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Abstract

We consider a Benney-type system modeling short wave-long wave interactions in compressible viscous
fluids under the influence of a magnetic field. Accordingly, this large system now consists of the com-
pressible MHD equations coupled with a nonlinear Schrédinger equation along particle paths. We study the
global existence of smooth solutions to the Cauchy problem in R3 when the initial data are small smooth
perturbations of an equilibrium state. An important point here is that, instead of the simpler case having zero
as the equilibrium state for the magnetic field, we consider an arbitrary non-zero equilibrium state B for the
magnetic field. This is motivated by applications, e.g., Earth’s magnetic field, and the lack of invariance of
the MHD system with respect to either translations or rotations of the magnetic field. The usual time decay
investigation through spectral analysis in this non-zero equilibrium case meets serious difficulties, for the
eigenvalues in the frequency space are no longer spherically symmetric. Instead, we employ a recently de-
veloped technique of energy estimates involving evolution in negative Besov spaces, and combine it with
the particular interplay here between Eulerian and Lagrangian coordinates.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction and main results

We consider the following Benney-type system, modeling short wave-long wave interactions
for compressible viscous magnetohydrodynamic fluids,

pr +div(pu) =0,

(pu)s +div(pu @ u) = uAu + (A + n)Vdivu
+(VxH)YxH—-VP(p,0) +o¢V(g’(%)h(|w oY%,
0Py . 1

0, +u-VOo+ —divu = — (kA + V™), (1.1)
cop cop

H —VxuxH)=-Vx WV xH),

i+ Ayw = wlPw + &g (A (ww,
diviH =0,

whose terms will be explained subsequently, and the main purpose of this paper is to solve the
Cauchy problem in R3, so (t,x) €[0,00) x R3, for prescribed initial data

(00, x),u(0,x),6(0,x), H(O,x), w(0, y)) = (po(x), uo(x), 6o(x), Ho(x), wo(y)), (1.2)

which are small and smooth perturbations of constant states, say, p = po >0, u =0, 0 = 6o,
H =B, w=0, where B € R3 is arbitrary and we are interested in the case where B # 0. The
latter is motivated by real applications, such as, the Earth’s magnetic field in the ionosphere
where radiative electrons, issued from solar explosions, get trapped. Without loss of generality,
throughout this paper, we assume that py =6y = 1.

Let us recall the compressible MHD system

pr +div(pu) =0,
(pu); +div(pu @ u) = uAu + (A + p)Vdivu
+(Vx H)x H—VP(p,0)+pF,

0P, 1 1.3
O +u-VO+ L divu = — (kK AO + W), (1.3)
Cop cop
H —VxuxH)=-—Vx WV x H),

divH =0,

where p,u,0, H, P(p,0) and F are, respectively, density, velocity field, temperature, magnetic
field, pressure and external force. Further, w is the first viscosity coefficient, A is the second
viscosity coefficient, with u > 0, A + ¢ > 0. v > 0 is the magnetic diffusivity constant. As usual,
we assume that the pressure function P(p, 0) satisfies P,(p,6) > 0, Py(p,0) > 0. Also, x > 0
is the heat conduction coefficient. ¢y is the specific heat at constant volume, which, in general,
is a positive function of (p, 0). Finally,

W = p|Vul* + ( + wldivul* + v|VH]?,
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where, as usual, for a d-vector V = (v, ---, vg), |V|2 = v% +--- 4+ vfl, and for a d x d-matrix
d
A= (a;j),i,j=1,...,d, we denote |A|* := Z aizj. Here we will always assume the space
i,j=1
dimension d = 3.

Next, we recall the nonlinear Schrodinger equation describing the propagation of the short
waves, referred to an observer with the group velocity. As in [4] and [5], the latter is taken to be
equal to the fluid velocity u, in accordance to Benney’s general prescription in [1]. The equation
then reads

iw + Ayw = [w|?w + Gu, (1.4)

where w is the complex-valued wave function, G is the potential due to the interaction with
the fluid, and y denotes the Lagrangian coordinate. For the reader’s convenience, we recall the
definition of the Lagrangian coordinate (cf. [5]).

For (¢, x) € [0, 00) x R4, let ®(z, x) be the solution of the initial value problem

d —
EQ(tvx)_u(t’ q)(ta-x))ﬂ (15)
o0, x) =x.
The Jacobian Jg (¢, x) = det(9, (z, x)) of the transformation x — P (¢, x) satisfies
L Jo(t, x) =divu(t, ®(t, x)) Jo(t, x), 16
Jo(0,x)=1.
We define the Lagrange transformation Y (¢, z) = (¢, y(¢, z)) by the relation
y(@, @, x)) = yo(x), (1.7)
for some given (diffeomorphic) transformation yg : RY — R?, and we choose
X4
o0y i= [xn e [ O xansds | (1.8)
0

We observe, from the relations (1.6), (1.7), (1.8), that the Jacobian Jy(z) :=det(d,y(z, (¢, x)))
satisfies

a’ .
a7y (@) = —divu(t, (1, x)) Jy (1), (1.9)
715(0) = p(0, x).
Therefore, we have % % =0, and, since J,(0) = p(0, x), we conclude that
det(az)’(t, (D(ts -x))) = Jy(t) = p(tv q>(t7 x))?
(1.10)

i.e., det(d;y(t,z)) =p(t,z), forall(z,z)€]0,00) % RY,
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Using the same justification first proposed in [4], based on the energy identity, for which there is
an analogue here, when the only force acting on the fluid is the one due to the interaction with
the short wave, the model is completed taking F' and G having the form

o] ’ 2 ~ ’ 2
F= ;V(g Wh(woY[?), G=a1glw(y,))h (lwl), (1.11)

where o, &) are positive constants, Y (¢, x) = (¢, y(¢, x)) is the Lagrangian transformation de-
scribed above, v(t, y) is the specific volume defined by the relation

v(t, y(t,x)) = (1.12)

p(t,x)’
and g, h : [0, 00) — [0, 00) are nonnegative smooth functions with z(0) = 4’(0) =0 (¢f. [5]).

We are going to rewrite system (1.1) in a more convenient form. We first recall the following
calculus identities:

V(H|>) =2(H-V)H+2H x V x H,
VxVxH=VdivH — AH,

Vx(xH)=u(divH) — H(divu) + (H - V)u — (u- V)H.
Using these identities we may write the momentum and the magnetic field equations in the form

(pu) +div(pu @ u) = uAu + (A + p)Vdivu
+(H-V)H—%V(|H|2)—VP(,0,9), (1.13)

H; + (divu)H + (H -V)H — (H - VYu = vAH.

We next write system (1.1) setting the~1inear part around (,o_, u,0,H,w)=(1,0,1, B, 0) on
the left-hand side. We denotea=p — 1,0 =6 — 1, B=H — B,

P,(1+a,1+0) Py(1+a,1+6)

fla,0) = Ta L, g(a.0)= T Ta L,
a
ba) = TTa’

and, without loss of generality, we assume

Py(1,1)=Py(1, 1) =cp(1, 1) =1.

