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a b s t r a c t

Geographical weighted quantile regression (GWQR) is an impor-
tant tool for exploring the spatial non-stationarity of the regression
relationship and providing the entire description of the response
distribution, which is useful in practice because of its robustness
against outliers and flexibility in dealing with non-normal distri-
butions. This paper proposes the GWQlasso method for structure
identification and variable selection in GWQR models. The pro-
posed method combines the local-linear estimation of the GWQR
model and the adaptive group lasso, which can simultaneously
identify spatially varying coefficients, non-zero constant coeffi-
cients and zero coefficients. The selection consistency and the
oracle property of the proposal are studied. Moreover, the derived
algorithm for the GWQlassomethod and the selection of the tuning
parameter by the BIC criterion are established. Simulations and real
examples are used to illustrate the method.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Geographically weighted regression (GWR) (Brunsdon et al., 1996; Fotheringham et al., 2002) has
become a very popular technique for locallymodeling of spatial relationships by calibrating a spatially
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varying coefficient model of the form

Yi =

p∑
j=1

βj(ui, vi)Xij + ϵi, i = 1, . . . , n (1)

where (Yi; Xi1, . . . , Xip) is the observation of the response variable Y and the explanatory variables
X1, . . . , Xp collected at the ith geographical location (ui, vi) in the study region, βj(u, v) (j = 1, . . . , p)
are unknown coefficient functions of the spatial locations, and ϵi is the random noise. The model (1)
can include a spatially varying intercept by setting X1 ≡ 1. Besides the GWR technique, the model (1)
can also be calibrated by the Bayesianmethods (Gamerman et al., 2003; Gelfand et al., 2003; Congdon,
2006, 2007). Except for many applications, most existing research about the GWR technique focuses
on either parameter estimation (Brunsdon et al., 1996; Fotheringham et al., 2002; Wang et al., 2008;
Shen et al., 2011; Yang et al., 2012; Lu et al., 2014, 2017; Fotheringham et al., 2017) or non-stationarity
testing (Brunsdon et al., 1996, 1999; Leung et al., 2000; Páez et al., 2002; Mei et al., 2006, 2016;
Harris et al., 2017). Methodologically, the GWR technique is inherently not robust to outliers and
inefficient for many non-normal errors due to the least square-based mean regression in the process
of parameter estimation (Zhang and Mei, 2011).

As an important extension to mean regression, quantile regression (Koenker and Bassett, 1978;
Koenker, 2005) iswidely used in application because of its robustness against outliers and flexibility in
dealing with error distribution. Quantile regression for the spatially varying coefficient model (1) has
been studied in the Bayesian method and the geographically weighted quantile regression (GWQR)
method. In Bayesian approach, Reich et al. (2011) proposed Bayesian spatial quantile regression by
specifying a semiparametric model for the entire quantile process. Yang and He (2015) considered
Bayesian spatial quantile regression using empirical likelihood as a working likelihood for spatially
correlated data. In GWQR approach, Hallin et al. (2009) proposed a local linear spatial quantile re-
gression approach. Zhang andMei (2011) considered geographical weightedmedian regression based
on the least absolute deviation and further proposed two robust versions of the GWR approaches to
handle outliers. Chen et al. (2012) proposed geographically weighted quantile regression (GWQR) for
spatial quantile-based regression analysis and introduced a potential approach for testing the spatial
non-stationarity. Following Chen et al. (2012), we refer to the spatially varying coefficient quantile
regression model as the GWQR model.

However, much less has been done about the structure identification and variable selection for
the GWQR model. As a local modeling technique, the GWQR estimator of the each coefficient varies
with the focal location regardless of whether the underlying coefficient is zero, non-zero constant or
varies over the space. In some practical problems, some coefficients in the GWQRmodel are assumed
to be constant while the others are allowed to vary across the region (Chen et al., 2012). In addition,
including irrelevant variables in the GWQR model will degrade the estimation efficiency. To avoid a
misleading explanation on non-stationarity of the underlying regression relationship, it is essential
to know which coefficients really vary over space and which coefficients are non-zero constants or
zero.

In statistical learning literature, various shrinkage methods have been developed in quantile
varying coefficient models (QVCM) for variable selection and model specification. Kai et al. (2011)
considered the variable selection for the varying coefficient composite quantile regressionmodels. Cai
andXiao (2012) proposed semiparametric quantile regression estimation and derived a constancy test
in dynamic models. Hohsuk et al. (2012) used the one-step group SCAD method to conduct variable
selection for QVCM. Tang et al. (2013) developed the variable selection procedure for QVCM with
longitudinal data. Zhao et al. (2014) considered model selection for QVCM with categorical effect
modifiers. Yang and He (2015) considered weighted composite quantile regression estimation and
variable selection for QVCM. With local-linear quantile regression method and the adaptive group
lasso method, Shen and Liang (2016) proposed variable selection for QVCMwith censoring indicators
missing at random. In this method, the values of each coefficient at all of the designed points are
respectively grouped and taken as the penalty terms of the residual sum of squares of the local-linear
estimation tomake the coefficients shrink toward to zero. As a result, the nonzero and zero coefficients
can be simultaneously identified according to the penalized estimates of the coefficients.
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Motivated by themethodology in Shen and Liang (2016), the idea of shrinkage estimation is applied
to the GWQR model in order to identify spatially varying, non-zero constant and zero coefficients.
Based on the local-linear estimation of the GWQR model (Chen et al., 2012), we propose a shrinkage
method so-called GWQlasso to simultaneously conduct variable selection and structure identification
for the GWQR models. In the GWQlasso method, the values of the regression function and its partial
derivatives are respectively grouped and the adaptive group lasso (Yuan and Lin, 2006; Wang and
Li, 2017) is conducted to penalize the residual sum of squares of the local-linear estimation of the
GWQRmodel. Additionally, the asymptotic analysis for theGWQlasso estimator is established to show
that the GWQlasso method is able to identify the true model consistently and the estimated quantile
varying coefficients retain the optimal convergence rate of nonparametric estimators. Moreover, the
approximated iterative algorithm for the GWQlasso method has been developed to overcome the
inherent difficulty brought by the nondifferentiability of the check loss function and the penalty
function at the origin.

The rest of this paper is organized as follows. In Section 2, the local-linear estimation for the
GWQR model is briefly described to facilitate the subsequent exposition. In Section 3, we propose
the GWQlasso method and study its theoretical properties. The algorithm of the GWQlasso method
and the selection of the tuning parameter by the BIC criterion are established in Section 4. Moreover,
simulation experiments and Dublin voter turnout data analysis are presented in Section 5. Proofs of
the theorems are provided in the supplemental materials.

