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ABSTRACT. In this paper, we focus on a space-time fractional diffusion equa-
tion with the generalized Caputo’s fractional derivative operator and a general
space nonlocal operator (with the fractional Laplace operator as a special case).
A weak Harnack’s inequality has been established by using a special test func-
tion and some properties of the space nonlocal operator. Based on the weak
Harnack’s inequality, a strong maximum principle has been obtained which is
an important characterization of fractional parabolic equations. With these
tools, we establish a uniqueness result of an inverse source problem on the
determination of the temporal component of the inhomogeneous term, which
seems to be the first theoretical result of the inverse problem for such a general
fractional diffusion model.

1. INTRODUCTION

Fractional partial differential equations grow up to be a popular research topic for
its wide applications in physics [24], geological exploration [39] and so on. For math-
ematical properties, Baeumer, Meerschaert etc. [3, 2, 4] investigate time fractional
parabolic equations from functional and probabilistic perspective. They construct
stochastic solutions and discover a lot of interesting relations between fractional
differential equations and stochastic process. By extending operator semigroup
theory, mild solutions and some subordination principles have been obtained in
[16, 19] for some types of fractional parabolic equations. For time fractional para-
bolic equations, Zacher [34, 35, 36, 37] construct a series of theories concerned with
weak solutions and Holder continuities of the solutions. Recently, Allen, Caffarelli
and Vasseur [1] obtain many important regularity properties for a space-time frac-
tional parabolic equation. In this paper, we focus on a general fractional diffusion
equation. Before going further, let us introduce some notations. For a real number
v € R, denote g-(¢) by

(1) M=

. Gy(t) = =
T

where T'(-) represents the usual Gamma function. The notation J§- denotes the

Riemann-Liouville fractional derivative defined by

(1.2 O I0) = (g1 e SN,
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where “x” denotes the usual convolution operator. The space-time nonlocal diffu-
sion equation studied in this paper has the following form

08 (u(a, ) — o)) + Lu(w, t) = f(z,8) in 9 x [0,T],
(1.3) u(z,t) =0 in R"\Q, ¢t >0,
u(x,0) = up(x) in Q, for t =0,

where o € (0,1) and L is an integro-differential operator of the form

(1.4) Lu(t,z) = p.v. / [u(t, z) — u(t,y)]|k(x, y)dy.

The time-fractional operator used here could be called the generalized Caputo’s
fractional derivative. For more details, we refer to [26]. The kernel k£ : R™ x R" —
[0,00), (z,y) — k(x,y) is assumed to be measurable with a certain singularity at
the diagonal z = y.

p22°T (420
/2T (1-5)
the integral-differential operator L defined in (1.4) is equal to (—A)” which is the
pseudo-differential operator with symbol |¢|2?. Thus the operator L could be seen as
a generalized fractional Laplace operator. And the following space-time fractional
diffusion equation is a special case of equation (1.3)

O (u(x,t) — uo(x)) + (=A)Pu(z,t) = f(x,t) in Qx [0,T],
(1.5) u(z,t) =0 in RM\Q, ¢t >0,
u(z,0) =wup(z) in Q, for t =0,

Note that in the case k(z,y) = ¢, 5/|z—y|"*2# with constant ¢, 5 =

with a, 8 € (0, 1).

Now, let us specify the assumptions on the kernels k(-,-). We assume the kernels
k are of the form k(z,y) = a(x,y)ko(x,y) for some measurable functions ko :
R™ x R™ — [0,00] and a : R™ x R™ — [1/2, 1] which are symmetric with respect to
x and y.

Fix 3y € (0,1) and A > max(1,8;"). A kernel k belongs to R(Bo, A), if there is
B € (Bo, 1) such that kg satisfies the following properties: for some constant C' > 0,
every zg € R", p > 0, B,(z¢) C Q and u € H?(B,(z))

(16)  p2 / 120 — yl?ko (0, y)dy + / Fo(o, y)dy < Ap~27,
|zo—y|<p lzo—y|>p

-1 —u(y))?
< CA/ / )2ko(z,y)dzdy, where B = Bp(l’o).

Inverse problems of fractional diffusion equations are a rather new research topic,
however, there are already a lot of studies on time-fractional space-integer order
diffusion equations. In 2009, an inverse problem related to a one dimensional time-
fractional space-integer order diffusion equation has been studied in [6]. In this
paper, a uniqueness result for the coefficient and the time fractional-order has been
proved by using eigenfunction expansion of the weak solution and the Gel’fand-
Levitan theory. In 2010, Li and Liu [32] study backward diffusion problem for
a time-fractional space-integer order diffusion equation by generalizing the total
variation regularization methods. In 2011, Zhang and Xu [38] study an inverse
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source problem related to a time-fractional space-integer order diffusion equation
by the method of the eigenfunction expansion and numerical methods are also been
presented. In 2012, Jin and Rundell [17] study an inverse problem of recovering
a spatially varying potential term in an one-dimensional time-fractional diffusion
equation. Meanwhile, Yamamoto and Zhang [33] obtain a local stability result of an
inverse source problem for a one-dimensional fractional diffusion equation of half-
order in time. Then, this stability result has been extended to an inverse coefficient
problem [27] by Ren and Xu. Their results based upon two Carleman estimates and
transformations between time-fractional diffusion equations and integer-order diffu-
sion equations. In 2013, Miller and Yamamoto [25] investigate an inverse problem
of determining spatial coefficient related to a time-fractional space-integer order
diffusion equation. In 2015, Jin and Rundell [18] provide a lengthy review arti-
cle and they also show some further results about inverse problems related to the
anomalous diffusion processes. At the end of review article [18], they point out
that the study of space-fractional inverse problem, either theoretical or numerical,
is fairly scarce. And this is partly attributed to the relatively poor understanding
of forward problems for PDEs with a space fractional derivative.

Hence, only recently, there are a few investigations on the inverse problem for the
more general space-time fractional diffusion equations. For space-time fractional
diffusion equation with the spectral Dirichlet fractional Laplacian operator [11],
uniqueness and some numerical results have been obtained in [30, 31]. For space-
time fractional diffusion equation on a periodic domain, backward diffusion problem
has been studied in [14] under the Bayesian statistical framework and the same
backward diffusion problem has also been studied by using variable total variation
regularization methods in [15].

However, there seem rare studies on the space-time fractional diffusion equation
with the restricted Dirichlet fractional Laplace operator [11]. Since we impose v = 0
outside of €2 other than the usual boundary condition, the fractional Laplace oper-
ator appeared in (1.5) should be understood as the restricted Dirichlet fractional
Laplace operator. For more details and different properties of the spectral Dirichlet
fractional Laplacian operator and the restricted Dirichlet fractional Laplace oper-
ator, we refer to [11] and references therein. In this paper, we attempt to study
the forward problem (1.3) more deeply. Through the tools established for the gen-
eral space-time fractional diffusion equation, we obtain a uniqueness result for an
inverse source problem on the determination of the temporal component of the
inhomogeneous term.

More precisely, we will assume the inhomogeneous term to be of the form p(t)g(x)
with some appropriate assumptions, which will be specified in Section 5. Let xy € §2
and T' > 0 be arbitrarily given, and u be the solution to (1.3) with ug = 0. Provided
that g(-) is known, determine p(¢) (0 < ¢t < T) by the single point observation
data u(zo,t) (0 < t < T). Recently, similar types of problems are studied in
[21, 29] for time-fractional space-integer order diffusion equations. Especially, Liu,
Rundell and Yamamoto [21] prove a strong maximum principle which holds almost
everywhere (roughly speaking) by using the eigenfunction expansion technique.
Inspired by their work, we attempt to prove a strong maximum principle for the
general fractional diffusion equation (1.3) other than a time-fractional space-integer
order diffusion equation. Our methods are totally different from the methods used
in [21] since our maximum principle has been obtained as a direct corollary of a
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weak Harnack’s inequality. The contributions of this paper could be summarized
as follows:

e When the kernel k in the definition of L belongs to some R(5y,A), we
prove a weak Harnack’s inequality, which may be the first result of Harnack’
inequality for the space-time fractional diffusion equations. Specific results
will be shown in Section 3.

e A strong maximum principle has been proved, which provides a useful char-
acterization of the solutions of the space-time fractional equations. Rigor-
ous results will be presented in Section 4. The strong maximum principle
can be used to many problems, especially for some inverse problems, e.g.,
[12, 22].

e Under a little stronger assumptions about the kernel k, we prove a unique-
ness result of the above mentioned inverse source problem. Detailed as-
sumptions and results will be shown in Section 5.

