy) precipitates, were quantitatively measured by
using scanning electron microscope (SEM) and transmission electron microscope [14,15,17]. For example,
the volume fraction of the coarse constituent was measured at a magniﬁcation of 400 times by using point
counting with a grid containing 900 points. Six random
views of each of three specimens per alloy were examined. The distribution of the constituents within each

3462

G. Liu et al. / Acta Materialia 53 (2005) 3459–3468

alloy was regarded as random; therefore, the volume
fraction, Vc, is given by Pp which is the fraction of total
grid points that fall on constituent particles. Constituents smaller than 0.1 lm were ignored. Using a Hitachi
S-2700 SEM, the size measurements of the constituents
were performed on sectioned proﬁles of the untested
specimens. Since the constituents were irregular in
shape,pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
an eﬀective particle diameter, dc, was deﬁned as
d c ¼ d 1 d 2 , where d1 and d2 are the smallest and largest
dimensions of a coarse constituent, respectively. The
rc , of n particles is then given by
mean Pradius,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rc ¼ ð ni¼1 d 1 d 2 Þ=2n. In order to obtain the accurate
size of the particles, at least 150 random particles were
measured for all three kinds of particles.

performed at a constant strain rate of 5 · 104 s1 with
the load direction parallel to the specimen axis. The
yield stress was determined as the 0.2% oﬀset and the
strain to fracture was determined as ef = ln(A0/Af),
where A0 is the initial area and Af is the area at fracture
of the specimens. Six diﬀerent notch radii (r) were used
in the notched specimens in order to vary stress states.
The stress states in such specimens can be characterized
 folby rm =
r, the ratio of mean rm to equivalent stress r
lowing conventional deﬁnitions [19], and is given
approximately by rm =
r ¼ 1=3 þ lnða=2r þ 1Þ [20,21],
where a is the radius of the notch ligament. The values
of r were chosen here to achieve diﬀerent stress triaxiality levels of rm =
r ranging from 0.54 to 1.06.

2.3. Mechanical measurement
3. Experimental results
The fracture toughness of Al–Cu–Mg alloys was
characterized with compact tension (CT) specimens
and the R curve method. Both the L–T and T–L orientation (refer to Fig. 2) specimens were measured and all
the specimens had a size of 62.5 mm width and 6.25 mm
thickness. Prior to the fracture toughness experiment,
the specimens were fatigue cracked at a constant stress
ratio (R = Kmin/Kmax) of 0.1 and under decreasing stress
intensity condition. Strictly conforming to ASME 561,
the fracture toughness experiments were performed on
a servohydraulic Instron-type testing machine by using
potential-drop methodology to measure crack length.
The measured data were analyzed to determine the
plane strain fracture toughness at crack initiation [18].
Dog-bone-shaped tensile specimens with a gauge size
of 6 mm diameter and 40 mm length were used to measure the yield strength, the strain to fracture, and the
strain hardening exponent, and notched tensile specimens with a circumferential notch at the center part
were used to determine the dependence of strain to fracture on stress triaxiality level. All the specimens have an
axis along the longitudinal direction. The tensile test was

Fig. 2. Triplanar optical micrograph of the Al–Cu–Mg plate and the
deﬁnition of orientations.

