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a b s t r a c t

In this paper, a novel approach is proposed to measure the Bauschinger effect, transient
behavior and permanent softening of metallic sheet subjected to reverse loading. The
hardening parameters related to the Bauschinger effect, transient behavior and permanent
softening are optimized from the springback profiles of three-point bending tests with
pre-strained sheets. Taking the dual phase steel sheet DP780 as an example, its Bauschinger
effect, transient behavior and permanent softening determined from the new approach are
compared with those of the cyclic simple shear method. Finite element simulations are also
performed for three-point bending and U-draw/bending of base (as-received) and
pre-strained DP780 steel sheets to validate the suggested approach. The results show that
the aforementioned hardening behavior determined from the new approach shows good
agreements with those of cyclic simple shear tests. Moreover, reasonable springback
predictions for three-point bending and U-draw/bending tests are obtained as well. In
particular, the proposed approach is quite suitable for the industrial applications because
only uni-axial tension and three-point bending tests are required.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

In sheet metal forming, springback is more pronounced with the increasing applications of the material that has higher
strength. For example, the recent advanced high strength steels (AHSS) produce larger springback than the conventional
steels. To compensate the springback, considerable efforts have been made to predict it accurately by finite element method.
Due to the benefit of time cost, the classical elastic–plastic constitutive models are still frequently used in the numerical sim-
ulations of springback (Wagoner et al., 2013).

Within the phenomenological model, hardening behavior, such as the Bauschinger effect, transient behavior and
permanent softening (see Fig. 1), is described by the evolution of internal variables with plastic strain (Chaboche, 1986,
2008). For simplicity, the Bauschinger effect, transient behavior and permanent softening are termed as the Bauschinger
behavior in the present work. The isotropic hardening model has been recognized well that it over-estimates the flow stress
under strain path reversal by missing the Bauschinger behavior, while the pure kinematic hardening law under-estimates it
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Fig. 1. A schematic unloading curve under reverse loading to illustrate the Bauschinger effect, transient behavior and permanent softening. Here curve
oabcde represents the experimental flow stress during uni-axial tension–compression, curve oabcd0e0 is predicted from the isotropic hardening model
without these hardening behavior.
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(e.g. Lee et al., 2005a, 2007; Zhang et al., 2007; Lee et al., 2012b). In order to predict accurately the Bauschinger behavior, the
combination of isotropic and non-linear kinematic hardening is usually employed (e.g. Yoshida and Uemori, 2002; Chung
et al., 2005; Haddadi et al., 2006; Zang et al., 2011a).

As already known, the cyclic mechanical behavior of metallic sheet is required to calibrate the material parameters of
aforementioned combined isotropic-kinematic hardening model (Yoshida et al., 2002; Boger et al., 2005; Bouvier et al.,
2006). Therefore the development of experimental device and method is an important work in order to measure the cyclic
mechanical behavior of metallic sheet. There are several experimental devices which can measure this cyclic mechanical
behavior of sheet metal mainly to measure the Bauschinger behavior. Often, these experiments can be classified into three
main categories: (i) in-plane tension–compression test; (ii) in-plane cyclic simple shear test; (iii) bending-reverse bending
test.

For the in-plane tension–compression test, the aim is to measure the hardening behavior of metallic sheet under reversed
uni-axial loading. However, the compressive strain range attainable with this kind of test is severely limited due to the buck-
ling. To prevent the buckling in thickness direction, two solid plates are usually placed along the sides of the sheet specimen
and then clamping force is applied on each plate (e.g. Yoshida et al., 2002; Boger et al., 2005; Lee et al., 2005b; Kuwabara,
2007; Cao et al., 2009; Sun and Wagoner, 2011; Verma et al., 2011; Andar et al., 2012; Piao et al., 2012; Sun and Wagoner,
2013). The introduced solid plate and applied clamping force result in the friction and bi-axial effect during compression.
Therefore the corrections of friction and bi-axial effect are required for this in-plane tension–compression test (Lee et al.,
2005b). By optimizing specimen geometry and clamping force, larger compressive strain has been reported (Boger et al.,
2005; Piao et al., 2012). For small thickness sheet, the approach that several pieces of the sheet are adhesively bonded
together before machining has also been employed to prevent the buckling (Yoshida et al., 2002). Usually, there is an unsup-
ported gap between grip of material test system and solid plates, which leads to the so-called L-buckling (Boger et al., 2005).
To suppress the L-buckling, a new fixture has been developed with four-block wedge design. The design allows blocks to
freely move in the uni-axial loading direction while providing the clamping force in the thickness direction for the entire
length of the specimen (Cao et al., 2009). Although the in-plane tension–compression test is suitable to understand the plas-
tic behavior of metallic sheet along reversal strain path, the buckling problem, the correction of friction, bi-axial effect and
misalignment severely limit its industrial applications. Moreover, it is hard to determine if a small buckling happened during
compression by naked eyes due to side plates.

To achieve a large strain under reverse loading, the in-plane cyclic simple shear test was successfully developed (Hu et al.,
1992) and received an increasing attention during the past decade (e.g. Yoon et al., 2005; Bouvier et al., 2006; Thuillier and
Manach, 2009; Lee et al., 2012a; Yin et al., 2012; Zang et al., 2013b). In the simple shear test, a rectangular gauge area is
deformed to parallelogram along the length direction while the width is fixed. Obviously, the strain field in the deforming
zone of simple shear specimen is complicated. To formulate the deformation of simple shear, the shear component of an
averaged deformation gradient in rectangular gauge area is usually adopted. Thanks to the digital image correlation system,
the three-dimensional displacement field in the deformation region can be obtained, and then the deformation gradient field



(a) Stress spatial distribution during bending for a pre-strained sheet.

(b)Stress time-like evolution for the inner material.

Fig. 2. A schematic (a) stress distribution during the bending for a pre-strained sheet, where the curve oa0b0 stands for the compressive stress distribution
for an imagined material which has no Bauschinger behavior, the curve dcoab represents the real material. (b) the stress evolution for the inner material
during the pre-strain, unloading, three-point bending and springback.
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is calculated (Tang et al., 2010; Yin et al., 2012; Zang et al., 2013b). However, the in-plane cyclic simple shear test has also
several disadvantages as already pointed by previous researchers. Firstly, the deformation may be non-homogeneous
throughout the simple shear gauge area (Bouvier et al., 2006). Secondly, the stress state in simple shear test is complicated.
It results in the fact that the planar anisotropy has an influence on the measured shear stress of cyclic simple shear test
(Thuillier and Manach, 2009; Zang et al., 2013b). Although the aforementioned disadvantages, the simplicity of the specimen
geometry, the absence of localization and the large plastic deformation still make the simple shear test attractive.