Then the Cauchy problem (1.1)—(1.2) can be rewritten as
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a; +divu = Fq,
ur — pAu — (A + p)Vdivu + Va+ V0 +V(B-B)— (B-V)B=F> + G,
é, — kAG + divu = Fs,

B, —vAB + (divu) B — (B - V)u = Fy, (1.14)
iw, + Ayw = [w|?w + d1g (WA (|wH)w,
divB =0,

(a(x,0),u(x,0),6(x,0), B(x,0), w(y,0)) = (ag(x), ug(x), o(x), Bo(x), wo(¥)),
where ag(x) = po(x) — 1, Bo(x) = Hy(x) — B, and

Fi=—adivu —u -Va,
1

= —E(b(a) — DV(IBI*) + h@V(B-B) —h(@B-VB+(h(a)—1)B-VB
—f(a,0)Va — g(a,0)VO — b(a)(uAu 4+ (A + p)Vdivu) —u - Vu,
o (1.15)

~ 1 1 2
G= l+aV(g (m)h(lonI ),

6 Py . 1 1 "
F3s=—u-VO—|——1|divu+|——1)cA0+ —¥
Cy P Cyp cyp

Fy=—u-VB— (divu)B+ B - Vu.
Our main theorem concerning the problem (1.1) is the following.
Theorem 1.1. Assume that
(ao, uo, 60, Bo) € H(R*) N By S, woe H (R NL'(R?),
with s € (1, %]. For 0 < € < 1 sufficiently small, if

30 = l[(ao, uo, 6o, Bo, wo) |l g3 + |l (ao, uo, o, BO)”B{ZO + llwollpr <e,

then there exists a unique global smooth solution (a, u, B, w) to the Cauchy problem (1.14) such
that for all t > 0,

t
la.u.0, B, w)(®)]33 +f IVa(®)|3, + |(Vu, V8, VB)(1) 3,5 dT
(1.16)
0
S C”(a01 uo, é()v B07 U)O)”i[s,
for some constant C > 0 independent of t. Moreover, we have the following decay estimates
_3
lw@)llLe < Coo(1+1)"2,
(@, u, 0, B)ll 2 < Co(1+1)"2, (1.17)

IV(a,u,8, B)| 2 < Coo(1+1)~ 2.
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We briefly explain some important difficulties that had to be overcome in the proof of The-
orem 1.1. Concerning the MHD system, the most interesting aspect of the problem we address
here is the fact that our equilibrium magnetic field is non-zero. A consequence of this fact is that
the corresponding linear MHD system, that is,

a; +divu =0,

uy — wAu — (A + p)Vdivu +Va+ V8 +V(B-B) — (B-V)B =0,
0, — k AG + divu =0,

B; —vAB + (divu) B — (B - V)u =0,

(1.18)

no longer admits a treatable spectral analysis. The reason is that the Fourier transform in the
space variables of (1.18) yields a system whose eigenvalues are not spherically symmetric with
respect to the Fourier frequencies & = (£1, &2, £3), that is, the eigenvalues are not functions only
of |&]. This is connected to the lack of rotational invariance of the corresponding matrix. Indeed,
as pointed out in [14], the Navier—Stokes system is rotational invariant but MHD system, with
non-zero equilibrium magnetic field, is not. Namely, if we write (1.18) in matrix form as

Ui+ AU =0,

the corresponding system obtained through Fourier transform in the space variables has the form

U +AE)U =0,

where the eigenvalues of matrix A(&) are no longer functions of |£|, as opposed to the Navier—
Stokes case (cf. [9,10]) or the case where B =0, which allows a trivial decoupling essentially
reducing the analysis to the Navier—Stokes case (cf. [16,8,12,3]).

To exemplify, we consider the matrix and eigenvalues obtained when B= (0,1, 0). It suffices
to consider the matrix corresponding to the minor obtained eliminating the line and column
corresponding to the variable ] , that is, the non-heat conductive case. Indeed, the eliminated line
and column are exactly equal to the ones corresponding to the variable a, except that, instead of
0, the diagonal element is « |& |2, which then must be counted also as an eigenvalue of the whole
system. So, let us consider the reduced matrix corresponding to the non-heat conductive case. In
this case, we have A (&) given by

0 i& i& i& 0 0 0
&1 plEP 4+ A+ wEd A+ wé15 A+ w)é1&3 —i&  i& 0
i& (e HEP+O+wE A+ ks 0 0 0
&5 (A +wEE A+ wEs pEP+A+wE 0 s —ib
0 —i& 0 0 vIEZ 0 0
0 i 0 i& 0 vE? o
0 0 0 —i& 0 0 vE]?

We may calculate the eigenvalues of this matrix obtaining that
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A =v[E,

1 1
b= S (et IER = 2y (= v)2g ¢ — 482,

1 1
o= St IER + 3y (e — w2 — 43,

and the remaining eigenvalues A4 to A7 are the solutions of the following polynomial equation
4 3 2 _
xT+ce3x’ + x4+ c1x+cp=0, (1.19)
where

c3=—@u+r+v)EP>

2 =2[&17 + (w +2u” + ap + 3uv) g,

c1 ==+ 2wuvlE|° — Qu+v)E* - anlEP — plE)Es,
co=puv|§(°+ |E1°E5.

By these formulas, it becomes evident that the eigenvalues are not only functions of |£| which
basically renders inviable the analysis of the decay of the solutions by the method of spectral
analysis: even if one could find a suitable partition of the space of frequencies for a particular
value of B, say, B = (0,1, 0), as above, this partition, in general, would not be adequate for
the matrix obtained with some other value of B, say, B = (0,0, 1), due to the lack of rotational
invariance with respect to B. For example, when B = (0,0, 1), as just mentioned, the first three
eigenvalues read

A =vlE)?,

1 1
W= lel - 5y (e —v)g)t - 483,

1 1
W= IR + 5y (e —v)g 1t - 483,

while for the coefficients of polynomial equation (1.19) in the case where B = (0, 0, 1) we have

G =—Cu+r+ el

2 =202 + w + 20 + ap + 3uv) gl

cf ==+ 20 uvlEl° — Qu+v)E[* — 4rlE]P — plE?E3,
= mvlgl® + €175

Therefore, to overcome this difficulty, to get the desired optimal time decay estimates for MHD
systems, instead of going into tedious and complicated spectrum analysis, we adopt the newly
developed pure energy method with the help of negative Besov space estimates by Y. Guo and
Y.J. Wang [6], see also V. Sohinger and R. Strain [11]. The gist of the method is illustrated in [6]
by the fundamental example of the heat equation where the estimate
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-2 Ae ¢ A@‘I’l — O,
Zdt” u@®llp2+| ullz2
trivially holds for any £ € R, where A‘u := F~1(|£|*F (1)), from which one immediately obtains

¢ 2 € 2
A u (72 < 1A uoll2,

for any £ € R. Now, assuming that | A ™ ugl| ;2 < oo, for a real number s > 0, the key trick is the
use of the Gagliardo—Nirenberg interpolation inequality

1

IA U@l 2 < HA™Su@ 5 AT u@)]|

lts
l+1+s
L? ’

and then come back to the original inequality to deduce that

d I+
Al +Co (1a%l3) T <o,

from which the optimal time decay estimate follows.

In the present case, including short wave-long wave interaction effect, application of this pure
energy method, with initial data in negative order Besov space, is still possible and indeed the
only feasible way as it seems. Nevertheless, due to the strong coupling, we need, not only to
assume the initial data to be bounded in negative order Besov space, but we also need smallness
of the Besov norm of the initial data. This reflects one of the new difficulties of our problem.

Concerning the coupling of the MHD system with the nonlinear Schrédinger equation in the
short wave-long wave interaction model (1.1), we observe that the MHD equations are written in
Eulerian coordinates while the nonlinear Schrodinger equation is based on the Lagrangian coor-
dinates induced by the fluid motion, as a consequence of the assumption that the group velocity
of the short wave coincides with the fluid velocity. No large data theory for global smooth so-
lutions is available as yet for the MHD equations, even without the coupling with the nonlinear
Schrodinger equation. The only existence theories available assume initial data close to a constant
state, and so the whole point is to show that the solution never leaves a small neighborhood of
the equilibrium state. Because of the presence of both coordinate systems in (1.1), in order to get
all estimates in just one of them, say, Eulerian coordinates, an additional concern is the increase
of the Sobolev norms of the Jacobian of the Lagrangian transformation. The general estimate
for the increase in time of the Sobolev norms of the Jacobian of the Lagrangian transformation
involves an exponential of the time integral of the corresponding Sobolev norm of the gradient
of the fluid velocity (see Lemma 2.5 below). Therefore, in order to ensure global boundedness
of the Sobolev norms in switching between these two coordinate systems, we need to obtain the
optimal time decay estimates of the gradients of # and B in the MHD system. In [5], without
the influence of magnetic field, this was carried out through the spectrum analysis technique and
usual energy estimates for the compressible Navier—Stokes system. Now, for the MHD system,
in the presence of a magnetic field around a non-zero equilibrium state, the mathematical setting
changes significantly, which led us to the assumption that the initial data are small also in certain
Besov type space of negative order, as explained above.

