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a b s t r a c t
Ductile fracture of commercial aluminum alloys is controlled not only by the primary voids
but also by the secondary voids, which are respectively nucleated at cracked constituents
and at decohered dispersoid. In this paper, experiment and modeling were carried out to
study the combined effect of the two populations of voids on the ductile fracture in two
kinds of heat-treatable aluminum alloys, i.e., Al–Cu–Mg alloys and Al–Mg–Si alloys. Different heat treatments were applied to the alloys to achieve various combinations of the two
voids, which were subsequently related to the mechanical properties. A multiscale fracture
model was proposed to describe quantitatively the relationships between parameters of
the two voids and the ductility and fracture toughness of heat-treatable aluminum alloys.
It is revealed experimentally and theoretically that the presence of secondary voids will
reduce the ductile properties especially when the intervoid spacing is less than about
0.5 lm. All calculations are in good agreement with experimental results.
Ó 2011 Elsevier Ltd. All rights reserved.

1. Introduction
Commercial heat-treatable aluminum alloys usually
contain multiscale second phase particles (Hahn and
Rosenﬁeld, 1975; Staley, 1979; Garrett and Knott, 1978;
Thompson, 1975), i.e., coarse constituents with size of 1–
10 lm in diameter, intermediate dispersoids of 0.05–
0.5 lm in diameter, and ﬁne strengthening precipitates of
several tens nanometers in size. Ductile fracture of the aluminum alloys is controlled by these particles. The brittle
constituents are ready to crack at lower strain and become
large primary voids. Under further deformation, the primary voids grow up to coalescence where the fracture is
triggered. The coalescence of primary voids is often ratelimited by the rupture of the intermediate ligament, where
the secondary voids caused by dispersoid decohesion play
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a signiﬁcant role (Broek, 1973; Van Stone and Psioda,
1975; Haynes and Gangloff, 1998). The secondary voids
in aluminum alloys have the size of dispersoids and are
one order of magnitude smaller than the primary voids
(constituents), agreeing well with the typical deﬁnition of
secondary voids in ductile metals (see, e.g., Fabregue and
Pardoen, 2008). Fig. 1 shows an example of the fracture
surface of an Al–Cu–Mg alloy with large primary dimples
(primary voids) surrounded by much smaller secondary
dimples (secondary voids) nucleated on dispersoids.
The inﬂuence of two populations of voids on the elastoplastic deformation of solids has been an attractive topic
for many years. Some investigations (Fabregue and Pardoen, 2008; Bandstra and Koss, 2001; Brocks et al., 1995;
Faleskog and Shih, 1997; Tvergaard, 1998) have been performed mainly using ﬁnite element (FE) based calculations.
From these calculations, it was generally revealed that the
nucleation and growth of the second population of voids
accelerate the damage process and lead to a reduction of
ductility. The results can be used to further understand
the ductile fracture of elastoplastic solids containing pri-
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Nomenclature
b
E, G

Burgers vector of aluminum
elastic modulus and shear modulus of aluminum
fi (i = c, d, p) volume fraction of the second phase particles (c: constituent; d: dispersoid; p: precipitate)
J
J-integral
Li(i = c, d, p) interparticle spacing of the second phase
particles (c: constituent; d: dispersoid; p: precipitate); intervoid spacing of primary voids
(Lc) and secondary voids (Ld)
n
strain hardening exponent
r
distance ahead of primary void
ri (i = c, d, p) radius of the second phase particles (c: constituent; d: dispersoid; p: precipitate)
ry
yield strength

mary and secondary voids. However, the FE-based calculation methods are not enough to describe the elastoplastic
deformation of aluminum alloys. Firstly, the FE-based
methods do not take the dislocation plasticity into account.
While in the deformation of aluminum alloys, geometrically necessary dislocations (GNDs) will be progressively
induced mainly to accommodate the plastic strain mismatch between precipitates (dispersoids) and surrounding
matrix (Ashby, 1970; Russell and Ashby, 1970; Brown and
Stobbs, 1976). The signiﬁcant strengthening contribution
from GNDs should not be neglected when calculating the
elastoplastic deformation of aged aluminum alloys. Secondly, all the FE-based calculations assumed the pre-existence of the two populations of voids and focused mainly
on the coalescence process. While in the practical aluminum alloys, the constituent cracking and dispersoid decohesion are dependent on the matrix strength or the
matrix deformation capability. Especially, the nucleation
of the secondary voids (or the dispersoid decohesion) is
strongly affected by the GNDs that are induced by the
deformation incompatibility between dispersoids and
plastic matrix (Goods and Brown, 1979). Extensive works
(Hahn and Rosenﬁeld, 1975; Staley, 1979; Garrett and

ei (i = d, p) local strains exerted on adjacent matrix
bonded with dispersoids (ed) and precipitates
(ep) during the deformation
ey
yield strain
strain tensor
eij
ef
strain to fracture
ep
plastic strain
v
Poisson’s ratio
qi (i = d, p) density of geometrically-necessary dislocations due for dispersoids (qd) and precipitates
(qp)
qj (j = t, g, s) density of total dislocations (qt), of geometrically-necessary dislocations (qg), and of statistically-stored dislocations (qs)
qcj ðj ¼ t; gÞ critical value of qt or qg