2. Geographically weighted quantile regression model

2.1. Model and notations

Suppose that the observed spatial data set is

Dn =

{
(Yi, X1i, . . . , Xip; (ui, vi)), i = 1, . . . , n

}
,

where Yi and XT
i = [Xi1, . . . , Xip] are respectively the observations of the response variable Y and

those of the explanatory variables X1, . . . , Xp at the geographical location (ui, vi) (i = 1, . . . , n). The
geographically weighted quantile regression (GWQR) model with underlying true structure has the
following form:

Yi =

∑
j∈AV

Xijβτ,j(ui, vi) +

∑
j∈AC

Xijβτ,j +
∑
j∈AZ

Xij0τ,j(ui, vi) + ϵτ,i, (2)

where ϵτ,i is the random error term with the conditional τth quantile being zero, and unknown sets
AV ,AC andAZ are the index sets for spatially varying effects, nonzero constant effects and zero effects,
respectively. The index sets are mutually exclusive and satisfyAV ∪AC ∪AZ = {1, . . . , p}. Therefore,
given data setDn and quantile level τ, our main goal is to identify the index setsAV ,AC andAZ as well
as estimate the spatially varying coefficients βτ,j(ui, vi), j ∈ AV and non-zero constant coefficients βτ,j,
j ∈ AC accurately.

2.2. Local-linear GWQR

The GWQR model (2) can be embedded into the following model

Qτ(Xi; (ui, vi)) = Xi1βτ,1(ui, vi) + Xi2βτ,2(ui, vi) + · · · + Xipβτ,p(ui, vi) = XT
i βτ(ui, vi) (3)

where Qτ(Xi; (ui, vi)) ≡ inf{Y : F (Y |(Xi; (ui, vi))) ≥ τ} is the τth conditional quantile given Xi. Assume
that the coefficients vector βτ(u, v) = [βτ,1(u, v), . . . , βτ,p(u, v)]T ∈ Rp has second continuous
partial derivatives with respect to u and v. By Taylor’s expansion, βτ(u, v) can be approximated in
the neighborhood of (u0, v0) by

βτ(u, v) ≈ βτ(u0, v0) + β(u)
τ (u0, v0)(u − u0) + β(v)

τ (u0, v0)(v − v0),
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where β(u)
τ (u0, v0) and β(v)

τ (u0, v0) are the partial derivatives vectors of βτ(u, v) at (u0, v0) with respect
to u and v, respectively.

Let ρτ(z) = z(τ − I(z < 0)) be the check loss function at quantile τ ∈ (0, 1), where I(·) is
the indicator function. For a focal location (ut , vt ), let dit = ∥(ui, vi) − (ut , vt )∥, where ∥ · ∥ stands
for the usual Euclidean norm. According to Chen et al. (2012), the local-linear GWQR estimates of
the coefficients and their partial derivatives are the minimizers of the local weighted quantile loss
function

Lh(ut , vt ) =
n∑

i=1

ρτ

{
Yi − XT

i [βτ(ut , vt ) + β(u)
τ (ut , vt )(ut − ui) + β(v)

τ (ut , vt )(vt − vi)]
}
Kh(dit )

(4)

with respect to βτ(ut , vt ), β(u)
τ (ut , vt ) and β(v)

τ (ut , vt ) for a given kernel function Kh(·) = K (·/h)/h2 and
the bandwidth h. In what follows, we omit the subscript τ in βτ(ut , vt ), β(u)

τ (ut , vt ) and β(v)
τ (ut , vt ), and

they are denoted as β(ut , vt ), β(u)(ut , vt ) and β(v)(ut , vt ), respectively.
Following Fotheringham et al. (2002) and Chen et al. (2012), the cross-validation (CV) procedure

is generally used to select the optimal bandwidth. The optimal value of the bandwidth h is selected
by minimizing the following CV score

CV(h) =
1
n

n∑
i=1

ρτ

{
Yi − Qτ,(−i)(Xi; (ui, vi))

}
, (5)

where Qτ,(−i)(Xi; (ui, vi)) is the leave-one-out version estimate of Qτ(Xi; (ui, vi)) obtained with the ith
observation (Yi,Xi; (ui, vi)) being omitted during estimation. Comparedwith the CVprocedure in basic
GWRmodel, the CV score in (5) replaces the quadratic loss function with the check loss function. The
optimal bandwidth h is chosen as ho = argminh>0CV(h).

Remark 1. The estimates of the regression coefficients in the local-linear GWQRmethod can be solved
by simplex method or interior point method, or linear programming method. An efficient way to
solve the task is using rq function of the R package quantreg (Koenker, 2017). Specifically, for a given
location (ut , vt ), let X = [X1, . . . ,Xn]

T, Y = [Y1, . . . , Yn]
T,

U (t) = diag[u1 − ut , . . . , un − ut ], V (t) = diag[v1 − vt , . . . , vn − vt ],

Wt = [Kh(dt1), . . . , Kh(dtn)]T, Xt = [X,U (t)X,V (t)X].

For the quantile level τ, we recall the quantreg package by setting in the rq function with the format
rq(Y ∼ Xt , tau = τ, weights = Wt ). By taking (ut , vt ) to be all of the locations {(ut , vt )}nt=1, we
have {̂β(ut , vt ), β̂

(u)
(ut , vt ), β̂

(v)
(ut , vt )}nt=1. Note that the intercept term is included in the default

setting. It is necessary to delete the intercept term when the design matrix Xt includes the intercept.
In the statistical literature, the GWQR can be classified in the locally polynomial quantile regression
(Koenker, 2005, pp. 222); in general implemented by the lprq function, where the key procedure of
the lprq function is the rq function. Based on the lprq function, we recall the rq function to solve the
estimation problem in Eq. (4) and obtain the estimation of the coefficients and their derivatives.

3. The GWQlasso method

3.1. Penalized estimation

For ease of exposition, let

A = [β(u1, v1), . . . ,β(un, vn)]T = [ac(1), . . . , ac(p)], (6)

where the ith row βT(ui, vi) of A is the values of the p coefficients in the GWQR model (3) and the jth
column

ac(j) = [βj(u1, v1), . . . , βj(un, vn)]T
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consists of the jth coefficient at the n designated locations. Let

B =

[
β(u)(u1, v1), . . . ,β(u)(un, vn), β(v)(u1, v1), . . . ,β(v)(un, vn)

]T

= [bc(1), . . . , bc(p)]
(7)

where the ith row [β(u)(ui, vi)]T and the (n + i)th row [β(v)(ui, vi)]T of B are the values of the partial
derivatives of the p coefficients at location (ui, vi) with respect to u and v, respectively, and the jth
column

bc(j) = [β
(u)
j (u1, v1), . . . , β

(u)
j (un, vn), β

(v)
j (u1, v1), . . . , β

(v)
j (un, vn)]T

includes the two partial derivatives of jth coefficient at the n designated locations.
We define the unpenalized estimates of [β(ut , vt )]T and [[β(u)(ut , vt )]T, [β(v)(ut , vt )]T] as the tth

rowof Â[0] and B̂[0], which is obtained by the local-linear GWQRestimateswith the optimal bandwidth
ho. By taking (ut , vt ) to be all of the locations {(ut , vt )}nt=1, wehave the initial estimates ofA andB as Â[0]

and B̂[0]. Thus, the jth column of Â[0] and B̂[0] is analogous to the estimates of ac(j) and bc(j), i.e., â[0]
c (j)

and b̂[0]
c (j).

