
lable at ScienceDirect

Acta Materialia 155 (2018) 12e22
Contents lists avai
Acta Materialia

journal homepage: www.elsevier .com/locate/actamat
Full length article
Elastic properties of AlxCrMnFeCoNi (0 � x � 5) high-entropy alloys
from ab initio theory

Hualei Zhang a, *, Xun Sun a, b, **, Song Lu b, Zhihua Dong b, Xiangdong Ding a,
Yunzhi Wang a, c, Levente Vitos b, d, e

a Center of Microstructure Science, Frontier Institute of Science and Technology, State Key Laboratory for Mechanical Behavior of Materials, Xi'an Jiaotong
University, Xi'an, 710049, China
b Applied Materials Physics, Department of Materials Science and Engineering, Royal Institute of Technology, Stockholm, SE-100 44, Sweden
c Department of Materials Science and Engineering, The Ohio State University, 2041 College Road, Columbus, OH 43210, USA
d Division of Materials Theory, Department of Physics and Materials Science, Uppsala University, P.O. Box 516, SE-75120, Uppsala, Sweden
e Research Institute for Solid State Physics and Optics, Wigner Research Center for Physics, Budapest, H-1525, P.O. Box 49, Hungary
a r t i c l e i n f o

Article history:
Received 7 March 2018
Received in revised form
20 May 2018
Accepted 22 May 2018
Available online 24 May 2018

Keywords:
High-entropy alloys
Elastic anisotropy
Brittle/ductile transition
Pugh criterion
First-principles calculation
* Corresponding author.
** Corresponding author. Center of Microstructure
Science and Technology, State Key Laboratory for Mec
Xi'an Jiaotong University, Xi'an, 710049, China.

E-mail addresses: hualei@xjtu.edu.cn (H. Zhang), x

https://doi.org/10.1016/j.actamat.2018.05.050
1359-6454/© 2018 Acta Materialia Inc. Published by
a b s t r a c t

Using ab initio calculations, we investigate the elastic properties of paramagnetic AlxCrMnFeCoNi
(0� x� 5) high-entropy alloys (HEAs) in both body-centered cubic (bcc) and face-centered cubic (fcc)
structures. Comparison with available experimental data demonstrates that the employed approach
describes accurately the elastic moduli. The predicted lattice constants increase monotonously with Al
addition, whereas the elastic parameters exhibit complex composition dependences. The elastic
anisotropy is unusually high for both phases. The brittle/ductile transitions formulated in terms of
Cauchy pressure and Pugh ratio become consistent only when the strong elastic anisotropy is accounted
for. The negative Cauchy pressure of CrMnFeCoNi is due to the relatively low bulk modulus and C12 elastic
constant, which in turn are consistent with the relatively low cohesive energy. The present findings in
combination with the experimental data suggest anomalous metallic character for the HEAs system.

© 2018 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
1. Introduction

High-entropy alloys (HEAs) comprising five or more metallic
elements have attracted extensive attention from the materials
science community since the pioneering works by Yeh et al. [1] and
Cantor et al. [2] in 2004. Since then, a new class of HEAs-related
materials has been established. The multi-principal element char-
acter imposes new challenges as compared to the conventional
alloys. The formation of hexagonal close-packed (hcp), face-
centered cubic (fcc), and body-centered cubic (bcc) single-phase
solid solutions instead of intermetallics or multi-phase systems is
usually ascribed to the high mixing entropy and sluggish interdif-
fusion characteristic of HEAs [1e4]. Nevertheless, so far only a
limited number of single-phase solid solutions have been
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synthesized: fcc CrMnFeCoNi [2,5,6], fcc NiCuRhPdIrPt [7], bcc
NbMoTaW and VNbMoTaW [8,9], bcc ZrNbHfTa [10], and hcp
FeCoRuRe [11]. Due to the inherent complexity of alloying con-
stituent, HEAs have in general extraordinary damage tolerance and
fracture toughness [5,6], excellent and exceptional structural and
functional properties [12,13], high thermal stability [14], high
hardness [15], combined high strength and ductility [16], corrosion
resistance [17], unique magnetic properties [18], with promising
potential applications in various technical areas [19e21]. Therefore,
the design and development of HEAs with desired properties have
become an important subject in materials science and technology.

The five-component CrMnFeCoNi single-phase solid solution is
a prototype among large number of HEAs investigated. Several
experimental [2,5,6,14,15,22e35] and theoretical studies [36e38]
have characterized the structural and mechanical properties of the
equiatomic CrMnFeCoNi alloy. It was found that the alloy forms a
fcc solid solution at intermediate and high temperatures and pos-
sesses good mechanical properties such as high hardness and high
bulk modulus [2,5,6]. The alloy was synthesized using mechanical
alloying followed by high-pressure sintering [15]. According to the
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room-temperature magnetic hysteresis measurements [18], the
alloy was found to be paramagnetic (PM), in contrast to MnFeCoNiX
(X¼ Al, Ga, and Sn) alloys, which are ferromagnetic (FM). Recent
experiments discovered an irreversible polymorphic transition
from fcc to hcp in the alloy under hydrostatic compression at room
temperature [22], indicating that the fcc phase is stable at high
temperatures while the hcp structure is thermodynamically
favorable at low temperatures. The single-crystal elastic constants
of the alloy have been determined by first-principles calculations
[26] and also measured by a resonance ultrasound spectroscopy at
room temperature [27]. The temperature dependence of poly-
crystalline elastic moduli of alloy have also been established over
the temperature range 50e300 K [28] and 200e1270 K [29]. It is
generally accepted that all multicomponent solid solutions must
have severely distorted lattices. However, the local lattice distortion
in equiatomic fcc CrMnFeCoNi HEAmeasured by neutron scattering
is actually moderate [32], suggesting that deviations of local atomic
positions from the ideal fcc lattice sites have small impact on the
basic physical properties. Indeed, even for refractory HEAs, for
which sizable local lattice distortions exist, the influence of lattice
distortion on the computed equation of state and elastic properties
was recently found to be negligible [39].