Concerning the correlated literature, we recall that in [7] the global small smooth solution for
the MHD system is obtained by means of time decay estimates for all components, and in particu-
lar for the velocity and magnetic fields. However, these decay estimates for the fields themselves
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do not provide a suitable estimate for the decay of the gradients of the velocity and magnetic
fields. Recently, in [16,8,12,3], under the assumption of zero equilibrium magnetic field, optimal
time decay estimates for the gradients of velocity and magnetic fields have been obtained by
simply treating the magnetic field equation as a perturbed heat equation, and so, with left-hand
side totally uncoupled from the compressible Navier—Stokes equations. Basically, this reduces
the analysis to the case of the latter, avoiding the difficulties caused by the cumbersome formulas
for the eigenvalues of the coupled linearized system. That is possible because, in the case of a
zero equilibrium state, the terms containing the magnetic field in the momentum equation are all
of order greater than one in the unknowns and their derivatives.

We further remark that, if we set w = 0, the analysis in this paper establishes optimal decay
estimates for the Cauchy problem of the compressible MHD (1.3), which is actually new because
of the non-zero equilibrium magnetic field. In this case the Cauchy problem (1.14) becomes

a; +divu = Fq,

uy — pAu — (A + p)Vdivu +Va+ (VB) - B— (B-V)B = P>,
5; — kAG + divu = Fs,

B; —vAB + (divu) B — (B - V)u = Fy,

divB =0,

(a(x,0), u(x,0),6(x,0), B(x,0)) = (ao(x), uo(x), G (x), Bo(x)),

(1.20)

where F1, F, F3, F4 are as given in (1.15).
For this simpler problem, some difficulties caused by the coordinate systems and the interac-
tion source terms disappear, and the following result holds.

Theorem 1.2. Assume that

(a0, uo, 6o, Bo) € H*(R*) N B

2,007
for any s € (0, %]. For 0 < € < 1 sufficiently small, if
80 = ll(ao, uo, o, Bo)ll 3 <,

then there exists a unique global smooth solution (a, u, 5, B) to the Cauchy problem (1.20), such
that for all t > 0,

t
Ia,u.6, BY®)II33 +/ Va3, + |(Vu, VO, VB) (1) |33 dT

/ (1.21)

< Cl\(ao. uo. fo. Bo) %3
for some constant C > 0 independent of t. Moreover, we have the following decay estimates
@, u, 6, BYC, Dl 2 <CA+0)73,

5 . (1.22)
IV(a,u,0,B)(,)|p2 = CA+1)" 2.
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Before closing this section, we would like to give a very sketchy but useful idea of the proof of
both Theorem 1.1 and Theorem 1.2. We first comment on the latter. As already said, we are going
to use the pure energy method through interpolation with Besov space technique introduced in
[6]. The first part of this technique consists of standard energy estimates of the type that goes
back to [10], which explore the fact that, for U = (a, u, ] , B), (1.20) has the structure

U, +A®3)U =F, (1.23)

where A(dy) is a 8 x 8 symmetric matrix of linear differential operators, which may be writ-
ten as A(dy) = Ao(dy) + A1(dy), where Ag(dy) is a diagonal matrix with all diagonal entries
containing a Laplacian-like dissipative operator except for the first diagonal entry which is
null; Ay (9,) is the symmetric off-diagonal part, containing first order differential operators; and
F = (F, F», F3, Fy4) as in (1.20). However, before we go further into the exposition of the pro-
cess, we remark that also in this part of the energy method in [6], there is an important new idea,
which we will point out as we get there.
Denoting by (V| W) the scalar product in L2(R?), observe that

(A(8,)D*U|D*U) = (Ag(3x)D*U|D*U) ~ ||[VD*(u, 0, B)”2L2’ (1.24)

since (A1(dy) W|W) =0, for any smooth W, say, with compact support, where we use the multi-
index notation D* = 9%, 9570y, , with || = o + a2 + @3 < 3, and for positive numbers X, Y,
X >~ Y means cY < X < CY, for certain positive constants ¢, C. On the other hand, using stan-
dard inequalities, such as Holder, Young, and Gagliardo—Nirenberg, using also the smallness of
the H> norm of the solution, assumed a priori, denoting V¥ = (D% )|«|=k> We can easily obtain
the estimates

(VFFIVRU) <8IV U |13, fork=0,1,2, (1.25)
and
(VHRIVE D) <6 (IVU13, + 1992 0,0, B)IS, ), fork=0,1,2. (1.26)

From (1.25) and (1.26) it follows the inequality

d -
o D IV UL +C Y IV w6 Bl <8 Y IVEal?, (127)
1<k<3 1<k<3 1+1<k<3

1=0,1,2, where by X <Y we mean X < CY, for some positive constant C. The suitable use
of a combination of both (1.25) and (1.26), is the important new ingredient here. The point is to

be able to get separate estimates for the (3 — /)-Sobolev norm of VU foreach=0,1,2.
Now, from the second equation in (1.20), it follows

d ~ -
S (VVra Vi + CIVFal? S IV @, 6, BY I, + IV, 6, B (1.28)

Combining (1.25), (1.26), (1.27) and (1.28), we arrive at inequalities of the form



H. Frid et al. / J. Differential Equations 262 (2017) 4129-4173 4139
d .3 k112 K+l 5 pyi2
Egk + IV allys e H IV, 60, B)ll734 <0, fork=0,1,2, (1.29)

where £ (1) is equivalent to | VKU (1) 3,5 4, k =0, 1,2, from which (1.21) follows.

Now, for A, asin (2.2) and A™* as above, again we have

A@)AALU AT ALU) = (Ao(:) A A U | AT ALU)
~ VAT Ay, 0, B)|3,. (1.30)

Now, we reach the crucial point of the application of the method in [6], which are the estimates

(A AF A AU SIVUIS AT AU 2, fors € (0,1/2], (1.31)

and
—s F —s < s—1/2 5/2—s —S f 1/2 2 1.32
(ATAFIATAU) SNUN L TIVUI Y IIAT AU 2, fors e (1/2,3/2). (1.32)

For s € (0, 1/2], (1.31), together with (1.30) and (1.21) leads to
IOl g;s = Co, (1.33)

where the Besov norm | - || By is defined in Definition 2.2. We then use (1.33) together with

Gagliardo—Nirenberg type intérpolation inequality, as in the example of the heat equation, to get
the desired decay for s € (0, 1/2]. On the other hand, for s € (1/2, 3/2), by interpolation we have
that Uy € B; ééz, and so we can apply the decay obtained for s = —1/2 in order to bound the
time integral of the factor multiplying [|A™* A, U || 2 in the right-hand side of (1.32) to conclude
that (1.33) holds also for s € (1/2,3/2), and get the desired decay as before.

Concerning Theorem 1.1, for the short wave-long wave interaction system (1.14), we com-
bine the procedures just described, with a time decay estimate for the Schrodinger component,
obtained by first assuming a priori the time decay estimate for the gradient of the velocity. The a
priori assumption will be justified, by a bootstrap argument, once we get the desired decay, with
a small factor depending on the initial data, as in (1.17).