Following the group lasso idea of Yuan and Lin (2006), we propose the penalized loss function

Lh,λ(A,B) =

n∑
t=1

Lh(ut , vt ) +

p∑
j=1

(
λ1j∥ac(j)∥ + λ2j∥bc(j)∥

)
, (8)

where λ1 = (λ11, . . . , λ1p)T ∈ Rp and λ2 = (λ21, . . . , λ2p)T ∈ Rp are the tuning parameters, and ∥ · ∥

is the usual Euclidean norm, i.e.,

∥ac(j)∥ =

{ n∑
i=1

[βj(ui, vi)]2
}1/2

, ∥bc(j)∥ =

{ n∑
i=1

[
[β

(u)
j (ui, vi)]2 + [β

(v)
j (ui, vi)]2

]}1/2
.

In the objective function Lh,λ(A,B), the penalty terms
∑p

j=1λ1j∥ac(j)∥ and
∑p

j=1λ2j∥bc(j)∥ are used to
constrict the values of each coefficient and their two partial derivatives at all of the designed locations
towards zero. Thus, if the coefficient βj(u, v) is zero over space, the estimates of both ac(j) and bc(j)
should be shrunk to zero; if βj(u, v) is non-zero constant, the estimates of only bc(j) should be shrunk
to zero. Furthermore, the estimated varying effects, nonzero constant effects and zero effects index
sets are respectively,

ÂV = {j : b̂c(j) ̸= 0, j = 1, . . . , p},

ÂC = {j : âc(j) ̸= 0, b̂c(j) = 0, j = 1, . . . , p},

ÂZ = {j : âc(j) = 0, b̂c(j) = 0, j = 1, . . . , p}.

(9)

Grounded on this motivation, the shrinkage estimates of ac(j) and bc(j) from Lh,λ(A,B), provide the
evidence for identifying whether βj(u, v) is zero, non-zero constant, or spatially varying coefficient.
Because the estimator of coefficients and their derivatives are obtained based on a combination of
GWQR technique and the lasso method, we refer to it as a geographically weighted quantile lasso
(GWQlasso) estimate.

3.2. Theoretical properties

To study the selection consistency and the oracle property of the GWQlasso method, we define
a1n = max{λ1j : 1 ≤ j ≤ p1}, a2n = min{λ1j : p1 < j ≤ p}, b1n = max{λ2j : 1 ≤ j ≤ p0},
and b2n = min{λ2j : p0 < j ≤ p}. Assume that βAV

(u, v) = [β1(u, v), . . . , βp0 (u, v)]
T, βAC

(u, v) =

[βp0+1, . . . , βp1 ]
T, βAZ

(u, v) = [βp1+1, . . . , βp]
T are the spatially varying coefficients, the non-zero

constant coefficients and the zero coefficients, respectively. We define Xi,AV = [Xi,1, . . . , Xi,p0 ]
T

∈

Rp0 , Xi,AC = [Xi,p0+1, . . . , Xi,p1 ]
T

∈ Rp1−p0 , Xi,AZ = [Xi,p1+1, . . . , Xi,p]
T

∈ Rp−p1 . Let fϵ(·|u, v,X),
Fϵ(·|u, v,X) be the density function and cumulative distribution function of the error conditional on
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(U, V , X) = (u, v,X), respectively. Moreover, we list the following regularity conditions which are
needed to prove asymptotic properties.
(C1) For a θ > 2, E|Yi|

2θ < ∞ and E∥Xij∥
2θ < ∞.

(C2) The kernel function K (·) is a bounded positive, symmetric and Lipschitz continuous functionwith
a compact support on R.
(C3) The spatially varying coefficients {βj(·), j = 1, . . . , p} have continuous second partial derivatives.
(C4) The geographical location {(ui, vi), i = 1, . . . , n} is a sequence of fixed design points on a bounded
compact supportS. For any vector s = (µ, ν)T ∈ R2, let ds = dµdν, there exists a positive joint density
function f (u, v) satisfying a Lipschitz condition such that

sup
(u,v)∈S

⏐⏐⏐1
n

n∑
i=1

[ϕ(ui, vi)Kh(∥(ui, vi)T − (u, v)T∥)] −

∫
R2

ϕ(s)Kh(∥s − (u, v)T∥)f (s)ds
⏐⏐⏐ = O(h)

for any bounded continuous function ϕ(·) and Kh(·) = K (·/h)/h2. f (u, v) is bounded away from zero
on S.
(C5) Let XT(∗, i) = [XT

i ,XT
i (u − ui),XT

i (v − vi)]. Matrix Ω(u, v) = E{X(∗, i)XT(∗, i)|(u, v)} is non-
singular and has bounded second order derivatives on S. Function E{∥Xi∥

4
|(u, v)} is also bounded

on S.
(C6) Fϵ(·|(u, v),X) = τ for all ((u, v),X), and fϵ(·|(u, v),X) is bounded away from zero and has a
continuous and uniformly bounded derivative.

Remark 2. The conditions (C1)–(C3) are often assumed in asymptotic analysis of the nonparametric
regression problems, see Kai et al. (2011), Zhao et al. (2014) and Yang et al. (2015). Since the sampling
units can be regarded as given, the fixed bounded design condition (C4) is introduced by Sun et al.
(2014) for technical convenience. (C4) does not preclude the condition that {(ui, vi)}ni=1 are generated
by some random mechanism. As pointed out in Sun et al. (2014), if (ui, vi) is i.i.d. with joint density
f (u, v), the condition (C4) holdswith probability onewhich can be obtained in a similarway toHansen
(2008). (C5) is used in variable selection literature. (C6) is assumed in theoretical analysis of quantile
regression.

Theorem 1 (Consistent Selection). Suppose that (C1)–(C6) hold. If h ∝ n−1/5, nh−1/2a1n → 0,
nh−1/2b1n → 0, nh−1/2a2n → ∞, nh−1/2b2n → ∞, then we have

P
{
∥̂ac(j)∥ = 0

}
→ 1, for p0 < j ≤ p;

P
{
∥̂bc(j)∥ = 0

}
→ 1, for p1 < j ≤ p.