Knott, 1978; Thompson, 1975; Hornbogen and Starke,
1993; Walsh et al., 1989; Chen and Knott, 1981) have been
carried out to study the separate inﬂuence of constituent
cracking or dispersoid decohesion on the fracture toughness of aluminum alloys. But few attempts have been
made on the coupling effect of the two populations of voids
on the ductility and fracture toughness.
In this paper, we attempt to address this deﬁciency by
performing both modeling and experiments. Different
combinations of the two voids in Al–Cu–Mg alloys and
Al–Mg–Si alloys, were experimentally achieved by elaborately controlling the heat treatments. Different solution + quench treatments (Liu et al., 2005, 2007) were
employed to vary content of the constituents and dispersoids in the two alloys, respectively. A serious of aging
treatments was subsequently performed to change the alloy strength and deformation capability. The nucleation of
both the two voids is strongly dependent on the deformation behavior of the precipitate-containing matrix, besides
on the content of constituents and dispersoids. The various
combinations of the two voids were quantitatively related
to the ductility and fracture toughness of the two alloys. A
multiscale fracture model (Liu et al., 2003a, 2004) was pro-

Fig. 1. Typical SEM and TEM images illustrating the dependence of ductile fracture of Al–Cu–Mg alloy on both the primary voids (caused by constituent
cracking) and the secondary voids (caused by dispersoid decohesion) in a multi-length manner. (a) Low magniﬁcation SEM image on the fracture surface
showing the primary voids nucleated on the cracked constituents; (b) large magniﬁcation SEM image showing the primary surrounding by small secondary
voids; (c) SEM image showing the secondary voids that nucleate on the decohered dispersoids (d) (TEM image). In (c), beam is normal to the local surface
using a high angle of tilt.
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posed by incorporating the parameters of both primary
and secondary voids to calculate the quantitative relationships between the two voids and the ductility and fracture
toughness. Calculations were found to ﬁt well with the
experimental results and it was revealed experimentally
and theoretically that the presence of secondary voids will
reduce the ductile properties especially when the intervoid
spacing is less than about 0.5 lm. Contours of ductility and
fracture toughness in variants of the two voids were developed that can be used to aid the artiﬁcial controlling of
heat treatments to tailor the combination of the two voids,
in order to achieve superior ductile properties for aluminum alloys.

2. Experimental procedure
The aluminum alloys used in present investigation are
hot-rolled Al–Cu–Mg plate of 16 mm in thickness and extruded Al–Cu–Mg and Al–Mg–Si rods of both 18 mm in
diameter, supplied by the research laboratory of Xi’an air
craft industry LTD. The Al–Cu–Mg plate and the Al–Cu–
Mg rod are from a same ingot. The composition in weight
percentage is 4.62%Cu, 0.65%Mg, 0.22%Mn, 0.08%Si,
0.1%Fe, 0.1%Zn, and balance Al for Al–Cu–Mg alloy and
1.12%Mg, 0.57%Si, 0.25%Cu, and balance Al for Al–Mg–Si alloy, respectively. Both the two alloys contain three types of
second phase particles and both fracture surfaces show
two populations of voids.
Two experimental approaches are possible to achieve
different combinations of two populations of voids and
investigate their inﬂuence on mechanical properties. One
is to change the initial volume fractions of the constituents
and/or dispersoids, and the other is to vary the strength as
well as the deformation behavior of the matrix. Both can be
realized by performing appropriate heat treatments. Based
on our previous experimental results (Liu et al., 2005),
three types of solution + quench treatments, i.e., enhanced
solution + fast quench treatment (abbreviated as EF), traditional solution + fast quench treatment (TF), and traditional solution + slow quenching treatment (TS), were
applied on the two aluminum alloys, respectively, to vary
the volume fraction of constituents and dispersoids. The
enhanced solution or stepped solution was employed to
dissolve more soluble constituents and dispersoids as possible while the application of slow quench would cause
more constituents and dispersoids. A series of aging treatments were subsequently applied to vary the matrix
strength. The detailed heat treatments are as follows. The
traditional solution treatments of present Al–Cu–Mg and
Al–Mg–Si alloys were held at 766 K for 2 h and at 703 K
for half hour, respectively. The fast quenching treatment
referred to quench into cold water while the slow quenching treatment means cooling with a controlled rate of 5 K/
s. The enhanced solution treatment for Al–Cu–Mg alloy
was ﬁrstly held at 766 K for 2 h and followed by held at
an increasing treatment temperature up to 776 K with a
rate of 4 K/h, and for Al–Mg–Si alloy was ﬁrstly held at
703 K for half hour and followed by held at an increasing
treatment temperature up to 708 K with a rate of 7 K/h.
The Al–Cu–Mg alloy and Al–Mg–Si alloy were artiﬁcially