To tune the crystal structure andmechanical properties of HEAs,
researchers introduced additional alloying elements into the
single-phase hosts. A series of investigations on CrMnFeCoNi
[38,40] and other HEAs [41e49] found that Al is an effective
alloying element. Phase decomposition, such as B2 intermetallic
precipitates embedded in a bcc matrix was observed in AlxCrMn-
FeCoNi [40] and AlxCrFeCoNi [44] HEAs at high Al concentrations.
The effect of Al on the phase decomposition of CrFeCoNi was
studied by first-principles calculations as well [50]. Despite these
experimental and theoretical investigations, no first-principles
explanation of the observed alloying effects of Al on the elastic
properties of CrMnFeCoNi system has been reported so far. The
elastic properties are among the most fundamental parameters of
solids. It is, however, a highly non-trivial task to determine the
elastic parameters of HEAs from first-principles due to inherent
complexities associated with multicomponent magnetic systems.
In this study, we determine elastic properties of PM AlxCrMnFeCoNi
(0� x� 5) HEAs having both bcc and fcc crystal structures using
first-principles calculations. The aim is to examine systematically
the alloying effect on structure and elastic parameters of the alloy
and provide useful inputs to HEAs design.

The rest of paper is divided into three main sections. In Section
2, we give a brief overview of the employed ab initio method and
present the most important numerical details of the calculations.
The calculated single-crystal elastic constants and polycrystalline
elastic parameters of the elastic moduli of the AlxCrMnFeCoNi
(0� x� 5) HEAs are presented in Section 3. The ductile/brittle
behavior is discussed in terms of Cauchy pressure, Pugh ratio, and
the newly proposed model by Wang et al. in Section 4.

2. Methodology

The first-principles electronic-structure calculations were per-
formed using the exact muffin-tin orbitals (EMTO)method [51]. We
employed the Perdew-Burke-Ernzerhof (PBE) exchange-correlation
functional [52] to perform the self-consistent calculations and
compute the total energies, i.e. the fully self-consistent PBE scheme
was used. We adopted the single-site coherent-potential approxi-
mation (CPA) to treat the substitutional and magnetic disorders
[53e56]. Using the CPA, one completely ignores the atomic short-
range order and local lattice relaxation effects. The first approach
is supported by the sluggish diffusion present in HEAs, whereas
recent findings confirmed that the absence of severe local lattice
distortion in CrMnFeCoNi [32].
We used the scalar-relativistic approximation and soft-core

scheme to solve the one-electron Kohn-Sham equations. The
Green's function was calculated for 16 complex energy points used
to integrate the valence states below the Fermi level. We included s,
p, d, and f orbitals in the basis set. We used 20 000e25 000 uni-
formly distributed k-points in the irreducible Brillouin zones, which
ensures high accuracy for the elastic constants. The electrostatic
correction to the CPA was described using the screened impurity
model [57] with screening parameter 0.6. The EMTO approach has
been successfully applied in the first-principles study of the phys-
ical properties of conventional Fe-based alloys [58e65] and
multicomponent HEAs [37,39,66e69]. These previous studies
indicated that the EMTO-CPA method is a powerful and suitable
method in HEAs design.

At room-temperature, the AlxCrMnFeCoNi alloys have the PM
fcc structure at low-Al levels and gradually transform to the PM
bcc structure with increasing Al content [38]. However, in low-Al
alloys, the theoretical Curie temperature of the thermodynami-
cally unstable bcc phase is above the room-temperature [38].
Since we are primarily interested in phases which can be realized
in experiments at room-temperature, here we assume the PM
state for all compositions. The PM state was simulated by the
disordered local magnetic moment (DLM) model [70]. Within the
DLM approach, a PM AlCrMnFeCoNi alloy is described as
Cr[CrYMn[MnYFe[FeYCo[CoYNi[NiY, with equal amount of spin
up ([) and spin down (Y) atoms. Hence, even though the calcu-
lations were performed at 0 K, the effect of the loss of magneti-
zation above the Curie temperature was properly captured in the
total energy.

There are three independent elastic constants in a cubic lattice:
C11, C12, and C44. Dynamical (mechanical) stability requires that
C44> 0, C'≡(C11-C12)/2> 0, and B> 0 [71]. In the present study, the
cubic elastic constants of the PM AlxCrMnFeCoNi (0� x� 5) alloys
were calculated as a function of the chemical composition and
crystal structure. At each composition x, the theoretical equilibrium
volume and bulk modulus were derived from a Morse-type func-
tion [72] fitted to the ab initio total energies calculated for nine
uniformly distributed volumes between 9.1Å3/atom and 14.4Å3/
atom. This interval includes all equilibrium volumes obtained for
0� x� 5. There are magnetic transitions within this volume in-
terval (some alloy components develop local magnetic moments
with increasing volume) which slightly deteriorates the quality of
the numerical fit especially for the bulk modulus. In order to esti-
mate the size of this effect, we show a second set of results for Al-
free PM fcc CrMnFeCoNi using a small volume interval
(10.4e11.7Å3/atom) for the Morse fit. However, the alloying
induced trends will be considered and discussed using the larger
volume interval in order to keep the numerical noises consistent.
We neglect the influence of the longitudinal spin fluctuations
(LSFs), i.e. we use a static DLM approach. Recently, Dong et al. [73]
proposed an accurate and efficient computational scheme for the
LSFs in pure Fe as well as in conventional and multicomponent
alloys, such as the paramagnetic austenitic steel [74] and CrMnFe-
CoNi HEA [75]. They found that when LSFs are taken into account,
the local magnetic moments vary smoothly with volume. We will
return to the effect of LSFs on the elastic constants in Section 3.3.