3.1. Microstructures
Figs. 3 and 4 show the optical micrographs of sectioned Al–Cu–Mg and Al–Mg–Si rods, respectively,
with diﬀerent treatments. It is found that the change
in grain size with diﬀerent treatment is not noticeable,
as shown at Table 1 where L and w are the averaged
grain length and grain width, respectively, and the values in parentheses are the corresponding standard
deviations. However, the EF-treated specimens (Figs.
3(c) and 4(c)) contain fewer constituents while the
TS-treated specimens (Figs. 3(a) and 4(a)) contain
more constituents compared with the TF-treated specimens (Figs. 3(b) and 4(b)). Besides, less aggregation
or contact of the constituents is observed in an optical
view and very small constituents are absent in the EFtreated specimens. These indicate that the application
of the enhanced solution treatment facilitates the dissolution of the soluble constituents and hence the decrease in the volume fraction of constituents. On the
other hand, the volume fraction of precipitates at
peak-aged condition increases, as listed in Table 1
where the volume fraction and size of the three kinds
of second phase particles are summarized as well. On
the contrary, the application of TS treatment causes
an increase in the content of constituents and a decrease in the content of precipitates. It is then concluded that a trade-oﬀ in volume fraction between
the constituents and precipitates has been achieved
by applying the three types of treatment. Some interesting results can be found in Table 1, which show
that the constituents in EF-treated specimens have a
larger size than that of constituents in TF-treated
specimens. This is because more small constituents
have been dissolved after EF treatment and so the
surviving large constituents should have a larger average size (the size is determined with an averaging
method of quantitative microscopy). However, the
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Fig. 3. Typical micrographs of the sectioned Al–Cu–Mg rod treated
with (a) TS, (b) TF, and (c) EF.

Fig. 4. Typical micrographs of the sectioned Al–Mg–Si rod treated
with (a) TS, (b) TF, and (c) EF.

standard deviations of the particle parameters are
smaller for the EF-treated specimens.

atoms precipitate from the saturated solid solution to
form constituents. The curves in Fig. 5 are calculated
by using a recent strengthening model [17] together with
some calibrated parameters from present experiments.
The calculated curves are in good agreement with the
measured values and it is necessary to note that,
although many similar models have been established
to describe the variation of yield strength with aging
time for heat-treatable aluminum alloys [22–26], the
model presented by the authors was speciﬁcally applicable for the heat-treatable aluminum alloys containing
either disc/plate-shaped precipitates or rod/needleshaped precipitates.
The strain to fracture (ef) and fracture toughness
(KIC) of the aluminum alloys were measured from the
smooth tensile specimens and from the CT specimens,
respectively, and the values at peak-aged condition are
summarized in Table 2. The EF-treated specimens

3.2. Smooth specimens and CT specimens
The variation of yield strength of Al–Cu–Mg alloy
and Al–Mg–Si alloy with aging time was experimentally
measured from the smooth tensile specimens, as depicted in Fig. 5(a) and (b), respectively. Owing to the
dissolution of more alloying atoms into the matrix
caused by the enhanced solution treatment, the EFtreated specimens exhibit greater peak-aged yield
strength (increase by about 20% for both the two alloys)
than the TF-treated specimens. On the contrary, the TStreated specimens have lower peak-aged yield strength
(decreased by about 13% for Al–Cu–Mg alloy and about
16% for Al–Mg–Si alloy) than the TF-treated specimens
because the slow quench treatment makes many alloying
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Table 1
Parameters of the three kinds of second phase particles and grain size
Alloy/
treatment

Constituents
fc (vol.%)

rc (lm)

Ll/Ls

Al–Cu–Mg
EF
2.55
TF
4.83
TS
5.25

4.32 (0.27)
4.11 (0.83)
3.85 (1.35)

Al–Mg–Si
EF
TF
TS

2.53 (0.16)
2.41 (0.58)
2.23 (0.95)

2.35
3.46
4.14

Precipitatesa

Dispersoids
b

Grain size

fd (vol.%)

rd (lm)

kd

fp (vol.%)

rp (nm)

kp

L (lm)

w (lm)

3.4 (0.12)
3.2 (0.44)
2.9 (0.81)

0.15
0.18
0.23

0.04 (0.01)
0.08 (0.03)
0.11 (0.05)

1.05 (0.02)
1.11 (0.02)
1.14 (0.04)

6.27
3.64
3.06

105 (3.2)
120 (5.6)
125 (9.1)

22 (0.7)
26 (1.7)
28 (3.8)

1319 (47)
1245 (39)
1221 (37)

122 (26)c
117 (18)
110 (19)