Since there is essentially no difference between the proofs for the non-heat conductive case
and the heat conductive one, we will present the proof of Theorem 1.1 only for the non-heat
conductive case. Therefore, for the sake of reference, we set below the non-heat conductive
system corresponding to (1.14),

a; + divu = Fi,

ur — wAu — (A + p)Vdivu +Va+ V(B -B) — (B-V)B=F> + G,
B; —vAB + (divu) B — (B - V)u = Fy,

iw, + Ayw = |w?w + d1g WA (|wHw,

divB =0,

(a(x,0),u(x,0), B(x,0), w(y, 0)) = (ao(x), uo(x), Bo(x), wo(y)),

(1.34)

where ag(x) = po(x) — 1, Bo(x) = Hy(x) — B, and
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F1 = —adivu —u - Va,
1

Fr=—>(h(@) - DV(IBI*) +h(@V(B-B) —h(@)B-VB+ (h(a) - 1)B- VB

—f@)Va —h(a)(nAu + (A + p)Vdivu) —u - Vu, (1.35)
5= Y e h(wo v
G= 1+av(g(1+a)h(|w Y[9),

Fr=—-u-VB— (divu)B+ B -Vu.

The present paper is organized as follows. In Section 2, we introduce some notations and
give the proof of the local existence. In Section 3, we give the proof of three lemmas which are
important energy estimates for our global existence. In Section 4, we establish the evolution of
the solution in the Besov type space with negative order. Using the results in the previous two
sections, we then prove the Theorem 1.1, in Section 5. For the convenience of the reader, we
include the Appendix with some useful lemmas.

2. Preliminaries and local solutions

We will use, throughout this paper, some standard notations. H*(R?) is the k-th order Sobolev
space based on L?(R3), and if we need to emphasize the space coordinates, whether Eule-
rian or Lagrangian, we denote H;‘ (R3) or H;‘ (R3), respectively. We use any of the notations
D;, Dy,, 9;, 9y; to denote the partial derivative with respect to the i-th spatial coordinate. We also
use the usual multi-index notation, so, D = DY D? D5; . The subscript x is used for Eulerian
coordinates, y, instead, is used for Lagrangian coordinates, and they may be omitted when there
is no risk of confusion. We denote V¥u the collection (D%u)q|=k of all k-th order partial deriva-
tives with respect to x, and when k = 1 we omit the superscript, as usual. For the estimates in
this paper, we will use C for a general constant depending only on the data, and sometimes we
may use C(a, b, - --) to emphasize the dependence of C on a, b, - - -. The notation A < B as an
equivalent of A < B. The notation A >~ B means that A < B and B < A.

We recall some definitions, notations and few basic facts concerning homogeneous Besov type
spaces, based on [2]. The homogeneous Littlewood—Paley decomposition relies upon a dyadic
partition of unity. We can use for instance any ¢ € C°(R"), supported in C := {£ e RV,3/4 <
|&] < 8/3} such that

Y@ ) =1 if &30 2.1

q€Z

Denote h = F ¢, where F is the Fourier transform in R . We then define the dyadic blocks as
follows

Aqu:=¢279D)u = 29N / hQ27y)u(x —y)dy, and Syu= Z Aglt. 2.2)
RN k<g—1
The formal decomposition

u=y Agu (2.3)

qeZ
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is called homogeneous Littlewood—Paley decomposition. The above dyadic decomposition has
nice properties of quasi-orthogonality: with our choice of ¢, we have

AcAgu=0 if [k—q|>2, (2.4)
Ap(Sq—1urqu)=0 if |k—gq|=5. (2.5)

Let us now introduce the homogeneous Besov space.

Definition 2.1. [2] We denote by S, the space of tempered distributions u such that

lim Sju=0 in &. (2.6)

j——00

Definition 2.2. [2] Let s be a real number and (p, r) be in [1, 00]2. The homogeneous Besov
space Bj, , consists of distributions u in S such that

1/r
lullgy, o= | D 27 Ajul, | <400, forl<r<oo, 2.7)
JEZL
lull gy, = sup 27| A jullLr < +o0. 2.8)
JEZ

We also define the operator A~ by A ¥ ¢ := FY(E|75 Fg), for any ¢ € D.

With the help of the notion of Besov spaces, the classical Gagliardo—Nirenberg inequality can
be further generalized, see [6,11,15]. We will use these interpolation extensively. Some useful
lemmas were listed in the Appendix as Lemmas 6.1-6.5.

The following three lemmas were proved in [5], which form the basis for the analysis in this

paper.

Lemma 2.3. /5] Let x = x(t, y) be the inverse Lagrange transformation in R? induced by ve-
locity field u, F(t,y) = Vyx(t, y) be the deformation gradient matrix at time t. For any function
¢ € WhP(R3) and 1 the identity matrix, if | F (t) — 1| oo < é,fort > 0, thenforany 1 < p < 00,
it holds that

1
SIVx0llg < 1Y@y <21 Vxpll -

If for two positive constants p1, p2, 0 < p1 < p < pa, where p satisfies the continuity equation
pr +div(pu) =0, then

——— ol e <l S Clor, p2)llgll e
Clp1,p2)  E Ly Lx

Furthermore, under all the above conditions, there exists a constant C(p) independent of ¢, such
that

1
Sy 1Plhwer = IOEOD e S @l Lo
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Lemma 2.4. [5] Let F(t, y) be, as above, the deformation matrix associated with the Lagrange
transformation in R3. For § > 0 small enough, if | F(t) — ]I||H3 <6, and 0 < p1 < p(t,x) < p2,
fort >0, then for k = 1,2, 3, it holds that

1
@l < lpON e S Clor, o)l -
C(p1,pa) Hy H

Denote E(t) = F(t) — Foy, where F is the deformation gradient, Fy = Vyy, ! is the initial
deformation gradient, and let E; ; be the (i, j) entry of E. Then we have the following Lemma.

Lemma 2.5. /5] For some C = C(€) > 0, and for k =2,3, - - -, the matrix E satisfies
' '
|IE(t)||§,k§(/ Vu (o)l g+ dt) exp C/IIVM(T)IIdeT
0 0

Now, we establish the local existence for problem (1.34). Let us recall the space X ! (1,1, E)
used in [5,9], where, for some E > 0,0 <t} <, < 00, we have

X\(t1,10; E) := {(a, u, B) ra(t,x) e CO%ty, 1o; HYN Cl(ty, 1 H'Y),

u' (t,x), B(t,x) € CO=t1,12; HYNC (11, 10; H™2) N L2 (11, 1; H'T)

i=1,2,3, and |(a,u,B)% (2.9)

n=r=n

19}
= sup ||<a,u,B)<t)||%+/||a<s>||,2+||(u,B><s)||,2+1dssE2}.
n

We also define

Xl (01,03 ) 1= fw € Clar s H' (R ©) N € (1,105 HIZ(R3; O :

(2.10)
lwixy = sup lwol < E}.

11<t<n
Theorem 2.6. Consider system (1.34) and take | = 3. Given the initial data at a time t| > 0,
(a,u, B)(1) € H'(R?), w(n)e H (R};C), (2.11)

where the subscript y is used to indicate that we use the Lagrangian coordinates induced by
u@®),0<t<t,att=tyin R3, and we recall that w is complex valued, which we emphasize by
putting C as the image of w, which will be frequently omitted. Then, there exist three constants
81>0,e€>0(8) <€)and t >0, such that if

@, u, BYAD g <81, Tw(e)lg < 1,

then the initial value problem for (1.34), with initial data (2.11) prescribed at t = t1, has the
unique solution
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(a,u, BY(t) € X'(t1,11 +15€), weX, (t1,11+71;6),
where 81, €, T do not depend on t;.