We used a standard technique [58,59,62] to calculate the single-
crystal elastic constants Cij. We obtained the polycrystalline elastic
properties from Cij according to arithmetical Hill method [76].
Nevertheless, since the present alloys turned out to be extremely
anisotropic, we also discuss results based on the Voigt and Reuss
limits as well. The theoretical elastic moduli and single-crystal
elastic parameters are used to assess the brittle-ductile behavior
using previous empirical correlations.
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3. Results

3.1. The Al-free HEA: assessing the accuracy

In Table 1, we list the present theoretical equilibrium lattice
parameter a in Å, the single-crystal elastic constants Cij in GPa, the
polycrystalline elastic moduli (bulk modulus B, shear modulus G,
Young's modulus E) in GPa, the Pugh ratio B/G, the Poisson ratio v,
the Zener anisotropy ratio (AZ ≡ C44/C0), and the Cauchy pressure
(CP≡C12�C44) for PM fcc CrMnFeCoNi. To estimate the effect of
volume expansion, in the table we also display the elastic param-
eters calculated using the room-temperature experimental lattice

constant aexpt:300K ¼ 3:594 Å [40]. The two sets of theoretical results
correspond to the two different volume intervals (superscript a:
9.1e14.4Å3/atom, b: 10.4e11.7Å3/atom). For comparison, several
former theoretical [21,26,37,77] and the available experimental
data [27,28,78] are quoted.

The present a for PM fcc CrMnFeCoNi, determined from the
static DFT calculation adopting the two different volume intervals,
are 3.524 and 3.526Å, respectively, which are very close to each
other and close to the former results of 3.528 [77]. Since the elastic
parameters are volume-sensitive, there are some small differences
between the present two cubic shear moduli C44 and C'. But there is
12 GPa difference in the two bulk moduli, 188 versus 176 GPa. Both
values are different from the one reported by Tian et al. [77], which
can be attributed to the different volume mesh employed when
fitting the equations of state. The difference of the bulk modulus
causes a difference in C11 and C12. Actually, when we adopt the
room-temperature experimental volume [40] of CrMnFeCoNi, the
bulk modulus obtained for the volume interval 10.4e11.7Å3/atom
is 147 GPa, which is very close to the experimental data of 144 GPa
[27]. Nevertheless, in order to consider the effect of Al on elastic
properties of AlxCrMnFeCoNi in a wide Al concentration range, we
should adopt the volume interval of 9.1e14.4Å3/atom which in-
cludes the equilibrium lattice parameters of all AlxCrMnFeCoNi
alloys considered here.

The ground state elastic parameters EMTOa (0 K, This work)
slightly differ from those obtained by Tian et al. [77], which should
be ascribed to the numerical parameters adopted in these two
works. On the other hand, the large deviations found between the
present data and the EMTO results published in Ref. [26] come
mainly from the different core-state treatment (soft-core versus
frozen-core) and different k-points in the Brillouin zone. Without
going into details, we associate the differences between the present
Table 1
Equilibrium lattice parameter a (Å), single-crystal elastic constants C11, C12, C44, and C'¼(
(GPa), polycrystalline elastic moduli B, G, and E (GPa), Poisson ratio v, and B/G for param
obtained for the room-temperature experimental lattice parameter [40]. We show the r
atom, b: 10.4e11.7Å3/atom). The present results used for the discussion in the coming
experimental data (in italics) [27,28,78] are listed for comparison. The values marked wi

a Magnetic state C11 C12

EMTOa (0K, This work) 3.524 PM 250 156
EMTOb (0 K, This work) 3.526 PM 238 145
EMTOa (aexpt:300K , This work) 3.594 [40] PM 170 100
EMTOb (aexpt:300K , This work) 3.594 [40] PM 194 124
EMTO (0 K) [21] [77] 3.528 PM 245 149
EMTO (0 K) [26] 3.58 PM 226 160
VASP-SQS (0 K) [26] 3.54 FM 200 97
VASP-SQS (0 K, energy) [21] 3.536 FM 229 126
VASP-SQS (0 K, stress) [21] 3.545 FM 243 134
EMTO (aexpt:300K ) [37] 3.6 [29] PM 187* 117*
Expt.(300 K) [27] - PM 196 118
Expt.(300K) [78] - - 172 108
Expt.(300 K) [28] - PM - -
Expt.(55 K) [28] - PM - -
EMTO and the former VASP-SQS data [21,26] to the methodological
differences (CPA versus supercell, muffin-tin versus full-potential,
etc.), to the averaging schemes used for the polycrystalline elastic
parameters and to the different magnetic states (PM versus FM)
employed in those two studies. Nevertheless, most of the quoted
theoretical results predict consistent 0 K data for CrMnFeCoNi.

In addition to the results obtained for the static theoretical
volume, in the table we also present EMTO results (denoted by

“aexpt:300K , This work”) based on the room temperature experimental
volume [40]. The values for C44 and C0 corresponding to EMTOa

(aexpt:300K , This work) are close to the former EMTO results (aexpt:300K ) [37]
employing a slightly different experimental volume [29]. The bulk

moduli from EMTOb (aexpt:300K , This work) is relatively close to the
results by Huang et al. [37], the small differences should be ascribed
to the different exchange-correlation approximations employed in
those studies. We recall that Huang et al. [37] used the local density
appropriation (LDA) for the self-consistent EMTO calculations and
the PBE approximation for the total energy (i.e., they adopted a
non-self-consistent PBE scheme opposite to the present fully self-
consistent PBE scheme).

The single-crystal and polycrystalline elastic constants calcu-
lated at 0 K are all higher than the measured data [27,28,78]. That is
due to the normal volume effect (negative volume derivatives)
associated with the lower (~2%) theoretical static lattice parameter
than the measured one [29,40]. On the other hand, the present
results obtained for the room temperature volume [40] are much
closer to the measured data [27,28,78]. There are two sets of
experimental single-crystal elastic constants [27,78], which can be
used to define characteristic error bars. Namely, the two data sets
reported in Refs. [27,78] differ by 24 GPa, 10 GPa, 37 GPa and 7 GPa
for C11, C12, C44 and C0, respectively. The deviations between the two
measurements is partly due to the sample preparation and
measuring methods and reflect the intrinsic accuracy of such
measurements. Taking the mean experimental values as reference
[27,78], for the deviations between our theoretical results EMTOa

(aexpt:300K , This work) and the measured data we obtain 14 GPa, 13 GPa,
33GPa,1 GPa for C11, C12, C44 and C0 respectively. These figures are of
the same order as the above experimental errors bars indicating
that the present theoretical predictions have similar accuracy as the
available experimental data.