The organization of this paper is as follows. In Section 2, some preliminary
knowledge and results will be shown. These knowledge include the definition of
fractional Sobolev space, the definition of Yosida approximation. Two equivalent
definitions of weak solution will also be presented. In the last part of Section 2, a
unique weak solution of equation (1.3) will be constructed. Then, weak Harnak’s
inequality has been proved in Section 3 and the proof has been divided into four
steps. In Section 4, a weak and a strong maximum principle have been proved
which is the primary tools for our investigation on the inverse source problems. In
Section 5, more regularity properties of the weak solution have been proved under
a little stronger assumptions about the kernel k£ defined in the definition of L. Then
a fractional Duhamel’s principle has been established. At last, a uniqueness result
of the inverse source problem has been achieved. In Appendix, we provide some
useful lemmas.

2. PRELIMINARIES

In this section, we provide some necessary preliminary knowledge on the function
space theory, Yosida approximation and equivalent definitions of weak solutions for
our purposes.

Here, let us specify the assumptions about the spatial dimension in this paper.
In the following parts of this paper, the spatial dimension n equal to 2 or 3 and we
will not mention this assumption again in each theorem or lemma shown below.

2.1. A short introduction to some function spaces. Let us provide some
general notations:

e We denote W*P be the Sobolev space with s-times derivative belongs
to LP space. For a Banach space X, we denote (W*P([0,T]; X) be the
Sobolev space with functions vanishing at ¢ = 0. When p = 2, we denote
oW2([0,T]; X) as o H*([0,T]; X).

e By infu and sup v we denote the essential infimum and the essential supre-
mum of a given function u respectively.

e Without additional specifications, we denote B(zg,r) be a ball in R™ cen-
tered at x¢ with radius r. If 2y = 0, we denote B, := B(0,r) for concisely.

e For a function f € C1(R™), sometimes, we denote 4 f(t) as f(@).
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e In all the following parts of this paper, we denote ¢, g =

denote S™~! be the surface of a unit ball in R”.
e The notation “x” denotes the usual convolution operator defined as

(f *g)(t) = / £t — $)g(s)ds

with ¢t > 0 for two appropriate functions.
e Notation C represents a general constant, which may different from line to
line.

Now, some function spaces used in this paper will be explained. Let 2 C R” be
a bounded domain, then the Sobolev space of fractional order s > 0 is defined by

(2.1) H*(Q) = {u € L*(Q) : W € L*(Q x Q)},
endowed with the norm

2
(2.2 ey = Nllfecay +ens || 5 e dody

We denote by H{(S2) the completion of C§°(2) under || - || gs®n) and by H™*° the
dual of H{.

According to the probabilistic interpretation of the space-nonlocal integral-differential
operator [9, 24|, the boundary condition should be changed to the exterior bound-
ary condition which will be specified later. In order to cope with this situation, we
define HZ () (s € R) as follow

(2.3) H(Q):={ue HR") : u=0in R"\Q},
and LP(Q) (1 <p < o) as
(2.4) L2(Q) :=={u e LE(R") : w=0in R™"\Q}.

For p € [1,0), denote
V(0735 92) = {u € L22([0, T]; L2(©2)) N L3((0, T); HE (2))
such that g1 + (1 — o) € C([0,T]; L)), and (g1 * (u ~ u0))e=o = 0},

Recalling Theorem 3.3 in [23], if  is a bounded Lipschitz domain and s > 0, we
know that
s s : 135
(2.5) H5(Q) = HJ(Q2) provided s ¢ 355 [
This equivalence relation is important for our later deduction.

2.2. The Yosida approximation. The Yosida approximation of the time-fractional
derivative operator is an important tool for analyzing regularity properties of equa-
tions with time-fractional derivative operator. For reader’s convenience, we pro-
vide a short introduction. For detailed references, we refer to [34, 35, 36, 37]. Let
O0<a<l1l,1<p<oo, T>0,and X be a real Banach space. Then the fractional
derivative operator defined by

Bu = %(gl_a xu), D(B)={ucLP(0,T];X) : gi_a*uc  W"P([0,T]; X)}.
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Its Yosida approximation B,,, defined by B,, = mB(m + B)~!, m € N, enjoy the
property that for any u € D(B), one has Byu — Bu in LP(]0,T]; X) as m — oc.
Further, one has the representation

d
Bru=—(g1-am*u), e LP([0,T];X), m €N,

where g1_q,m = MSq,m, and S, is the unique solution of the scalar-valued Volterra
equation

Sam(t) +m(sam*ga)t) =1, t>0, meN.

Let ho,m € L (R*) be the resolvent kernel associated with mg,, that is

loc
ham(t) +m(ham * go)(t) =mga(t), ¢t>0, meN.

In addition, we have g1_o,m = MSa,m = gi—a * Pa,m, M € N. Next, we list some
important properties about gu. m and hq pm:
e The kernel gi_, n, are nonnegative and nonincreasing for all m € N, and
g1—am € WHL([0,T]);
e For any function f € LP([0,7]; X) with 1 < p < oo and X represents a
Banach space, there holds hq % f — f in LP([0,T]; X) as m — oo;
® Gi—am — gi—a in LY([0,7]) as m — oo and B,,u — Bu in LP([0,T7]; X) as
m — 00.

In all the following parts of this paper, we denote h,, = hq,m, m € N for concisely.

2.3. Concept of weak solutions. In order to introduce the concept of weak
solutions for equation (1.3) with L defined in (1.4), we define a nonlocal bilinear
form associated to L by

(26)  Ewv)= / ) / [ult, ) — ult p)l[olt, 2) — ol )k, y)drdy,

Definition 2.1. Define the following concepts regarding the domain of the solution:
(1) Qr :==Qx (0,T) c R**1.
(2) Lateral boundary of Qr: 0,Qr := 9 x [0,T].
(3) Parabolic boundary of Q7: 9,Qr = (2 x {0}) UdLQr.

We say that a function v € L>([0,T]; L>°(R™)) is a weak solution (supersolution
or subsolution) of (1.3) in Q7 with f € L>®(Qr) and ug € L2(), if u € V,,([0,7]; )
with p € [1,00) (defined in Section 2.1). For any (nonnegative) test function
(2.7)

n € HXP(Qr) = Wh2([0,T]; L()) N L2([0, T]; H (€2)) 1 L*([0, T]; L= (R™))

with n|t=r = 0 there holds

(2.8)
/OT /Q —n [91—a * (u — ug)] dadt + /OTé'(u,n)dt = (> or <) /OT /Q Fndadt.

In order to acquire some regularity information and deduce Harnack’s inequality in
the following sections, we would like to provide another equivalent definition of the
weak solutions.
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Lemma 2.2. Let u € V,([0,T]; Q) be a weak solution (supersolution or subsolution)
of equation (1.3) if and only if for any (nonnegative) function ¢ € H?(Q)NL>(R™)
one has

(2.9)

/Q 00, [91—om * (1 — 10)] dar + E o 5 1, )
= (> or g)/(hm * flvdz a.e. t € (0,T), m € N.
Q

Proof. Because the proofs of weak solutions, supersolutions and subsolutions are
almost same, here, we only provide the proof of weak supersolutions. The ‘if’ part
is readily seen as follows. Given an arbitrary nonnegative n € H}?(Qr) satisfying
N)i=r = 0, we take in (2.9) ¢(z) = n(t,z) for any fixed ¢t € (0,T), integrate from
t =0 tot =T, and integrate by parts with respect to the time variable. Then
by using the approximating properties of the kernels h,, (details could be find in
Lemma A.10 in Appdenix), we obtain (2.8). To show the ‘only-if’ part, we choose
the test function

T T—t
(2.10) n(x,t) = /t hm (o —t)p(o,x)do = /0 hm(0)p(o +t, z)do,

with arbitrary m € N and nonnegative ¢ € H?(Qr) satisfying ¢|—7 = 0; 7 is
nonnegative since ¢ and h,, are both nonnegative functions. For the first term in
(2.8), it can be transformed to

T
(2.11) /0 /Q —t [g1—a.m * (u — up)] dzdt,

where we used g1—qa,m = g1—a*hy, and the Fubini’s theorem. For term fOT E(u,n)dt,
we have

> / oy

/ / /n/ (0 —t)(u(z,t) — uly,t)(p(z,0) — @y, 0))k(z, y)dodzdydt
/ /n /n (1) = (hin * u)(y, 1)) (p(2,t) — (Y, 1)) k(z, y)dvdydt
72/0 E(hpm * u, p)dt.