Proof. We consider the following linear operator

LY(a) :=a,; +ii - Va + (divi)a,
L) :=u; — pnAu — (A + p)Vdivu,
L*(B) := B, —vAB,
Lg(w) =iw, + Ayw.
Let )_(3(1‘1,1‘1 +1;€) and )_(,3”(1‘1, 11 + t; €) be the completions of X3(t1 ,11+71;€)and X3w(t1,t1 +
7; €) with respect to the norms || - || 3 and | - || x3 , respectively. Given (@, i, B)e X3(t1,t1+1;€)
and W € Xz,(fl, 1+ t;€), let U= (a,u, E), V= (U, w), and let us consider the solution
V =(U,w)=(a,u, B,w) = L(V) of the initial value problem for the linear system
LY(a) = —divii,
L(u)=R(a, i, B, ),
L*(B) = R*(@a, ii, B),
LY (w) = R*@, i, W),

2.12)

with initial data (2.11), where

R@,ii, B, W) =—-Va—V(B-B)+ (BV)B — %(b(a) — DV(B|*)+b@V(B-B)
+(h@ — 1)B - VB —§(@)Va — h(@) (uAii + (A + ) Vdivii)
1
—ii-Vi +061V(g’(1+—&)h(|ﬁ) oY%,

R*a, i, B) = —(divit) B + (BV)ii — it - VB + (divi)) B — B - Vi,
1
1+a

R3(a, ii, w) = || + oy g(——=)h' (| |*)b.
Our goal is to prove the existence of a fixed point of £ : (X3 x X3) (11,11 + 7;¢€) — (X3 x
Xi)(tl , 11 + 7; €), for T and € sufficiently small.

Let S(t) = (S1(1), S2(1), S3(¢)) be the semigroup associated with L(u). S*(#) and S°(¢) be
the semigroup associated with L*(B) and Lg (w) respectively. Let ®° (¢, x) be defined exactly as
in [5] and the following proof are similar to the local part in [5] so we only give a sketch of the
proof.

Through Duhamel’s principle and estimates about semigroup, we could obtain

ziug; DS (u, BY($) |2 < [IDS (u, B)(t1)]l 12
e i (2.13)
+C(t —1t) sup {||(C~l, BY() | grar+1 + NNa ()l gre+2 + ||11)(S)||H|a\},

1 =s=t
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for |¢| =0, 1 and

sup [[DYw(s)llz2 < IDFw(t)l 2
y y

t<s<t
) (2.14)
+C—n) sup {1a)l gt + 1B e |
1 <s<t
for |a| =0, 1, 2, 3. Using the same arguments as in [5], we have the estimates
1
la®)lz2 < (la )21+ €t =m)D)
Y C(t—1) sup ||ﬁ||H1)<1 L C(t—1) sup Ilﬁllm)’
H<s<t n=s=<t
1 (2.15)
la@) 1z = (la@ll2(14+C =)D
+C—n) sup [ills)(1+C@ =) sup il ),
tH<s<t H<s<t
for |o| =1,
1
[Dfall;> < <||D“a(t1)||L2(1 +C(@—1n)?)
+C—t) sup [l ) (1+CE—m) sup lills),
1 <s<t f<s<t
1 ~
[Dfallp= < (IIDaa(Il)Ile(l +C@—1n)2)+C(@t—1) sup |lullgys3 (2.16)
t<s<t
t
1 ~ 1 -
+Ca=md ([ 1361 ds)) (14 Cu =) s lily),
H<s<t
1
and, for || =2, 3, we have
1 ~
IDSall;> < (IIa(ll)Ilm(l +C(t—1)2)+C(t—11) sup |lullys
H<s<t
(2.17)

n=s=t

t
+Ca=m([ 15613 (14 Ca=n) sup Jilly).
1

To estimate || D¢ (u, B)|| 2 for |a| =2, 3, we proceed as follows. We integrate by parts the equa-
tion

D%(L(u) — R(@, ii, B, w)) - D%u + D*(L*(B) — R*(, ii, B)) - DB =0,

from which we obtain
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d
DS BYD72 + coll VDY (e, BYO)II

SIDEw, BYD3,+C > (||D;?<&, DYOI72 + Ve DL (@, é)(nniz),
|Bl<lal

where cg is a positive small number. Applying Gronwall’s inequality, we deduce that

t<s<t

t
sup 1020 BYO) 2 + ([ 19,08 BO)IE )
4

o [ Lo ) (2.18)
5IIDx(u,B)(t1)IILz+CfII(u,B)(s)IIH4ds
n

+Ca =) sup {1aG) g + 1. BYOl s + 15Ol |

1Ss<t
holds for |o| =2, 3. Using (2.13) to (2.18), we can complete the proof as in [5]. O

In the rest of this paper, we will assume that

sup (14102 | Vu(t)|l 2 < o0. (2.19)
0<t<T

where s € (1, %], 0 < 0p < 1 is chosen so that, in view of Lemma 2.5, the hypothesis of
Lemma 2.3 and Lemma 2.4 are satisfied. The justification for the assumption (2.19) is obtained
as a result of our decay estimates for the MHD equations and is one of the key points in the proof
of Theorem 1.1.

Using the same arguments as in [5], the following lemma is due to classical results for non-
linear Schrédinger equation.

Lemma 2.7. Let (a,u, B,w) € X3(0, T; €) x X3 (0, T;¢€) be a local solution of (1.34). There
exists C = C(e) > 0 such that, for all t € [0, T, where the solution is defined and (a,u, B, w) €
C([0, T1]; H*(RY)),

Cdo
lw®)lLe < ——, Nw®)llys S lwollys.
+1)2

3. Proof of the Theorem 1.1: energy estimates
In this section, we will derive the a priori energy estimates for the local solution (a, u, B, w)

to the system (1.34), on the time interval where it exists as a classical solution. Hence we assume
a priori that for sufficiently small § > 0O (to be specified later), it holds that

VE® = lla®)ll s + 1@l s + 1BO | g3 + lw(@®)ll 3 <. 3.1

First of all, by (3.1) and Sobolev’s inequality, we obtain
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1
Ssatl=2 (3.2)

Hence, we immediately have
(@), @] <lal and 6% (@), [f® (@) <C forany k> 1. (3.3)

In other to systematize our estimation procedure, let us write the MHD part of (1.34), that is,
the first 3 equations in (1.34), for V = (a, u, B), in the form

V, +A@3,)V =H, 34

where A(dy) is the matrix of linear differential operators which we may write as A(dy) =
Ao(dy) + A1(dy), where Ag(dy) is the diagonal dissipative second order part, and A1(9y)
is the formal symmetric off diagonal matrix of first order differential operators. Also, H =
(Fi, F, + G, Fy), and Fy, F, G, Fy4 are defined just after (1.34).

We just need to know the “qualitative” form of the terms composing the components of H.
So we use the following self-explanatory notation which seeks to display formally only the de-
pendent variables, functions of them and their derivatives, involved in each term, completely
omitting the indices which specify vector components:

F1 ~aodju+ud;a, 3.5)
F, ~ BB +H(a)Bd; B+ h(a)Bd; B + f(a)d;a + b(a)a,?ju +udju, (3.6)
G~ (#) o (g’(L>)h(|on|2> (3.7)
14+a 14+a
+ <#> ¢/ (i (mwo vP)).
1+a 1+a
F4~ud; B+ Bdu. (3.8)

So, for example, in the right-hand sides of the above expressions a term like ad;u means any
expression formed as the product of a by a first order derivative of a component of u, while, say,
ud; B means any expression formed as the product of a component of u by a first order derivative
of a component of B. The left-hand side means that any component of the respective vector,
F1, F», - - -, has the form given by the right-hand side.

Denoting by (W) | W») the scalar product in L2, we also notice that, as in (1.24),

(VEV, + A@) VFV [ VEV) = (VEV, + Ao (00 VAV | VFY) (3.9
1d
=54 / \VEal® + |V*ul* + |V¥B|* dx +/ulvk+lu|2dx
R3 R3
+/<x+u>|vkdivu|2+v|vk“B|2dx
R3

d
~ /(|V"a|2 + IV + 1VEB) dx + Co (IVFull2, + V441 B, )

R3
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We first derive the following energy estimates which contain the dissipation estimate for u
and B.