Theorem 1 describes the selection consistency of the GWQlasso method, which indicates that the
proposed method can correctly identify spatially varying coefficients, constant coefficients and zero
coefficients with probability tending to one over the entire geographical location support uniformly.
According to Theorem 1, the GWQlasso method leads to a semi-parametric GWQR model when the
irrelevant explanatory variables are removed. To study the oracle properties, we define the oracle
estimator (i.e., the unpenalized estimator obtained under the true model) as

β̂oracle(u, v) = arg min
βAV (u,v)

n∑
i=1

ρτ

{
Yi − XT

i,AC
βAC

− (ui − u)XT
i,AV

β
(u)
AV

(u, v)

− (vi − v)XT
i,AV

β
(v)
AV

(u, v)
}
Kh(∥(ui, vi) − (u, v)∥).

Theorem2. (Oracle Property) Suppose that (C1)–(C6) hold. If h ∝ n−1/5, nh−1/2a1n → 0, nh−1/2b1n → 0,
nh−1/2a2n → ∞, nh−1/2b2n → ∞, then we obtain

sup
(u,v)∈S

∥̂βAV
(u, v) − β̂oracle(u, v)∥ = op{n−2/5

}.
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Theorem 2 implies that the optimal point-wise convergence rate of the oracle estimator for the
spatially varying coefficients is op{n−2/5

}. Note that the difference between the GWQlasso estimate
and the oracle estimate for the spatially varying coefficients is negligible uniformly over the entire
geographical location support when the true structure sets AV , AC and AZ are identified correctly.
The detailed proof of Theorem 1 and Theorem 2 is attached in supplementary materials.

4. Computational algorithm for GWQlasso

4.1. Derivation of the computational algorithm

Note that both the local weighted quantile loss function and the penalty function in (8) are non-
differentiable at the origin, which leads to the common derivative-based algorithm unusable for
obtaining the solution of Lh,λ(A,B). In this section, we apply the quadratic approximation (Hunter
and Lange, 2000) to approximate the local weighted quantile loss function, use the local quadratic
approximation (Fan and Li, 2001) to approximate the penalty function and further establish the
iterative algorithm of the GWQlasso method.

For the purpose of variable selection, we describe here an easy implementation based on the idea
of the quadratic approximation (Hunter and Lange, 2000), the global weighted quantile loss function
can be approximated by the following quadratic function

n∑
t=1

n∑
i=1

ρτ(ri,t )Kh(dit ) ≈
1
4

n∑
t=1

n∑
i=1

[ r2i,t
φ + |r [m]

i,t |
+ (4τ − 2)ri,t + C1

]
Kh(dit )

where ri,t = Yi − XT
i [β(ut , vt ) + β(u)(ut , vt )(ut − ui) + β(v)(ut , vt )(vt − vi)], r [m]

i,t is a given residual
value at the mth iteration and C1 is a constant. φ is the constant satisfying nφ lnφ = τ , where n is
the sample size and τ is the iterative convergence criterion postponed in (13). The detailed derivation
process of the quadratic approximation can be referred in Hunter and Lange (2000, page 64–68).

For simplicity, the penalty function in (8) can be locally approximated by a quadratic function based
on the idea of the local quadratic approximation (Fan and Li, 2001). For each j = 1, . . . , p, we have

∥ac(j)∥ ≈
∥ac(j)∥2

∥̂a[m]

c (j)∥
and ∥bc(j)∥ ≈

∥bc(j)∥2

∥̂b[m]

c (j)∥
,

where â[m]

c (j) and b̂[m]

c (j) are two known vectorswith their norms being close to those of ac(j) and bc(j),
respectively. Next, an iterative algorithm will be derived to calculate the estimates of ac(j) and bc(j),
in which â[m]

c (j) and b̂[m]

c (j) are set to be the new updates of ac(j) and bc(j).
Then the penalized function Lh,λ(A,B) can be approximated by

1
4

n∑
t=1

n∑
i=1

[ r2i,t
φ + |r [m]

i,t |
+ (4τ − 2)ri,t + C1

]
Kh(dit ) +

p∑
j=1

(λ1j∥ac(j)∥2

∥̂a[m]

c (j)∥
+

λ2j∥bc(j)∥2

∥̂b[m]

c (j)∥

)
. (10)

For ease of exposition, let

M [m](t) = diag
[ Kh(d1t )

φ + |r [m]

1,t |
, . . . ,

Kh(dnt )

φ + |r [m]

n,t |

]
,N (t) =

[
(4τ − 2)Kh(d1t ), . . . , (4τ − 2)Kh(dnt )

]T
,

D[m]

1 = diag
[ λ11

∥̂a[m]

c (1)∥
, . . . ,

λ1p

∥̂a[m]

c (p)∥

]
, D[m]

2 = diag
[ λ21

∥̂b[m]

c (1)∥
, . . . ,

λ2p

∥̂b[m]

c (p)∥

]
,

rt = Y − Xβ(ut , vt ) − U (t)Xβ(u)(ut , vt ) − V (t)Xβ(v)(ut , vt ).

Following the idea of Wang and Li (2017), the penalized function (10) can be expressed as
n∑

t=1

{1
4
rTt M

[m](t)rt + rTt N (t) + βT(ut , vt )D[m]

1 β(ut , vt ) + [β(u)(ut , vt )]TD[m]

2 β(u)(ut , vt )

+ [β(v)(ut , vt )]TD[m]

2 β(v)(ut , vt )
}

+ C2,

(11)
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where C2 =
C1
4

∑n
t=1

∑n
i=1Kh(dit ). For t = 1, . . . , n, we obtain the formula for iteratively calculating

the penalized estimates of β(ut , vt ), β(u)(ut , vt ), β(v)(ut , vt ) as[
[̂β

[m+1]
(ut , vt )]T, [̂β

(u)[m+1]
(ut , vt )]T, [̂β

(v)[m+1]
(ut , vt )]T

]T
=

⎛⎜⎝XTM [m](t)X + 4D[m]

1 XTM [m](t)U (t)X XTM [m](t)V (t)X

XTM [m](t)U (t)X XTM [m](t)U2(t)X + 4D[m]

2 XTM [m](t)U (t)V (t)X

XTM [m](t)V (t)X XTM [m](t)U (t)V (t)X XTM [m](t)V 2(t)X + 4D[m]

2

⎞⎟⎠
−1

×

⎛⎜⎝ XTM [m](t)Y + XTN (t)

XTM [m](t)U (t)Y + XTU (t)N (t)

XTM [m](t)V (t)Y + XTV (t)N (t)

⎞⎟⎠ .