We observe that the deviations are the largest in the case of C44
both between the two sets of experimental data and between the
theoretical and experimental values. That is due to the particularly
C11-C12)/2 (GPa), Zener anisotropy ratio (AZ¼ C44/C0), Cauchy pressure (CP¼C12�C44)
agnetic (PM) fcc CrMnFeCoNi alloy. In addition to 0 K data, we also give our results
esults from two different volume optimization intervals (superscript a: 9.1e14.4Å3/
sections are shown in boldface. Former theoretical results [21,26,37] and available
th * are obtained from standard technique and the Hill averaging method.

C44 C0 AZ CP B G E v B/G

180 47 3.8 ¡24 188 106 267 0.263 1.78
179 46 3.8 �33 176 105 262 0.252 1.69
143 35 4.1 ¡43 123 82 201 0.228 1.51
143 35 4.1 �19 147 82 207 0.265 1.8
192 48 4.0 �43 181* 111* 276 0.246* 1.63
136 33 4.1 24 184 79 207 0.313 2.33
146 52 2.8 �49 131 97 233 0.204 2.52
146 52* 2.8 �20 160 95 241 0.250 1.68
141 55* 2.6 �7 168 96 241 0.261 1.75
138 35 3.9 �21 140 80 201 0.26* 1.75
129 39 3.3 �11 144 80 202 0.265 1.80
92 32* 2.8 16 129* 61* 157* 0.297* 2.13
- - - - 143 80 202 0.265 1.79
- - - - 145 86 215 0.253 1.69
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small C44 value reported in Ref. [78], which is far below the other
theoretical and experimental values and results in anomalously
small shear and Young's moduli compared to the other experi-
mental values [27,28]. In fact the reported C44 in Ref. [78] leads to
positive Cauchy pressure (CP), which is opposite to most of the
values listed in Table 1. Exception is the positive CP found in
Ref. [26] using the EMTO method, which however cannot be taken
representative due to the additional (frozen core) approximations
employed there. Therefore, we conclude that most of the theoret-
ical and experimental single-crystal elastic constants quoted in
Table 1 predict negative Cauchy pressure for CrMnFeCoNi. In other
words, according to Pettifor [79], the chemical bonds in the present
high-entropy alloy show covalent rather than metallic character
despite of the fact that the alloy constituents are considered to have
good metallic behavior. We recall that the theoretical Cauchy
pressures of the non-magnetic Cr, and ferromagnetic Mn, Co and Ni
in the fcc lattice are positive [80], whereas the predicted Cauchy
pressure of paramagnetic fcc Fe is negative [81], but the measured
value at 1428 K is also positive [82].

From Table 1, by using of data EMTOa (0 K, This work) and

EMTOa (aexpt:300K , This work), we establish the volume effects on the
elastic constants of PM fcc CrMnFeCoNi to be used for later dis-
cussions. Comparing the results calculated for lattice parameters
3.594Å and 3.524Å, for the mean slopes we obtain DC11/
Da¼�1143 GPa/Å, DC12/Da¼�800 GPa/Å, DC44/Da¼�529 GPa/Å
and DC'/Da¼�171 GPa/Å. It is found that all cubic elastic constant
follow a normal behavior in terms of volume effect [83], i.e. they
Fig. 1. Theoretical single-crystal elastic constants for paramagnetic bcc and fcc AlxCrMnFeCo
against Al content. The black dashed line indicates the ductile-brittle limit on the basis of
legend, the reader is referred to the Web version of this article.)
decrease with expanding volume. Since alloying in general affects
the equilibrium volume, one should expect a sizable alloying-
driven volume effect in the elastic constants of the present high-
entropy alloys.
3.2. Effect of Al doping on the single-crystal elastic constants of
CrMnFeCoNi

The single-crystal elastic constants Cij (x) of PM bcc and fcc
AlxCrMnFeCoNi alloys are plotted in Fig. 1 as a function of compo-
sition for 0� x� 5. For each solute concentration x, the present Cij
(x) were computed at the corresponding theoretical 0 K (static)
equilibrium lattice constant a (x) shown in our former study [38]. It
was found that the theoretical equilibrium lattice constant for PM
AlxCrMnFeCoNi alloys increase with increasing Al content, and
Da(x)/Dx is larger for the fcc structure than that for the bcc one, in
line with the available experimental data [40]. Namely, in the low-
Al region the theoretical Da(x)/Dx for the bcc (fcc) lattice is 0.031
(0.072) Å per Al molar fraction (i.e. per x), compared to the mean
experimental value of 0.027 (0.10) Å per Al molar fraction. To our
knowledge, no experimental or theoretical Cij (x) data are available
for the AlxCrMnFeCoNi system, and hence we continue our dis-
cussion by focusing on the theoretical trends in Fig. 1.

As shown in Fig. 1, all individual Cij (x) values predicted for PM
bcc and fcc AlxCrMnFeCoNi possess positive values and fulfill the
dynamical stability requirements (i.e., C44> 0, C'> 0, and B> 0) for
all x. Theory predicts decreasing C11(x), C12(x) and C44(x) with
Ni (0� x� 5) alloys. Zener anisotropy (AZ) and Cauchy pressure (CP) are also presented
the Cauchy pressure [79]. (For interpretation of the references to colour in this figure