aged at 483 K, 513 K, 543 K, and at 433 K, 463 K, 493 K,
respectively, for various times from 0.25 h to 10 days to
get different aging conditions. The maximum error of all
the temperature measurements in present experiments
was ±1 K. After the heat treatments, the parameters (volume fracture, size, and interparticle spacing) of the three
kinds of second phase particles were experimentally determined by using the scanning electron microscope (SEM)
and transmission electron microscope (TEM), respectively
(Liu et al., 2003a, 2003b).
The stress–strain curves of the samples were recorded
and the yield strength (ry), tensile strength (rs), strain at
mechanical instability (es), strain to fracture (ef), and strain
hardening exponent (n) were determined by using the
smooth dog-bone-shaped tensile specimen that has a
gauge size of 6 mm in diameter and 40 mm in length. All
the specimens had an axis along the longitudinal direction.
The tensile test was performed at a constant strain rate of
5  104 s1 with the load direction parallel to the specimen axis. The yield stress was determined as the 0.2% offset and the strain to fracture was determined as
ef ¼ lnðAo =Af Þ, where Ao is the initial area and Af is the area
at fracture of the specimens. After sample fracture, the
fracture surface of the samples was analyzed by using
SEM to measure the neatest neighbor spacing of both primary voids and secondary voids, Lexp
and Lexp
c
d , respectively.
Using a high angle of tilt, the beam was aligned normal to
the local surface for measuring. Different local surfaces
have been measured to compile statistic on Lexp
and Lexp
c
d .
A magniﬁed local surface for measuring Lexp
is
typically
d
shown in Fig. 1(c).
The fracture toughness (KIC) of the Al–Cu–Mg plate
samples was characterized with compact tension specimens and the R curve method. Only the L–T oriented specimens, that have a fracture plane whose normal is in the
longitudinal direction of the plate and an expected direction of crack propagation coincident with the width direction of the plate, have been measured with applied loading
along with the longitudinal direction. All the specimens
had a same size of 62.5 mm in width and 6.25 mm in thickness. Prior to the fracture toughness experiment, the specimens were fatigue cracked at a constant stress ratio
(R = Kmin/Kmax) of 0.1 and under decreasing stress intensity
condition. Strictly conforming to ASTM E561, the R-curve
characterization of fracture toughness was performed on
a servohydraulic Instron-type testing machine by using potential-drop method to measure crack length. The crack
growth resistance curve was recorded and the plane strain
fracture toughness was determined at fracture initiation.
All the geometry requirements for plane-strain constraint
were met and the obtained plane strain fracture toughness
from R-curve has been experimentally found to approximately equal to that determined according to ASTM E399.

3. Experimental results
3.1. Three kinds of second phase particles
Fig. 2(a) and (b) shows the experimental measurements
on the volume fracture and size of constituents and
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Fig. 3. Dependence of precipitates size (rp) and yield strength (ry) on
solution + quench treatments in (a) Al–Cu–Mg alloys and (b) Al–Mg–Si
alloys peak-aged at different temperatures. Dots are experimental results
and lines on yield strength are calculations from strengthening model
[20,21,24].

aging treatment, will cause various combinations of primary and secondary voids even with the same initial constituents and dispersoids.
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dispersoids in Al–Cu–Mg and Al–Mg–Si alloys, respectively, after different solution + quench treatments. One
can see that, comparing with the TF-treated alloys, the
EF-treated alloys have reduced volume fraction in both
the constituents and the dispersoids, while the TS-treated
alloys contain more constituents and dispersoids. This
indicates that different initial constituents and dispersoids
have been experimentally achieved, which can result in
different nucleations of the primary and secondary voids
in subsequent testing of the sample.
The precipitate strengthening relies on the volume
fraction and size of precipitates that are controlled by the
artiﬁcial aging treatment. Fig. 3(a) and (b) shows the
parameters of precipitates and resultant yield strength in
Al–Cu–Mg and Al–Mg–Si alloys, respectively, after peakaged at different aging temperatures. Dots are experimental measurements and lines are calculations by using
strengthening model (Liu et al., 2003b). EF-treated alloys
are found to have the highest yield strength because more
solute atoms have been dissolved into the matrix after the
enhanced solution treatment and more strengthening
particles were subsequently precipitated. At the same
solution + quench treatments, the alloys aged at low temperature are found to have higher yield strength. This is
because the alloys peak-aged at low temperature have
ﬁner precipitates than peak-aged at high temperature,
which can be also revealed from Fig. 3. The variation in
matrix yield strength, which was achieved by performing

0.0

Solution + quench treatments
Fig. 2. Evolution of volume fraction (fi (i = c, d)) and particle size (ri (i = c,
d)) of constituents (a) and dispersoids (b) with different solution + quench
treatments for Al–Cu–Mg alloys and Al–Mg–Si alloys, respectively. EF is
enhanced solution + fast quench treatment, TF is traditional solution + fast quench treatment, and TS is traditional solution + slow quench
treatment.

3.2. Two populations of voids
Some Lexp
distributions in Al–Cu–Mg alloys are typically
c
shown in Fig. 4 to compare the distribution of primary
voids formed under different initial constituents and different matrix strength. Fig. 4(a) shows the comparison
among various matrix strengths in EF-treated Al–Cu–Mg
alloys, from which it is revealed that the Lexp
distribution
c
in alloys peak-aged at 543 K shifts to the highest average
value and that in the alloys peak-aged at 483 K to the lowest one. This indicates that more constituents will crack to
form primary voids with increasing the matrix strength.
However, when the initial constituents are also changed,
the combination effect of initial constituents and matrix
strength on the primary voids is much complicated. See
the comparison among EF-, TF-, and TS-treated alloys that
all peak-aged at 483 K, as shown in Fig. 4(b). Although the
TS-treated alloys have lower yield strength than that of the
TF-treated ones, the average Lexp
in the two alloys is close.
c
This is because the former alloys have somewhat more initial constituents, which causes the cracked constituents
close to those in the latter alloys even under different matrix strength. The EF-treated alloys, however, have the lowest value in Lexp
c , due to the much less constituents. Similar
results were observed in the Al–Mg–Si alloys, referring to
the experimental data summarized in Table 1.
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found to almost increase monotonically with Lexp
in presc
ent experiments (Fig. 6(b)). This, however, do not mean
that the fracture toughness is predominantly dependent
on the primary voids. Actually, the fracture toughness is affected by both primary and secondary voids, which will be
discussed later. From Table 1, it is further revealed that the
fracture toughness generally increases with reducing the
constituents and/or with decreasing the aging temperature
(at the same constituents), in agreement with previous
observations (Staley, 1979).

