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e ARMA(p, q):

P(L)Y: = 0(L)e
Every Explosive has a Cause.
MA(q) is AR(c0) and AR(p) is MA(0)

Parameter Redundancy

e 6 o6 o

Casualty, Stationarity and Invertibility.
o Causality: a process is stationary but does not depend on
future
e roots of ¢(z) = 0 lie outside the unit circle.
o Invertibility: Model uniqueness
e roots of §(z) = 0 lie outside the unit circle.




The V-weights for an ARMA model

For a casual ARMA model ¢(L)Y: = 6(L)er where the zeros of
¢(z) are outside the unit circle, recall that Y; = > 72, ¢jer;.
To get the W—weights, we must match the coefficients in

$(2)1(2) = 6(2):

(1_¢12_¢222_' e )(1/}0+1/11Z+w222+' i ) = (1—912—9222—‘ .

we have:

Y=l 1
A i I
Y2 — P11 — otpg = —02

where we would take ¢; =0 for j > p and 6; =0 for j > q.

)



The V-weights for an ARMA model

Generally, we have:

1%
b= Y rbj_k =0 for j > max(p,q+1) (1)

k=1

with initial conditions

J
Y — Z brpj—k = —0;,0 < j < max(p,q + 1) (2)
k=1



The V-weights for an ARMA model

Consider the model
Y: =0.9Y; 1+ 0.5e;_ 1+ e
Because max(p, g + 1) = 2, using Eq.(2), we have
Yo =111 =0.9+05=14
By Eq.(1), for j =2,3,--- ,, the W-weights satisfy
1= om0

So the general solution is v); = c0.9. Use the initial condition
1 =1.4,s0 1.4 =10.9c and ¢ = 1.4/0.9, therefore
Y; = 1.4(0.9Y 1 for j > 1.



Autocorrelation and Partial Autocorrelation

Consider MA(q) process: Y; = 6(L)e; where
O(L) = 1+ 601L + 022 + - - + 04L9. It can shown that

E(Y:) = 0
q q
e = Cov(Yepi, Ye)=Cov [ > Ojecr—j, Y _Oier;
j=0 i=0

—k
_ o? 7:0 SR ABIN FF o
0 k>gq.
Zq;ok 0j0j+k
p = | B 1Sk=4
0 k> q.



Autocorrelation and Partial Autocorrelation

For a causal ARMA(p, g) model, ¢(L)Y: = 0(L)et, where the zeros
of ¢(z) are outside the unit circle, write:

Yi=> djer;
j=0

It follow immediately that

Y = cov(Yepk, Yo) =02 > tjthjia k>0
j=0

Again Eqgs.(1) and (2) can be used to solve for the W-weights.



Autocorrelation and Partial Autocorrelation

It is also possible to obtain a homogeneous difference equation in
terms of .

P q
e = Cov(Vepu, Ye) = Cov [ > ¢Yeruej+ > Ojeerij, Ve
j=1 j=0

P q
= Z Oivik—j + Ug Zeﬂbj_k, k>0
j=1 =k
where we need the fact for k > 0

COV(et+k_j, Yt) = COV <et+k_j,z1/)ket_k> = wj_kO'g (1)

k=0



Autocorrelation and Partial Autocorrelation

From Eq.(3), we can write a general homogeneous equation for the
ACF of a causal ARMA process

Yk — P1Vk—1 — - — $pYk—p = 0, k > max(p,q + 1)

with initial conditions:

p q
Ve = Gtk =02 Y _ 0,0 < k < max(p, q +1)
= =k

Dividing the equations by 7o will allow us to solve for the ACF.



Example: The ACF of an ARMA(1,1)

Consider the ARMA(1,1) process Y; = ¢Yi_1 + fer—1 + e where
|¢| < 1. Based the homogeneous equation, we have:

’Yk—¢’Yk—1 :07k:273)"'
So we get the general solution
_ L . 8
’}/k—CQb 7k_ 1725"'
To obtain the initial conditions, we can use previous equation:
0 = ¢+ oell + 606 +67]

and
M = ¢0 + 2b



Example: The ACF of an ARMA(1,1)

Solving for 79 and 1, we obtain:

214209+ 6°

2 o IRy
1+6 0
L= ag( +1qi)(¢¢;+ )

To solve for ¢, note that 71 = c¢, or ¢ = 71/¢. Hence the specific
solution for kK > 1 is

_ (14 69)(9+0)
APl U

Finally, dividing through by ~q yields the ACF:

RS GRS prar

1+ 20¢ + 62

iy




Example: The ACF of an ARMA(1,1)

@ The general pattern of pi is not different from that of an
AR(1) given as follows:

szﬁbk,kZO

@ It is unlikely that we will be able to tell the difference between
ARMA(1,1) and AR(1) based solely on an ACF estimated from
a sample.

v




The Partial Autocorrelation Function (PACF)

@ For an MA(g) model, the ACF will be zero for lags greater
than g.