As for the bending-reverse bending test, the reason why the Bauschinger behavior can be determined from this test lies in
that the inner/outer materials experience compression-tension/tension–compression in bending-reverse bending procedure.
Therefore the punch load or bending moment absolutely depends on the cyclic mechanical behavior of metallic sheet. Start-
ing from Yoshida’s work (Yoshida et al., 1998), the approach that the cyclic stress–strain responses are determined from a
cyclic bending experiment by using an inverse method has gained some popularity (e.g. Geng et al., 2002; Yoshida et al.,
2003; Carbonnire et al., 2009; Eggertsen and Mattiasson, 2009). Comparing with the in-plane tension–compression test,
the bending-reverse bending test cannot provide the knowledge on the hardening behavior of material under one-dimen-
sional loading. Hence this test seems not suitable to investigate the unknown cyclic mechanical behavior for a new metallic
sheet.

In this work, a novel approach is developed in order to simply estimate the Bauschinger behavior. For a pre-strained
sheet, the inner material experiences tension–compression deformation after the subsequent three-point bending. Therefore
the Bauschinger behavior has an influence on the bending moment before springback. Since the springback is mainly related
to the elastic properties of the material and the bending moment before unloading, the Bauschinger behavior of metallic
sheet can be determined from the springback of three-point bending test with pre-strained sheet. Comparing with the exist-
ing techniques, the suggested approach only involves the uni-axial tension with/without unloading and three-point bending
test. These tests are easily available with the help of the common material test system and not required for complicated
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strain measurement devices. Thus the new approach seems quite suitable for the industrial applications. In Section 2, the
bending moment for a pre-strained sheet is analysed, meanwhile the constitutive model used in this work is briefly summa-
rized. In Section 3, the experimental works are described and the strategy of material parameters identification is discussed
in Section 4. In material parameters identification, the springback profile of three-point bending test is simulated by the
finite element method, the finite element models are described in Section 5. Finally, in Section 6 the material parameters
calibrated from the new approach are compared with those of simple shear test, and then applied to springback problems
of three-point bending and U-draw/bending to confirm its validity.
2. Theoretical background

In this section, the reason why we can determine the Bauschinger behavior from three-point bending springback with
pre-strained sheet is explained. The theoretical background for the new method is described. Meanwhile the constitutive
model used in this work is briefly summarized.
2.1. Three-point bending for pre-strained strip

For one-dimensional loading, the magnitude of elastic recovery is proportional to the flow stress before unloading and
inversely proportional to Young’s modulus (Sun and Wagoner, 2011). In case of a three-dimensional problem, the final
springback profile depends on the bending moment before unloading and elastic properties of the material. Generally speak-
ing, the larger the magnitude of bending moment, the larger the amount of springback becomes for a certain material. More-
over, it can be claimed that there is a unique relationship between bending moment and springback (Lee et al., 2005a). This
means that the bending moment before unloading can be uniquely determined by the magnitude of springback if the
Young’s modulus has been captured well. Therefore, in essence, the identification strategy optimizing material parameters
from the final springback profile of three-point bending test is identical to the method determining the aforementioned
hardening behavior from the bending moment.

For a pre-strained sheet, the material has stretched to a prescribed engineering strain. During the subsequent three-point
bending, the outer material experiences continuous tangential tensile deformation, while the inner material is compressed
along the tangential direction. Fig. 2(a) is a schematic illustration on the stress distribution along thickness direction during
the bending for a pre-strained sheet. Its deformation history can be divided into four procedures, i.e. uni-axial tension,
unloading, three-point bending and final springback. There are two regions in Fig. 2(a), i.e. tension and compression, which
are separated by the neutral layer. For any elastic–plastic material, the bending will make the material near the neutral layer
lies in the elastic zone, while the elastic–plastic deformation occurs in the other material. Due to the existence of the Bausch-
inger effect, the re-yielding stress in the compression region is lower than that of tension region, i.e. jrcj < jraj as depicted in
Fig. 2(a). Note that, after initial tension is all released, for the subsequent pure bending, the neutral layer is not the central
layer any more since the hardening data is not symmetric with respect to the central layer. Then the moment per unit width
in three-point bending for a pre-strained sheet can be written as
M ¼
Z �ya

�t=2
rtension � y � dyþ

Z yc

�ya
relastic � y � dyþ

Z t=2

yc
rcompression � y � dy ð1Þ
where rtension stands for the tangential stress in the tension region, rcompression represents the stress state in compression
region, relastic is the elastic stress near neutral layer, t is the thickness of a pre-strained sheet, ya and yc are the distances
of elastic zones to neutral layer in tension and compression regions, respectively.

The last term in the right side of Eq. (1) indicates that the bending moment for a pre-strained sheet is significantly influ-
enced by the Bauschinger behavior. To understand it well, we can analyze the tangential stress evolution for the inner mate-
rial during three-point bending for a pre-strained sheet. Fig. 2(b) is the stress evolution for the inner material in the whole
deformation history, i.e. uni-axial tension, unloading, three-point bending and final springback. Here eprestrain depends on the
prescribed engineering strain in the uni-axial tension, while the magnitude of bending strain ebending can be calculated from
ebending ¼
t

2r
ð2Þ
where r is the bending radius, t is the thickness of metallic sheet.
By changing eprestrain and ebending , the final springback profile of three-point bending test indirectly reflects the cyclic

mechanical behavior under reverse loading. Then the Bauschinger behavior can be determined from these final springback
profiles of three-point bending tests with pre-strained sheets. Comparing with the bending-reverse bending method, the
new approach has several advantages. Firstly, the pre-strain can be prescribed randomly with a wide range of plastic strain.
Meanwhile the magnitude of bending strain is possible to reach a large value because we do not need to reversely bend the
specimen.
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2.2. Constitutive model

In the present work, a combined isotropic-kinematic hardening model was used to capture the hardening behavior (Chun
et al., 2002; Zang et al., 2011a). The global strain hardening is described by an isotropic hardening rule. A two-term kinematic
hardening model was adopted to consider the hardening behavior under strain path reversal. The constitutive equations
were derived by applying the associated flow rule and hypo-elastic assumption, which are summarized in the following
paragraphs. For convenience, the used constitutive model was termed as the ANK (anisotropic non-linear kinematic) model
following the convention of the work by Chun et al. (2002). For more details, the constitutive model can be found in the work
by Zang et al. (2011a). In addition, it is worth noting that all material hardening parameters are constants in this work.