EF-treated Al-Cu-Mg alloys

30
20
10
0

0

10

20
exp

Lc

30

40

Frequency (%)

(b) 40

Al-Cu-Mg alloys peak-aged at 483 K
EF
30
TF
TS

20

10

0

0

10

20
exp

Lc

4. Discussion

(μm)

30

40

(μm)

Fig. 4. Nearest neighbor spacing distribution of primary voids (Lexp
c ) in (a)
EF-treated Al–Cu–Mg alloys peak-aged at different temperature and (b)
483 K peak-aged Al–Cu–Mg alloys with different solution + quench
treatments. Dots are experimental results and ﬁtting curves are also
presented.

As to the secondary voids, some Lexp
distributions in Al–
d
Cu–Mg alloys and Al–Mg–Si alloys are illustratively presented in Fig. 5(a) and (b), respectively. Because there is
no signiﬁcant change in content of dispersoids among the
various solution + quench treatments, the secondary voids
investigated here are mainly dependent on the matrix
strength. Fig. 5 shows that the stronger is the matrix, the
more is the dispersoid decohesion and the smaller is Lexp
d ,
which is common to the two kinds of alloys.

Most recently, a multiscale model (Liu et al., 2003a,
2004, 2005, 2007; Yuan et al., 2007) has been proposed
to describe both the separate and coupling effects of the
three classes of second phase particles on the ductile fracture of aged aluminum alloys by using a uniﬁed expression, where the parameters (e.g., volume fraction, size,
and aspect ratio) of all the particles were taken into account (Fig. 7(a)). In this model, the strain to fracture of
samples was ﬁrstly related to the micro-scaled cracked
constituents on basis of the fracture mechanics. Subsequently the critical local strain for rupture of ligament between two neighboring cracked constituents was
expressed as a function of the parameters of both submicro-scaled dispersoids and nano-scaled precipitates within
the dislocation plasticity description. This makes the multiscale fracture model cover from micrometer scale to
nanometer scale and yield a uniﬁed expression that is a
nonlinear function of the parameters of all the three classes of second phase particles. This multiscale fracture model, however, did not account for the inﬂuence of dispersoid
decohesion. These will be improved in present model by
incorporating the two populations of voids that are dependent not only on the intrinsic characteristics of the particles but also on the deformation behaviors of the matrix.
Referring to Fig. 7(b), the cracked constituents or the
primary voids are assumed to arrange in a cubic array, with
intervoid spacing of Lc . In the ligament between the neighboring primary voids, dispersoids and precipitates are distributed homogenously. When a percentage P df of the
dispersoids are debonded to form secondary voids, the sec-

3.3. Ductility and fracture toughness

ondary voids have the volume fraction of fd P df and the
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
intervoid spacing Ld is equal to rd 4p=3f d Pdf . The number

Ductility and fracture toughness of the alloys with different heat treatments are summarized in Table 1.
Although it is generally believed that the fracture properties are most sensitive to the coarse second phase particles,
the ductility in present experiments is not monotonically
changed with Lexp
c , see Fig. 6(a) where the TS-treated Al–
Cu–Mg alloys have ductility higher than the TF-treated
ones when peak-aged at a same temperature. The unusual
results are related to the inﬂuence of secondary voids. If
there is no much difference in Lexp
between two alloys,
c
the alloy having larger Lexp
should
has
a higher ductility.
d
In such case, the ductility of the alloys will be controlled
by Lexp
. This can be used to reasonably explain why the
d
TS-treated alloys have higher ductility than the TF-treated
counterparts. On the other hand, the fracture toughness is

(N) of secondary voids distributed between two neighboring primary voids is about kLc/Ldk + 1, where the symbol k k
means ﬂoor function. The concentration of plastic strain in
the matrix ligament located between two neighboring primary voids is induced not only by the strain tensors ahead
of the two primary voids but also by the strain tensors
ahead of the N secondary voids within the ligament
(Fig. 7(c)). The previous multiscale model (Liu et al.,
2003a, 2004, 2005; Yuan et al., 2007) is then modiﬁed by
adding the strain tensors ahead of the secondary voids.
When only one secondary void (SV-1 in Fig. 7(c)) is existed
between the two neighboring primary voids (PV-1 and PV2), the strain tensor caused by PV-1, PV-2, and SV-1 at a
distance r ahead of PV-1 is respectively given by (Hutchinson, 1968; Rice and Rosengren, 1968)
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Table 1
Measurements on the mechanical properties and fracture surface analyses.
Alloys/treatments

Lexp
(lm)
c

(lm)
Lexp
d

ry (MPa)

u

es

ef

KIC (MPa m1/2)

n

Al–Cu–Mg
543 K
EF
TF
TS

22.32(4.43)
16.48(3.12)
14.77(3.45)

0.76(0.16)
1.04(0.21)
1.32(0.22)