(12)

In the above iterative algorithm,D[m]

1 ,D[m]

2 ,M [m](t) should be updated in each iteration. The derivation
of the iterative formula (12) are given in the Supplemental materials.

In practice, once the bandwidth h and the penalization parametersλ1, λ2 and the initial values ofA
and B (or β(ut , vt ), β(u)(ut , vt ), β(v)(ut , vt ) for t = 1, . . . , n) are specified. The penalized estimates of
β(ut , vt ), β(u)(ut , vt ), β(v)(ut , vt ) for t = 1, . . . , n, and therefore those of A and B can be obtained
by performing the iterations until convergence. Let Lh,λ (̂A[m], B̂[m]) be the estimates of Lh,λ(A,B),
where Â[m] and B̂[m] are the estimates of A and B in themth iteration. Then we define the convergence
criterion

tol =
⏐⏐⏐Lh,λ (̂A[m], B̂[m]) − Lh,λ (̂A[m+1], B̂[m+1])

Lh,λ (̂A[m], B̂[m])

⏐⏐⏐ < τ, (13)

where τ is a pre-specified threshold value.

4.2. Choice of the bandwidth and the penalization parameters

By Theorems 1 and 2, we know that as long as the following four conditions

nh−1/2a1n → 0, nh−1/2b1n → 0, nh−1/2a2n → ∞, nh−1/2b2n → ∞

are satisfied, the optimal nonparametric convergence rate can be achieved and the true model can be
consistently identified. However, it is difficult to simultaneously choose the sizes of the bandwidth
and a total of 2p penalization parameters. To achieve the task, we follow the idea of Wang and Xia
(2009) and Kai et al. (2011), we separately select the optimal sizes of h, λ1 and λ2 in the following
way.

The optimal size of the bandwidth h is taken to be ho which is selected by the CV criterion (5).
The unpenalized estimates Â[0] and B̂[0] resulted from the local-linear GWQR estimates of β(ut , vt ),
β(u)(ut , vt ), β(v)(ut , vt ) (t = 1, . . . , n) are set to be the initial estimates of A and B for running the
iterative formula in (12). For the penalization parameters λ1 and λ2, we simplify the penalization
parameters of λ1 and λ2 as

λ1j =
λ[

n−1/2∥̂a[0]
c (j)∥

]3/2 , λ2j =
λ[

(2n)−1/2∥̂b[0]
c (j)∥

]3/2 , (14)

where â[0]
c (j) and b̂[0]

c (j) are the jth column of the unpenalized estimate of Â[0] and B̂[0]. One can verify
that as long as λnh−1/2

→ 0 but λn8/5h−1/2
→ ∞, then the four conditions listed in Theorem 2 are

satisfied. Consequently, the original 2p-dimensional problem about λ1 ∈ Rp and λ2 ∈ Rp becomes a
univariate problem about λ ∈ R1. Given λ > 0 and the selected bandwidth ho, we run the iterative
formula (12) to yield the penalized estimates Âho,λ and B̂ho,λ of A and B. The optimal penalization
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parameter λ can be selected according to the following BIC-type criterion

BIC(λ) = log
( 1
n2 RSSho,λ

)
+ dfλ

log(nh)
nh

+ (p − dfλ)
log n
n

, (15)

where dfho,λ is the number of the varying coefficients, and

RSSho,λ =

n∑
t=1

n∑
i=1

ρτ

{
Yi − XT

i [̂β(ut , vt )

+ β̂
(u)
(ut , vt )(ut − ui) + β̂

(v)
(ut , vt )(vt − vi)]

}
Kho (dit ). (16)

The optimal penalized parameter can be obtained as λo = argminλ>0BIC(λ).

4.3. Implementation of the GWQlasso method as follows

In order to facilitate the implementation of the proposal, we present the operation steps as follows.

Algorithm 1: Geographically Weighted Quantile lasso (GWQlasso)

Input: {Yi; Xi1, . . . , Xip; (ui, vi)}ni=1, τ, τ , δ, H = {hk}
K
k=1 and Λ = {λl}

L
l=1.

Output: ÂV , ÂC , ÂZ , β̂ÂV
, β̂ÂC

and β̂ÂZ
(ut , vt ), (t = 1, . . . , n).

Initialization: Compute Â[0]
, B̂[0]

by the local-linear GWQR method by (4) and select the optimal
bandwidth ho by the CV score (5).
Iterations:
for l = 1 to L do

Compute the penalization parameters λ1 and λ2.
while tol > τ do

for t = 1 to n do
Compute GWQlasso estimates β̂(ut , vt ), β̂

(u)
(ut , vt ) and β̂

(v)
(ut , vt ) by (12).

end
Compute the convergence criterion tol by (13).

end
By the identification criterion (See Remark 3), compute BIC(λl) values by (15).

end
Select the optimal size λo and obtain corresponding estimates Âho,λo and B̂ho,λo .
Identification: Obtain the index sets ÂV , ÂC and ÂZ by (9) and the corresponding estimates β̂ÂV

,
β̂ÂC

and β̂ÂZ
(ut , vt ), (t = 1, . . . , n).

Remark 3. Applying the GWQlasso method, we can obtain the limit values of the estimates âc(j) and
b̂c(j) of ac(j) and bc(j) for j = 1, . . . , p. In practice, the elements in coefficient estimates in Eq. (12)
are not penalized exactly to zero, thus thresholds have to be applied to set the small elements to zero.
Similar idea can be found in statistical literature, such asWang and Lin (2016) andWang and Li (2017).

Specifically, for j = 1, . . . , p, if ∥̂ac(j)∥/n < δ for all i = 1, . . . , n, we set âc(j) = 0; if
∥̂bc(j)∥/(2n) < δ, we set b̂c(j) = 0. According to (9), if j ∈ ÂV , then the elements in âc(j) are the
shrunk estimates of βj(u, v) at the n designed locations; if j ∈ ÂC , the nonzero constant coefficient βj

can be estimated by β̂j =
1
n

∑n
i=1β̂j(ui, vi).

In the GWQlasso method, how to choose the appropriate value of the threshold is an important
issue. In simulation studies, the threshold δ is somewhat related to the convergence criterion τ in
Eq. (13). The smaller value τ is set, the smaller value δ can be selected, which indicates there is a closer
approximation to set small elements to zero.However, the cost of the closer approximation is themore
iterations in the inner loop and the more time used. Discovered by numerical simulations, the choice
of the convergence criterion τ = 0.01 and the threshold δ = 0.05 seems useful and appropriate in
simulation and application.
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5. Numerical experiments

5.1. Simulation studies

To demonstrate the finite sample performance of the proposed GWQlasso method, we consider
the following two GWQR models.

