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ABSTRACT. This paper is concerned with Carleman estimates for some anisotr-
opic space-fractional diffusion equations, which are important tools for investi-
gating the corresponding control and inverse problems. By employing a special
weight function and the nonlocal vector calculus, we prove a Carleman esti-
mate and apply it to build a stability result for a backward diffusion problem.

1. INTRODUCTION

Fractional diffusion equations (FDE) have been studied from the aspects of par-
tial differential equations [6, 7] and inverse problems [2, 10]. Comparing to the clas-
sical diffusion equations, the nonlocal operators appeared in FDE produce many
challenging problems. One of these problems is how to construct a Carleman type
estimate. It is well known that the Carleman estimate is a key tool for both the
direct problems and inverse problems on PDEs models [1, 4]. For time-fractional
equations, Xu et al. [9] prove a Carleman estimate by transforming time-fractional
diffusion equations to some integer-order diffusion equations. Then, this result has
been extended and used to an inverse coefficient problem by Ren and Xu [8].

However, the results of [8, 9] are focused on time-fractional equations which
describe the sub-diffusion phenomenon. Recently, Jin and Rundell [5] point out
that the study of space-fractional inverse problems, either theoretical or numerical,
is fairly scarce and difficult. To some extent we fill this gap by establishing a
Carleman estimate for equations with anisotropic fractional-space operator.

The paper is organized as follows. In Section 2, we provide a brief introduction
about nonlocal vector calculus. In Section 3, we prove a Carleman estimate. In
Section 4, a backward diffusion problem has been studied.

2. ANISOTROPIC SPACE-FRACTIONAL DIFFUSION EQUATIONS

In this section, firstly, let us provide a brief review of the nonlocal vector calculus
[3]. Denote n as the space dimension, 2 C R™ is a bounded open set. Given vector
mappings v, : R® x R” — R* with o antisymmetric, the action of the nonlocal
divergence operator D on v is defined as

@) D@ = [ @y +rle)-algdy foro R
Given a mapping v : R™ — R, the adjoint operator D* of D is defined as
(2.2) D*(u)(z,y) = —(uly) — u(z))a(z,y) for z,y € R".
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From (2.1) and (2.2), one easily deduces that if a(t,z,y) = a(t,y,x) denotes a
second-order tensor satisfying a = a”, then

n

D(a-D*u)(x) = 72/ (u(y) —u(z))a(z,y) - (alt,z,y) - a(z,y))dy for z € R™.

In the following, we denote (¢, z,y) := a(z,y) - (a(t, z,y) - a(z,y)). Given an open
subset 2 C R", the corresponding interaction domain is defined as

(2.3) Q7 :={y e R"\Q such that a(x,y) # 0 for some z € Q}.

Corresponding to the divergence operator D(v) : R” — R defined in (2.1), we define
the action of the nonlocal interaction operator N'(v) : R* — R on v by

(2.4) N@w)(z) = — /QUQ (v(z,y) +v(y,x)) - alz,y)dy for x € Q7.

With these notations, we have the generalized nonlocal Green’s first identity
(2.5) / vD(a - D*u)dx — / D*v - (a - D*u)dydx = / vN(a - D*u)dx.
Q anQz Jonaz Qz

Based on the above statements, anisotropic space-fractional diffusion equation
with the homogeneous “Dirichlet” volume-constrained condition can be written as

Oru+ D(a-D*u) = f(t,x) on Q x (0,7),
(2.6) u(t,z) =0 on Q7 x (0,7),
(0, ) = ug(x) on QU Q7.

Similarly, equation with the homogeneous “Neumann” volume-constrained condi-
tion could be written as

oru+ D(a - D*u)
N(a-D*u)
(2.7) u(0, )

/ udz = 0.
QUL

Let us specify the functions «(-, ), a(, -, -) in the definitions of D and D*. Assume
B to be a constant between 0 and 1. Define B.(z) := {y € QU Q7 : |y — x| < €},
and denote 1p_(,)(-) to be an indicator function which takes value 1 in B(x). We
choose

f(t,x) on Q x (0,7,
on Q7 x (0,7),
o(z) on QU Qz,

|
2 o

y—x
(2.8) a(z,y) = WlBe(a:)(y)v a(t,z,y) = (ai;(t, 2,9))1<; j<n
with a;; € C*([0,T] x R" x R"), a;; = aj;, and in addition, we assume

n

(29) 0<aléf < > ay(t,a,y)&; <a'léf, Y day(t,a,y)ég; < a[¢f

i,j=1 i,5=1
for all £ € R™ and y € Bc(z). Denote y(t,z,y) := a(x,y) - a(t,z,y) - a(z,y). Then
we know that

(2.10) Aty = L= ig;;z;;gy “ oy ).
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Remark 2.1. Choosing € = oo and a(t, z,y) to be the identity matrix, we find that
the operator D(a-D*-) is just the operator (—A)”. Hence, equations (2.6) and (2.7)
incorporate the following equation

(2.11) dpu(x,t) + (=A)Pu(x,t) = f(z,t) in Qx (0,T).