For a combined isotropic-kinematic hardening model, the yield criterion F is defined as
Table 1
Chemic

DP78
F ¼ f ðr� aÞ � �rð�epÞ ¼ 0 ð3Þ
where f is the first order homogeneous yield function, r is the Cauchy stress tensor and a is the back-stress tensor, �ep is the
equivalent plastic strain, �rð�epÞ is the equivalent stress which is used to measure the size of the current yield surface as a first
order homogeneous function of equivalent plastic strain.

For the two-term kinematic hardening model, the evolution equation of back-stress can be written as
_a ¼ _a1 þ _a2 ð4Þ
where _a1 is the evolution equation for a non-linear Chaboche kinematic hardening model (Chaboche, 1986), _a2 is the evo-
lution equation for a linear Ziegler model (Ziegler, 1959). These equations can be defined as
_a1 ¼
C1

�r
ðr� aÞ _�ep � c1a1

_�ep ð5aÞ

_a2 ¼
C2

�r
ðr� aÞ _�ep ð5bÞ
where C1; c1 and C2 are material hardening parameters.
As for isotropic hardening model, a modified isotropic hardening model was used for �rð�epÞ to predict a relative flat

stress–strain curve (Zang et al., 2011a),
�rð�epÞ ¼ r� þ Rih ¼ r� þ Qð1� e�b�ep Þ � C1

c1
ð1� e�c1�ep Þ ð6Þ
where r� represents the initial yield stress, Rih is the isotropic hardening. C1 and c1 are the same as the parameters in Eq. (5a).
Q and b are material hardening parameters.

Finally, it is worth noting that the consistency condition should be satisfied for any combined isotropic-kinematic hard-
ening model (Chung and Park, 2013). Since the present ANK model is the Ziegler type-based kinematic hardening model with
associated flow rule and plastic work equivalence principle, the consistency condition is confirmed.

3. Experiments

A dual phase steel designated by DP780 with a nominal thickness of 1.30 mm was considered in the present work. The
as-received material is not performed for any post-processing treatment, and its chemical composition is listed in Table 1.
In the following subsections, several kinds of experiments were briefly summarized. The uni-axial tensile tests along dif-
ferent orientations to the rolling direction were used to identify the planar anisotropy of DP780 sheet. The uni-axial ten-
sion with loading–unloading cycles was employed to obtain the degradation of Young’s modulus with plastic strain. The
cyclic simple shear test, which is a common used technique to calibrate the Bauschinger behavior, was also performed for
the purpose of comparison. For the proposed alternative approach, the relevant experiments were described in the other
subsections.

3.1. Uni-axial tensile test

Uni-axial tensile tests were carried out on dog-bone samples, each sample with nominal 63.0 mm gauge length, 20.0 mm
width, and 1.30 mm initial thickness. Monotonous tensile tests were carried out at 0�, 45�, and 90� to the rolling direction
(RD). The deformation gradient F in the central zone of the uni-axial tensile specimen is given by
al composition wt% of DP780 dual phase steel.

C Si Mn P Cr Cu Mo

0 0.073 0.067 2.10 0.0084 0.23 0.0061 0.18
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F ¼ Fxxex � ex þ Fyyey � ey þ Fzzez � ez ð7Þ
where ex denotes the tensile, ey the transverse and ez the normal directions, respectively. The test is controlled by the evo-
lution of Fxx with time. The engineering strain components �xx and �yy, which are defined as �xx ¼ Fxx � 1 and �yy ¼ Fyy � 1, are
directly measured by digital image correlation system (Tang et al., 2010). A cross-head speed of 3.6 mm/min is imposed
which results in an approximate engineering strain rate _�xx ¼ 0:001 s�1.

3.2. Uni-axial tension with unloading

In the present work, the Bauschinger behavior will be determined from the springback profile, i.e. the final shape of
metallic sheet after being released from the die. As already mentioned, the Young’s modulus has a significant influence
on the sheet springback (Morestin and Boivin, 1996; Yoshida and Uemori, 2002; Zang et al., 2007). Therefore it is necessary
to consider accurately the change of Young’s modulus with plastic strain in order to minimize the error resulted from the
discrepancy of elastic behavior in numerical simulation.

The uni-axial loading–unloading-reloading tensile test was conducted to quantitatively calibrate the relationship
between plastic strain and Young’s modulus. The condition for the loading–unloading-reloading tensile test was same as that
of monotonic uni-axial tension except the additional unloading–reloading cycles. Preliminary tensile tests were carried out
to check the level of uniform elongation. Then the levels of pre-strains were chosen as 1.0%, 1.5%, 2.0%, 3.0%, 4.0%, 5.0%, 6.0%,
7.0%, 8.0%, 9.0%. The method that the same specimen with many unloading-loading cycles was used to avoid the impact of
variation of material properties (Sun and Wagoner, 2011). For each unloading–reloading cycle, the continuous unloading was
interrupted by the zero stress. The initial Young’s modulus is linearly fitted from the true stress vs. strain curve before yield-
ing. The unloading modulus is defined as the slope of a straight line fitting the unloading start point and the end point (r=0)
of the unloading true stress vs. strain curve.

3.3. Cyclic simple shear

The cyclic simple shear test is usually employed to calibrate the Bauschinger behavior of metallic sheet (Bouvier et al.,
2006; Thuillier and Manach, 2009). The simple shear device, which was used here, has been described in the author’s pre-
vious work (Zang et al., 2013b).

The kinematics of the simple shear test can be described by
F ¼ Iþ Fxyex � ey ð8Þ
where I is the second order identity tensor, ex is parallel to the shear direction and ey perpendicular to ex in the sheet plane. In
this work, a specimen with a rectangular gauge area of length b = 25 mm and width h of 5 mm was used. Here the shear
direction is along the length direction of this rectangular gauge area. The velocity gradient tensor L for a simple shear defor-
mation, which is defined by _F � F�1, can be written as
L ¼ _Fxyex � ey ð9Þ
To perform a simple shear deformation with constant velocity gradient tensor, _Fxy must be imposed to a constant value. A
cross-head speed of 3.0 mm/min leads to _Fxy of 0.01/s.
(a) Base material

(b) Pre-strained material

Fig. 3. Dimensions of three-point bending specimen (unit:mm), where d is the prescribed engineering strain.



(a) A schematic view of tools and dimensions.

(b) A picture of three-point bending test.

Fig. 4. Three-point bending test.

(a) Base material

(b) Pre-strained material

Fig. 5. Dimensions of U-draw/bending specimen (unit:mm).
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The shear stress sxy is given by sxy ¼ Load=bt, where Load is the actual force, and b and t are, respectively, the length and
thickness of the specimen. In this work, the cyclic simple shear tests are composed of a loading up to the approximate values
of 0.10, 0.19, and 0.25 for the variable Fxy, and then followed by a load in the opposite direction until the failure at the shoul-
der of specimen.