(I) Yi = 10(
√
ui(1 − ui) sin(

π (1 + 2−2.2)
2(ui + 2−2.2)

) +

√
vi(1 − vi) sin(

π (1 + 2−2.2)
2(vi + 2−2.2)

))Xi1

+ 3 sin(πui) sin(2πvi)Xi2 + 4Xi3 + 3Xi4 + 0Xi5 + 0Xi6 + ϵτ,i,

(II) Yi = 4 exp(1 − 2((ui − 0.5)2 + (vi − 0.5)2))Xi1 + 5 sin(2πui) sin(2πvi)Xi2

+ 6(u2
i + v2

i )Xi3 + 4Xi4 + 3Xi5 + 0Xi6 + ϵτ,i,

where Xi1 ≡ 1, (Xi2, . . . , Xi6)T are drawn from the multivariate normal distribution N(0,Σ) with the
covariance matrix Σ = (ρ|j−k|)1≤j,k≤6. To assess the impact of the collinearity among the explanatory
variables, ρ is taken to be 0, 0.5, 0.9, respectively, indicating the cases that the explanatory variables
are independent of each other, moderately correlated and highly correlated. The random error ϵτ,i
is given by ϵτ,i = ϵi − Φ−1(τ), with Φ(·) being the common cumulative distribution function of
ϵi. And Φ−1(τ) is subtracted from ϵi to make the τth quantile of ϵi zero for identifiability purpose.
For ϵi, we consider the following error distributions: (i) standard normal distribution N(0, 1); (ii) t
distribution with 3 degrees of freedom t(3); (iii) mixture of normals 0.9N(0, 1) + 0.1N(0, 102); (iv)
logistic distribution L(0, 1).

The spatial layout is a square region with the length of each side being m units. The observations
of the response and the explanatory variables are located at equally spaced m × m grid points in the
square region. Here, we takem = 21 which results in the sample size n = m2

= 441. Let the origin of
the Cartesian coordinate system be located at the bottom left corner of the square region. The spatial
coordinates of the observations are

(ui, vi) =

(
1

m − 1
mod

( i − 1
m

)
,

1
m − 1

int
( i − 1

m

))
, i = 1, . . . ,m2,

where mod( ab ) and int( ab ) are the remainder and the integer part on a divided by b, respectively. To
visualize the variation patterns of the spatially varying coefficients in models (I) and (II), we depict
the true surfaces of these coefficients in Fig. 1.

The kernel function K (·) is chosen as the Epanechnikov kernel K (t) = 0.75(1 − t2)+ or the
Gaussian kernel 1

√
2π

exp(−t2/2). The optimal bandwidth is selected by minimizing the leave-one-
out CV score. The optimal bandwidth is used for GWQlasso method, where the optimal penalized
parameter is determined by the BIC criterion in (15). The candidate sets of the bandwidth h and
the penalization parameter λ are set to be H = {hk : hk = 0.2 + 0.05 × k, k = 1, . . . , 20} and
Λ = {λl : λl = 10 × l, l = 1, . . . , 20}.

For each setting, we take the number of replications N = 200 and τ = 0.25, 0.5, 0.75.
Considering the limited space and the fact that the corresponding results for the quantile levels
τ = 0.25 and 0.75, we only present the identification results for τ = 0.5 and 0.25. It is found
from the results that the identification results of the GWQlasso method are a little influenced by
the different quantile levels. Those results for τ = 0.25 are attached as a supplementary material.
Tables 1–2 summarize the identification results at τ = 0.5. In all of the simulation experiments, the
GWQlasso method can correctly separate the varying, nonzero constant and zero coefficients with
large frequency. The GWQlasso produces the most accurate identification performance when the
model error followN(0, 1) regardless ofwhether the kernel function is the Epanechnikov kernel or the
Gaussian kernel. The identification results of the GWQlasso are little influenced by the non-normality
of the error distribution. These findings indicate that the proposal is stable to non-normal random
errors. Furthermore, the relative frequencies of the underlying coefficients correctly identified into
the finalmodel under the independent and themoderately correlated collinearity are reasonably close
to one. And the relative frequencies which the varying coefficients are identified correctly are large
under high correlated collinearity, which indicates that the GWQlasso is robust to the collinearity
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Fig. 1. The plots depict the true surfaces of the spatially varying coefficients in models (I) and (II).

among the explanatory variables. Last, we find that the results of the Epanechnikov kernel is a little
different to that of the Gaussian kernel. Thus, the role played by the choice of the kernel function on
GWQlasso’s performance is limited.

5.2. Analysis of Dublin voter turnout data

We now apply the GWQlasso method to the Dublin voter turnout data, which has been analyzed
by Gollini et al. (2015) and is publicly available in the R package called GWmodel. Following Gollini et
al. (2015), we take GEI (the proportion of the electorate who turned out on voting night to cast their
vote in the 2004 General Election in Ireland) as the response, the geographical locations (u, v) as the
index variable, and the following characteristic of social structures as the explanatory variables: MDA
(moved to a different address one year ago), LAR (local authority renters), SCO (social class one), UEP
(unemployed), LOE (without any formal educational), AGY (age group18–24), AGM(age group25–44),
AGO (age group 45–64). The eight explanatory variables reflectmeasures ofmigration, public housing,
high social class, unemployment, educational attainment, and three adult age groups. In voter turnout
studies, the researchers are more interested in how the characteristic of social structures explain the
variation in low voter turnout (lower quantile) and high voter turnout (upper quantile) areas than
in how they explain variation in average voter turnout regions. Moreover, it is also important for
researchers to select relevant variables and identify constant variables under different quantile levels
in the GWQR model. Based on the data set, we apply the GWQlasso method to identify the spatially
varying, non-zero constant and zero coefficients in the GWQR model under different quantile levels.

Before applying the GWQlasso method, all the explanatory variables are transformed so that their
marginal distribution is approximately N(0, 1). The normalized procedure here is same to other
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Table 1
Frequencies of each coefficient identified to be spatially varying (V), nonzero constant (C) or zero (Z) at τ = 0.5 in Model (I)
over 200 simulation replications.