Observe that g1—a m * (u—wug) € gW12([0,T]; LZ(2)). Therefore, combining (2.11)
and the above equation, then integrating by parts and using ¢|;—7 = 0 yields

(2.12)
/ /ap@t Gi—a,m * (U —ug)|dx + E(hm *u, ¢ dt>/ / m * [)pdxdt,

for all m € N and ¢ € H¥(Qr) with ¢l = 0. By means of a simple ap-
proximation argument, we obtain that (2.12) holds true for any ¢ of the form
©(x,t) = X(t1,t2)%(x) Where X (¢, +,) denotes the characteristic function of the time
interval (t1,t2), 0 < t; < ta < T and ¢ € H?(Q) is nonnegative. Appealing to the
Lebesgue’s differentiation theorem [10], the proof is complete. O
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2.4. Scaling property. Let to,r > 0 and xzy € R". Suppose u € V,([0,T];Q) is
a weak solution (supersolution or subsolution) of equation (1.3) in (0,#or2?/®) x
B(z,7). Changing the coordinates according to s = t/r?#/® and y = (z —
o)/r and setting @(s,y) = u(sr2?/* w0 + yr), Go(y) = uo(zo + yr), alys, y2) =
a(mo + 17, @0 + yar), ko(yr,y2) = " Phko(zo + yar,zo + yor) and f(s,y) =
r28 f(sr2B/ o + yr).

Through simple calculations, we find that kq(-,-) still satisfies inequality (1.6)
and inequality (1.7). We also have

07 (ult, ) — uo(x)) = r~ 270 (a(s,y) — o (y))

and

Lu(t,z) = /n[d(s,y) —u(s, z)]aly, z)r7”72ﬁl%0(y, 2)r'dz
=2 La(s,y).

Thus the problem for u(t,x) is transformed to a problem for @(s,y) in (0,%y) X
B(0,1), namely there holds (in the weak sense)

9(i — o) + La = (> or <)f, se(0.t), y € B(0,1).

2.5. Existence of weak solution. Weak solutions have been constructed for an
abstract evolutionary integro-differential equation in Hilbert spaces in [35], which
provides a general framework incorporating equation (1.3). Choosing Sy € [n/4,1)
and 8 € (8o, 1), notice that

HJ(Q) = L2(Q) = H7(),

e

where we used the equivalence relation (2.5).
Because

Eult,),0(t,)) < Cllult, Y oy 00t s
and
g(u(tv ')7 u(tv )) > C(Qv A)”u(tv ')”Hf(g)u

where we used the fractional Poincaré inequality (Proposition 3.6 in [9]), we know
that E(-,) satisfies condition (Ha) in [35]. Hence, according to Theorem 3.1 and
Theorem 3.2 proved in [35], we could obtain the following theorem.

Theorem 2.3. Let T > 0, a € (0,1), By € [n/4,1), A > max{1,5;'} and k €
R(Bo,A). Assume ug € L2(Q), f € L?([0,T); L2(Q)). Then problem (1.3) admits
exactly one solution in the space V,([0,T],Q) with 1 < p < 2/(1 — ) and the
following estimate hold

(213)  lu = wollyme o, 1315 9)) + 1tll 20 7712 (@)) F 1910 * wllc(o,1522(0)

+ [lullze 0,522 (0)) < C(l|luol

r2@) + 1flle2 o, -2 @)

where C = C(«, 8,T,n) is a general constant.
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3. A WEAK HARNACK’S INEQUALITY

In this section, for concisely and clarity, we only prove a weak Harnack’s inequal-
ity for equation (1.3) with f = 0 which is enough for our purpose. To formulate our
result, let u,, denotes the Lebesgue measure in R™ and p,+; denotes the Lebesgue
measure in R x R™. For 6 € (0,1), to > 0, 7 > 0, and a ball B(zg,r), define the
boxes

Q_(to,.’L‘Q,’I“) = (to,to + (57'7“2’8/(1) X B(.’L‘o,(ST),
Q+ (to, z0,7) = (to + (2 — 8)7r?P/ tg + 27r2P/*) x B(w, 6r).

Theorem 3.1. Let k € R(fBy,A) for some By € (n/4,1) and A > max{1,5;'}.
Let a € (0,1), T > 0,  C R™ be a bounded domain and ug € L%(Q). Let further
b € (0,1), n > 1, and 7 > 0 be fized. Then for any to > 0 and r > 0 with
to + 21128/ < T, and ball B(zg,nr) C Q and any nonnegative weak supersolution
u of (1.3) in (0,to+2712P/*) x B(xo,nr) with ug > 0 in B(zg,nr) and f =0, there
holds

o
udpipr1 < C  essinf w,
pn+1(Q—(to, o, 7)) Q_ (to,wo,r) i Q+(to,zo,r)

where the constant C = C(A, 8, 7,1, a, 3,n).

Remark 3.2. The above theorem provides a weak Harnack’s inequality in the case
f = 0, however, when f is not a zero function similar result also holds. In order
to state the main idea concisely, we only show the proof of Theorem 3.1 in the
following. However, just change @ to @+|| f|| L (o), and notice that || f /il o (@) <
1 in the following proof, we can adjust the proof appropriately as in [7] to obtain
the following estimate

1 / ( .
udpiyy1 < C | essinf u+||f|re ) ,
,un-‘rl(Q— (t07 o, T)) Q- (to,zo,r) ot Q+(to,zo,m) ” ”L (@r)

under the same conditions as Theorem 3.1.

Before proving this theorem, let us provide an important inequality. For k =
1+ %, 1 <p<min{l/(1-a),3/(28)} and a function u € V,([t1,t2] x ), we have

(3.1) lullL2x((ty 21 x0) < C(t1,t2, 2,0, B, n)l[ullv, (1t 22 x2)-
Proof. Let 0 = 3—326’ 0 = %, then we have

to to op
/ /uz’“dxdt:/ /u2u2dedt
tl Q tl Q
2 1/60 1/6'
<[ (forae) (frar) o
t1 Q Q
1
ta P 2p
gc(tlat27Q7p76an) (/ (/ U2d$> dt)
t1 Q
! (u(s,2) = u(s:9)° )
. to n Jgn |z — y|nt28 rayas
t1
+/ / u?dzds|,
tO n

48
3




10 J.X.JIA, J. PENG, AND J. YANG

where we used Lemma A.4 to deduce the third inequality. Now, recall the definition
of V,([t1,t2] x ), the above inequality provides us the desired result. O

Remark 3.3. From the above proof, notice the relation (2.5) and 5y € (n/4,1), we
could obtain

(32) HU”L%([tl,tg]xQ) < C(tla ta, vaa 57 ”) ||UHL2P([t1¢2] xQ)nL2([t17t2]7Hg(Q))'

Because the proof involves a lot of complex calculations, we divide the proof into
four parts for clarity.

3.1. An estimate for infu. For ¢ > 0 we put oB(z,r) := B(z,0r). Recall that
1y, denotes the Lebesgue measure in R”.

Theorem 3.4. Let Q C R", a € (0,1), T > 0, k € R(Bo, ) with By € (n/4,1)
and A > max{1,B;"}. Let further n > 0 and & € (0,1) be fived. Then for any
to € (0,T] and 7 > 0 with to — nr?#/® > 0, and ball B = B(xg,r) C Q, and any
weak supersolution u > € > 0 of equation (1.8) in (0,tg) X B with up >0 in B and
f =0, there holds

(Cun+1(U1)_1

-1
esssupu - < (0 — o)

1/~
) H’U,_1||LW(U”), 1) < U/ <o< 1, S (0, 1]
U,

Here U, = (tg — onr?8/® tg) x 6B, 0 < 0 < 1, C = C(A, 8,1, , Bo,n) and 19 =
To(ﬁﬂ’l).

Proof. In general, we could change coordinates as t — t/r% and © — (x — x9)/r,

thereby transforming the equation to a problem of the same type on (0,¢q/ r%) X
B(0,1). Hence, without loss of generality, we could assume that » = 1 and 9 = 0.