2.2 (0.08)
2.1 (0.36)
1.9 (0.67)

0.09
0.11
0.12

0.02 (0.01)
0.03 (0.02)
0.06 (0.04)

1.06 (0.02)
1.22 (0.03)
1.35 (0.03)

2.74
1.82
1.41

32 (1.7)
35 (4.4)
37 (7.8)

31 (1.1)
34 (2.3)
36 (3.6)

773 (35)
726 (31)
711 (30)

58 (21)
49 (14)
48 (12)

a

At peak-aged condition.
Ll and Ls are the longer size and shorter size of the constituents, respectively. For L–T specimens, kc is equal to Ll/Ls, while for T–L specimens,
kc is the reciprocal of Ll/Ls.
c
The values in parentheses are standard deviations.
b
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Table 2
Mechanical properties of the two alloys with diﬀerent treatments

Al-Mg-Si

KIC (MPa m1/2)
L–T

T–L

Al–Cu–Mg
EF
TF
TS

353
298
258

0.289
0.237
0.249

28.43
22.68
19.91

18.58
14.26
12.10

Al–Mg–Si
EF
TF
TS

292
259
225

0.341
0.275
0.288

–
–
–

–
–
–

TS
TF
EF

300
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100 1
2
3
4
5
6
7
8
10 10 10 10 10 10 10 10
(b)
Aging time / sec

Fig. 5. Variation of yield strength (ry) with aging time for (a) Al–Cu–
Mg alloy and (b) Al–Mg–Si alloy. The triangle dots (green), solid dots
(red), and square dots (blue) are the experimental results of specimens
treated with TS, TF, and EF, respectively. The curves are calculated by
using the strengthening model [17]. (For interpretation of the references in colour in this ﬁgure legend, the reader is referred to the web
version of this article.)

exhibit much larger enhancement in both ef and KIC
compared with the TF-treated specimens, which indicates that the enhanced solution treatment should have
signiﬁcant potential for industrial application. It is also
found in present experiments that, although the change
trend of both ef and KIC with aging time is contrary to

that of the yield strength as usually observed by others
[27], the change trend of ef with diﬀerent solution +
quench treatments is unusual, i.e., the dependence of ef
on treatments is non-monotonic. In other words, ef of
both the EF-treated and the TS-treated specimens is larger than that of the TF-treated counterpart (see Table
2), although the EF-treated and the TS-treated specimens contain the least and the most constituents, respectively. This should be attributed to the coupled inﬂuence
of both the constituents and precipitates on the ductility,
which will be discussed later.
3.3. Notched specimens
The dependence of the strain to fracture of the two
peak-aged alloys on the stress triaxiality level was
measured from the notched tensile specimens and summarized in Table 3. The strain to fracture of the EFtreated specimens is found to be less sensitive to the
stress conditions while that of the TS-treated specimens
is signiﬁcantly sensitive to the stress conditions. The difference in volume fraction of constituents should be
responsible for such a diﬀerence in sensitivity.
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Table 3
Strain to fracture of the two alloys under diﬀerent constraint
conditions
Alloy/treatment

rm =
r
0.54

0.65

0.74

0.86

0.93

1.06

Al–Cu–Mg
EF
TF
TS

0.266
0.211
0.218

0.229
0.162
0.150

0.200
0.143
0.137

0.186
0.124
0.118

0.178
0.116
0.100

0.176
0.108
0.087

Al–Mg–Si
EF
TF
TS

0.332
0.241
0.246

0.295
0.198
0.187

0.272
0.178
0.172

0.259
0.166
0.153

0.246
0.154
0.130

0.228
0.133
0.108

4. Discussion
4.1. Coupled inﬂuence of both constituents and
precipitates
Microstructural observations revealed that both the
present two types of aluminum alloys, even after EFtreatment, fracture in a transgranular mode predominantly. So for simplicity, we neglect the inﬂuence of
intergranular fracture. A multiscale model has been
established by the authors [14,15] to describe the dependence of strain to fracture and fracture toughness on the
three kinds of second phase particles intrinsically contained in commercial aged aluminum alloys. Some uniﬁed expressions have been also derived to relate ef and
KIC with the size and interparticle spacing of the three
kinds of second phase particles as
1 
1
nþ1

nþ1
bqcg
I
kc
 1 ðkd þ kp Þ1
ef ¼
2~ee ðhÞ 0.405ph
2rc
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
 ½ð1.7rd kp Þ þ ð0.25kd kp Þ ;
ð1Þ
and
K IC