Coefficient ρ = 0 ρ = 0.5 ρ = 0.9

Epanechnikov Gaussian Epanechnikov Gaussian Epanechnikov Gaussian

V C Z V C Z V C Z V C Z V C Z V C Z

N(0, 1)
β1(u, v) 181 19 0 200 0 0 179 21 0 200 0 0 182 18 0 200 0 0
β2(u, v) 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0
β3 = 3 0 200 0 0 200 0 0 200 0 0 200 0 29 171 0 0 200 0
β4 = 4 0 200 0 0 200 0 0 200 0 0 200 0 9 191 0 0 200 0
β5 = 0 0 0 200 0 0 200 0 0 200 0 0 200 0 18 182 0 0 200
β6 = 0 0 0 200 0 0 200 0 0 200 0 0 200 0 3 197 0 0 200

t(3)
β1(u, v) 198 2 0 200 0 0 196 4 0 200 0 0 187 13 0 200 0 0
β2(u, v) 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0
β3 = 3 2 198 0 0 200 0 8 192 0 0 200 0 80 120 0 25 175 0
β4 = 4 2 198 0 0 200 0 4 196 0 0 200 0 60 140 0 5 195 0
β5 = 0 5 0 195 0 0 200 10 0 190 0 0 200 70 0 130 9 0 191
β6 = 0 7 0 193 0 0 200 0 0 200 0 0 200 33 0 167 1 0 199

0.9N(0, 1) + 0.1N(0, 102)
β1(u, v) 194 6 0 200 0 0 200 0 0 200 0 0 180 20 0 200 0 0
β2(u, v) 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0
β3 = 3 0 200 0 0 200 0 1 199 0 0 200 0 56 144 0 4 196 0
β4 = 4 0 200 0 0 200 0 0 200 0 0 200 0 45 155 0 0 200 0
β5 = 0 0 0 200 0 0 200 0 0 200 0 0 200 47 0 153 0 0 200
β6 = 0 1 0 199 0 0 200 0 0 200 0 0 200 26 0 174 0 0 200

L(0, 1)
β1(u, v) 196 4 0 200 0 0 189 11 0 200 0 0 193 7 0 200 0 0
β2(u, v) 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0
β3 = 3 11 189 0 0 200 0 16 184 0 0 200 0 90 110 0 19 181 0
β4 = 4 9 191 0 0 200 0 10 190 0 0 200 0 99 101 0 14 186 0
β5 = 0 14 0 186 0 0 200 20 0 180 0 0 200 98 0 102 8 0 192
β6 = 0 15 0 185 0 0 200 13 0 187 0 0 200 55 0 145 0 0 200

Note: The significance of bold values presents the frequencies of the underlying coefficient correctly identified into the final
model.

quantile variable selectionmethods, such as Kai et al. (2011), Zhao et al. (2014) and Yang et al. (2015).
For the geographical locations, the scale is used such that one decimeter equals one kilometer. Then
we consider the following GWQR model

GEI = β0(u, v) + β1(u, v)MDA + β2(u, v)LAR + β3(u, v)SCO + β4(u, v)UEP
+ β5(u, v)LOE + β6(u, v)AGY + β7(u, v)AGM + β8(u, v)AGO + ϵτ.

(17)

Based on the data set, we compute the GWQR estimates of the regression coefficients for the different
quantile levels τ = 0.25, 0.5, 0.75. Note that the judging threshold δ in Remark 3 is vital in
determining whether the coefficient estimates is zero, nonzero constant, or varying over space. Now
we consider several levels of the judging thresholds to be δ = 0.1, 0.05, 0.01 with the stopping
criterion τ = 0.01. Here, the Epanechnikov kernel is used and the bandwidth size is selected by the
cross-validation method. The candidate sets of the bandwidth h and the penalization parameter λ are
set to be H = {hk : hk = 3 + 0.1 × k, k = 1, . . . , 20} and Λ = {λl : λl = 2.5 × l, l = 1, . . . , 20}.
As suggested by the reviewer, the comparisons between the GWQlasso with threshold and the GWQR
with threshold need to be further discussed. Several levels of the thresholds δ = 0.1, 0.05, 0.01 are
considered, which is convenient for comparison with the threshold in the GWQlasso method. For
each of the threshold, the identification results were computed for two method and the results are
reported in Table 3, where the letters ‘L’ and ‘R’ refer respectively to the GWQlassowith threshold and
the GWQR with threshold.
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Table 2
Frequencies of each coefficient identified to be spatially varying (V), nonzero constant (C) or zero (Z) at τ = 0.5 in Model (II)
over 200 simulation replications.

Coefficient ρ = 0 ρ = 0.5 ρ = 0.9

Epanechnikov Gaussian Epanechnikov Gaussian Epanechnikov Gaussian

V C Z V C Z V C Z V C Z V C Z V C Z

N(0, 1)
β1(u, v) 200 0 0 181 19 0 200 0 0 186 14 0 200 0 0 174 26 0
β2(u, v) 200 0 0 181 0 19 200 0 0 191 0 9 200 0 0 173 0 27
β3(u, v) 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0
β4 = 3 0 200 0 1 199 0 0 200 0 2 198 0 25 175 0 23 177 0
β5 = 4 0 200 0 0 200 0 0 200 0 1 199 0 101 99 0 116 84 0
β6 = 0 0 0 200 0 0 200 0 0 200 0 0 200 8 0 192 64 0 136

t(3)
β1(u, v) 200 0 0 173 27 0 200 0 0 178 22 0 200 0 0 173 27 0
β2(u, v) 200 0 0 171 0 29 200 0 0 186 0 14 200 0 0 182 0 18
β3(u, v) 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0
β4 = 3 4 196 0 14 186 0 8 192 0 20 180 0 103 97 0 68 132 0
β5 = 4 2 198 0 15 185 0 4 196 0 8 192 0 62 138 0 147 53 0
β6 = 0 1 0 199 5 0 195 3 0 197 6 0 194 71 0 129 118 0 82

0.9N(0, 1) + 0.1N(0, 102)
β1(u, v) 200 0 0 162 38 0 200 0 0 173 27 0 200 0 0 164 36 0
β2(u, v) 200 0 0 177 0 23 200 0 0 181 0 19 200 0 0 170 0 30
β3(u, v) 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0
β4 = 3 0 200 0 5 195 0 1 199 0 1 199 0 110 90 0 56 144 0
β5 = 4 1 199 0 4 196 0 4 196 0 3 197 0 150 50 0 127 73 0
β6 = 0 4 0 196 1 0 199 0 0 200 0 0 200 60 0 140 86 0 114

L(0, 1)
β1(u, v) 200 0 0 160 40 0 200 0 0 166 34 0 200 0 0 163 37 0
β2(u, v) 200 0 0 173 0 27 200 0 0 176 0 24 200 0 0 170 0 30
β3(u, v) 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0 200 0 0
β4 = 3 8 192 0 12 188 0 17 183 0 17 183 0 136 64 0 108 92 0
β5 = 4 20 180 0 17 183 0 32 168 0 11 189 0 165 35 0 146 54 0
β6 = 0 19 0 181 3 0 197 14 0 186 1 0 199 109 0 91 124 0 76

Note: The significance of bold values presents the frequencies of the underlying coefficient correctly identified into the final
model.