Choose ¢’ and o such that § < ¢’ < o0 <1 and denote B; = oB. For p € (0,1],
we denote V, = U,,. Given 0 < p' < p <1, let t; = tg — pon and to = tog — p'on.
Obviously, we have 0 < t; < t3 < ty. Now we introduce the shifted time s =t — ¢,
and set f(s) := f(s+1t1), s € (0,tg—t1), for functions f defined on (ty,t). Because
u is a positive weak supersolution of (1.3) in (0,ty) x B, we have

/ 00, (01— % (il — 10)) da + E(h %11, 0) > 0, ae. s € (0,80 —t1),m € N,
Q

for any nonnegative function ¢ € H?(B). Because ug > 0 in B, we then deduce
that

(3.3) / ©0s (g1—a,m * @) dx + E(hm x 0, p) >0, ae. sec(0,tg—t1),m €N,

B
for any nonnegative function p € H?(B). For s € (0,tg — t1), we choose the test
function ¢(s,x) := ¥+ (x)a"9(s, x) with ¢ > 1 and ¢ € C§(By) so that

0<4¢ <1, ¢ =1inp'By, suppy C pBy,

(3.4) |Dy| < 2/(c(p—p)).
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Choose H(y) := —(1—¢)"ty'7% y > 0 in the fundamental identity (A.1) shown in
Appendix, there holds for a.e. (s,z) € (0,tp —t1) x B

_ _ 1 1 a' e
—u qas(glfogm * ’U,) Z I S(glfa,m * ul q) + - ul 1 91—a,m
l—gq l—gq
(3.5)
> _i s(gl—a m * al—q) + Lal_qgl—a m-
- 1—gq ’ 1—g¢q ’

Considering (3.5), inequality (3.3) could be transformed into the following inequal-
ity
1
——— | PO (g1—qm * G )T — E (i, * U, TG

1—
(3.6) 178

Now, we choose ¢ € C([0,ty — t1]) such that

0§¢§17 ¢:01n [Ou(tQ_tl)/2]7 ¢:111’1 [tQ_tlvtO_tl]a
3.7 .
(37) 0<¢<4/(ta —tn).

Multiplying (3.6) by ¢ — 1 > 0 and by ¢, and convolving the resulting inequality
with g, yields

/ Ja * (¢w1+q85(91—a,m * ﬂliq)) dz + (1 — q)ga * [E(hm * ﬁa7p1+qﬂiq)¢]

(3.8) "

< q9a */ Y g gda,
By

for a.e. s € (0,tp — t1). By Lemma A.1 presented in Appendix, we have
(3.9)

/ Ga * (005(g1—am * [V TG Y))dz > [ ¢ga * (0s(g1—aum * [ T8 79))dx
B, B,

_ /03 Gals — 0)d(0) <gla,m . ¢1+qa1—q¢m> (0)do.

B,
Because g1—q.m * 119017 € ¢WHL([0,t0 — 1], LL(B1)) and g1—am = G1—a * hm
as well as g, * g1_o = 1 we have
(3.10) o * Os(g1—am * [WITIAIT)) = Ry 5 (PHF9G179).

Combining (3.8), (3.9), and (3.10), sending m — oo, and selecting an appropriate
subsequence, if necessary, we obtain

o' e + (q — 1) ga * (E(@, =090 )9)
By

(3.11) <qga* [ T g1 _o¢d
B,

+ /O ) go(s — 0)d() (gl_a* /B 1 qplﬂalqu) (0)do,

for a.e. s € (0,tg—t1). Now, we need a careful analysis of & (i, —**94~7). Denote
Y(q) = max{4, (6¢ —5)/2}. Using statement (1) in Lemma A.3 given in Appendix,
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we could deduce that

(3.12)
E(a, —ptHaaa)
/ § / i —a(s,y) (W (y)a (s, y) — wlﬂ(z)aﬂ(s,z))k(‘"‘; Y gy
9(q)
22( — )I_TH
where
_ (s, ) = (s, y) ey ?
If/n Rnd)(x)z/f(y)(( w(:v)> <w(y)) ) k(x,y)dzdy,
nd
_ (s,x a(s,y)\ '
II = /Rn /R(lb(x) w(m) < o) ) )k(x,y)dmdy.

1—g

Considering (3.12), denote w =@ 2 , (3.11) could be reduced to
(3.13)

B pp 1T widr + %ga * (1) < qga */B PPy o pde
9(q)(q — ) ;
+ wga x (11 ) -‘r/ ga(s —0)d(0) (gla *
0

Term II could be estimated as follow

w1+qw2dm) (0)do.

B

¢ <2 / / y))2ow?k(z, y)dzdy
pB1 PB1
(3.14) + 4/ / (W(@) = ¥(y)) pwk(z, y)dydz
By JR™\(pB1)
<Cin - p) " [ outd
pB1
where (1.6) and sup, ,cgn W(ﬁ::ﬁl(zy)ﬁ < GQ(pfp/)g have been used. For term I,
noticing the properties of the function w, we have the following estimate
Cnp w(s, y))?
. dxdy.

19 256k L, L,
Denote
(3.16)

1

F(s) =5 Ci(n A D0@)a = Do =) > [ guida
pB1
Fan-aeols) [ wtis 1 d0s) (aas [ o) )
pB1 pB1

Using estimates from (3.13) to (3.16), we obtain
(3.17)

1+ Cn,8 (w(s, =) —w(s,y))*
5. Pt 46,/\9aﬂ</p/31 /p/Bl o — g[+2P pdxdy < go * F.
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We may drop the second term in (3.17), which is nonnegative. By Young’s in-
equality for convolution and the properties of ¢ we then infer that for all 1 < p <

min{1/(1 — a),3/(26)}
(3.18)

to—t1 - P 1/p to—t1
([7 (] @ @uea?) @) <loolou-u [ Fos
to—11 By 0

By simple calculations, we easily know that ||gallzr([0,t0—t)) < Ca(a,p,m) < 00.
We will choose any of these p and fix it.

We could also drop the first term in (3.17), convolve the resulting inequality with
J1—a, then obtaining

to—t1
(319) ||w||%2([t2*t1,to*tl];Hﬂ(p/Bl)) S 4CA-/0 F(s)ds

Considering (3.18),(3.19) and Remark 3.3, we infer that

to—1t1
(3.20) ||wH%2"([t2—t1,to—t1]Xp’Bl) < C(mA,p,a,n)/O F(s)ds.

For a.e. s € (0,ty — t1), we have

F(s) < (W +q91-a((t2 — tl)/z)) /,,Bl w?dzds

4
+ (gla */ w2dx> (s).
t2 =t pB1

In addition, we obtain
(3.21)

[ o (S ) [ e

4 to—t1
+ TN / ggfa(t() — 11 — 7') / U}zdxd?'
(p—p")on Jo pB1

to—t1
SC(TL,OL,ﬂ,A,5, n)ﬁ /0 /B dexds.
pb1

Combing (3.20) and the above estimates (3.21), we deduce that

q
(322) ||w||L2H([t2_t17t0_t1]Xp,Bl) < C(nva?ﬁvAa57nvp)m||wHL2([O.,to—t1]><pB1)a

where K = 1+ % > 1. Because w = @2 and by transforming back to the time
variable ¢, we find that (3.22) is equivalent to

L
2K 2

/ u(l—q)ndxdt S C(n7a7ﬁaAa,67n’p)q /
Vi p—p v,

P

u““”dmdt)

Taking v = ¢ — 1, we have

- C? 14 2\ /v -
|| 1||m~(vpf) < ((p(p,):? | 1‘|m(vp), 0<p <p<l, v>0.
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Using Lemma A.5 with p = 1, there will be a constant M = M(A,d,n,«, 5,p,n)
and 19 = 70(83,n) such that

M, 1/~
esssupu”t < <OT) lu™ v vay forall 6 € (0,1), v € (0,1].
Vo (1 - 9) 0

Then if we take 0 = %l and notice that ﬁ =_—2 < 1 _ weobtain

oc—o! — o—0o’?

1 Moy Y 1
eSZf}lPU S((U_UI)TO> lu v,y e 0,1].

Now, the proof is complete. ([l

3.2. An estimate for small positive moments of u. The aim of this subsection
is to estimate the L'-norm of supersolutions u from above by the L'-norm of u”
for small values of v > 0.

Theorem 3.5. Let Q C R", a € (0,1), T > 0, k € R(Bo, ) with By € (n/4,1)
and A > max{1,B5"}. Let further n > 0 and & € (0,1) be fived. Then for any
to € [0,T) and r > 0 with ty +nr?f/® < T, and ball B = B(xg,r) C Q, and any
nonnegative weak supersolution u of (1.3) in (0,to +nr2#/®) x B with ug > 0 in B
and f =0, there holds

Cun U/ 1/v-1 B
||U“L1(U;,) < (M) ||UHLW(U(’,)» §<o'<o<1,0<vy<K L

Here U = (tg, to + onr?#/®) x 0B, C = C(A, 6,1, , B,n), and 19 = 19(B,n).