@ The ACF provides a considerable amount of information about
the order of the dependence for MA.

@ If the process is ARMA or AR, the ACF alone tells us little
about the orders of dependence.

@ We need a function that behave like the ACF of MA models,
— Partial ACF



The Partial Autocorrelation Function (PACF)

To motivate, consider a causal AR(1) model, Y; = ¢Y;_1+ e, then
12 = Cov(Yi, Yi2) = Cov(oYi1+ e, Yi2)
= COV(¢2 Yi—o+ per_1 + er, Yi_2) = ¢2’YO

@ This result follows from causality because Y;_» involves
{€et—2, €3, -+ } which all are uncorrelated with e; and e;_;

@ The correlation between Y: and Y;_> is not zero, as it would
be for an MA(1), because Y; is dependent on Y;_, through
Yio1

@ Suppose we break this chain of dependence by removing (or
partial out) the effect Y;_1, i.e. to consider the correlation
between

Yi—¢Yi1and Yio—¢Yi 1

because it is the correlation between Y; and Y:_» with the
linear dependence of each on Y;_; removed.



The Partial Autocorrelation Function (PACF)

In this way, we have broken the dependence chain between Y; and
Y:i_5. In fact

COV( Yt —oYio1, Yi2 — ¢Yt—1) - Cov(et, a= ¢Yt—1) =0

Here the tool is partial autocorrelation, which is the correlation
between Y5 and Y; with the linear effect of everything ‘in the
middle’ removed.



The Partial Autocorrelation Function (PACF)

To formally define the PACF for mean-zero stationary time series,
let Yiik for k > 2, denote the regression of Y;.x on
{Yesk-1, Yeqk—2,---, Ye-1}, thatis:

Yiek = B1Yesko1 + BoYerk—2 + -+ Br1Yin1

No intercept is needed since Y; is zero-mean. In addition, let \A/t

denotes the regression of Y; on {Yit1, Yeto, -+, Yeik—1}, then
Yi=0B1Yer1+ B2Yera + -+ Bre1 Yeirk—1
Because of stationarity, the coefficients 31, - - , Bx_1 are the same.

Regression in the Population Sense

Note that the term regression here refers to regression in the

population sense. That is Y;,x is the linear combination of

{Yerk-1, Yeak—2,+, Y 1} that minimizes the mean squared
: k—

error, i.e. E(Yiix — ZJ 1 0 Yeri)?




The Partial Autocorrelation Function (PACF)

Definition
The partial autocorrelation function (PACF) of a stationary
process Y;, denoted ¢y, for k =1,2,--- is

¢11 = corr(Yiy1, Yi) = p1

and
duk = corr(Yepk — \A/H-k, Y: — Vt)» k>?2

where

Yirk = B1Yerko1+ BoYegkea + -+ + Br1Yer

Note both Yi 4 — \A’Hk and Y; — Y; are uncorrelated with
Ve, o, Yerw1}



The Partial Autocorrelation Function (PACF)

Definition
If Y: is a normally distributed time series, we can let

duk = Corr(Ye, Ye—i|Ye-1, Ye—2, -+, Ye—kt1)

That is, ¢y is the correlation in the bivariate distribution of Y; and
Y:—«k conditional on Y;_1, Yi—o, -+, Yi—kt1-

For normally distributed series, the two definitions coincide. By
convention ¢11 = 1.



Example

Recall from previous class, that in minimum mean square error
sense, the best linear predictor of Y; based on Y;_1 alone is just
p1Ye_1. Thus, for any stationary process,

Cov(Yi—p1Ye-1, Yeea—p1Ye-1) = Y0(p2—pi—pi+pi) = Y0(p2—pi)
Since
Var(Ye—p1Ye-1) = Var(Ye—a—p1 Yee1) = 0(1+05—203) = v0(1—p7)

Then, the lag-2 partial ACF can be expressed as




The PACF of an AR(1)

Consider an AR(1) process given by
Ye=9¢Yi1+ e
with |¢| < 1. By definition ¢11 = p1 = 1. To calculate ¢22,

consider the regression of Yiio on Y:i1, say Yir1 = BYer1. We
choose 8 to minimize

E(Yerz — Yes2)? = E(Yesz — BYeq1) = %0 — 280 + %
Taking derivatives w.r.t. 8 and zeroing it, we have

B=m/vn=¢



The PACF of an AR(1)

Next consider the regression of Y; on Y:i1, say Y, = BYii1, we
choose 8 to minimize

E(Y:— Ye)? = E(Y: — BYer1) = 70 — 2871 + 5%
This is the same equation as before, so 8 = ¢. Hence