3.4. Three-point bending with pre-strained sheet

A three-point bending test was conducted to obtain the influence of pre-strained tension of metallic sheet on bending
springback. The test consists of four procedures as follow. (i) A dog-bone shape specimen (see Fig. 3(a)) with the gauge
length of 200 mm was first deformed to a prescribed engineering pre-strain d, and then unloaded to the zero stress. Similarly
as the uni-axial tensile test, the digital image correlation system was used to capture the strain field in the center zone of the
specimen. The engineering strain rate is same as that of uni-axial tensile test too. (ii) After that, a rectangular sheet was cut
from the pre-strained specimen (see Fig. 3(b)), which is symmetrical to the planar center axis along the width of the dog-
bone shape specimen. (iii) Then, the cut rectangular sheet was bended with a standard three-point bending device installed
on the material test system. The dimensions of the three-point bending test are illustrated in Fig. 4(a), where the radius R is



(a) A schematic view of tools and dimensions.

(b) A picture of U-draw/bending test.

Fig. 6. U-draw/bending test.
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10 mm, the span W is 40 mm. For the present study, the length of specimen L is 200 mm. As for the maximum stroke H, it is
varied to obtain the different bending amounts. A picture of three-point bending test is presented in Fig. 4(b). (iv) Finally,
punch was removed after the bending, the final springback profile was obtained.

As already mentioned, the main aim of three-point bending test is to determine the Bauschinger behavior of metallic
sheet from bending springback profile. Therefore the three-point bending tests with different pre-strains and maximum
strokes are required in the parameters calibration. In this work, three pre-strain amounts and three maximum strokes are
designed. The engineering pre-strains are approximate to 4%, 8% and 12%, respectively. Regarding the maximum strokes
H, we choose 15 mm, 25 mm and 35 mm in view of dimensions of the present three-point bending test. Consequently, there
are nine bending springback profiles in the experimental database of parameters identification.

Furthermore, the three-point bending test is also used to validate the performance of hardening parameters obtained
from the new approach. Two engineering pre-strains are designed, i.e. 2% and 9%. A maximum stroke of 30 mm is chosen
for each pre-strain. In order to evaluate the directional difference, the three-point bending tests are performed at 0�;45�

and 90� to the rolling direction for each pre-strain.
3.5. U-draw/bending test

In U-draw/bending test, the material at sidewall mainly experiences bending, unloading, reverse bending, and unloading,
it thus is very suitable to evaluate the hardening model in modeling of mechanical behavior under strain path reversal. This
is the reason why the U-draw/bending springback problem has been presented twice in Numisheet benchmark (Nielsen and
Brnnberg, 1993; Chung et al., 2011b). In order to validate the hardening model determined from the new approach, as-
received and 8% pre-strained specimens were prepared for the DP780 steel sheet. For the base material, 324 mm by
20 mm rectangular shaped specimens were prepared as shown in Fig. 5(a). For the pre-strained material 390 mm by
20 mm, specimens were first deformed in tension with approximate 8% engineering strain schematically represented at
the specimen center as measured with an extensometer in Fig. 5(b).

The U-draw/bending test, in Fig. 6, was modified from the version of Numisheet2011 Benchmark 4 (Chung et al., 2011b).
The main difference is the way of treating blank holder. The blank holder force is replaced by the blank holder gap which is
defined as the fixed clearance between the blank holder and the die surface. Its benefit lies in that we can avoid to measure
the blank holder force in the U-draw/bending test. For the present work, two hardened plates with the thickness of 1.36 mm
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were placed between the blank holder and die surface for each side, and then four screws are tightly clamped to keep the
clearance fixed. Since the blank holder gap is a slight larger than the thickness of DP780 steel sheet, the friction between the
blank holder and sheet is almost missed. The friction mainly results from the contact between die round and blank. A lubri-
cant oil was applied to the surface of die round. As for the Coulomb friction coefficient, it will be approximately estimated by
comparing the simulated and experimental punch loads. The punch stroke was 72 mm. After the U-draw/bending test, the
springback profile was measured. In order to evaluate the directional difference, the specimens at 0�;45� and 90� to the roll-
ing direction were respectively used for each case.
4. Parameter identification

The parameter identification scheme is discussed in this section. For the ANK model, the yield stress r� can be directly
determined from the uni-axial tensile test. Although only parameters C1; c1 and C2 are related to the Bauschinger behavior,
it is worth noting that the monotonic hardening behavior is also influenced by the parameter C2, as depicted in Eq. (6). It
means that when the parameter C2 is adjusted in parameters identification, the monotonic hardening behavior will be chan-
ged as well. To keep the monotonic hardening behavior fitted well, the flow stress curve of uni-axial tension along the rolling
direction was also added into the experimental database of parameters identification. Therefore the hardening parameters
Q ; b; C1; c1 and C2 are optimized from the measured springback profiles of three-point bending test and the flow stress of
uni-axial tension along rolling direction at the same time.

The material parameters identification was performed in an iterative way by minimizing a cost function LðAÞ. Here the
calibration of hardening parameters is carried out with an in-house Matlab toolbox SMAT at Xi’an Jiaotong University. A cost
function LðAÞ is defined in the least square sense by Eq. (10), and starting from an initial guess of hardening parameters.
Then the cost function is minimized.
LðAÞ ¼
XN

n¼1

LnðAÞ ¼
X

n

X
b

Lbending
nb ðAÞ þLtension

10 ðAÞ ð10Þ
where n is the number of tests in the database, N is equal to ten for the present parameters identification. Superscript bending
stands for the springback profile of three-point bending test, tension stands for the longitudinal stress in uni-axial tension. n
and b are respectively assigned to be equal to 1,2 and 3. For the variable n, numbers of 1, 2 and 3 correspond to the cases of
pre-strains of 4%, 8% and 12%. As for b, numbers of 1, 2 and 3 stand for the conditions of maximum strokes of 15 mm, 25 mm
and 35 mm. For each test, the gap between experiment and simulated results is given by
LnðAÞ ¼
1

Mn

XMn

i¼1

Dn ZðA; tiÞ � Z�ðtiÞj j2
� �

ð11Þ
where Mn is the number of experimental points of the nth test, ZðA; tiÞ � Z�ðtiÞ is the gap between experimental ZðA; tiÞ and
simulated result Z�ðtiÞ at time ti, and Dn is a weighting coefficient for the nth test. The experimental database consists of tests
with two measured variables, namely stress and coordinate components. A different weighting coefficient is affected for each
of these measured variables, the value is chosen according to the uncertainty on the experimental measurement.