Proof. The proof of this theorem is similar to the proof of Theorem 3.4. Without
loss of generality, we assume r = 1. Replacing u with w4+ € and ug with ug + € and
eventually letting € — 07, we could assume that u is bounded away from zero.

Fix ¢, o such that § < ¢/ < 0 < 1 and let By = oB. For p € (0,1], we
set V) = U,,. Given 0 < p' < p <1, let ty = to + p'on and ty = to + pon, so
0 < tg < t1 < to. We shift the time by means of s = t —ty and set f(s) = f(s+to),
s € (0,ty — tg), for functions f defined on (tg, t2).

Let v € (0, '] and ¢ =1 —~ € [1 — 71, 1), then repeating the proof of (3.5)
will lead to the following inequality
(3.23)

-1

— 0 05 (g1 * ) > fqas(gl—a,m x@'7), ae. (s,x) € (0,t2 —ty) X B.

Taking ¢(s,z) = ¢?(z)u"9(s,x) with ¢ € C}(B1) as in the proof of Theorem 3.4,
we infer that

1
(3.24) T/ % (g1—am * (W20 79) da + E(hm * @, —¢*7 ") <0,

—4JB;
for a.e. s € (0,t3 — tp). Next, we choose a function ¢ € C1([0,t3 — to]) such that

. 4
0<9<1l, 0<-9< ;
(3.25) lo — 1
(ZS =1in [O,tl —to], ¢ =0in [tl —to + (tg —tl)/Q,tQ —to].
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Multiplying (3.24) by 1 — g > 0 and by ¢(s), and applying Lemma A.2 presented
in Appendix to the first term gives

(3.26)
— | 0s(g1-am * (¢0*a' D)) dx + (1 — q)¢€ (@, —p*a 1)

By

< | Sgl_a,m@—r)w(s)—as(r»( VL ) ()7 + ),

By
where

Rin(s) = (1 = )¢ [E(hm * a,9*a™7) — E(@, ¥ )] .

Now, as in the proof of Theorem 3.4, we denote w = @ =B . Here, we estimate term
E(t, —y?u9) firstly as follow

(3.27) E(a, —p*u7) = —1+11,
where

I= /,,Bl ABl(a(s,x) — (s, y)) (W2 (y)a~ (s, y) — Y2 (x)a"U(s, x))k(z, y)dady,
and

II = / / (ﬁ(s,fﬁ) — fL(S,y))(_wQ(x)ﬁ—Q(&x))k,(x’y)dydx
pB1 JR™\pB;

For 11, using (1.6), the positivity of & and the fact that W < C(8)(p—p')2,
we could estimate as follow

(3.28) I1>C>6,A)(p— p')*zﬁ/ w?(s, z)dx.
B1
Considering (3.27) and (3.28), inequality (3.26) can be changed to

[ 001 am 90?0 de + (- )01

By

320 < [ ian( =00 - o) ([ v ) (ar

By

+C((6,A)(1 —q)(p—p’)_2’8¢(s)/ w?dx + Ry (s).

pB1

Applying Lemma A.3 (2) we could estimate I as follow

I>C(q —(y)w(s,y)]* k(z,y)dvdy
(3.30) /Bl /Bl

~6(e) / . / | (00) = )25, 2) + 0 (5, 9) (e )y,

where (1(q), (2(¢) are defined as in Lemma A.3. Because

(3:31) (1-aal=2220

C1 (Tl, 60)7
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and

[ [ W@t - vt ke sy
pB1 JpB;

/ Bl/ B, (s,2) — w(s,y)]* k(z,y)dzdy,

then from (3.29), (3.30), we arrive at

(3.32)

1
- 8s(gl—a,m * [¢1/12w2])dx + §CIIH
B

< [ i1manls = 7060 - 6(7) ( /B R s ) (ryar

(3.33)
+(1— 9)Gala)d / ) / ) w?(s,2) + wP (s, ) k(z, y)dudy

O, M)A~ g)(p — )2 (s) / Wdz + Ron(s),

pB1
where

I = ¢ / i / (o) = (s 9)] be)dod.

Using (1.6) and the properties of ¢, we have

[ ] P2(w? (s, ) + (5, y))k(, y)dady
pB1 JpB1

(3.34)

< C(5,N)(p— p’)_QB/ w? (s, x)d.
pB1

Because

(1 - ¢)Ca(0) s4+9”§2

X =:Coy = Cg(n,ﬂo),

and using (3.34), we know that
(3.35)

(1 - 0)Ca(9)é / ) / () = V)P0 (0.2) + (. 9) k(. )ddy

< aCE,M)(p—p) 0 / w?(s,z)dz = cs(p — /)"0 / w?(s, )dz,
pB1 pB1
where ¢3 := ¢3(d, A, n, fp). Combining (3.33) and (3.35), we obtain

1
- as(gl—a,m * [¢¢2U}2])dl’ + 501111
B

330 < [ ian( =00 - o) ([ i) (ar

1
erlp =) 200) [ wtsadd + Ru(o)
pB1
where ¢4 = ¢4(0, A, n, By). Putting
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and denoting the right hand side of (3.36) by F,.(s), it follows from (3.36) that
G (8) = 0% (hm * W)(8) + Fin(s) >0, a.e. s € (0,t2 — to).

We obviously have the following inequality
0< hi * W =g 0% (hm x W) < g * G + go * [—Fn(8)]

a.e. in (0,t2 —tg). For any 1 < p < min{1/(1 —«),3/(20)} and any t. € [tz —to —
(ta —t1)/4,t2 — to], by Young’s inequality, we obtain

(3.37) b * Wlleeo,e)y < l9allzeo.e.)) IGmllLro.ey) + N=Fml ™21 o.e.))) -

Because t, <ty —to <1, we have ||gal/zr([0,t,)) < C < 0o by some simple calcula-
tions. By positivity of G,,, we obtain

ta
(338) ||Gm||L1([O,t*]) = (glfa,m * W)(t*) + / Fm(S)dS
0

Observe that Ry, — 0 in L(0,t2 — to) as m — oo. Hence, ||[[=Fp]T|l12(j0,e.) — O
as m — oo. For the first term on the right hand side of (3.36), integrate for s from
0 to t., we have the following estimate

/ / i1am(s — T)(6(s) — 6(7)) ( /B 1 wzal-qu) (r)drds

- /O Gl—am(ts — 7)((t) — (1)) < waQdaz) (7)dr

B,

_ /0 " as) /0 ’ gl_wn(s_T)< A waQda:> (r)drds

< — /Ot* ¢(s) /OS Ji—am(s—T) </Bl wszdx> (T)drds.

Noticing that g1—am*W — g1—o*W in L'(0,t3—to) and fixing some ¢, € [ta —to—
(ta—t1)/4,ta—to] such that for some subsequence (g1—a,m*W)(ts) = (g1-a*W)(ts)
as m — 00. Sending m — oo, it follows from (3.37),(3.39) that

(3.40) </0t1t0 (/B (¢w)2dx)pds)1/p <O ((groa* W)(te) + |1 Fll L1 (0,2 —t0)))

where

Fo) = =69 (310

(3.39)

z/JQdex) (s)+ calp — p’)_%/ w? (s, z)d.
pBy

By

Dropping the first term in (3.36), integrating (3.36) over (0, ¢,) and taking the limit
as m — oo for the same sequence as before, we obtain

to—to

t1—to
(3.41) / / / (w(s,z) —w(s,y))*k(z,y)dedyds < C/ F(s)ds.
0 p'B1 Jp' B, 0
Recalling Remark 3.3 and (1.7), now we can conclude from (3.40) and (3.41) that

(3.42) [wllZ2s (0,6 t0] 31y < € (910 * W)(t) + I Fll 1 (0,02—10))) -
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Because (25 =0in [tl —t0+(t2 —tl)/Q,tg —to] and ty € [tg —to— (tz —tl)/4,t2 —to],
we have

(g1 % W)(t.) Sg1,a<az-—tn/4>}£2_'°j/3 wdzds

4 ta—to 9
= wdxds.
(L —a)(an)*(p—p')" /0 /pBl

As in the proof of (3.21), we could obtain

C A757 aﬂaavn f2to
1] L1 ([0, —t0]) < (8,0, )/ / w?dzds.
0 pB1

(p—p')?
Plugging the above two inequalities into (3.42), we arrive at
C(A> 67 m, 6) «, n)

1wl L2x (0,61 —to] x o' Br) < 1wl 2 ((0,t2 —to) x pB1) -

p—p

Remembering v = 1 — ¢ and transforming the above inequality back to u to obtain

1/~
/
,)2) lullzr (v, 0<p <p<1,

C
3.43 u A ’ S
33 ey < (s

where p = (nwp) " fini1, w, the volume of the unit ball in R™.
Employing Lemma A.6, we know that there are constants My = My (A, d, 71, o, 8,n)
and 19 = 79(n, §) such that