Lf:mma?;.l.lf,/ci'3 <$, lwoY|re 2 |w| e and |lwo Y| g 2 ||w| g withl =k — 1, k, then
fork=1,2,3 we have

d 1
E/('Vka'2+ VA ul + 194 B dx + 5 IVl + IV B2 )
R3

V& (||vk<a, w, B)7, + IV, B2, + (1 + )70V w, vkw)niz) :

Proof. Applying V¥ to (1.34) and multiplying the resulting identities by V¥a, Vku, V¥B re-
spectively, summing up them and then integrating over R3 by parts, we obtain

1d

S / IVEa|? + |VRu > + VB> dx + f wIVEu? dx

R3 R3
(3.10)
+ /(A + W | VEdivu)? +v|VFH BPdx =1 + L+ I3 + L,
R3

where we used (1.24), and

I = (VEF [ VRa), D= (V*Fy | Vi)
I := (V*Fy | VEB), I := (VFG | VFu).

We then decompose each I; according to its terms obtaining

L =Ji+ /2,

Ji ~ (V¥@du) | V), Jo ~ (V¥d;a)|VFa),
L:=L+Js+Js+Jo+J7+ Js,

J3 >~ (V¥(B;B)|V*u),  Jy~ (V*(h(a)Bd; B)| VFu),
Js >~ (VE(h(a)Bd; B) | VFu),  Js ~ (V¥ (}(a@)d;a) | VFu),
J1 = (VO (@dfu) [ Vo), Ty = (VE@dj) | Vi),

I3 :=Jo+ Jyo,
Jo 2= (VEud; B)|V¥B),  Ji0 = (VK(Bdu) | V*B),
Iy :=Ji + Jiz,

1 1

Ji x> (Vk <(m> 0; (g/(m)) h(lw o Y|2)) ‘ Vk“) )
1 1

T ~ (v" ((m) & (G (h(|w 5 Y|2))) ’Vku) :
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We first proceed the analysis of the terms Ji, J>, Jg, J7, Jg which follow by the same computation
as in [6,13]. We start with J;. Fork =1,

J1 2~ ((Va)dju +aVu|Va),
and so
IS IVullsIVall?, + llall s Val 211 V2ul 2
< JEAVal, + 1921,
For k =2, we have

i~ ((V2a)du + VaVdu +aV>u| Va),

SO
IS IVull=IV2al3, + 1 Vall Lo 1 V2ull 2 1V2all 2 + llall o |V ull 211V 2al 2
S JEAVal? + 1Vl + 193u)2,).
For k =3,
B = ((Via)dju + VZaVdu + VaV>u +aV3ou | Via),
SO

3 2 2 2 3 3 3
NS IVulIV3al3, + 11IV2aV2ull 21 V2al 2 + [ Val LoV ull 2| V7al 2
4 3
+llallze I V4ull 21V 2
N UjlLoe a 12 aj|lLoee Uljz2 “ajlr2 ajlpe ulfr2 ajjr2
SIVullpe IV3all?, + I Vall Lo I V3ull 2 1V3all 2 + llall e | V4ul 2 V3all

2 2 3
+IVZullslVaaleIVoall 2,

now we use Gagliardo—Nirenberg inequalities (see (6.1), where « =2,m =0, =3, p =3,
q,r = 2 for the second inequality)

2 3 2 1/6 o3, ,5/6
IV%all 6 < ClIV3all 2 V2l s < Clull LIVl < V&
to get

N SVENV3alZ, + 1Vull?, + 11V ul2,).

Concerning J, an entirely similar analysis gives

B SVE VRl + IVRul7, + 1V )3,

fork=1,2,3.
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Let us now analyze the terms Jg, noticing that Jg >~ —(Vk_l (f(a)d;a) | Vk“u). Fork =1, we
trivially have

Js SV EUIValll, + 11Vul7,).
For k =2, we have
Jo =~ (f (@)Vadia + f(a)Vdia | V3u),

and so, using Gagliardo—Nirenberg inequalities (6.1) with p =3, ¢, r =2, a =1,m=0,l =2,
and the standard case p =6, ¢q,r =2, a=0,m=1,l=1,

Jo S IVall 3 11Vall o V3ull 2 + llal o I V2all 211V ull 2
< JEavalz, + 193,
For k = 3, we have
Jo = ((f"(a)(Va)* +§ (@)V*a)dia + f (@) VaVda + {a)V>dia | Viu),
and so
75 S (1VaP 2 + 1(V2)diall 2 + (V) (V@) 2 + llall | V20l 2 ) 19l
< (IValRIval}s + 1Vall s 19%all s + lall = [1V2all 2 ) 1l .2
< JEAV3alZ, + 1Iv4ul2,),

where we again use (6.2) with p =3, ¢g,r =2, « = 1,m =0,/ = 2, the standard case p = 6,
q,r=2,0=0,m=1,]=1, and also the following other particular case of (6.2)

1/3 2/3
IV Flls S WALV FIS.

As to J7, Jg, we first write
Jr > = (VN O(@)0fu) [V ), Ty~ = (VA o) | VET ).
So, for k =1, we have
J1 2 (h(@)du | Vi), Jg =~ (udu| VZu),
then, trivially,

2 12 [c3 12
J1 S lallIVoull; S/ & I1IV-ull 2,

Js S lull oo 1 Vull 2 11V2ul 2 SV E VUl + 1Vl ).



4150 H. Frid et al. / J. Differential Equations 262 (2017) 4129-4173

For k =2, we have
J1 2 (0 (@)Vadu+b(@Vojiu| Vu), Jg~ (Vudiu+uVou|Vu),
and, so,
J1 S (IVallz= I V2ull 2 + llall o 1V ull 21V ull 2 S /?3<||V2u||iz +1V3ull3,),
I3 S (IVull 3 1Vull s + Null Lo V2 ull 2) V20l 2 S /?3<||v2u||iz +1V3ull3 ),

where besides the estimates already used, we use

1/2 1/2
IV Flls < ALV £

always as application of Gagliardo—Nirenberg inequalities (6.2).
For k = 3, we have

J1 2> (0" (@)(Va)* + b (@) V2a)dju | Vi), Ty~ (V2udiu + VuVou| Vi),
T S (IVall3sIV2ull s + 11V2all 3 [V 2ull o) | VAl 2

S JE AV, + 1V,
I8 SVl 31V 2ull g6l VAull 2

S JE AV, + 1V ul2y),

using inequalities already used above by application on (6.2).

We now analyze the terms J3, Js, Js, Jg, J1o which together with those already analyzed com-
plete the list of the terms not involving w. They are treated in a manner very similar to the one
used for the terms already considered, so, it will suffice to consider the representative case of Jj.
So, let us consider J4 =~ —(V¥~1(h(a) Bd; B | V¥ u). For k = 1, we have

Ja 2 (§(a)B3 B | V?u) S llall 6l Bl sV Bl 16l V2l 12
~\JEUIVEBIT, + IV2ull3 ).
For k =2, we have
Js >~ (' (@)VaBd; B+ h(a)VB9,; B + h(a)BVd; B| V>u)

S (IlVa||L6||B||L6||V3||L6 + llallsIVBILslIVBIi s + llallellBllellszIm) IV2ull 2

172
L2

172

< (I92all 21V BI 2 IV Bl 2 + [V all 21928111

11,2 1V Bl 2
+ llall o NB =1 V2Bl 2 ) 1Vl

SVEUVABIZ, + IV BT, + [Vull3,).
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For k = 3, we have
Ja~ ((h”(a)(w)2 + 5/ (a)V2a)B3; B + h(a)(V>B3; B+ VBV B + BV>3; B) | V4u)
< (Ivall 2 1valy 21 B~ 1V Bl s + 1Vl ol Bll 1oV Bl o
+ lall s V2Bl oIV Bl s + lall 2ol Bll oIV Bll o) 194l
S /?3<||V3a||iz +IV3BIZ, + IVBIT, + VHull3,).