For the purpose of comparison, the aforementioned hardening parameters are also identified from the cyclic simple shear
test. The following cost function LðAÞ is defined
LðAÞ ¼
XN

n¼1

LnðAÞ ¼
X

n

Ltension
n ðAÞ þ

X
b

Lshear
n ðAÞ ð12Þ
where n is also the number of tests in the database. Superscript tension stands for the longitudinal stress in uni-axial tension,
shear stands for the shear stress in cyclic simple shear. The sum of n for tension is performed over all orientations to the roll-
ing direction, b stands for the different pre-strains in cyclic simple shear test.
5. Finite element models

The finite element simulations were carried out with Abaqus version 6.10 (ABAQUS, 2010). All constitutive models used
in this work had already been implemented into the Abaqus implicit and explicit codes using the implicit user subroutine
UMAT and the explicit user subroutine VUMAT.

For simple shear deformation, its stress state is complicated (Bouvier et al., 2006). It results in that the anisotropy has an
influence on the shear stress predicted from the finite element simulation. As already mentioned, the cyclic simple shear
tests are also conducted to calibrate the hardening parameters of the ANK model. Therefore it is necessary to describe accu-
rately the anisotropic behavior of metallic sheet. For the purpose of comparison, the non-quadratic anisotropic yield function
Yld2000-2d (see Appendix A) was used for all constitutive models in this work due to its good accuracy (Barlat et al., 2003).
As for elastic properties, the isotropic elasticity and Poisson’s ratio 0.29 were assumed in the numerical simulations.



Fig. 7. The deformed configuration in the finite element simulation of the three-point bending test after bending procedure.
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5.1. Three-point bending

Five analysis steps are involved in the numerical simulation of the three-point bending test with pre-strained
sheet, which are (i) pre-stretching, (ii) unloading, (iii) establishing the contact between the tools and blank, (iv)
three-point bending procedure and (v) springback. All these analysis steps were simulated in the implicit code Aba-
qus/Standard.

To obtain the pre-strained blank, rectangular sheets with a length of 200.0 mm were respectively stretched to the engi-
neering strains of 4%, 8% and 12% in the numerical simulations. It means that the lengths of deformed specimen are
208.0 mm, 216.0 mm or 224.0 mm respectively before unloading. After unloading procedure, the specimen was directly used
in the numerical simulation of three-point bending springback problem. Comparing with the length of experimental
trimmed specimen (200.0 mm), we believe that there is no impact from the present simplicity because the plastic deforma-
tion in three-point bending test mainly occurs at the blank between two supported rollers.

Considering the symmetry of the model and boundary condition, a quarter of the rectangular blank was simulated. The
analytical rigid-body element was chosen for the tools. The reduced 4-node shell element (S4R) was employed for the blank.
A mesh size of 0.5 mm � 1.0 mm (length � width) and 21 Simpson integration points through the thickness were chosen.
The Coulomb friction coefficient between tools and the blank was assumed to be 0.1 due to the fact that the two supported
rollers cannot rotate in experiment. The deformed configuration in the finite element simulation of the three-point bending
test after bending procedure is illustrated in Fig. 7. For the convenience, the predicted springback profile is expressed in the
Cartesian coordinate of OXZ as defined in Fig. 7.
5.2. U-draw/bending

In the numerical simulation of U-draw/bending test, four analysis steps are involved, which are (i) pre-strain, (ii) unload-
ing, (iii) U-draw/bending procedure and (iv) springback. The first two analysis steps were first simulated in the Abaqus/Stan-
dard. Then the deformed state was imported into the Abaqus/Explicit to simulate the forming procedure, and finally the state
after forming was again imported into the Abaqus/Standard to simulate the springback.

For the base material, 324 mm by 20 mm rectangular shaped specimen was directly used in numerical simulation of
U-draw/bending test. As for the pre-strain case, the specimen with a length of 300 mm was first stretched to the engi-
neering strain of 8%. It indicates that the length of pre-strained specimen is 324 mm before unloading. After unloading
procedure, the specimen was then used in the numerical simulation of forming procedure. Taking symmetry into con-
sideration, only a quarter of the whole rectangular blank was simulated. The tools were constructed with analytical rigid
body surface. The blank was simulated using reduced 4-node shell element (S4R) and 9 integration points through thick-
ness. The mesh size was chosen as 0.5 mm by 0.5 mm (length by width). Since the fixed large clearance (1.36 mm)
between blank holder and die is used, we believe that the influence of friction on predicted springback is not significant
comparing with that of constant blank holder force. To approximately estimate the coefficient of Coulomb friction law,
the predicted punch load vs. stroke curves from ANK model with different friction coefficients are qualitatively compared
with experimental result. Then the estimated friction coefficient was employed in the following springback predictions
of U-draw/bending tests.



Table 2
Coefficients of Yld2000-2d anisotropic yield function.

Material Parameters Values

a1 0.9685
a2 0.9909
a3 1.0343
a4 1.0057

DP780 a5 1.0284
a6 1.0438
a7 0.9935
a8 0.9821
m 6.0
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Fig. 8. The experimental and simulated results in uni-axial tension for DP780 steel sheet, where the constitutive model incorporating Yld2000-2d
anisotropic yield function with a Swift-type isotropic hardening law is used to predict the mechanical behavior.
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6. Results and discussion

The material parameters of the current constitutive model can be categorized into three aspects, the coefficients of
Yld2000-2d anisotropic yield function, the parameters related to the change of unloading modulus and hardening parame-
ters. As already mentioned, the hardening parameters related to the Bauschinger behavior are determined from the spring-
back profiles of three-point bending tests in the new approach. For the purpose of comparison, the same hardening
parameters are also identified by the simple shear test. Therefore it is better to minimize the errors resulted from the planar
anisotropy and the change of unloading modulus.