M, 1/v-1
lwllzro (v, ) < ((1_9)70) lull v vy amy,  0<0 <1

If we take 0 = %/ and translate the above inequality to the Lebesgue measure, we
obtain

MO(nwn)il

1/y—1
) e, e @7

(3.44) ull L,y < (
Hence, our proof is complete. (I

3.3. An estimate for logu.

Theorem 3.6. Leta € (0,1), T > 0, k € R(Bo, A) with By € (n/4,1) and Q@ C R™.
Let further n > 0 and 6 € (0,1) be fized. Then for any to > 0 and r > 0 with
to + 128/ < T, any ball B = B(zg,7) C Q, and any positive weak supersolution
u>e>0 of (1.3) in (0,tg + 7r2%/*) x B with ug > 0 in B and f = 0, there is a
constant ¢ = ¢(u) such that

(345) o ({(t,x) € K_ : logu(t,x) > ¢+ A}) < Or2#/ %, (B)X™L, A >0,
and
(3.46)  pn1({(t,x € Ky : logu(t,z) < c—A}) < Cr¥/opu, (B)A™Y, A >0,

where K_ := (to,to + nrr2P/®) x 6B and K, = (to + nrr28/® to + mr2P/*) x §B.
Here the constant C depends on §,n,7,n,a, By, A.
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Proof. Without loss of generality, we may assume ¢y = 0. In fact, if ¢, > 0, we
shift the time as t — ¢ — tg, thereby obtaining an inequality of the same type on
the time-interval .J := [0, 772%/¢]. Observe that the property gi_q * u € C([0,to +
7r28/2]; L2(B)) implies g1 _q * 4 € C(J; L*(B)) for the shifted function a(t,z) =
u(t + to, z). Hence, we have

(3.47) / 0O (g1—a,m * @) dx + E(hpy *x U, 0) >0, ae teJ meN,
B

for any nonnegative test function ¢ € H!(B).
For t € J, we choose the test function ¢ = ?a~! with ¢ € C}(B) such that
suppy C B, ¥ =1in 6B, 0 <y <1, |Dy| <2/((1—-4)r). We have

(3.48) - / V20 00(g1 o * W)dx + E (T, —p?0 ) < Ry (1),
B
where

Rn(t) = E(hm * 0, 9%a™ ") — E(a, ).

Using (1.6) and properties of 9, there holds £(v, 1) < Cypu,(B)/r?# < oo for some
constant C; = C1(n, Bo, A,d). Denote w(t,z) = log(u(t, )/ (x)). Now we apply
Lemma A.7 and Lemma A.8 listed in Appendix to the second term of (3.48). We
obtain

(3.49)
n(B
_/Bqu}—lat(gl_%m * 0)dx + ;2—25 /B(w —W)22dx < Olﬁfﬁ() + R (D),
where
Jpw(t,z) W )
Wi(t) .=
( ) fB 1/)2 k)

for a.e. t € J. Here, the factor 2 in the second term of (3.49) comes from a simple
scaling analysis. In addition, from (3.49), we infer that
(3.50)
_ fB V2004 (g1 o * G)da N Co / (w
[p ?(@)da 28 (B) Jp
where Cy depends on n, 8y, A, 6 and Sy, (t) := R (t)/ [5¢*dz. Now, we could use

same calculations as in the proof of Theorem 3.3 in [36] to complete our proof. And
for concisely, we omit the details. O

—W)21/)2dx<g+5 (1),

3.4. Proof of the Harnack’s inequality. In this section, our aim is to prove
Theorem 3.1. With Theorem 3.4, Theorem 3.5 and Theorem 3.6, the proof of
Theorem 3.1 is conventional. However, for the completeness of this work, we provide
a sketch of the proof in the following.

Without loss of generality, we assume that u > € for some ¢ > 0; otherwise
replace u by u + €, which is a weak supersolution of (1.3) with ug + € instead of g,
and eventually let ¢ — 0.

For 0 < 0 < 1, we set U, = (tg + (2 — o)7r?#/* tg + 2rr?#/*) x ¢B and
UL = (to,to + orr?#/®) x ¢B. Tt is easy to find that Q_(ty,xo,7) = U} and
Q+(to, zo,7) = Us.



20 J.X.JIA, J. PENG, AND J. YANG

Applying Theorem 3.4, we have

<Cun+1(U1)1

-1
esssupu - < (a — U/)TO

1/~
) ey, <o <o <1, ve (1]
Uo,/

Here C = C(A, 6, 7, o, a,n) and 19 = 79(n, 8). This implies that the first hypothesis
of Lemma A.9 is satisfied by any positive constant multiple of u~! with & = oo.

Consider f; = u~'e®™) where c(u) is the constant from Theorem 3.6 with K_ =
U] and K, = U;. Because log f1 = c¢(u) — logu, we conclude from Theorem 3.6
that

,LLn+1({(t,£L') € Ul : logfl(tvm) > A}) S Mﬂn—‘—l(Ul))‘ila A> 07

where M = M(A,d,7,1,a, fy,n). Now, we could use Lemma A.9 with £, = oo to
f1 and the family U, to obtain

esssup f1 < M;
Us

with My = M1 (A, 6, 7,m, o, Bo,n). Changing back to the variable u, we find that
(3.51) e“) < My es%inf u.
S5

On the other hand, Theorem 3.5 yields

C U1 1/v-1 B
lullr @,y < (M) lull Ly, 0<o’ <o<1, 0<y<k

Here C = C(A,6,7,,Bp,n) and 71 = 71(B,n). Choosing & = 1 and n = £~ ! in
Lemma A.9 and fo = ue= ") with c(u) from above, we have log fo = logu — c(u),
hence, Theorem 3.6 gives

Mn+1({(t7x) € U{ ; 10gf2 > )‘}) < M;un-&-l(U{))‘_la A> 07

where M is as above. Applying Lemma A.9, this time to the function fy; and the
sets U. and with & = 1 and n = x~!, we obtain

[ fallzr sy < Mapinia (U7),
where My = My (A, 6, 7,1, a, Bo,n). Changing back to the variable u, we find that
(3.52) pin1(UD) " | 1 ogy < Mae™,
Finally, we combine (3.51) and (3.52) to obtain

pin 1 (UD) " Hlwll gy < MiM, eS%inf u,
5

which proves Theorem 3.1.

4. MAXIMUM PRINCIPLES
In this section, we firstly state the following weak maximum principle.

Theorem 4.1. Let Q C R", a € (0,1), T > 0, k € R(Bo, A) with By € (n/4,1) and
A >max{1,B;'}. Assume u be a weak supersolution of problem (1.3) with ug > 0
a.e. inQand f>0ae inQx[0,T]. Thenu >0 a.e. in R" x [0,T].
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Proof. Denote v~ = max{—wu,0} and v+ = max{u,0} and notice that
T T T
/ E(u,u™)dt = / E(ut,u™)dt 7/ E(u™,u™)dt,
0 0 0

/OT E(u™,u™)dt = /OT / /n(u—(x,t) —u” (y,1))?k(x,y)dzdydt > 0,

then we have

T T
/ E(u,u™)dt < / E(ut,u™)dt.
0 0

Noticing that (ut(z,t) — ut(y,t))(u™ (z,t) — u (y,t)) <0, we obtain

T T
(4.1) / E(u,u™)dt < / E(ut,u™)dt <0.
0 0
With these estimates, we can follow the proof of Theorem 4.2 in [13] to obtain the
required result. O

Then we show the following strong maximum principle which may has many
important applications.

Theorem 4.2. Let Q C R", a € (0,1), T > 0, k € R(Bo, ) with By € (n/4,1)
and A > max{1,8;'}. Let further n >0 and § € (0,1) be fized and f =0 in (1.3).
Take w be a weak solution of (1.8) in Qr and assume that —oo < essinfg, u and
that essinfg, u < essinfqug. Then, if for some cylinder Q = (to,to + 7'7'25/0‘) X

B(zg,r) C Qr with to, 7,7 > 0 and B(xg,r) C Q, we have

(4.2) essinfu = essinf u,
Q Qr

the function is constant on (0,ty) x Q.