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1

nþ1
kc
¼ C Bn2 ry
 1 ½ð1.7rd kp Þ2 þ ð0.25kp kd Þ2 1=2 ðkd þ kp Þ1 ;
2rc

ð2Þ

with
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CEbqcg
C¼
;
2~ee ðhÞ

ð3Þ

and
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
B ¼ ½ð1 þ 3nÞð5.39 0.13 þ n  2.53nÞnþ1 ;

ð4Þ

where rc is the size of ellipsoidal constituents perpendicular to external loading direction and rd is the radius of
sphere dispersoid; ki (i = c, d, and p) is the interparticle
spacing of constituents, dispersoids, and precipitates,
respectively; ~ee ðhÞ is an eﬀective value of the proportionality constant ~eij ðhÞ, which is a dimensionless function of
the angular variable h in polar coordinates, and is a con-
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stant when h = 0; E and b are the elastic modulus and
Burgers vector of matrix, respectively; C is a constant
of 1/40 and the critical dislocation density in the matrix, qcg can be regarded as a constant at room temperature; n is the strain hardening exponent and is
experimentally measured as 0.2 for Al–Cu–Mg alloys
and 0.3 for Al–Mg–Si alloys, respectively; I and h
are functions of n [28,29]; ry is the yield strength and
can be estimated by the age-strengthening model [17]
that is based on the strengthening expressions for the
aluminum alloys containing plate- or rod-shaped precipitates [30]. Some parameters such as qcg and ~ee ð0Þ are difﬁcult to determine but they could be approximately
regarded as constant, so the strain to fracture and fracture toughness calculated in this paper are normalized
ones which are divided by some reference strain to fracture and fracture toughness, respectively, to eliminate
these unknown parameters. The reference strain to fracture and the fracture toughness in the present paper are
characterized by those given at special conditions such
as fc = 0 or rm =
r ¼ 0.54, which are independent of the
heat treatment.
The size and interparticle spacing of the three kinds
of second phase particles could be related to the volume fraction f as fi = cpki(ri/ki)3 (i = c, d, and p) on
an assumption of cubic arrangement, where ki is the aspect ratio of the particles and the value of c is 2 for the
non-spherical constituents and precipitates and 4/3 for
the spherical dispersoids. Especially for the constituents, kc is the ratio between the size parallel to the
external loading direction and the size perpendicular
to the loading direction. So Eqs. (1) and (2) both contain the terms of volume fraction of the three kinds of
second phase particles as well, and the inﬂuence of
trade-oﬀ in volume fraction between the constituents
and the precipitates on both ef and KIC could be calculated as shown in Figs. 6 and 7, respectively. It is
found that the fracture toughness of the heat-treatable
aluminum alloys is monotonically dependent on the
trade-oﬀ in volume fraction between the constituents
and the precipitates, e.g., the EF-treated specimens exhibit the largest fracture toughness while the TS-treated
specimens exhibit the least fracture toughness (see
Fig. 7). However, the dependence of ductility or strain
to fracture on the trade-oﬀ in volume fraction between
the constituents and the precipitates is somewhat complicated. As shown in Fig. 6, with the decrease in volume fraction of constituents and at the same time the
increase of precipitates, the alloys that contain constituents of a large aspect ratio will exhibit a non-monotonic
change on ef, i.e., ef initially decreases down to a minimum and then increases up to a much larger value at
the vanishing of the constituents. This non-monotonic
change is well veriﬁed by present experimental results
of both the Al–Cu–Mg alloy and the Al–Mg–Si alloy.
In contrast, the alloys that contain constituents of a
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Fig. 6. Coupled inﬂuence of the constituents and precipitates on the
strain to fracture (ef) for (a) Al–Cu–Mg alloy and (b) Al–Mg–Si alloy
as a function of the aspect ratio of the constituents (kc). The trade-oﬀ
in volume fraction between the constituents and precipitates is
considered. The square dots (blue), solid dots (red), and triangle dots
(green) are the experimental results of specimens treated with TS, TF,
and EF, respectively. The curves are calculated by using the present
multiscale model. (For interpretation of the references in colour in this
ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 7. Coupled inﬂuence of the constituents and precipitates on the
fracture toughness (KIC) for Al–Cu–Mg alloy as a function of the
aspect ratio of the constituents (kc). The trade-oﬀ in volume fraction
between the constituents and precipitates is considered. The solid dots
and triangle dots (green: EF, red: TF, blue: TS) are the experimental
results of the L–T specimens and the T–L specimens, respectively. The
curves are from calculations with present model. (For interpretation of
the references in colour in this ﬁgure legend, the reader is referred to
the web version of this article.)