Fig. 2. Three-dimensional surface plots of the single-crystal Young's moduli for paramagnetic bcc (upper panel) and fcc (lower panel) AlxCrMnFeCoNi alloys as a function Al content
(x¼ 0, 0.88, 2.14, and 5). (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
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increasing Al content in both fcc and bcc phases. The decreasing Cij
(x) implies that Al alloying lowers the elastic stability for both cubic
lattices. The two lattices possess similar C12(x) over the entire
compositional interval. On the other hand, C11(x) and C44(x) for the
fcc phase are significantly larger than those for the bcc phase for
x< 0.76 and x< 1.53, respectively. The different composition de-
pendences obtained for C11(x) and C12(x) for fcc and bcc lattices
result in peculiar trends for C'≡(C11-C12)/2. First, we observe that for
all compositions considered here, the calculated C0(x) values are far
below the values calculated for the other elastic constants, indi-
cating a rather small energy barrier between the fcc and bcc phases
along the usual Bain path. Second, the alloying induced changes in
C0(x) are below ~34 GPa, compared to ~102 GPa, ~53 GPa and
~68 GPa, obtained for C11(x), C12(x) and C44(x), respectively. Third,
below xz 0.78, the fcc C0 is larger than the bcc one, meaning that
the fcc phase is more stable mechanically than the bcc one for low-
Al alloys and the bcc phase is mechanically stabilized at high-Al
concentrations. Such phenomena agree well with the experi-
mental observations [6,40] and the previous phase stability study
[38]. Namely, there is a structural phase transition from fcc to bcc
with increasing Al content.

Using the previously established volume effects on the single-
crystal elastic constants of fcc CrMnFeCoNi, one can easily sepa-
rate the volume and chemical effects in the alloying-induced trends
in Fig. 1. To this end, we multiply the volume slope Da(x)/Dx by the
slopes of the fcc elastic constants DCij/Da to get the slopes DCij/Dx
due exclusively to the lattice expansion. The so obtained figures are
DC11/Dx¼�82.2, DC12/Dx¼�57.9, DC44/Dx¼�38.2, DC'/
Dx¼�12.1 in units of GPa per Al molar fraction. These numbers
should be compared to the slopes from Fig. 1 computed at low-Al
regime (using two points x¼ 0 and x¼ 0.263),
namely �91.2, �18.4, �40.5, �36.6 in GPa per Al molar fraction,
respectively. Therefore, in low-Al alloys, the volume effect accounts
almost entirely (within ~10%) for the changes calculated for C11 and
C44. At the same time, the chemical effect in C12 turns out to be
significant (~40 GPa per Al molar fraction). In other words, C0 shows
a much stronger decrease with Al doping than the one estimated
merely from the volume increase. This phenomenon is clearly due
to the strong bcc stabilizing effect of Al when adding to the base
high-entropy alloy. We recall that Al decreases the valence electron
number and thus brings the alloy towards to stability field of the
bcc phase [38].

In Fig. 1 (lower panel), we plot the Zener anisotropy ratio (AZ)
and the Cauchy pressure (CP) for the AlxCrMnFeCoNi alloys. In this
section, we consider the results for the elastic anisotropy, while the
trend of the Cauchy pressure will be discussed in details in Section
4. The present HEAs have unusually large elastic anisotropy and
show complex concentration dependence with increasing Al con-
tent. When compared to the elastic anisotropy of the conventional
Fe-based alloys [59], one can see that the present HEAs have
significantly more anisotropic lattice than the Fe-based alloys. The
bcc AZ is about twice larger than the fcc one for Al-free alloy, rapidly
decreases with x and approaches a minimum at xz 2.14 with
weakly increasing slope at larger Al concentrations. The
composition-dependence of the fcc AZ is different: in low-Al alloys
it increases with x, reaches the maximum value (~9.7) at xz 2.69,
above that decreases with x but remains above the Zener anisot-
ropy ratio of fcc CrMnFeCoNi (~4.0) for all x values. Such huge
increment of the fcc AZ is mainly attributed to the substantial drop
of the tetragonal elastic moduli C0(x) in the fcc phase with
increasing x.

The directional dependence of the Young's modulus associated
with the representative surfaces can be used to visualize the elastic
anisotropy [84]. The single-crystal Young's modulus E [hkl] for di-
rection [hkl] can be expressed as [85].

1=E½hkl� ¼ S11 � 2ðS11 � S12 � S44=2Þ
�
n21n

2
2 þ n22n

2
3 þ n21n

2
3

�

where S11¼(C11þC12)/[(C11-C12)(C11þ2C12)], S12¼ -C12/[(C11-
C12)(C11þ2C12)] and S44¼1/C44 are the elements of the elastic
compliancematrix (inverse of the elastic stiffnessmatrix). n1¼ h/m,
n2¼ k/m, n3¼ l/m are the direction cosines corresponding to the

direction [hkl] and m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ l2 þ k2

p
.

In Fig. 2, we plot the three-dimensional single-crystal Young's
moduli of AlxCrMnFeCoNi system for a few compositions. One can
see that the anisotropy in the bcc phase first decreases with
increasing Al content and reaches a minimum value near x¼ 2.14,
and then slightly increases with further increasing the Al concen-
tration. The anisotropy of the fcc structure first increases (up to
x¼ 2.14) and then weakly decreases with further Al addition. It is
worth noting that for both fcc or bcc structures, the largest
(smallest) value of E is along the <111> (<100>) direction.
3.3. Polycrystalline elastic parameters

In Fig. 3, we presented the theoretical polycrystalline elastic
properties (bulk modulus B, shear modulus G, Young's modulus E,
Pugh ratio B/G, Poisson ratio v, and elastic Debye temperatureQ) for
the PM bcc and fcc AlxCrMnFeCoNi (0� x� 5) alloys. The present



Fig. 3. Theoretical polycrystalline elastic parameters for paramagnetic bcc and fcc AlxCrMnFeCoNi (0� x� 5) alloys. The black dashed line indicates the ductile-brittle limit by Pugh
[91]. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
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polycrystalline elastic parameters are derived from the 0 K single-
crystal elastic constants shown in Section 3.2 according to the
Hill average method. In lack of experimental polycrystalline elastic
moduli for AlxCrMnFeCoNi alloys, here we focus on the theoretical
trends. Theory predicts negative slopes for B(x) in both bcc and fcc
phases within the entire composition range, reflecting the
increased equilibrium volume shown in our former study [38]. On
the other hand, E(x) and G(x) display complex composition
dependence, similar to the situation found for the single-crystal
elastic constants shown in Fig. 1. For all compositions, the Pugh
ratio B/G remains above the empirical ductility limit, suggesting
that the present systems are ductile. We will return to this obser-
vation in the following section.