In the sequel, we always denote Q:=QUQ7, Q:=Qx (0,T) and Q:=Qx (0,7)
and define L2(0,T; H?%(9)) as a space which includes functions in the following set

{ a: [

2 —
HUHL?(O,T;HM(-)(Q)) E

2

/ — ()t 2, y)dy

dxdt < oo}

with 5

t) —u(x,t)y(t, z,y)dy| dxdt.

3. A CARLEMAN ESTIMATE

In this section, we denote L(u) = dyu + D(a - D*u) and define o(t) := e* where
A > 0 is fixed suitably.

Theorem 3.1. (Carleman estimate) We set o(t) = e*. Then there exists \g > 0
such that for any X\ > Ao we can choose a constant so(A) > 0 satisfying: there exists
a constant C' = C(sg, Ag) > 0 such that

1
/ {S (|owul® + [D(a - D*u)?) + s/\2g0u2} 2% dxdt
Q

|U — u €z t>| 23@
o
< C/Q|L(u>|262wda@dt+060(/\)s <||u(.,T)||iIB(Q) + ||u(-’0)|\12q/3(m>
for all s > so and all w € C([0,T); H?(Q)) N H(0,T; L*(Q)) N L2(0, T; H**(Q))
satisfying u = 0in Qz x (0,T), or N'(a-D*u) =01in Qz x (0,T).

Remark 3.2. Solutions mentioned in Theorem 3.1 do exist, which can be easily
verified by using the method developed in [3].

Proof. Set v = e*?u, Pv = e*?L(e”*?v) = ¢ f. Assume that u|o, = 0 or N'(a
D*u)|a, = 0. Obviously, we obtain Pv = d;v — (sApv — D(a - D*v)) = e*¢f. In
addition, we have

||essaf||2L2(Q) :/Q |0pv|2dadt + 2/Qatv( — sApv +D(a- D*U))dxdt

+ / |sApv — D(a - D*v)|*dxdt
Q
(3.1) 2/ \8tv|2d:vdt—|—2/ 0vD(a - D*v)dmdt—i—Q/ Opv(—sApv)dzdt
Q Q Q

E/ ‘8t’()|2d$dt + I]_ + 12.

Q

Thus

(3.2) / fPe®%dxdt > 1, + I, / |0 2dadt < / fre**dxdt + |I; + Iy
Q Q Q
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In the following, C; > 0 (j € N) denote generic constants which are independent of
s and A. Because s and A are assumed to be large enough constants, without loss
of generality, we can assume s > 1 and A > 1. For the term I, we have

T T
L] = 2/ / / D*Ow - a - D*vdydxdt + 2/ OywN (a - D*v)dzdt
0 JQJQ 0 JQz

T
A /Q(@tv(y,t) = Owo(z, )y (t,2,y)(v(y, t) — v(z, 1)) dydrdt

0
T
| [ [ ot ot0.t) — ol ) Py
0 JQJQ
t=T

+ [ [ At .0 - o)y
QJOQ t=0
(33) O Ragp rimoay) + CLlo T ) + Callol Ol gy,

where (2.5) and (2.9) have been used. For the term I, we have

t=T

I =— s)\/ 2(0pv) v pdxdt = s)\/ V20 pdadt — s)\(/ <pv2da:)
Q Q Q t=0

(3.4)
> s/\Q/ ovidrdt — s)\/ (M v(z, T))? + |v(z,0)[?) da.
Q Q

From the first inequality in (3.2), and estimate (3.3) and (3.4), we obtain

HeSLpf”QL?(Q) 2> sA? /Q @Udedt - Cl||v||i2(0,T;H/i(Q)) - Cl””(’T)Him(Q)

(3.5)
= ol Oy =5 [ (@7l )P + u(a. 0)F) da.