328(10)
264(19)
227(9)

0.30(0.02)
0.25(0.02)
0.28(0.02)

0.17(0.02)
0.13(0.01)
0.11(0.02)

0.36(0.02)
0.29(0.03)
0.33(0.03)

33.26(3.42)
26.78(5.35)
25.06(4.44)

0.12
0.14
0.15

513 K
EF
TF
TS

20.15(2.74)
13.32(1.98)
12.53(3.62)

0.63 (0.12)
0.93(0.18)
1.15 (0.24)

353(22)
298(11)
258(13)

0.25(0.02)
0.21(0.03)
0.22(0.02)

0.13(0.02)
0.10(0.02)
0.08(0.01)

0.29(0.02)
0.24(0.03)
0.25(0.03)

28.43(5.75)
22.68(3.14)
19.91(4.82)

0.11
0.12
0.14

483 K
EF
TF
TS

16.26(3.85)
12.08(4.02)
10.44(5.75)

0.51 (0.08)
0.75(0.17)
0.89 (0.15)

407(13)
334(11)
286(10)

0.18(0.03)
0.16(0.04)
0.17(0.02)

0.11(0.01)
0.07(0.02)
0.05(0.01)

0.20(0.04)
0.18(0.04)
0.19(0.03)

21.60(6.22)
19.53(4.56)
17.71(5.32)

0.09
0.10
0.11

Al–Mg–Si
493 K
EF
TF
TS

19.57(2.73)
16.25(2.12)
15.65(1.45)

0.66(0.09)
0.97(0.08)
1.24(0.06)

267(7)
228(9)
205(6)

0.33(0.02)
0.28(0.02)
0.29(0.03)

0.20(0.02)
0.15(0.03)
0.13(0.03)

0.40(0.02)
0.33(0.03)
0.34(0.04)

–
–
–

0.15
0.18
0.19

463 K
EF
TF
TS

17.25(3.86)
13.37(2.22)
12.21(1.57)

0.54 (0.10)
0.88(0.11)
1.07(0.08)

292(10)
259(7)
225(4)

0.29(0.02)
0.24(0.03)
0.25(0.04)

0.16(0.03)
0.12(0.01)
0.10(0.01)

0.34(0.03)
0.28(0.03)
0.29(0.05)

–
–
–

0.13
0.16
0.18

433 K
EF
TF
TS

14.68(2.54)
11.34(1.99)
10.22(1.57)

0.42(0.06)
0.59(0.11)
0.78(0.08)

336(5)
291(9)
248(6)

0.23(0.03)
0.20(0.01)
0.21(0.03)

0.12(0.02)
0.10(0.02)
0.07(0.01)

0.26(0.04)
0.22(0.02)
0.23(0.04)

–
–
–

0.11
0.14
0.15

+ – The values in parentheses are standard deviations.



ePV-1
¼ aey
ij
PV-2
ij

e

J PV

aey ry In r

1
nþ1

~eij ðhÞ;



J PV
aey ry In ðLc  2rc  rÞ

¼ aey

"

eSV-1
¼ aey
ij

1
nþ1

~eij ðhÞ;
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ePV-1
¼K
ij
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ePV-2
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ij
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#nþ1

~eij ðhÞ;

ð1-3Þ

where J is the J-integral, ey is the yield strain, ry is the yield
stress, n is the strain hardening exponent, a is the material
constant, In and ~eij ðhÞ are normalized parameters in the
HRR-ﬁeld (Hutchinson, 1968; Rice and Rosengren, 1968),
Lc and rc are the intervoid (interparticle) spacing and radius
of the primary voids (constituent particles), respectively,
and rd is the radius of the secondary voids (dispersoid particles). The J-integral can be separated into two parts, i.e.,
elastic (Je) and plastic (Jp) ones. For ductile aluminum alloys, Je is much smaller than Jp and can be ignored. The Jintegral is given by

J PV  J PV
p ¼

0:405phry rc ðep Þ1þn
;
ðaey Þn

ð2-1Þ

J SV  J SV
p ¼

0:405phry rd ðep Þ1þn
:
ðaey Þn

ð2-2Þ

Eq. (1) is thus rewritten as

SV-1
ij

e

1
r 1þn
c
ep ;
r

ð3-1Þ



rc
Lc  2r c  r

1
1þn

ep ;

rd
¼K 1
L

r
 rd  r
c
c
2

ð3-2Þ

1
!1þn

ep ;

ð3-3Þ

h
i1
ph 1þn ~
where K ¼ aey 0:405
eij ðhÞ. Adding Eqs. (3-1)–(3-3) and
aey In
rearranging the new equation leads to

ep ¼

 1
~eij r 1þn
K rc

1þ

h

r
Lc 2r c r

1
i1þn

1
h

þ ðrrdc Þð1L r rr
2 c

c

d

:
1
i1þn
Þ
r

ð4Þ

When the number of secondary voids distributed homogeneously between the neighboring primary voids is N, Eq.
(4) is changed to

ep ¼

1
erij  r 1þn

K rc

1þ

h

r
Lc 2r c r

1
i1þn

þ

1
PN hrd 
s¼0

rc

r

:
1
i1þn

1L r r rsL
c
d
d
2 c

ð5Þ
In uniaxil tensile condition, the incompatibility in shape
change between aluminum matrix and dispersoids/precipitates incurs geometrically-necessary dislocations introduced to make up for the discrepancy (Ashby, 1970). The
densities of geometrically-necessary dislocations around
the sphere-shaped dispersoids and disc- or needle-shaped
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Fig. 5. Nearest neighbor spacing distribution of secondary voids ðLexp
d Þ in
(a) TS-treated Al–Cu–Mg alloys peak-aged at different temperature and
(b) TS-treated Al–Mg–Si alloys peak-aged at different temperature. Dots
are experimental results and ﬁtting curves are also presented.