Now we consider the terms involving w, i.e., Ji1, J12. We first notice that

T+ 3 (g’ (—))h(lwl ) ~a(@ja)|w|* + @ja)|wl*,

1
172549 (—)3 (h(w]*)) ~ alw]?3; (lw]*) + [w]*3; (lw]*),

where j =1, 2, 3. We then have
JuSLi+Ly, JioSLz+ La,

where

L1:|<V"(a~Va|w|“)|V"u)|, L2:|(Vk(Va|w|4)|Vku>|,

Ly =] (V@ PV(w) | Vu) |, La= | (VEQwPV(w) | Vu) |

‘We first consider L,

Ly~ (vk—1<aVa|w|4> | V"“u) | S IV @vValw D 2 IV . G

For k =1, we have

Ly Sll@ValwM 2 1V2ull 2

Slwlizellaliz=lVal 2 11V2ull 2 (3.12)
<V& (1val, + 192l ).
For k=2,
L1 5 (IV @V 2wl + I@Va) - V(w2 ) 1Vl 2

4 2 3
SlwlizeVallsliVallzs + llall< IV=all 2) 1V ull 2

+llwli l@Va)ll I Vwll 2V ull 2 (3.13)

SVE MWl T lIVZall 21V ull 2 4/ E§ lwlli e VWl 21V a2
SV (I9%al + 1V3ul2, + (1 + 07| Vwl2,).
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For k = 3, we need to deal with

IV2@Valw 21Vl 2 S UV @) 2 lwllf e + laVall o I V2wl 21 VAl 2.

Now,
IV3@®)l2 S llaViall 2 + 11(Va)(Va)ll 2
SllallzelIV3all2 + IVall311V2all s
< (lallpe + IVall )IIV3all 2,
and

2 4 3
IVEQw D2 S IV (wlVw)llz2
2 2 32
S HMwlFVwlZliz2 + wl” Vw2
2 2 2
SlwlzecVwlzsIVwllizs + lwllze lwllzs IV-wllze

2 2
Slwlizee (IVwllzs + llwll ) IVEwll 1

Therefore, for k = 3,

L1 SV& (IV2alZ, + 1V*ull7, + A+ )7 V2w]|3,, ).
L L

Hence, we have that for k=1, 2, 3,

L1585 (1953 + 1V a2 + (4070195 wi,, ).
For the term L,, we have
Lo = | (V¥ (Valwl*) | V¥ u) |
< (IVallz= 195 i)l 2 + Tl 194l 2 ) 1944l 2
<V (I94all2, + 195l + (0194w 2,)
For the term L3, we have
Ly= | (VE@V(w*) | V¥u) |
S1(VEValwiy V) 141 (VE (@l V) |
:=L31 + L3».

The term L3 is a constant multiple of I, while L3, can be estimated as follows
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Laz = (Jlall =V (w2 + Il V¥ al 2 ) 1V a2
SV (I9%als + 1V ul2, + (14071 VFw)2,)
So at this point, we have the following estimates about L3
Ly S & (IV¥alZs + IV ull2, + (1 + 072UV wl2, + 195w 2,)).
For the term L4, we have
Ly S Il IV 0l 2199l 2 S €5 (199l + 1+ 070194 w2, ).

Combining all the estimates for J; through Jig and L through L4 for Ji; + Ji2, we finally
complete the proof of this lemma. O

The next lemma offers estimates that complement those gave by Lemma 3.1.
Lemma 3.2. If /3 <6, ||lwo Y|z = w1 and ||wo Y| g1 = ||w]| g with =k — 1(k > 1),
k,k 41, then for k =0, 1,2 we have
d
dt

SVE (19 @ B, + (4 D=0V w, Vo) 2,)),

1
(19¥al}s + IVl + 194813 ) + 5 (199 ulZ: + 19941 I3,

where kN*~Vw is used to confirm it is zero when k = 0.

Proof. We first recall (3.10) in the proof of Lemma 3.1,

1d
55/|v’<a|2+|vku|2+|vk3|2dx+fu|vk+1u|2dx
R3 R3
(3.14)
+/(,\+M)|v’<divu|2+v|v’<+13|2dx=J1 + 4 12,

R3

however, here we need to give different estimates. We start with J. If k =0, we have
T S lall sVl g2 llall s < /& (Wuniz + ||Va||§2) :
if kK > 1, we have

S Y VeV 2 VE a2
0<l<k—1

S Y. TULkD.

0<l<k-1
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2 2
T(J1,1,0) = [la@ull21IVoall 2 S llall s Vull s 1Voall 2
3 2 12 212
SVE UVall, + 192ull?y).
~ 3
T(J1,2,0) > [|aVjull2[IV7all 2
2 3
Sllall s Vaull sl V2all 2
3 3
Sllall s IViull21V2all 2
3 12 3.2
SV (IV%al3, + 19l
~ 3
T(J1,2,1) = |[Vadul2[V7all 2
3
SIVall sl Vull 4 IV-all 2
CAN T JTE SRTROVE JU. Ry S
Sl 1V3all 2, el 25193l 1 Vall 2

<V (199l + 1Vl ) 1V2al

S V& (1%l + 1V2ul2,).

Therefore, we summarize the above estimates for J; as

N SYE (19 ald, + 1V w2, ).

Similarly, we can obtain the following estimates on J», Jg, J7, Js,

D Je SV E (||V"+1a||iz + ||vk+1u||iz), T, Iy SV E IV 3 5.

Analogously, we obtain

T3 Ja, J5. o, Do S/E (IV9all2, + 194l + 1V BI2, ).

(3.15)

(3.16)

(3.17)

Since by now the estimates are routine matter, we just consider the case of J3. For k =0, we

have

J3 S Ib@llzee lull s 1Bl sV Bl .2

SVEIVBIZ,.

If Kk > 1, we have
1S (V@B B) | V)

S Y V@V B B2 IV il
0<l<k—1

= Z T (J31,k,1).

0<l<k—1

(3.18)

(3.19)
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These terms has been carried out in Lemma 3.1. We can simply utilize those estimates except for
T (J31, 2, 1), because of the mismatch of the order therein. So, we do as follows

T(J531,2,1) SIIV(H(@)(B3; B)ll 121V ull 2
S I(Va) (B3 B) || 21IV3ull
SUBlL=IVal 4| VB IV ull 2
1 1 1 1 3.20
SUBIL=(IBIZIV3BI lall 2 IV3al ) [V 2ul 2 520
SVE UV B2 + [Vall 12) I VPull3
SVEUV3alZ, + IV B, + V3ul7,).
Therefore, we conclude from (3.18)—(3.20) that, for k =0, 1, 2, it holds
B SE (19 ald, + 1V BIZ, + 194 i, ). (3.21)
We finally consider the terms involving w, i.e., Jii, J12. As in the proof of Lemma 3.1,
we decompose Ji1 + Ji2 S Ly + Ly + L3 + La. For Ly, since those estimates carried out in

(3.12)—(3.13) have different orders, we are going to work it through in different ways. For k =0,
we know that

L1 S llall s llwldee I Vall 2 llul 6 (3.22)
SV (I1vald, +1vul?,) (3.23)

For k = 1, using integration by parts, we have
Ly S ll@Va)lwl*) 2 V2ull 2
Slwliillall 1 Vall 6l VZull 2 (3.24)
<& (192l + 19212,
For k =2, we have
L1 5 (IV@Va 2wl + I@Va) - V(w2 ) IVull 2
Slwlie(IValiy + llavVial )V ull 2
+ lwliF e l@Va)ll Lo [ Vwll 2 V3ull 2 (3.25)
S lwlidellall 5 1V3al 2193 2 + & Il | Vw21V 2

SVE (19l + 1V%ul3, + (1 + 071Vl ).