In the following, we estimate ||v||? Obviously, we have

L2(0,T;HA ()"

/(Pv)vdxdtz/ v@wdmdt—/ s)\<pv2d1:dt—|—/ vD(a - D*v)dxdt
Q Q Q

(3.6) Q

=J1+ Jo + J3.
For the term Jp, we find that

1 1
| 1] = / vatvdmdt’ = ‘2/ at(vz)dacdt’ < 5[ (Jo(z, T)]* + |v(z,0)|%) da.
Q Q Q

For the term Js, we have |Jo| = ‘f fQ s/\goUdedt’ < Oy fQ sApv?dxdt. At last, for

the term J3, using (2.5), we have

Jg/OT/QU.D(a.D*v)dxdt/OT/Q/QD*U.Q(t’Ly).D*vdydxdt
:/T/~ /(”(yvt) — o(z,1))*y(t, x, y)dydwdt
/// Iy—x|n+2ﬁ)) dydzdt.
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From (3.6) and the above estimates on Ji, Jo and J3, we obtain

//\Pv Jvdxdt >a*/ ///\ |y x|n+2ﬂ)) dydxdt—Cg/ sA\2pvidadt
- Q

(3.7) _ 4/ (jo(x, T) + lo(z, 0)[?) da.

On the other hand, we have

1 A2
/QA(Pv)vdwdt <IPollza@) (Mvllzz@) < 51PN ) + S 101720
(3.8)

1 512 )‘2 2
S*er ||L2(Q)+§||U||L2(Q)-

Hence, (3.7) and (3. 8) yield

v(z,1))* 2, .2 Lo sop2
/ // ‘n+2ﬁ dydzdt §C’2/Qs)\ pvidadt + §||fe Sa”m(@)

A2 1
ol + 52 [ (0@ DE + 1o, 0)) do

Estimating the first term on the right-hand side by (3.5), we obtain

l’t)) S 2
oo [ f A < o g+ ol
+C3N2 032 )+ CoA([0( T2 gy (Ol ) +Callo (- D20 g
(39)  +Csllo( 0l + Cash (TN, T2 gy + I0(5 )22y ) -

Considering estimates (3 5) and (3.9), we obtain

,t

SC4||feSSpHL2(Q)+C4HU||L2(07T;H[1(Q +C4)‘2||UH%2(Q)+C4HU( )HHB
(3810) 4 Callo(,0)l gy + Cash (ol T2 gy + 100502 ) -

Now, we take s > 0, A > 0 large enough to absorb the second and third terms on
the right-hand side into the left-hand side, then we obtain

2 2 [v(y,t) — v(x, )|
/s)\ v dxdt+/ / Q/\ |y—x|”+2/3 dydxdt

<Csl1fe5% 2, ) + O™ (ol T2 gy + 100020 gy ) -

Because v = e*%u, in addition, we have

S I t S
/ sA%pu?e? ‘dedt+/ // |y _$|n+25 )2 % dydazdt

(3.11) <Cs7e*# 22 ) + @M% (I[u, T)ya gy + 1 0) 200y ) -
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Since dyu = —sApe *Pv + e~ *?dv, we obtain §|8tu|2 e < 2sN%pv® 4+ = \3tv|2
By the second inequality in (3.2), inequality (3.11) and estimates for Iy, 12, we find

1
/—|8tu|2625“’d:ﬂdt §C/~f2625‘0dxdt
(3.12) Q5% Q

+ OO (Ju T2 gy + a5 Ol )
From D(a-D*u) = f — dyu, we can finish the proof by using (3.11) and (3.12). O

4. APPLICATIONS TO AN INVERSE PROBLEM

The backward in time problem can be briefly described as: Let 0 < tg < T. For
system (2.6) or (2.7), determine u(z,tp), €  from u(z,T), z € QU Q7.

For this problem, there are many studies when tg > 0 or g = 0. As a simple
application, we prove a conditional stability estimate for [|u(-, o)/ z2(q) when to > 0.

Theorem 4.1. Let u to be a solution of system (2.6) or (2.7) satisfying u €
C([0,T); HP(Q)NL2(0, T; H*(Q)), dyu e L*(0,T; L*(Q)). For to€(0,T), there exist
constants 0 € (0,1) and C > 0 depending on to, ax, a*, T, Q and Qz such that

(4.1) (-, to)ll 2y < Cllull 50z, (- Dli%s @uas)
where 6 depends on ty and 0(ty) increases as to — T.

Proof. We choose ti, tp such that 0 < ty < t; < tg, take 6 = e *, k = 0,1,2
and choose a function x € C*°(R) such that 0 < x < 1, x(¢t) = 1 if ¢t > ¢;, and
x(t) = 0if t > to. Now, we use Theorem 3.1 by similar ideas as in the proof
of Theorem 9.2 in [10] to conclude that [[u(-,t0)||z2(0) < Cllul L2(Q)||u( )”Hﬁ &)

(60—0
with 6 = 7”2350 lgl) 0
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