precipitates, qd and qp, are closely decided by the strains
exerted on adjacent matrix bonded with the two populations of particles, ed and ep, respectively (Ashby, 1970;
Brown and Stobbs, 1976):

ed ¼ 1:7rd bqd ;

ð6-1Þ

ep ¼ 0:25Lp bqp

ð6-2Þ

with b being Burgers vector of matrix and Lp the interparticle
spacing of the precipitates. The ratio between qd and qp is
associated with the ratio between interparticle spacings of
the two populations of particles, Ld and Lp, as follows:

qd
Lp
¼k ;
qp
Ld

ð7Þ

where k is a scaling factor and considered as unity here.
Letting qg be the sum of qd and qp, it plus the density of
statistically-stored dislocations, qs, comes to the total dislocation density in matrix, qt

qt ¼ qg þ qs ;

ð8Þ
c
t,

A critical value of qt, denoted as q is assumed being
existed and once qt reaching this ‘‘dislocation limit’’ then
material fractures regardless of how the detailed courses
are (Liu et al, 2004). Neglecting constraint from second
phase particles, qct should be a constant by hypothesizing
that the following engineering mechanical expression
could applied effectively in micro scale of ligament:

15
Lc (μm)

20

25

Fig. 6. Measurements on ductility with respect to the average intervoid
spacing of primary voids for (a) Al–Cu–Mg alloys and (b) Al–Mg–Si alloys
with different heat treatments. Curves are calculated by using Eqs. (16)
and (17), respectively, and the upper and bottom ones are resulted from
different scaling constants.

pﬃﬃﬃﬃﬃ

sm ¼ jGb qct

ð9Þ

in which sm, the intrinsic shear strength of matrix, G, the
shear modulus of matrix, together with b and j all are constants for a given matrix such as aluminum. At the same
time, qs could be approximately considered as invariable
because the increase in qs is very inappreciable compared
with that in qg under external loading (Russell and Ashby,
1970). Therefore the criterion for fracture is further deﬁned
as qg reaching the constant qcg :

qcg ¼ qct  qs

ð10Þ

From aforementioned analyses, Eq. (6) could be rewritten
as:

edc ¼ 1:7rd b

Lp
qc ;
Ld þ Lp g

epc ¼ 0:25Lp b

Ld
qc :
Ld þ Lp g

ð11-1Þ

ð11-2Þ

The micro-plastic strain of ~eij in Eq. (4) is a combination
of edc and epc in the form of Pythagorean theorem not of linear addition due to the existence of overlap effect between
the two types of strains:

~eij ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðedc Þ2 þ ðepc Þ2 :

Submitting Eq. (12) into Eq. (4) yields

ð12Þ
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Fig. 7. (a) Typical SEM and TEM images showing the three types of second phase particles (constituents, dispersoids, and precipitates) with different size in
Al–Mg–Si alloy. (b) Sketch illustrating the fracture mode in aluminum alloys that contain two populations of voids. The primary voids nucleate on the
cracked constituents and the secondary voids nucleate on the decohered dispersoids. (c) Micromechanics model for ductile fracture of the aluminum alloys.

 1
bqc r 1þn
ep ¼ g
K rc

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðLd þ Lp Þ1 ½ð1:7r d Lp Þ2 þ ð0:25Ld Lp Þ2 
:
1
1
h 
i1þn
h
i1þn
1 þ Lc 2rr c r
þ rrdc 1r Lc  r c  r d  r
2

ð13Þ
At a location r where ep has a minimum value, the achievement of qcg indicates that the alloy will fracture fully (Liu
et al., 2003a, 2004). The macro-plastic strain ef can be calculated from Eq. (13), equal to the minimum ep in variation
with r. When the number of secondary voids homogeneously distributed between the neighboring primary
voids is N, Eq. (13) is revised as

ef ¼ ep

min

¼

 1
bqcg r 1þn
K rc
ðLd þ Lp Þ1


1þ

h

r
Lc 2r c r

1
i1þn

þ

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h
i
ð1:7r d Lp Þ2 þ ð0:25Ld Lp Þ2

PN h
s¼1

1

i1þn
ðrrdc Þ 1r Lc  r c  rd  r  sLd
2

ð14Þ
The fracture toughness (KIC) can be further obtained,
according to its relationships with ef and ry (Garrett and
Knott, 1978; Liu et al., 2003a)