Proof. Let M = essinfg, u. Then v := u — M is a nonnegative weak solution of
(1.3) with ug replaced by vg :=ug — M > 0. For any 0 < ¢; <1 + 2Pl <ty the
weak Harnack inequality applied to v yields the following estimate

ty+nr2f/o

1"7(”“5/0‘)/ / (u — M)dzdt < Cessinf(u — M) = 0.
t1 B($0,T‘) Q

This implies that w = M a.e. in (0,t9) X B(zo,r). As in the classical parabolic case

[20], the assertion follows by a chaining argument. O

5. AN INVERSE SOURCE PROBLEM

In this section, we focus on an inverse source problem for (1.3) under the assump-
tion that the inhomogeneous term f takes the form of separation of variables. In
addition, we add more assumptions on the kernel k(-,) appeared in the definition
of space-nonlocal operator L. Specifically speaking, we assume

. oy =SB

Here a € L'(S™"™1) satisfying a(0) = a(—0),
(5.2) 0< Al <a(f) <A,
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and

(5.3) 0<A'< inf lv-6*a(0)dd

veSn—1 Jgn-1
for § € S"~! with A are some positive constants (may not be the same as in (1.6)
and (1.7)). For notational convenience, denote RP(S3, A) as the space of all kernels
k satisfying the above conditions.

Remark 5.1. In this section, we will always assume k € RP (3, A). The reason is that
under the weaker assumptions k € R(Bo, A), we could not obtain enough regularity
for the solution by some conventional methods. As is well known, regularity issues
under weak assumptions on kernels are important research subjects and highly
nontrivial. Because this is not the main point of this paper, we will prove our
results when k € RP(8,A). And once higher regularity properties for the solutions
are available when k € R(fp, A), all results in this section may be adapted to this
more general setting.

Problem 5.2. Assumen = 2 or 3, Q C R™ is a bounded Lipschitz domain. Let

€ (0,1), Bo € [n/4,1), B € (Bo,1), A > 1 and k € RP(A,By). Let zy € Q2
and T > 0 be arbitrarily given, and u be the solution to (1.3) with ug = 0 and
f(z,t) = p(t)g(x). Provided that g(-) is known, determine p(t) (0 <t < T) by the
single point observation data u(xg,t) (0 <t <T).

Similar problems are investigated in [21] for a time-fractional and space-integer
order diffusion equation. As in [21], spatial component ¢ simulates e.g. a source
of contaminants which may be dangerous. Usually, ¢ is limited to a small region
given by supp g C 2. We are required to determine the time-dependent magnitude
p by the pointwise data u(zg,t) (0 <t <T), where z¢ ¢ supp g is understood as a
monitoring point. For more work on similar problems, we refer to [5, 28, 29].

5.1. Regularity of the solution. Let us firstly recall the following lemma proved
in [9].

Lemma 5.3. Let Q be a bounded Lipschitz domain, L is the operator defined in
(1.4) with kernel k € RP(8,A) with A > 1 and 8 € (0,1). Then, for the following
nonlocal elliptic equation

Lé= o inQ,
(5.4) R
¢=0 inR"\Q.
We have
(1) Equation (5.4) has a set of eigenfunctions ¢y, forming a Hilbert basis of

L%(Q).
(2) If {Ak}ren is the sequence of eigenvalues associated to the eigenfunctions
of L in increasing order, then

2B
lim Agk™ ™ = CY,

k— o0

for some constant Cy.

Based on the above lemma, we could assume {Ag, g5 ()}, as the eigensystem
of the operator L. Multiplying equation

92 (u— ) + Lu = f
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by ¢k, denote uy(t) = (u(-,t),¢r), vor = (uo,dx) and fp(t) = (f(-, 1), dr), we

obtain
(55) 8?(11,]6(15) — UO,k) = 7)\kuk(t) + fk(t), t>0.

Recalling that the operator Of (ux(t) — uo k) is just the modified Caputo fractional
derivative operator used in [26], and according to Lemma 1 in [26], we know that

(56) uk(t) = anl(fAkta)UO,k + /0 (t — S)ailEa,a(f/\k(t — s)a)fk(s)ds.

Hence, we may have

u(z,t) = Z Eo 1 (—=Axt®)uo xdx ()

(5.7) h=1

oo

+30 [(= 9 oMt = ) fu(s)dsin(o),

k=1
in some sense. Actually, we could obtain the following theorem.
Theorem 5.4. Fix T > 0, let n = 2 or3, § € (n/4,1), A > 1, k € RP(B,A),

a € (0,1) and Q is a bounded Lipschitz domain. Concerning the weak solution to
(1.8), we have

(1) Letug € L*(Q) and f = 0. Then the unique weak solution u belongs to
C([0,T); L*(©2) N C((0, T]: H (),

which can be represented as
(5.8) w(@,t) =Y Eo1(—=Ast®)(uo, 9x) o (2)
k=1

in C([0,T7]; L3(Q)) N C((0,T]; H2(Q)), where {(Ar, ¢1)}32, is the eigen-
system of L. Moreover, there exists a constant C = C(Q,T,«, L) > 0 such
that

(5.9) lu(-s)llz2) < Clluollz2 (),
610) D)l + 107 1) ~ w0l ey < Cluollzant ™
In addition, u : (0,T] — H2%(Q) can be analytically extended to a sector
{z€C: 2#0, |arg(z)| < m/2}.
(2) Let ug = 0 and f € L>=([0,T); L*(Q)). Then the unique weak solution u
belongs to L*((0,T]; H2P(Q)) such that limy_o [|u(-,t)|/r2(0) = 0.

Proof. According to Theorem 2.3, there exists a unique weak solution under the
conditions stated in both conclusions stated above. Referring to [8], we note that
the Fourier symbol of the operator L is

AQ = [ le-okao)as

and it is clear that

(5.11) 0 < A7YE?P < A(€) < AJ¢*P.
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Using Plancherel’s theorem for Fourier transforms, we have
ILu( )22 @ny = /R |Lu(z, t)|*dz = / [A(E)F (u) (€, t)PdE.

Hence, using (5.11), we can conclude that

(5.12) A_1/2||u(~, t)”HQB(Rn) < HLU(-, t)HLQ(]Rn) < A1/2||UHH25(]R”)-

Because u is a weak solution of (1.3), we know that v = 0 a.e. in R™\(. Hence, we
obtain that

(5:13) ATVl 8y < UG D2y < AVl 2 -
With these preparations, we could apply the methods used in [29] to conclude
our claims. Since the proof is rather straightforward, we will omit the details for

concisely. O

5.2. Fractional Duhamel’s principle. Let us recall the problem under consid-
eration

ofu(x,t) + Lu(z,t) = p(t)g(z) in Q x [0,T],
(5.14) u(z,t) =0 in R™M\Q, t >0,
u(z,0) =0 in Q, for t =0,

where g € C*([0,7)), g € L%(Q) with g > 0 and g # 0.

Theorem 5.5. Let u be the solution to (5.14), where p € C*([0,T)) and g € L3(9).
Then u allows the representation

t
u(et) = (e o)ant) = [ lt = lasids (0 <<,
0
where v(x,t) solves the following homogeneous problem
of (v(z,t) — g) + Lu(x,t) =0 in Q x [0,T],
(5.15) u(z,t) =0 in R"\Q, t >0,
u(z,0) =g(z) inQ, fort=0,

and

(5.16) u(t) == %(ga fp)(t) = ﬁ%/o (t_p(ss))l_adx 0<t<T.

Proof. Because pg € L>([0,T]; L2(12)), equation (5.14) admits a uniqueness solu-
tion u € V,([0,T],9Q) with 1 < p < 2/(1—«) by Theorem 2.3. In addition, we know
that uw € L2((0, T]; H2#(Q)) and limy_q [|u(-,t)| z2(0) = 0. Setting

(5.17) u(z,t) = /0 w(t — s)v(zx, s)ds,

and we may use similar deduction used in the proof of Lemma 4.1 in [21] to conclude
that

@€ L((0,T); H2P () € L2((0, T HEP (), lim [|a(, £)]|2(@) = 0.

From the proof of Lemma 4.1 in [21], we also know that

(0 [P,
19 0= gy (85 + [ i)
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and
(5.19) we€ LY(0,T)), |ut)] <Ct*' with0o<t<T.

By definition, we have

05 (i, 1) — (x,0)) = O, 1)
e { / (1= [ ulrtans - T)drdsp}

d
11a5{//t—s o(zs s — 7)dsp(r )dT}
11_aj{/ /”t_T_s (m)dsu(ﬂch}
d

dt(u*gl a*¥0)(x, 1) = px0f(v—g)+p*gioa-g.