The largest differences between the two Debye temperatures
are obtained for the low-Al and intermediate-Al containing al-
loys, indicating that for these systems phonons could substan-
tially influence the phase stability. Using the high-temperature
phonon free energy expansion [86], at 300 K the phonon effect is
estimated to decrease the thermodynamic stability of the fcc
phase by more than 0.5 mRy in alloys with x below ~0.65 and
increase it by more than 0.5 mRy in alloys with x between ~3 and
~5, for which the two Debye temperatures differ by ~10%.
Compared to the structural energy differences reported in
Ref. [38], the above phonon free energy differences are small but
not negligible especially when considering even higher temper-
atures. For a quantitative phonon free energy calculation, how-
ever, one should compute the phonon spectra for both lattices as
a function of chemical composition. Today this task is beyond the
reach of ab initio alloy tools. We should acknowledge the recent
efforts along this line. Wang et al. [87] adopted the quasi-
harmonic phonon approximation [88] to compute the vibra-
tional free energy of refractory HEAs. K€ormann et al. [89]
calculated the phonon spectra of refractory HEAs using the ab
initio approach. Ikeda et al. [90] developed an efficient method to
account simultaneously for the thermal magnetic fluctuations
and chemical disorder. So far, the method was demonstrated on a
couple of binary magnetic alloys.

Before turning to the discussion, we review the main approx-
imations adopted in the present calculations. First, we estimate
the effect of LSFs. Dong et al. [74] found that taking into account
the LSFs increases AZ of PM fcc Fe15Cr15Ni by ~ 12%. Performing
similar calculations for PM fcc CrMnFeCoNi (not shown), we
obtain that when the LSFs at room temperature are considered, C0

decreases by ~3 GPa and C44 remains almost unchanged,
compared to the static DLM values. These effects result in ~10%
increase of AZ, which may be considered the error due to the
neglect of LSFs. Second, we observe that the theoretical results

EMTOb (aexpt:300K , This work) in Table 1 are close to the experimental
values [27], meaning that the explicit lattice excitations should
have small effect on the elastic constants at room temperature.
Third, according to Feng's work [92], the chemical short-range
order has a negligible effect (less than 2%) on the Zener anisot-
ropy of FeCoNi(AlSi)x HEAs. Because of the above findings, we
expect that the present elastic constants and elastic anisotropy are
robust even though the magnetic and lattice excitations and the
chemical short-range order have been omitted.
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4. Discussion

Based on the calculated elastic parameters, we can make some
attempts to predication the mechanical properties of the
AlxCrMnFeCoNi alloys. Negative Cauchy pressure (CP) describes
increased degree of covalent bonding character for crystals, while
positive Cauchy pressure stands for more metallic character [79].
These two binding characters are often associated with ductile and
brittle behavior, respectively. In Fig. 1 (lower panel), the theoretical
CP value for the Al-free alloy is 29 GPa (�24GPa) in the bcc (fcc)
phase, implying that Al-free alloy is ductile (brittle) in the bcc (fcc)
phase. But according to the experimental results [6], the Al-free
CrMnFeCoNi alloy is stable in the fcc structure and is ductile.
Therefore estimating the ductility based on the Cauchy pressure
seems to lead to a contradiction between theory and observation
for the present HEAs. One might attribute this contradiction to the
complex chemical interactions in the HEAs, which apparently does
not follow the common behavior observed for metals and tradi-
tional alloys.

Here we use the calculated Cauchy pressures to analyze the
ductile/brittle behavior as a function of composition. When adding
a small amount of Al (x below ~1) to CrMnFeCoNi, the Cauchy
pressure of the bcc phase decreases and that of fcc increases, so that
the fcc phase becomes more ductile and the bcc phase more brittle.
For x above ~1, the Cauchy pressures of the bcc phase drops below
that of the fcc phase and remains the lowest for high-Al alloys. We
can also compare the present theoretical Cauchy pressure values
obtained for AlxCrMnFeCoNi to those calculated for AlxCrFeCoNi
[67]. It is found that at all Al levels, the equiatomic Mn addition
decreases the Cauchy pressure and thus makes the system rela-
tively more brittle.

Pugh suggested that the B/G ratio measures the ductility and
brittleness of solids [91]. The ductile/brittle limit was placed at
Pugh0¼1.75, which is a robust empirical boundary established
based on a large number of solids [58,93]. In general, ductile
(brittle) alloys are characterized by B/G ratios larger (smaller) than
the above empirical limit Pugh0. For isotropic polycrystalline ma-
terials, the Poisson ratio v is connected to B/G as v ¼ (3B/G-2)/(6B/
Gþ2). Thus the B/G¼ Pugh0 boundary corresponding to v0¼ 0.26.
Accordingly, the above ductility criterion of alloys draw from the
Pugh ratio implies v> 0.26 based on the Poisson ratio. Indeed, for
the present alloys, the Pugh and Poisson ratios obey similar
nonlinear concentration dependences as shown in Fig. 3. Based on
the Pugh and Poisson standards, we find that the B/G and v of the
AlxCrMnFeCoNi alloys in bcc phase first strongly decrease and then
keeps almost unchanged with increasing Al content, while the B/G
and v in the fcc phase first increase and then weakly decrease with
increase x. We note that in terms of the Pugh ratio, the bcc phase is
much more ductile than the fcc one at low-Al region. However, the
fcc alloy becomes more ductile than the bcc one at x> 1.0. Similarly
to the case of the Cauchy pressure, the Pugh ratio of AlxCrMnFeCoNi
is also lower than that of AlxCrFeCoNi [67], indicating that the Mn
addition makes the system more brittle.