For the planar anisotropy, it is captured by the Yld2000-2d anisotropic yield function in the present work. The material
coefficients of the anisotropic yield function is usually calibrated from the experimental initial yield stresses and r-values in
uni-axial tension tests and bi-axial tensile stress and r-value (Barlat et al., 2003). However, as already pointed out, the initial
yield stresses determined at a very small plastic strain might not reflect the subsequent anisotropy of the metallic sheet at
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Fig. 11. Samples after the three-point bending at different pre-strains and maximum strokes.
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larger strains (Barlat et al., 2005). To compromise the initial and subsequent anisotropy, the coefficients ai (i = 1–8) of
Yld2000-2d anisotropic yield function were optimized from both the stress vs. strain and transverse strain vs. longitudinal
strain curves of uni-axial tension at 0�;45� and 90� to the rolling direction. This identification strategy of material coefficients
of Yld2000-2d anisotropic yield function might lose some accuracy on the description of initial anisotropy, but gains more
accuracy in the prediction of initial and subsequent anisotropy (Zang et al., 2011b). In addition, because the flow stress and
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Fig. 12. Experimental and predicted springback profiles of the three-point bending tests for the engineering pre-strain of 4%.
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evolution of transverse strain in uni-axial tension are used to optimized the coefficients of Yld2000-2d yield function, an iso-
tropic hardening model is also needed to capture the global hardening behavior. Here we choose a Swift type isotropic hard-
ening equation to describe the flow stress of uni-axial tensile test. The equation is defined as �rð�epÞ ¼ Kðe0 þ �epÞn with
e0 ¼ ðr0=KÞ1=n, where K and n are hardening parameters, r0 is the initial yield stress in reference direction. At present,
the number of unknown material parameters for the identification is eleven, i.e. eight material coefficients of Yld2000-2d
anisotropic yield function and three hardening parameters of Swift isotropic hardening law. However, note that there is a
constraint for the material coefficients of Yld2000-2d anisotropic yield function so that the predicted flow stress from con-
stitutive model is equal to that from the Swift-type isotropic hardening equation. For simplicity, the initial yield stress r0 is
not optimized, but the measured experimental one is used. For the present DP780 steel sheet, the experimental initial yield
stress r0 is 498.8 MPa. As for the other ten material parameters, the identified material coefficients of Yld2000-2d aniso-
tropic yield function are listed in Table 2, hardening parameters K and n are 1228.8 MPa and 0.135, respectively.

Finally, the experimental and simulated Cauchy stress and transverse strain in uni-axial tension are shown in Fig. 8. It can
be seen that the differences of experimental flow stresses for the DP780 steel sheet are not distinct (see Fig. 8(a)). However,
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Fig. 13. Experimental and predicted springback profiles of the three-point bending tests for the engineering pre-strain of 8%.

S.-l. Zang et al. / International Journal of Plasticity 59 (2014) 84–107 97
for the experimental plastic anisotropy, the gap is obvious as shown in Fig. 8(b). The simulated Cauchy stresses and trans-
verse strains from Yld2000-2d anisotropic yield function coincide with the experiments well. Thus we can consider the
material coefficients of Yld2000-2d anisotropic yield function listed in Table 2 have captured well the planar anisotropy
of DP780 steel sheet. In the following parameters identification of hardening model, the material coefficients provided in
Table 2 will be used in order to minimize the influence of planar anisotropy.

As for the influence of pre-strain on unloading modulus, the experimental Cauchy stress of uni-axial tension with inter-
mediate unloading cycles is presented in Fig. 9. It can be seen that the unloading and reloading curves in each cycle are non-
linear, and their difference is obvious. The experimental investigation indicates that this physical phenomenon of non-linear
unloading is not purely elastic or plastic (Sun and Wagoner, 2011). To model the non-linear unloading behavior, a new con-
cept of quasi-plastic-elastic (QPE) strain was introduced within the continuum framework (Sun and Wagoner, 2011). Here,
for simplicity, the so-called chord modulus model was adopted to calculate the experimental unloading modulus (Sun and
Wagoner, 2011; Kim et al., 2013). To consider the effect of pre-strain on unloading modulus, Yoshida et al. (2002) and
Yamaguchi et al. (1998) assumed that unloading modulus can be expressed as a scalar function of the equivalent plastic
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Fig. 14. Experimental and predicted springback profiles of the three-point bending tests for the engineering pre-strain of 12%.
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strain. To formulate such a pre-strain dependency of unloading modulus, they proposed a saturated type function of equiv-
alent plastic strain which has been widely used (e.g. Yoshida et al., 2002; Zang et al., 2007; Lee et al., 2012b; Kim et al., 2013).
Usually, the unloading modulus is formulated as an exponential equation
E ¼ E0 � ðE0 � EsatÞ½1� eð�n�epÞ� ð13Þ
where Esat and n are two material parameters, Esat is the saturated elastic modulus, E0 is the initial Young’s modulus. From the
uni-axial tensile test, the measured initial Young’s modulus of DP780 steel sheet is 202.07 GPa. By fitting the measured
unloading modulus with Eq. (13), Esat and n can be obtained, which are 157.51 GPa and 126.38, respectively. The measured
and fitted unloading modulus vs. equivalent plastic strain is shown in Fig. 10. It can be seen that the unloading modulus rap-
idly decreases and saturates to Esat as the equivalent plastic strain increases. For the critical equivalent plastic strain, it is very
small and around 0.03.



Table 3
Material parameters of the hardening models for DP780 steel sheet.

Parameter Unit ANK-E (ep)-Shear ANK-E (ep)-Opt.

r� MPa 498.8 498.8
C1 MPa 40433.8 31216.65
c1 – 94.7 101.62
C2 MPa 468.8 521.87
Q MPa 360.9 354.20
b – 51.5 49.01
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As already explained in Section 2, for a pre-strained sheet, its cyclic mechanical behavior has an influence on the bending
moment before unloading. Since the springback is uniquely determined by bending moment, it can be inferred that the pre-
strain has an effect on the final springback profile of three-point bending test too. The samples after the three-point bending
tests with different pre-strains and maximum strokes are shown in Fig. 11. Here it is worth noting that the pre-strains are
approximate due to the fact that the digital image correlation system was not real-time to calculate the strain field. The exact
pre-strains are applied in the numerical simulations of the uni-axial tension. It can be seen from Fig. 11 that the springback is
more serious with the increasing of pre-strains among all cases of maximum strokes. This can be explained as that the effect
of pre-strain actually changes the material property by hardening (Hemmerich et al., 2011). The pre-strained sheet has
higher strength, which results in the larger springback.