¢ = COff( b ol \A/t+2a Y 4= \A/t)
— CO”( o — G )GolL Y . 6Yt+1)
= Corr(et+2,Yt—¢YH_1):0

by causality. Thus ¢ =0



The PACF of an AR(p)

The model implies that Y 4 = Zf:l ¢ Yetk—j + €4k Where the
roots of ¢(z) are outside the unit circle. When k > p, the
regression of Yiix on {Yer1, -+, Yerk—1} is

p
Yitk = Z OiYirk—j
j=1
(we will prove it later). Thus when k > p,
(Z)kk = COfr(Yt+k — Vt—&—k) Yt — \A/t) — Corr(et+k, Yt - Vt) =0

because by causality, Y; — Y; depends only on
{etrk—1,€r1k—2, "}



The PACF of an AR(p)

When k < p, ¢pp is not zero, and ¢11,- -+, Pp—1,p—1 are not
necessary zero.
We will prove later that, ¢pp = ¢p.



The PACF of an AR(p)
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Figure: The ACF and PACF of an AR(2) model with ¢; = 1.5 and
¢ = —0.75.



The PACF of an Invertible MA(q)

For an invertible MA(q), we can write
o
Yt = ZTrjyt—_/ + e
j=1

From this result, it should be apparent that the PACF will never cut
off, as in the case of an AR(p).



The PACF of an Invertible MA(q)

For an MA(1), Y; = e; — fe;—1, with |0| < 1, calculations similar
to previous example, we have

ey
"2 e
In general, we show that
(6% (L")
P = 1 — g2(k+1)

Please refer to page 19.



The PACF of an Invertible MA(q)

@ The partial correlation of an MA(1) model never equals zero,
but essentially decay to zero exponentially fast as the lag
increases

o it is like the autocorrelation function of the AR(1) process



Partial ACF for Stationary Process

A general method for finding the partial ACF for any stationary
process with ACF pj (see Anderson 1971)

For a given lag k, it can be shown that the ¢y satisfy the
Yule-Walker equations:

pj = Pr1pj—1 + Gropj—2 + - + Grkpj—k for j=1,2,--- k

More explicitly, we can write these k linear equations as:

Gk1 + p1dk2 + p2dr3 + -+ pr—1Pkk = p1
P1Pk1 + Pr2 + P1Pk3 + - -+ Pr—2Pik P2

Pk—10k1 + Pk—2Pk2 + Pk—3Pk3 + -+ + Pk = Pk



Partial ACF for Stationary Process

@ The solutions to this linear equation system yield ¢, for any
stationary process.

o If the process is AR(p), then since for k = p are just the
Yule-Walker equations, which the AR(p) model is known to
satisfy, we must have ¢, = ¢p

@ We have already seen ¢y, = 0 for k > p.



Partial ACF for Stationary Process

@ The PACF for MA models behaves much like the ACF for AR
models

@ The PACF for AR models behaves much like the ACF for MA
models.

@ Because an invertible ARMA model has an infinite AR
representation, the PACF will not cut off.

Table: Behavior of the ACF and PACF for ARMA Models

AR(p) MA(q) ARMA(p, q)
ACF Tails off Cuts off after lag g Tails off
PACF Cuts off after lag p Tails off Tails off




The Sample Partial ACF

@ For an observed time series, we need to be able to estimate
the partial ACF.

@ According to the Yule-Walker equation, we can estimate py's
with sample autocorrelation, then solve it to obtain ¢k

@ It is called the sample partial autocorrelation function
(sample ACF) , denoted it by ¢x-



The Sample Partial ACF

Levinson (1947) and Durbin (1960) gave an efficient method for
obtaining the solutions to the Yule-Walker equation for either
theoretical or sample partial autocorrelations. It is shown that the
equations can be solved recursively as follows:

k—1
Pk — Zj:l ¢k—1,jpk—j
k—1
h= Zj:l ¢k—1JPj

Prk =

where
Pkj = Pk—1j — Ph kPk—1,k—j



The Sample Partial ACF

Example: using ¢11 = p1 to get started, we have:

_p—dupr  p2—pi
$22 =

1SN —
with ¢o1 = P11 — P2211, then

_p3— $21p2 — P22p1
¢33 =
1 — ¢o1p1 — D222




The Sample Partial ACF

@ we can calculate numerically as many values for ¢ as desired.
@ these recursive equations give us theoretical partial ACF

@ by replacing p's with r's, we obtained the estimated or
sampled partial ACF.



The Sample Partial ACF

To assess the possible magnitude of the sample ACF, Quenoulle
(1949) proved that

Hypothesis Test

Under the hypothesis that an AR(p) model is correct, the sample
partial ACF at lags greater than p are approximately normally
distributed with zero means and variances 1/n. Thus for k > p,
+2/+/n can be used as critical limits on qgkk to test the null
hypothesis that an AR(p) model is correct.




Questions?