We observe that the Pugh ratios have the same trends as the
Cauchy pressures (Figs. 1 and 3). Nevertheless, the associated crit-
ical values, i.e., CP0¼ 0 and Pugh0¼1.75, are totally inconsistent for
the present alloys. Similar observation was made on other HEAs as
well [67]. We argue that the reason behind the inconsistency is the
unusually large elastic anisotropy which gives rise to large un-
certainties in the polycrystalline elastic moduli and thus in the
Pugh ratio. We note that the bulk modulus is well defined for a
polycrystalline material consisting of grains with cubic lattice and
thus the averaging method affects the Pugh ratio only through the
shear modulus.

The polycrystalline shear modulus G is obtained from the single-
crystal data according to the Voigt-Reuss-Hill averaging method
[56]. The GV and GR draw from the Voigt and Reuss averaging
methods have the following expressions

GV ¼ C11 � C12 þ 3C44
5

and GR ¼ 5ðC11 � C12ÞC44
5C44 þ 3ðC11 � C12Þ

The Hill value usually represents the arithmetical average of the
above bounds. We point out that for elastically isotropic materials
(AZ¼ 1) we have GV¼GR and thus the uncertainty in the shear
modulus disappears. However, when AZ is large, B/G varies very
differently in the above averaging methods [94]. Our calculated
anisotropy AZ for PM bcc (fcc) AlxCrMnFeCoNi alloys are 5e10
(4e9), respectively. Hence, AZ of the present HEAs is far greater
than that of the most traditional alloys (e.g., AZ¼ 1.3e1.6 for FeMn
and AZ¼ 1.3e1.8 for FeNi) [94] and thus should be accounted for
them comparing the Pugh and Cauchy criteria.

Below we discuss the relation between Pugh ratio B/G and
Cauchy pressure CP considering the elastic anisotropy. First, we
take the relation based on the Voigt averaging method. Using the
definition of the Cauchy pressure, we get CP¼B - 5/3GV. We note
that this expression is very close to CP/B ¼ �1.620G/Bþ0.995 ob-
tained by fitting the experimental data by Wang et al. [95]. Using
the above theoretical expression, the criterion for ductility based on
the Cauchy pressure CP> 0 in terms of the Pugh ratio based on the
Voigt method reads PughV0≡B=GV >5=3z1:67. It is important that
the connection between the Cauchy pressure and the Pugh ratio
obtained using the Voigt method does not depend on the elastic
anisotropy.

Whenwe adopt the Reuss or Hill averaging method, the relation
between Cauchy pressure and Pugh ratio cannot be expressed as
simple as in the case of Voigt method. Because of that, next we
discuss the critical Pugh ratio (Pugh0) corresponding to CP0¼ 0 (i.e.
in the following expressions we assume vanishing Cauchy pres-
sure). We find that Pugh0 can be expressed as a function of Zener
anisotropy AZ as

PughR0ðAZÞ ¼
1
15

�
6
AZ

þ 13þ 6AZ

�
;

in the Reuss case and

PughH0 ðAZÞ ¼
10
3

1
25

6
AZ
þ13þ6AZ

þ 1
;

in the Hill case.
In Fig. 4, we show the Pugh criteria based on the Reuss, Hill and

for reference also on the Voigt methods. We find that Pugh0 in the
three averaging methods are all 1.67 when AZ¼ 1, whereas PughR0
increases rapidly when AZ deviates from 1. On the other hand,
PughH0 increased slower than PughR0 because of the contribution
coming from the Voigt method. For low anisotropies (AZ¼ 0.5e2),
we have PughV0 ¼ 1:67, PughR0 ¼ 1:67 � 1:87, and

PughH0 ¼ 1:67 � 1:76. Hence, since AZ lies within the range of 0.5e2
for most metals and alloys [96,97], the semiempirical ductility/
brittleness boundary of B/G¼ 1.75 seems to be appropriate. This
explains why the Cauchy pressure and Pugh ratio criterion provide
similar conclusions [98] in most cases. However, the PM AlxCrMn-
FeCoNi alloys has an ultra-high Zener anisotropy AZ both in bcc and
fcc phase. Then the B/G criterion changes as a function of the AZ if
we consider CP¼ 0 as the measure of the bonding character.

In Fig. 4, we plot the Pugh ratios of the present PM fcc and bcc
AlxCrMnFeCoNi alloys as a function of the elastic anisotropy. It is
found that most of the Pugh ratios are indeed lower than the



Fig. 4. Pugh criterion (Pugh0) as a function of Zener anisotropy AZ in the Voigt, Reuss
and Hill averaging methods. We also display the Pugh ratio of paramagnetic bcc and fcc
AlxCrMnFeCoNi corresponding to different Zener anisotropy AZ. (For interpretation of
the references to colour in this figure legend, the reader is referred to the Web version
of this article.)

Fig. 5. Theoretical ratio between the cleavage stress and the resolved shear modulus
associated with the slip system for paramagnetic bcc and fcc AlxCrMnFeCoNi as a
function of Al content. (For interpretation of the references to colour in this figure
legend, the reader is referred to the Web version of this article.)
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corresponding B/G criterion. We conclude that the Pugh criterion is
consistent with Cauchy pressure criterion when the elastic
anisotropy is properly accounted for.

Wang et al. [94] proposed an alternative model to estimate the
brittle/ductile behavior of alloys. It is based on the theoretical
cleavage stress

scl:flmng ¼
�
Elmnglmn
dlmn

�1=2

where {lmn} is the cleavage plane, Elmn, glmn, and dlmn are the cor-
responding Young's modulus, surface energy, and interlayer dis-
tance, respectively. For bcc alloys, slip occurs primarily in the {110}
plane along the <111> direction. The associated shear modulus can
be expressed as G f110gh111i ¼ 3C44C

0
=
�
C

0 þ 2C44
�
. Wang et al.