low aspect ratio will exhibit a monotonic change of ef,
similar to that of KIC.
It is well known that the increasing of precipitates
should have two main inﬂuences on the properties of
aged aluminum alloys. One is to strengthen the matrix
and the other is to induce more localization of stress
or strain. The former inﬂuence is positive because it
can enhance the fracture resistance but the latter is negative because it will reduce the ductility. On the other
hand, the decrease of constituents will enhance both
the fracture resistance and the ductility and the enhancement is signiﬁcant especially when the constituents have
a lower kc. As a result, the trade-oﬀ in volume fraction
between the constituents and the precipitates will cause
a monotonic change for the ductility when the constituents have a lower aspect ratio. When the constituents
have a larger aspect ratio, the change of ductility will
be non-monotonic, as shown in Fig. 6. This indicates
that the coupled inﬂuence of the constituents and the
precipitates on ductility is dependent not only on the
trade-oﬀ in volume fraction between the two kinds of
second phase particles but also on the morphology of
the particles especially of the constituents. However,
the change of fracture toughness with diﬀerent treatments is monotonic no matter what the aspect ratio of
constituents is, which indicates that the decreasing of
constituents is overwhelmingly eﬀective in enhancing
the fracture toughness.
Compared with the constituents of large aspect ratio
(kc), the constituents of small aspect ratio have a short
interparticle spacing, which means that these constituents are easy to coalesce after breaking or debonding
from the matrix. The coalescence of constituents will induce the formation of cracks and the accelerated propagation of a main crack. As a result, the specimens that
contain constituents of small aspect ratio should exhibit
a low fracture toughness and low ductility. This is partially responsible for the lower fracture toughness of T–
L specimens than of L–T specimens (Fig. 7) because the
constituents in the former have a small aspect ratio [14].
The agreement between the calculations and the
experimental results has indicated that the present model is competent for evaluating the coupled inﬂuence of
both the constituents and precipitates on the ductility
and fracture toughness of heat-treatable aluminum
alloys.
4.2. Inﬂuence of stress triaxiality level
The constituents are brittle and so are ready to break
under external service loading. The breaking percentage
should be dependent not only on the constituent characteristics and size but also on the stress conditions. When
the specimens are exposed to a higher hydrostatic stress
(rm), more constituent will crack and both the ductility
and the fracture toughness should decrease. The cumu-
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ð6Þ
where v is the Poisson ratio. Eq. (6) describes the dependence of the percentage of cracked constituents on the
stress triaxiality level ðrm =
rÞ, from which it could be
quantitatively revealed that the increase in the stress triaxiality level will make more constituents crack. At this
moment, the interparticle spacing between neighboring
cracked constituents, k0c , will be described as k0c ¼
ð2pk c r3c =fc P f Þ. By replacing the kc in Eqs. (1) and (2)
by k0c , the inﬂuence of stress triaxiality level on the ductility and fracture toughness could be evaluated.
The calculated and experimental dependences of
strain to fracture and fracture toughness on rm =
r are
shown in Figs. 8 and 9, respectively. It is revealed that
the increase of stress triaxiality level induces a sharp decrease in both ef and KIC. For Al–Cu–Mg alloy containing more constituents, such as >4%, the ductility and
fracture toughness decrease even with rm =
r increasing
up to 1.5. On the contrary, for Al–Cu–Mg alloy containing few constituents, such as <4%, the ductility and fracture toughness will remain unchanged after rm =
r
achieving a certain value, as shown in Figs. 8(a) and 9.
This phenomenon can be explained by the breaking of
constituents. If there are more constituents in the specimen, many constituents could survive even under a high
stress triaxiality level and so the further increase in stress
triaxiality level will induce more breaking of constituents and more decrease in both ductility and fracture
toughness. On the other hand, if there are few constituents in the specimen, there will be less constituents that
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Fig. 8. Dependence of the strain to fracture (ef) on the stress triaxiality
level ðrm =
rÞ for (a) Al–Cu–Mg alloy and (b) Al–Mg–Si alloy as a
function of the volume fraction of the constituents (fc). The triangle
dots (green), solid dots (red), and square dots (blue) are the
experimental results of specimens treated with TS, TF, and EF,
respectively. The curves are from the calculations with the present
model. (For interpretation of the references in colour in this ﬁgure
legend, the reader is referred to the web version of this article.)
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where rc is the stress on the constituents and rf is the
fracture strength of the constituents, fc is the volume
fraction of the constituents and f0 is the reference volume fraction that will crack at probability of 63.2% under external loading equal to rf, and m is the Weibull
modulus. From the present experimental results, the m
and rf are determined as 5.8 and 437 MPa for Al–Cu–
Mg alloy and 6.5 and 644 MPa for Al–Mg–Si alloy,
respectively, by using a least-squares regression analysis
[31]. At the moment of fracture of the specimen, the
stress on the constituents could be simply regarded as
the sum of tensile stress rs and the hydrostatic stress
in approximation. Based on this approximation and
 and rs
the relationship between the equivalent stress r
at the condition of uniaxial tension, Eq. (5) can be
rewritten as