For the time fractional term, we have
107 (a(-,t) — (-, 0) 2 @) = (1074l )l L2 @) = [0:(g1-a * px 0) (- D) 2(0)

<[lull Lo,y 105 (v — @)l Lo (0,17:L2(22)) + g1-a(D)I9llL2(02))-
This implies that the above time fractional differentiation makes sense in L?(£2) for
0 <t <T. Now we illustrate @ satisfies equation (5.14). Using equation (5.15) and
noticing that 1 = < (ga * p), we obtain

N d
Ofu(r,t) = —L(p*v) + —(ga *p) ¥ g1-a - g

dt
= —Lau(z,t) + pg.
Therefore, we conclude that 0§t + L = pg and the proof is completed. [l

5.3. Uniqueness. In this section, we provide a uniqueness theorem for Problem
5.2 as follow.

Theorem 5.6. Under the same settings in Problem 5.2, we further assume that
p € CH[0,T]), g€ L*(Q), g >0 and g 0. Then u(xg,t) =0 (0 <t < T) implies
p(t)=0 0<t<T)

With the strong maximum principle and fractional Duhamel’s principle obtained
in the previous section, this theorem could be proved by using similar ideas from a
recent paper [21]. So we omit the proof here.

APPENDIX A. SOME CLASSICAL AND TECHNICAL RESULTS

A.1. Properties of the time-fractional derivative. In [34], the author provide
an important formula that is for a sufficiently smooth function u on (0,7") one has
for a.e. t € (0,7),

(A1)
H'(U(t))%(k *u)(t) = %(k « H(u))(t) + (= H(u(t) + H' (u(t))u(t))k(t)

+ /O (H (u(t — ) — H(u(t)) = H' (u(t)[u(t — s) — u(t)])(~k(s))ds,
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where H € C*(R) and k € Wh1([0,7]). Taking H(y) = (y*)?, for any function
u € L?([0,T7)), there will be a direct corollary of the above formula

d 1d
+ > -2 +\2
(A.2) u(t) dt(k*u)(t) 25 dt(k * (u")?), ae. te(0,7).
Denote v = —u and replace u in (A.2) by v, we will obtain
d 1d
+ 2 > +\2
(A.3) v(t) dt(k xv)(t) > 5 dt(k* (v7)?), a.e. te(0,7).
Now replacing u back into (A.3), we find that
_d 1d 9
. — < —=— .e. .
(A4) u(t) dt(k*u)(t)_ 2dt(k*(u )%), ae. te(0,T)

The following two lemmas which could be found in [37] are important for our
deduction.

Lemma A.1. Let T > 0 and o € (0,1). Suppose that v € (WH1([0,T]) and
0 € CL([0,T]). Then
(9o * (90))(1) = (1) (gar D) (1) +/0 ()95 (ga(t = ) [p(t) = p(0)])do,

for a.e. t € (0,T). If in addition v is nonnegative and ¢ is nondecreasing there
holds

(9a * (00))(t) = o(t)(ga * 0)(t) — /0 ga(t = 0)p(0)v(0)do,
for a.e. t € (0,T).

Lemma A.2. Let T > 0, k € WH1([0,T]), v € L'([0,T)]), and » € CL([0,T)).
Then

POk 5 0)0) = L= o))+ [ = a)(e(0) - plo))olo)io
for a.e. t € (0,T).

A.2. Properties of the space-fractional derivative. The following lemmas are
used in our proof and these lemmas could be found in [7, 36, 37].

Lemma A.3.
(1) Let ¢ >1, a,b>0 and 7,72 > 0. Set 9(q) = max{4, (6¢q — 5)/2}. Then

o) ton (97 (2)7)
S -=r ()7 (3)),

Since 1 — q < 0 the division by 71 =0 or 792 = 0 is allowed.
(2) Let ¢ € (0,1), a,b > 0 and 171,72 > 0. Set {(q) = 14qu, Gi(q) = %C(q) and

C2(a) =¢(q) + 5. Then

(b—a)(rfa™® = 15b77) 2(i(q) (7-21)1% - TQ@I;"’Q)
— () (2 —1)* (0 +a' 7).

2
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Lemma A.4. Let n =2 or 3, By > 0. Then there is a constant S > 0 such that
for any B € (Bo,1), R >0, 0 = ﬁ and u € HP(BR) the following inequality

holds:
2 e u(y)®
u(z)|*7dx S’/ / ————dzdy
</BR | ( )‘ ) Br JBr |$ - y‘n+2ﬁ

—|—SR72*3/ u?(x)dz.
Br

Lemma A.5. Let k > 1, p>1,C > 1 and v > 0. Suppose f is a p-measurable
function on Uy such that

c+p)\"’
1 fllLex(u,,y < <W |fllLsw,), 0<o <o<1, >0.

Then there exist constants M = M(C,~, k,p) and vo = Yo(7v, k) such that

M 1/P
ssswlf < (25 ) Wlwswy, foralld e (0.1). p€ 03]
Us (1 5)%

Lemma A.6. Assume that p1 (U) < 1. Let k > 1,0<pg < Kk, and C > 1, v > 0.
Suppose f is a Lebesgue measure function on Uy such that

C 1/8 o
!/
[ fllzex(w,,) < ((a—a)2> Ifllzsw,)y, 0<o' <o<1,0<pB< —~ < L.
Then there exist constants M = M(C,~, k) and 9 = Yo (7, k) such that

M 1/p—1/po Do
11200 ws) < ((1_5)> |l for alld e (0,1), pe (0.22].

Lemma A.7. Let I CR and ¢ : R" — [0,00) be a continuous function satisfying
supp ¢ = Bpr for some R > 0 and a(¢,¢) < oco. Then the following computation
rule holds for w: I x R — [0,00):

E(w, —p*w™") > — 3E(¢, )
IU(t,y) ’UJ((‘,,J}) 2
> /B . ¢(:c)¢(y)< 8 =500 — log ) k(z, y)dzdy.

Py P(z)

Lemma A.8. Let : B — [0,1] belongs to C}(B) satisfies ) = 1 in 6B with § < 1
and k € R(Bo, ) for some By € (0,1) and A > 1. Then there is a positive constant
C(n, Bo, A, d) such that for every u € L*(B,v(x)dx)

/B () — uyPpdz < C /B /B () — u(y)*k(z, ) ((x) A (y))dady,

where
dx
oo L
fB x)
Lemma A.9. Let 6,1 € (0,1), and let v, C be positive constants and 0 < &y < 00.

Suppose f is a positive p-measurable function on Uy which satisfies the following
two conditions:
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- —1\1/é-1/¢
£l o,y < (Clo— o)y Tu(Uh)™") N llzew, )

forall o, o', B such that 0 < § <o’ <o <1 and 0 < & <min{l,né}.

(2)
p({log f > A}) < Cu(U)A™

for all A > 0.
Then

£l Léo () < Mu(Uy)"®,
where M depends only on 0,n,7,C and &p.

Lemma A.10. Let u be a weak supersolution to equation (1.3). Let ¢ € HLP(Qr)
be a test function. Then for every I' CC I =10,T)

/, E(hm xu(t,-),p(t,-)dt — [ E(ult,-),P(t,))dt, asm — oo.

I’

PTOOf' Let V(t,l‘,y) = u(t,x) - U(t,y), (hm * V)(t,l‘7y) = (hm * u)(t7:17) - (hm *
u)(t,y) and @(t,x,y) = ¢(t,x) — ¢(t,y). Denote By is a ball with radius R > 0,
for some fixed € > 0, denote B := B4, as a ball with radius R + . Decompose
the integral over R™ x R™ yields

I/
=/ / /((hm « V)(t,x,y) = V(t,x,y)0(t,x,y)k(z, y)dedydt
'"JB JB
2 / / o(t, ) / ((han + V) (2, ) — V(E 2, 9)) (e, y)dydadt
!’ B BC
=1, +1I,,.
For Iy, we have
L < Cll(hm # V = VYK | 22 (8 x ) 1Pk | 2 (1r:22 (B x B)
< CN(hn * V = V)ko®lr2rsr2(x sy |1 @ L2 (18 (8y)

where we have used (1.7) in the second inequality. The convergence properties
shown in Section 2.2 implies that the first factor of the above inequality tends to
zero. Using (1.6), we could obtain

IIm < ||¢||L°°(I/><B) /]’ ||hm * V(ta ) ) - V(tv Y ')”Lw(R"XR") /B /B kO(xvy)dydxdt
R c
< 06_26|BR|||¢||Loo(1/><B)||hm *V — V||L1(I’;L°°(]R"><R"))'

The convergence of II,,, follows from the convergence properties shown in Section
2.2. Now the proof is complete. O
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