[94] suggested that lf110g≡scl:f110g=Gf110gh111i as an indicator
of the ductile/brittle behavior for bcc alloys. They proposed that
larger l corresponds to more ductile alloys. In fcc alloys, slip occurs
in the {111} plane along the <112> direction. The associated
resolved shear modulus can be expressed as
G f111gh112i ¼ 3C44ðC11 � C12Þ=ð4C44 þ C11 � C12Þ. Generalizing
the Wang's model to fcc metals, we get
lf111g≡scl:f111g=Gf111gh112i. Since we do not possess the sur-
face energies for the present HEAs, here we adopt as simple aver-
aging scheme gHEAs ¼

P
n
cngn to estimate the surface energy of

AlxCrMnFeCoNi, where cn is the concentration of each alloying
element n, gn is the experimental (extrapolated) surface energy of
alloying element n. These are 2.345, 1.543, 2.417, 2.522, 2.380,
1.143 J/m2 [99] for Cr, Mn, Fe, Co, Ni and Al, respectively. We use the
so estimated gHEAs for both g111 and g100 and plot the relative
change h¼(l(x)-l(0))/l(0) as a function of Al in Fig. 5 as a function
of x.

We find that h(x) calculated for the fcc and bcc AlxCrMnFeCoNi
alloys have similar trend as the Pugh ratio and Cauchy pressure in
the whole concentration x. h for bcc slightly increased at high Al-
region, compared to the almost unchanged Pugh ratio and
Cauchy pressure, which might be due to the fact that the true
surface energy g100 for the bcc structure has a stronger drop at high
Al concentration due to the low surface energy of Al. Based on the
Wang's model, we conclude that the fcc AlxCrMnFeCoNi alloys are
brittle (ductile) at low and high (intermediate) Al regions, while the
bcc AlxCrMnFeCoNi alloys are ductile in the low-Al region and
become more brittle with increasing Al addition.

Finally, belowwe offer a simple but plausible explanation for the
negative Cauchy pressure of PM fcc CrMnFeCoNi alloy. The Cauchy
pressure, defined as CP≡C12�C44, can alternatively be expressed as
CP≡B-C44-2/3 C'. Since C0 has a small positive value (for dynamically
stable lattices), positive Cauchy pressure assumes that the bulk
modulus is larger than C44. According to the EMTOb (0 K, This work)
results in Table 1, the bulk modulus is slightly lower than C44,
implying a significant negative CP. For comparison, we also calcu-
lated the lattice parameter and elastic constants of Mn-free PM fcc
CrFeCoNi alloy using the same volume interval as for EMTOb (0 K,
This work). The lattice constant, B, C44, C0 and CP of PM fcc CrFeCoNi
are 3.526Å, 202 GPa, 178 GPa, 47 GPa, �6 GPa, respectively.
Although C44 and C0 turn out to be similar for the two alloys in
question, the Cauchy pressures differ by 27 GPa, which is mainly
due to the difference in the bulk moduli. The question is then why
the bulk modulus of PM fcc CrMnFeCoNi alloy is lower by 26 GPa
than that of PM fcc CrFeCoNi.

We recall that for the same structure and volume, a smaller bulk
modulus should be reflected by a lower cohesive energy [83]. The
cohesive energy Ecoh can be calculated from the bulk and atomic
energies according to

EHEAcoh ¼
Xn
i¼1

ciE
i
atom � EHEAbulk

where Eiatom is the atomic energy of the ith component, and EHEAbulk is
the equilibrium bulk energy of the HEA. Unfortunately, the atomic
energies are hard to obtain from direct EMTO calculations. Instead,
here we derive Eiatom by combining the experimental cohesive en-
ergies [100] with the total energies of pure metals calculated for
their ground state structures. The experimental cohesive energy of
Cr, Mn, Fe, Co and Ni are 301, 215, 315, 323, 326 mRy/atom,
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respectively. For the cohesive energy of PM fcc CrMnFeCoNi we
obtain 283 mRy/atom, which is 21 mRy/atom smaller than the
cohesive energy of PM fcc CrFeCoNi (304 mRy/atom). Furthermore,
the cohesive energy of PM fcc CrMnFeCoNi is also lower than 296
mRy/atom obtained by averaging the cohesive energies of the pure
Cr, Mn, Fe, Co and Ni metals. In other words, the formation enthalpy
of fcc PM CrMnFeCoNi is positive. Hence the relative low cohesive
energy of PM fcc CrMnFeCoNi is consistent with its low bulk
modulus. This is also the reason why the equiatomic Mn addition
decreases the Cauchy pressure of CrMnFeCoNi compared to that of
CrFeCoNi.
5. Conclusions

Using the first-principles EMTO method, we have investigated
the single-crystal and polycrystalline elastic parameters, and
single-crystal Young's moduli of paramagnetic bcc and fcc
AlxCrMnFeCoNi (0� x� 5) high-entropy alloys. In spite of the fact
that the calculated lattice constants for both phases increase nearly
linearly with increasing Al content, the predicted elastic parame-
ters and Zener anisotropy possess very complex composition de-
pendences. For both fcc and bcc structures, the largest (smallest)
value of single-crystal Young's modulus always appears along the
<111> (<100>) direction.

We have shown that equiatomic Mn addition to CrFeCoNi de-
creases the cohesive energy and thus its bulk modulus, which re-
sults in a sizable negative Cauchy pressure for PM fcc CrMnFeCoNi.
The Cauchy pressure and Pugh ratio indicate that the bcc
AlxCrMnFeCoNi alloys become more brittle with increasing Al
content. On the other hand, the fcc AlxCrMnFeCoNi alloys are pre-
dicted to be brittle at low and high Al region and ductile at inter-
mediate Al region. Compared to previous works on Mn-free alloys,
we found that equiatomic Mn makes the AlxCrMnFeCoNi system
more brittle.

We find that the Cauchy and the original Pugh criteria for
ductility are consistent when the Zener anisotropy AZ is close to 1,
but become inconsistent when AZ is large. We show that the Zener
anisotropy ratios of the AlxCrMnFeCoNi alloys are very large, which
should be accounted for to remove the discrepancy between the
two approaches. The Wang's model gives similar trends with those
suggested by the modified Pugh and Cauchy criteria. Nevertheless,
when considering the absolute values of the Cauchy pressures,
most of the present HEAs are predicted to be brittle which con-
tradicts the experimental observations. We invite experimentalists
and theoreticians to further verify this interesting phenomenon
and propose new revised ductility/brittleness versus metallic/co-
valent criterion for HEAs.
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