1.2

Normalized εf

lative probability of cracking of particles (Pf) could be
given by

 m 
fc rc
P f ¼ 1  exp 
;
ð5Þ
f0 rf
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Fig. 9. Calculated dependence of the fracture toughness (KIC) on the
rÞ for Al–Cu–Mg alloy as a function of the
stress triaxiality level ðrm =
volume fraction of the constituents (fc).

could survive after the stress triaxiality level achieving a
somewhat large value, after which both the ductility and
the fracture toughness will change much less. From this
consideration, more constituents will make the ductility
and fracture toughness more sensitive to the stress triaxiality level. This is in agreement with the experimental
results (dots in Fig. 8 and 9) that the TS-treated
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specimens exhibit the most sensitive dependence of
properties on stress triaxiality level while the EF-treated
specimens exhibit the least sensitive dependence.
As presented above, the constituents in Al–Mg–Si alloy (644 MPa) have larger fracture strength than those
in Al–Cu–Mg alloy (437 MPa), which means that the
constituents in Al–Mg–Si alloy are hard to crack (for
example, see Fig. 1). The dependence of ductility and
ductile fracture on the stress triaxiality level is then more
signiﬁcant for Al–Mg–Si alloy than for Al–Cu–Mg alloy. Especially for the Al–Mg–Si alloy containing few
constituents even of 1%, the decrease of strain to fracture with increasing rm =
r is continuous, which is diﬀerent from the case in Al–Cu–Mg alloy (Fig. 8(a) and (b)).
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