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
h
i
u
1
1
 1þn
u 2 c
ðL
þ
L
ð1:7rd Lp Þ2 þ ð0:25Ld Lp Þ2
pÞ
d
ubn qg Ery r
;
K IC ¼ u
1
1
h
i1þn
i1þn
t Kð1  v Þ rc
P h  
þ Ns¼1 rrdc 1L r rr rsL
1 þ Lc 2rr c r
2 c

c
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ð15Þ

where E and v are the elastic modulus and Poisson’s ratio of
the Al matrix. The above two equations, i.e., Eqs. (14) and
(15), quantitatively show the dependence of ductility and
fracture toughness of the aluminum alloys on the combination of primary voids and secondary voids. Because the
absolute values of some parameters, such as qcg and ~ee ðhÞ,
are difﬁculty to determine while all of these parameters
could be regarded as constants approximately, the strain
to fracture and fracture toughness calculated here are normalized, i.e., divided by a reference strain to fracture (eRf )
and fracture toughness (K RIC ), respectively, to eliminate
these unknown parameters, as treated in our previous
works (Liu et al, 2003a, 2004, 2005, 2007).
It is well known (Lloyd, 2003) that, because the strain
rate sensitivity in Al alloys is too low to provide any resistance to strain localization, the Al alloys fracture quickly
once the mechanical instability attained. The present model is thus reasonable even considering no strain localization. Using Eqs. (14) and (15), the combined inﬂuence of
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primary and secondary voids on both ef and KIC can be calculated. As mentioned before, reference eRf and K RIC should
be ﬁrstly chosen and normalization treatments were subsequently performed to yield the normalized ef and KIC
(Liu et al., 2003a, 2004, 2005, 2007). The eRf and K RIC used
in present paper are the ef and KIC of the TF-treated
Al–Cu–Mg alloys peak-aged at 513 K and the TF-treated
Al–Mg–Si alloys peak-aged at 463 K, respectively.
Fig. 8(a) and (b) shows some calculated ductility contours (lines) of the Al–Cu–Mg and Al–Mg–Si alloys in variants of the primary voids (Lc) and secondary voids (Ld),
respectively. All the combined effects of Lc and Ld on a contour should put out the same ductility. These contours
were obtained by calculating different combinations of primary voids and secondary voids, i.e., Lc e (5.0, 30.0) lm and
Ld e (0, 1.5) lm and all points with the same ductility form
a contour. It is clearly shown that the ductility is sensitive
not only to the primary voids but also to the secondary
voids. The presence of secondary voids will reduce the ductility and even cause the alloys containing less primary
voids exhibit inferior ductility. Taking the comparison between point A and B (Fig. 8(a)) for example, point A has
ductility (normalized ef = 1.25) larger than point B (normalized ef = 1.0), although the former has more primary voids
(or cracked constituents) (Lc of point A and B is about
17.5 and 20.0 lm, respectively). This is because the sec-

ondary voids in point B are much more than in point A
(Ld of point A and B is about 0.95 and 0.50 lm, respectively) and the remarkable inﬂuence of secondary voids
makes point B exhibit ductility inferior to point A. These
results indicate that only reducing the constituent content
is not enough to enhance the fracture properties of commercial heat-treatable aluminum alloys, suitable controlling of the homogenization and solution treatments is
also required to ensure the good fracture properties because the dispersoids will evolve during these two heat
treatments, causing difference in secondary voids. On the
other hands, Fig. 8 also shows that, if the practically produced constituent density (primary void density) exceeds
the designed one (which means a resultant reduction in
Lc and in ductility), the fracture properties may be repaired
by decreasing the dispersoid density (decreasing secondary void density or increasing Ld), which can be carefully
tailored in homogenization or solution treatments.
Many researchers have studied the inﬂuence of coarse
particles on the ductility of metal materials and some
models have been also developed to relate the (cracked)
particle percentage to the ductility quantitatively (see,
e.g., Goods and Brown, 1979; Thompson, 1975). Brown
and Embury (1973) have suggested that the relationship
between the ductility and the particles acting as void nuclei could be expressed as
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Fig. 8. Some contours of the ductility of the (a) Al–Cu–Mg alloy and (b)
Al–Mg–Si alloys in variants of the average intervoid spacing of both
primary voids and secondary voids. All the dots are experimental results
and the curves are calculated results. The reference ductility, eRf , is that of
the TF-treated sample peak-aged at 513 K and 463 K for the Al–Cu–Mg
alloy and the Al–Mg–Si alloy, respectively.

qﬃﬃﬃﬃﬃﬃﬃﬃﬃ

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

CL3c =r 3c  B ;
A=fc  B / ln

ð16Þ

where A, B, and C all are constants and fc is the volume fraction of cracked coarse particles. It is shown from above
expression that more (cracked) particles and/or larger particles should result in lower ductility. This is applicable to
many metals and alloys where the ductile fracture is predominantly controlled by the coarse particles. However,
when applied to the aluminum alloys where the inﬂuence
of secondary voids should not be neglected, Eq. (16) is no
longer satisfactory because of the lack of secondary voids.
The calculations from Eq. (16) are shown in Fig. 6(a) as
lines. One can see that the calculations are not in good
agreement with the experiments. Especially, the unusual
experimental phenomenon that some alloys containing
more primary voids have higher ductility can not be reasonably explained. On the other hand, the experiment results can be well modeled by present model when both
the primary voids and secondary voids are considered
simultaneously, see Fig. 8. This indicates that the consideration on both primary voids and secondary voids should be
necessary in order to well understand the ductile fracture
of aluminum alloys.
Fracture toughness is another important mechanical
property that is sensitive to the second phase particles. A
well known expression has been proposed by Hahn and
Rosenﬁeld (1975) to relate the fracture toughness to the
cracked coarse particles, which is given as

K IC / ðfc Þ1=6 /

pﬃﬃﬃﬃﬃ
Lc :