Figs. 12–14 are the experimental and predicted springback profiles of the three-point bending tests at different pre-
strains. Here the notation IH-EðepÞ stands for the springback profile simulated by an isotropic hardening model incorporating
with the change of Young’s modulus with plastic strain. For ANK-E-Shear and ANK-EðepÞ-Shear, they represent the simulated
results from the ANK model without/with the variations of Young’s modulus, where Shear means that the hardening param-
eters are calibrated from the cyclic simple shear test. As for ANK-EðepÞ-Opt., it stands for the simulated springback from the
ANK model and varied Young’s modulus, where Opt. means that the hardening parameters of the ANK model are optimized
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Fig. 17. Experimental and predicted springback profiles of the three-point bending tests (stroke 30 mm) for the engineering pre-strain of 2%.
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from the three-point bending springback profiles. It can be seen that the isotropic hardening model incorporating with the
change of Young’s modulus over-estimates the springback as expected. While the constitutive model of ANK-E-Shear
under-estimates the springback profile of three-point bending test. This is because the ANK model predicts a lower spring-
back comparing with that of pure isotropic hardening model. Meanwhile, the constant Young’s modulus makes the
simulated springback lower than that of varied Young’s modulus as well. Such a relative relationship has been discussed
in author’s previous work (Zang et al., 2013a) when the unloading modulus is introduced in sheet springback prediction.
The predicted springback profile from the model of ANK-EðepÞ-Shear has a good agreement with the experimental result.
In particular, the simulated springback profiles from the ANK model incorporating with the changed Young’s modulus,
where hardening parameters are optimized from the new approach, coincide with the experimental profiles very well. It
indicates that the cost function defined in Eq. (10) has been minimized. Even though the isotropic elasticity was assumed
in the parameters identification, the directional Young’s modulus is suggested to be measured when the three-point bending
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Fig. 18. Experimental and predicted springback profiles of the three-point bending tests (stroke 30 mm) for the engineering pre-strain of 9%.
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tests are performed for the specimens in different directions. This is because the elastic deformation is dominant in
three-point bending as discussed in the work of Chung et al. (2011a).

Using the hardening parameters calibrated from the cyclic simple shear test and the new approach, as listed in Table 3,
the experimental and predicted shear stresses sxy in simple shear deformation along the rolling direction are compared in
Fig. 15. It can be seen that the pure isotropic hardening model IH-EðepÞ predicts a large shear stress under reverse loading
as usual. The shear stress sxy simulated by the hardening parameters, which are optimized from the new approach, is almost
same as that of cyclic simple shear test. However, the shear stress at the early re-yielding stage predicted from the new
approach is slight larger than that of cyclic simple shear test. This is because the magnitude of reverse deformation is small
at the early re-yielding stage. In the three-point bending test for a pre-strained sheet, the material, which experiences such a
slight deformation, is usually near the neutral layer. Thus it has a slight contribution to the bending moment.

To check the magnitude of compressive deformation ebending as depicted in Fig. 2(b), the predicted Cauchy stress rxx of the
blank element at the inner surface of the three-point bending is shown in Fig. 16. For different maximum strokes, the mag-
nitudes of compressive strains are obviously different. The compressive strain corresponding to the maximum stroke of
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35 mm is approximate to 0.07. It can be inferred that the compressive strain can be increased with the smaller punch radius,
larger maximum stroke or smaller span between two supported rollers. By choosing different pre-strains eprestrain and com-
pressive strains in bending ebending (see Fig. 2(b)), the cyclic mechanical behavior with wide ranges of compressive strain will
be involved in the experimental springback profiles. Then the hardening parameters related to the Bauschinger behavior can
be simply determined from these springback profiles by using an inverse method.

To validate the performance of hardening parameters determined from the new approach, the three-point bending and U-
draw/bending tests were also conducted. Figs. 17 and 18 are the experimental and predicted springback profiles of the three-
point bending tests with the pre-strains 2% and 9%. It can be seen that the ANK model with changed Young’s modulus results
in good predictions for both cases no matter which method we use to determine the Bauschinger effect. However, the dis-
crepancy of simulated springback from ANK-EðepÞ-Shear and ANK-EðepÞ-Opt. models for the pre-strain of 9% is larger than
those of 2% pre-strain. For the present ANK model, the hardening behavior under uni-axial loading only relates to the param-
eters C2; Q and b (Zang et al., 2011a, 2013a). Table 3 shows that the differences of these hardening parameters are not obvi-
ous. Since the hardening behavior of the material with a small reversal pre-strain is more like that of monotonic loading, the
springback predicted from the aforementioned two models should be close too. As for the pre-strain of 9%, Fig. 18 indicates
that the hardening parameters obtained from the new approach can give better springback predictions comparing with
those of simple shear test.

For the U-draw/bending test, the experimental and simulated punch load vs. stroke curves are compared in order to
approximately estimate the friction coefficient as shown in Fig. 19. It can be seen that the simulated load vs. stroke curves
with the coefficient 0.1 fit the experimental results well. As already mentioned, the friction might have a slight influence on
springback prediction in the case of large blank holder gap. Therefore the Coulomb friction law was assumed with the coef-
ficient 0.1 between the blank and tools in the following numerical simulations of U-draw/bending tests. Fig. 20 is the exper-
imental and simulated springback profiles of the U-draw/bending tests at 0�; 45� and 90� to the rolling direction. It can be
seen that the discrepancy of simulated springback at punch round from IH-EðepÞ model and all ANK models is small for the
as-received specimen, while the gaps are comparatively large for the pre-strained specimen. The inner material near the
punch round in the U-draw/bending test mainly experiences compressive deformation along the tangential direction. For
the pre-strained specimen, the whole deformation history of the material is thus tension and subsequent compression. As
already explained in Section 2, the springback of a uni-axially tensioned strip is strongly influenced by the Bauschinger
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(b) Pre-strained (8%) specimen (0 )
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(c) As-received specimen (45 )
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(d) Pre-strained (8%) specimen (45 )
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Fig. 20. Experimental and predicted springback profiles of the U-draw/bending tests.
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behavior of the material. The aforementioned discrepancy confirms the validity of the proposed approach since the isotropic
hardening model cannot reproduce the Bauschinger behavior.

Furthermore, even though the springback profiles predicted by ANK-EðepÞ-Opt. model are more close to the experimental
results comparing with those of ANK-EðepÞ-Shear model, it is worth noting that both ANK-EðepÞ-Shear and ANK-EðepÞ-Opt.
models overestimate the springback. We think the adopting chord modulus might be one possible reason for such a signif-
icant discrepancy. The work by Sun and Wagoner (2011) showed clearly that adopting a chord modulus is not sufficient in
springback cases when the unloading ends up at a range of stresses. This is because the effective unloading modulus for each
material point is then different, not based on pre-strain only, but on final stress. To clarify it, the effective unloading modulus
is schematically illustrated by taking uni-axial tension as an example as shown in Fig. 21. If the final stress after unloading is
not equal to zero, it can be seen that the effective unloading modulus should be larger than that of zero final stress. Consid-
ering the level of final stress in U-draw/bending test, the change of Young’s modulus with plastic strain was re-calculated
from the Fig. 9 based on the final stress of j=0.25. Then improved springback predictions were obtained as shown in



Fig. 21. A schematic illustration on the chord modulus fitted from different unloading stress–strain curves in uni-axial loading.