In can be obtained from Table 3 that the large value δ leads to identify more zero coefficients,
whereas the small value δ tends to choose more varying coefficients. Nevertheless, the identification
results of δ = 0.05 are likely to be persuasiveness for the three selected quantile levels. The resulting
GWQlasso estimation with the threshold δ = 0.05 implies that MDA, LAR, SCO, UEP, AGM and AGO
are all relevant variables, whereas LOE and AGY are not. These results suggest that the relationships
between the six explanatory variables presented the characteristic of social structures and the voter
turnout are non-stationary across the Dublin region.

From the identification results in Table 3, there are some differences between the identification
results of the GWQR with the threshold and that of the GWQlasso method with the threshold. For
the three selected quantile levels, the coefficient of AGY is non-zero constant in the GWQR technique
with the threshold while the coefficient of AGY is zero in the GWQlassomethod. For the quantile level
τ = 0.25, the coefficient of UEP varies spatially in the GWQR technique with threshold δ = 0.1 while
the coefficient of UEP is non-zero constant in the GWQlasso method with threshold δ = 0.1. Actually,
the GWQR with threshold and the GWQlasso with threshold are essentially different. The principle
of the threshold in the GWQlasso method is given in Remark 3 while the reason of the threshold in
the GWQR technique is somewhat unknown. Although these two method give similar results, the
GWQlasso method shows the shrinkage effect on the coefficient estimates.

To better understanding the spatial non-stationarity of the regression relationship for different
quantile levels, we provide in Table 4 the maps of the GWQlasso estimates for the intercept and
six explanatory variables at different quantile levels. As summarized in Table 4, among the maps of
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Table 3
The identification results for GWQR with threshold and GWQlasso with threshold.

δ Method ho λo INT MDA LAR SCO UEP LOE AGY AGM AGO

τ = 0.25
0.01 L 3.7 22.5 V V V V V V V V V

R V V V V V V V V V
0.05 L 3.7 42.5 V V V V V Z Z V V

R V V V V V Z C V V
0.10 L 3.7 45 V V C V C Z Z V V

R V V C V V Z Z V V

τ = 0.5
0.01 L 3.7 20 V V V V V V V V V

R V V V V V V V V V
0.05 L 3.7 20 V V V V V Z Z V V

R V V V V V Z C V V
0.10 L 3.7 10 V V V V V Z Z V V

R V V V V V Z Z V V

τ = 0.75
0.01 L 3.8 15 V V V V V V V V V

R V V V V V V V V V
0.05 L 3.8 15 V V V V V Z Z V V

R V V V V V Z C V V
0.10 L 3.8 2.5 V V V C V Z Z V V

R V V V V V Z Z V V

Note: The coefficient of explanatory variable identified to be spatially varying (V), nonzero constant (C) or zero (Z). INT is the
intercept.

six relevant variables, the map of AGO is very similar at different quantile levels, which the positive
association between AGO and GEI in the southwest region is stronger than that in the northeast. The
difference is large for the maps of the other five variables and the intercept. Therefore, with multiple
quantile levels being modeled, the GWQlasso method not only can provide the evidence to select
relevant variables and analyze spatially non-stationarity relationship, but also can provide a thorough
picture of how the characteristic of social structures are associated with the underlying conditional
distribution of the voter turnout.

Additionally, the Dublin voter turnout data has been analyzed for fitting the GWR model and
addressing the local collinearity problem in Gollini et al. (2015, section 7). To solve this issue, various
penalized regression methods have been proposed to shrink regression coefficients to alleviate the
effect of collinearity, such as the geographicallyweighted ridge regression (Wheeler andCalder, 2007),
the geographically weighted lasso (Wheeler, 2009), the locally compensated ridge GWR (Brunsdon et
al., 2012), the geographically weighted regularized regression (Bárcena et al., 2014),the GWGlasso
method (Wang and Li, 2017) and so on. As a penalized method, we present a comparison of the
coefficients estimates between the GWQlasso estimation and the GWQR estimation to illustrate the
shrinkage effect in Figure 2 in supplementalmaterials. Actually, the GWQRmodel is different from the
GWR model. To the best of our knowledge, there is no literature for addressing the local collinearity
problem in using the GWQR model. Nevertheless, the simulation study indicates that the GWQlasso
method is robust to the collinearity among the explanatory variables. Regardless of whether the local
collinearity exists or not, the GWQlassomethod can alleviate the effect of collinearity by shrinking the
coefficients estimates of LOE and AGY to zero and the other coefficients estimates to be a small scope
for the three different quantile levels. Thus Figure 2 further confirms that those variables eliminated
by the GWQlasso method are unlikely to be relevant.

To investigate the necessity of using the GWQlassomethod, the Dublin data set is further analyzed
for fitting the identified model of the GWQlasso method and the full GWQR model under different
quantile levels τ = 0.25, 0.5, 0.75. The BIC-type criterion (15) is used to assess the fit of the two
regression models. For τ = 0.25, the BIC scores of the identified model and the GWQR model are
0.3513, 0.8635. For τ = 0.5, the BIC scores of the two model are 0.3357, 0.7974. For τ = 0.75, the
BIC values of the models are 0.4106, 0.7061. The related results indicate that the proposed method is
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Table 4
The GWQlasso estimates of the spatially varying coefficients for the intercept term and six relevant variables with three quan-
tile levels τ = 0.25, 0.5, 0.75.

able to provide a proper model specification information and the identified model gives the good fit
for the Dublin data.

6. Conclusions and discussions

In the paper we propose a GWQlasso method for a shrinkage estimation of the geographically
weighted quantile regression model. The proposed method is able to identify spatially varying coef-
ficients, non-zero coefficients and zero coefficients simultaneously and estimate the corresponding
varying and non-zero constant coefficients accurately. Simulation studies and real data analysis
suggested that the proposed method is effective, which can provide a useful way to build a possible
semi-parametric GWQR model for spatial data analysis. Finally, the R code of the local-linear GWQR
technique and theGWQlassomethod is provided in the supplementalmaterial. To conclude the paper,
we would like to discuss some possible topics for future study. Firstly, our proposal is developed
for the GWQR model due to its simplicity. Similar ideas can be extended to other spatial models
(McMillen, 2013; Shekhar et al., 2016). Secondly, shrinkage estimation of a semi-parametric GWQR
model involves the quantile crossing problem. It is observed in Table 4 in real data analysis, the
estimated quantile coefficients of the different quantile levels may cross. Furthermore, how to deal
with the issue is another interesting topic open for discussion.

Appendix A. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.spa
sta.2018.05.003.
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