ð17Þ

This expression is found to ﬁt well with the present experimental results (Fig. 6(b)). It seems that the fracture toughness is predominantly controlled by the coarse particles or

565

G. Liu et al. / Mechanics of Materials 43 (2011) 556–566

ken as the reduction in area at fracture, u) and the yield
strength in aluminum alloys. Here in present experiments,
we ﬁnd that this relationship is applicable to all the alloys
with different heat treatments, as shown in Fig. 10. This
further indicates that the ductile fracture of aluminum alloys should be intrinsically related to the strength, essentially similar to what revealed from present model. One
can also ﬁnd from Fig. 10 that, with reducing the constituents/dispersoids and simultaneously increasing the
strengthening precipitates, the scaling lines of the two aluminum alloys both shift to the right. The shift of scaling
lines with solution + quench treatments is caused by the
change in ‘‘microstructure’’ (in this case refer to those
microstructural features that would produce a change in
the fracture behaviors) because the relative volume
fraction among the three kinds of second phase particles
have been changed after the different solution + quench
treatments.
Finally, it should be mentioned that the model and approaches presented in this work are applicable not only to
the current Al–Cu–Mg and Al–Mg–Si alloys, but also to
almost all the aluminum alloys or aluminum-based composites that fracture through coalescence of voids. A shortcoming of present model is the simple assumption of the
cubic arrangement of the primary voids, while in practical
aluminum alloys the constituents and the resultant primary voids are randomly distributed. This simple assumption will surely cause some differences between the
predictions and the experimental results. However, these
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the primary voids. However, it will be revealed that this
conclusion must be treated with caution when referring
to the combined effect of primary voids and secondary
voids on the fracture toughness as shown in Fig. 9. The
lines in Fig. 9 are some calculated fracture toughness contours in variants of the primary voids (Lc) and secondary
voids (Ld). When Ld is larger than about 0.5 lm, the fracture
toughness is most sensitive to Lc. When the secondary
voids increase and Ld reduces down to less than 0.5 lm,
the inﬂuence of secondary voids is signiﬁcant. In other
words, how the secondary voids can affect the fracture
toughness is dependent on the mount of the secondary
voids.
As mentioned above, the secondary voids in aluminum
alloys are caused by the dispersoid decohesion. The dispersoid decohesion is related to many factors, such as the dispersoid size, dispersoid/matrix interfacial strength, etc.
Experiments (Chen and Knott, 1981) have shown that the
aluminum alloys containing ZrAl3 dispersoids had fracture
toughness superior to the aluminum alloys containing
Al18Cr2Mg3 dispersoids, because the semicoherent ZrAl3
dispersoids have a larger interfacial strength than the
Al18Cr2Mg3 dispersoids. This can be well explained in present model. It have been generally known that a higher dispersoid/matrix interfacial strength will prevent more
dispersoids from decohesion, resulting in larger Ld and concomitant higher fracture toughness (Fig. 9).
The coupling effect of the two voids on the ductility and
fracture toughness is signiﬁcantly sensitive to the matrix
strength, as clearly demonstrated in Figs. 8 and 9. With
the increase in strength, such as the case on EF-treated
Al–Cu–Mg alloys indicated by arrow in Fig. 9 (the values
in brackets are the yield strength), the two voids evolve
and the combined effect of the two voids shifts both the
ductility and fracture toughness to lower value contours.
The development of the contours means that it is possible
to tailor the two voids by artiﬁcially controlling the aging
treatments to achieve superior ductility and fracture
toughness.
It has proposed (Lloyd, 2003) that there exist a scaling
relationship between the tensile ductile fracture strain (ta-

30

Fig. 9. Some contours of the fracture toughness of the Al–Cu–Mg alloy in
variants of the average intervoid spacing of both primary voids and
secondary voids. All the dots are experimental results and the curves are
calculated results. The reference ductility, K RIC , is that of the TF-treated
sample peak-aged at 513 K.
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Fig. 10. Scaling relationship between the reduction in area at fracture, u,
and the yield strength in (a) Al–Cu–Mg alloys and (b) Al–Mg–Si alloys.
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differences can be reduced by using the normalization
treatment (Liu, 2002), where all constant parameters are
removed. Further work is needed to improve the model
by more precisely describing the distribution of the primary voids.
5. Conclusions
(1) It is clearly revealed from experiments and modeling
that the ductility and fracture toughness of aluminum alloys are dependent not only on the primary
voids but also on the secondary voids and the combined effect of the two voids is related to the matrix
strength. The presence of secondary voids reduces
the ductility and fracture toughness and even makes
the alloys containing less primary voids exhibit inferior ductile properties.
(2) A model based on fracture mechanics has been
developed to quantitatively calculate the coupling
effect of two voids on the ductility and fracture
toughness of aluminum alloys. Calculations are in
good with experimental results on Al–Cu–Mg alloys
and Al–Mg–Si alloys. Further predictions from present modeling show that, when the intervoid spacing
of the secondary voids is less than about 0.5 lm, the
inﬂuence of secondary voids will be more intense;
(3) Contours of ductility and fracture toughness in variant with primary voids and secondary voids have
been respectively developed for heat-treatable aluminum alloys, where the inﬂuence of matrix
strength is illustratively shown. These can be used
to aid the artiﬁcial controlling of aging treatment
to tailor the combined effect of two voids, in order
to achieve superior ductility and fracture toughness.
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