 0

 10

 20

 30

 40

 50

 60

 70

 0  20  40  60  80  100  120

Z
-C

oo
rd

 (
m

m
)

X-Coord (mm)

Constitutive Model: ANK-E(ep)-Opt.

Exp.
Ezero
Enonzero (κ=0.25)

(a) As-received specimen (0 )

 0

 10

 20

 30

 40

 50

 60

 70

 0  20  40  60  80  100  120

Z
-C

oo
rd

 (
m

m
)

X-Coord (mm)

Constitutive Model: ANK-E(ep)-Opt.

Exp.
Ezero
Enonzero (κ=0.25)

(b) Pre-strained (8%) specimen (0 )

Fig. 22. Experimental and predicted springback profiles of the U-draw/bending tests with the re-calculated Young’s modulus.
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Fig. 22. It is worth noting that the effective unloading modulus for each material point is different in the U-draw/bending
test. In this sense, the springback predicted with this recalculated Young’s modulus is not rigorous. But it could provide a
reasonable explanation on the reason of this discrepancy. It can be inferred that the prediction of springback will be more
accurate if the non-linear unloading behavior is accounted for. Furthermore, even though some recent advanced constitutive
models incorporating with non-linear unloading behavior have resulted in good predictions for most materials (Sun and
Wagoner, 2011; Lee et al., 2013), we can find that there is still a slight discrepancy in some cases for advanced high strength
steels (Lee et al., 2013). It indicates that many aspects of constitutive model should be considered in modeling of sheet
springback, for instances measurement and modeling of hardening behavior, non-linear unloading, initial and subsequent
anisotropy. Considering the main purpose of present work, the new approach is simple and promising for the measurement
of the Bauschinger behavior when the constitutive framework has been established well.
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7. Conclusion and future works

This paper presents an alternative approach to determine the Bauschinger behavior from three-point bending springback
with pre-strained sheets. For a pre-strained sheet, the further bending makes the inner material experienced tension and
compression. Therefore the cyclic mechanical behavior of metallic sheet has an influence on the bending moment and final
springback. Utilizing this feature, the material parameters corresponding to the aforementioned hardening behavior can be
inversely calibrated from the final springback profiles of the three-point bending tests with different pre-strained sheets. For
the new approach, in particular, the change of Young’s modulus should be captured accurately due to the fact that
springback is also significantly influenced by elastic properties. Taking the DP780 steel sheet as an example, its hardening
parameters of the ANK model were calibrated respectively from the cyclic simple shear test and the new approach. Moreover
the U-draw/bending test was employed to validate the performance of determined hardening parameters. The results have
confirmed the validity of the suggested new approach. With the increasing applications of advanced high strength steels, the
new approach provides a simple and promising way to obtain the Bauschinger behavior since the springback is distinct for
the advanced high strength steels.

Regarding the new approach, it is worth noting that the constitutive framework should be already well-established for
the used material. This is because the new approach is very similar to the bending-reverse bending method to calibrate
the Bauschinger behavior. For such bending-type tests, we cannot directly measure the cyclic mechanical behavior under
uni-axial loading, whereas the bending moment is essentially used in parameters identification. As already known, the bend-
ing moment is integrated from the stress distribution through thickness direction of the metallic sheet. This leads to the pos-
sibility that same bending moment might relate to different stress distributions. To minimize the possibility, two aspects
need to be considered at least. Firstly, the cyclic mechanical behavior of the used material has been recognized well, and
the selected constitutive model can capture the aforementioned behavior accurately as already mentioned. Secondly, the
experimental data at different ranges of bending strain should be included in parameters identification. In future work,
the cylindrical bending, three-point bending and V-bending tests might be respectively adopted to achieve the maximum
bending strains at small, moderate and large scales. Moreover, a systematic investigation is also required to understand if
the new approach can give a unique constitutive model within certain range of strains.

Furthermore, the addition of non-linear unloading behavior provides a new dimension of the constitutive model in pres-
ent parameters identification, among which many choices may be able to reproduce the experimental bending results with
or without pre-strain. The adopted chord modulus is not sufficient in complicated springback problems when the unloading
ends up at a range of stresses as already pointed by Sun and Wagoner (2011). There is no doubt that the better way is to
describe the non-linear unloading behavior accurately by using advanced constitutive models, for instance the QPE model
(Sun and Wagoner, 2011; Lee et al., 2013). Although the springback profiles are employed to calibrate the Bauschinger
behavior in the present work, we want to point out that the punch load of three-point bending test could be adopted in
parameters identification instead of springback profile.
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Appendix A. Anisotropic yield function Yld2000-2d

The non-quadratic anisotropic yield function Yld2000-2d is a linear transformation of two convex functions /0 and /00

(Barlat et al., 2003). It is defined by an equivalent stress �r:
/ðsÞ ¼ �r ¼ 1
2
ð/0 þ /00Þ

� �1
m

ðA-1Þ
where
/0 ¼ jS01 � S02j
m; /00 ¼ j2S002 þ S001j

m þ j2S001 þ S002j
m ðA-2Þ
with m = 6 and m = 8 for BCC and FCC materials, respectively. S01;2 and S001;2 are the principal values of the linear transforma-
tions on the stress deviator tensors ~s0 and ~s00. The principal values S1;2 of the transformed stress deviator tensor ~s are respec-
tively defined as
S1 ¼
1
2

~s11 þ ~s22 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~s11 � ~s22ð Þ2 þ 4~s2

12

q� �
ðA-3aÞ
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S2 ¼
1
2

~s11 þ ~s22 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~s11 � ~s22ð Þ2 þ 4~s2

12

q� �
ðA-3bÞ
The transformed stress deviator tensors ~s0 and ~s00 are calculated from
~s0 ¼ L0 � r; ~s00 ¼ L00 � r ðA-4Þ
Here the tensors L0 and L00 representing linear transformation of the stress tensor are
L011

L012

L021

L022

L066

2
6666664

3
7777775
¼

2=3 0 0
�1=3 0 0

0 �1=3 0
0 2=3 0
0 0 1

2
6666664

3
7777775

a1

a2

a7

2
64

3
75 ðA-5aÞ

L0011

L0012

L0021

L0022

L0066

2
6666664

3
7777775
¼ 1

9

�2 2 8 �2 0
1 �4 �4 4 0
4 �4 �4 1 0
�2 8 2 �2 0
0 0 0 0 9

2
6666664

3
7777775

a3
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where all the independent coefficients ak (for k:1–8) are material parameters to describe the anisotropy.
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