Therefore, we have for all k =0, 1, 2, the following estimate on L1,



4156 H. Frid et al. / J. Differential Equations 262 (2017) 4129-4173

L1 < \/?g <||v’<+1a||i2 +IVE ), + +t)_9||ka_lw||iz> : (3.26)
For the term L, we have when k = 0 that
Ly S lull ol Val 2wl lwl 5 S /E3AVal, + 1Vul),
when k = 1, using integration by parts,
Ly S lwllzee lwll 3 Vall s 1 V2ull 2
< eVl + 1V,
and when k = 2, using integration by parts,

Ly < IV(ValwHl 2 11V3ull 12

SHwl3 e (IVal e [Vwll g2 + 1IV2all o llwll I V3ull 2,
therefore, we obtain for each k =0, 1, 2, the following estimates on /I,
L $\& (19 alls + IV ul2, + (14 0~ kv  w)3)

For the term L3, like in the proof of Lemma 3.1, it can be bounded by L3 and L3y, where L3
is a constant multiple of L, and L3; is defined by

Ly~ (Vk(a|w|4) | vk+‘u) .
It is easy to see, for k = 0, that
Lz S lallsllwle lwll g3 Vel 2 S /?3<||Va||iz +Vull?,).
and for k = 1 that
Lz Sllwlli (I Vallgsllwll g3 + lallze | Vwll )11V ull 2
< JE AV, + IVl + (1 + 07| Vwl,).
For k = 2, direct calculation shows

3 2 3
L3 Slwlize(IVoalzsllwlizs + 1Vall s IVwlige) 1V ull 2

+llallzoe (Iwlli s + lwlFec IVl L) (IV2wl 22 + VWl 2) 11Vl 12
SVEUVallZ, + Vul?, + 1+~ °(Vw, V2w)[3,).

So we can get the estimates about /3 as follows
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L3S J?g (||vk“a||iz H IV |7, + (4 07 RV w, vkwniz).
Since L4 is similar in form to a term contained in L3, we have
Ly SV Qw2 1V a2
5\/33 (||vk“u||iz + 1+ |kVEw, V"wniz).
Combining the estimates about L to L4, we have
Tt Jo 36 (199 allZ, + 195l + 4+ 0~ 1G94, V)2,

Combining all the estimates on J; to Ji2, we finally complete the proof. O

Lemma3.3.1f /&3 <6, |wo Y|~ x[[wlr~ and |wo Y|y = [|wl g withl =k, k + 1, then
fork=0,1,2,
ifv"uvvkadx + 1||v’<+1a||2
dt 2 L?
R3

SIVET @, B3, + €& A+ 070 VR,

Proof. For k =0, 1, 2, from the momentum equation of (1.34), we know that

/ VA g2 dx < —/Vku,VVkadx + CIIVF2u) 2| VFH a2
R3 R3 (327)

+ CIVFH B 2 1VE a2 + (Jy + T IV a2,

where
Ju = IVE(B@) (B - V)Bll 2 + IVF @) Va) l 2 + IVF @ - V) | 12
+IVE (@) (Au + (h + p)Vdivu)) | 2 + IV ((H@) = DB - VB)| 2
= Jul + Ju2 + Ju3 + Ju4 + Ju57
and

Juw = IVE@Valw) 2 + IVE(Valw[*)]l 2
+IVE@V w2 + IV (w2,
=Jy1 + Ju2 + Juz + Jua.

The term — ng V¥u; VV¥adx in (3.27) appears in compressible Navier—Stokes equations, for
which we have
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k k d k k k 3: k
— | V'u,VV adx:—a V*uVV*adx — | V:divuV*a, dx
R3 R3 R3
d k k k 3: 2
= ViuVVtadx + || Vidivull;,
R3
+/deivqudiv(au)dx.
R3

Then we use the same estimates as carried out in [13] for the Navier—Stokes to obtain

d
—/Vku,VVkadx <— E/V"uvv"adx+C||V"+1u||§2 +C &IV al?,

R3 R3

We now estimate those terms in J,, and Jy,.
Term J,:

Ja C Y IVB@VH (B -V)BIl2:=C Y Tk, D),
0<I<k 0<I<k

where

T(u1.0,0) S 6@l (B - VBl e S /3 1281 2.
T(Ju1, 1,0) + T (Ju1, 1. 1) < [ Vh(@)(B - V) Bl 12 + IH(a)V(B - V)B]| 2

S IVH@II sV BI 5 + 1@ 1V Blls
<& (IV%all 2 + 1981 ,2)
T(u1.2.0) S 16(@I =V Bll 2 S &IVl 2,
T 2.1) S IVl 219° Bl 2 £ /€19 Bll 2.
and
T(Ju1.2.2) S IV%all 6 [V Bl + [ Vall [ Vall 4| VBl
S IVBILI Va2 + 1 Vall i~ lall 1 Val 1B I V3B,
<& Val + 1VB ),

Therefore, for k =0, 1, 2, we have arrived at

T & (19 all 2 + IV Bl + 1992 2.

(3.28)
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Term J,5:

Jo S ) Vi@V al = Y T (e, kD),
0<I<k 0<i<k

where
T (Ju2,0,0) S If@llL=llVallz2 </ EIval 2,

T(Ju2, 1,00+ T(Ju2, 1, 1) S IVi(@Val 12 + |}(@) VZal| 2

S IVall s 1Vall s + @l V2all 2
< VeIVl 2,
T2 2.0) < &IVl 2.
T (. 2.1) 5 IVall 31 9%l o < €319l 2.
and

T(J12.2.2) S |IVal=lIVal7, + 1Val sl Vall .3

3 3
S IValrellallsI1V-all2 + IVall 311 V-all 2

SVENIV3all 2,
therefore, we have for k =0, 1, 2, the following estimate

T2 SV ESIVFal| o

Term J,3:

TS D IV Vs = Y TRk, D),
0<i<k 0<i<k

where

T(Ju3.0,0) S /&N Vull 2,
T(Ju3, 1,00 + T (Ju3, 1, 1) S Ml oo 1 V2ull g2 + 11V 31| Vel 6

SVENIVRul 2,
T(Ju3,2,0) S Nlullpo I V3ull 2 SV ENIV3ull 2,

T (13,2, 1) SNVl 3 1V2ull e S/ ENVull 2,

and
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T(13,2,2) S IVl sl Vull s S EIV ull 2,

Hence, we finally obtain, for k =0, 1, 2, that

Js SE (19wl 2 + 19442 2)

Term J,4:
Ja S ) V@V PRl 2= Y T (s kD,
0<I<k 0<i<k
where
T (Ju4,0,0) S 0@l V2ull 12 < \/?SHVZMMLz,
T(Jus: 1,0) + T (Jua, 1, 1) SN0@|I | Vull 2 + 1V @ 131Vl 1
<&Vl
T(Ju4:2,0) + T (Jus. 2, 1) SN0@Il | Vull 2 + 1V @ 131Vl 1
< Jevtul,
and

T (Jus, 2,2) SIV%all 3 1Vull s + 1 Val o | Val 1311 V2ull 6
L 1
SIVallZlIV3al 2,1V ull 2 + [ Vall L | Val 311V ull 2

< JE A1v3ull ).

Thus, it holds, for k =0, 1, 2, that

Jus SVE WV Ul 2 + 1V 2 ).

Term J,5:

Js S 0 IV@VE TN AB 2 = ) T (s kD),

0<I<k 0<I<k

where h1(a) = h(a) — 1. Here, we proceed as follows,

T(Ju5.0.0) SIbi@ L= 1Bl 31 VBl s S/ EIVZBI 2.
T(Jus.1,0) SIb1@ L IVBIZ 4 + 101 @[l = [| Bll 13 V> Bl 16
SUBILs IV Bllg2 + Bl 3l V Bl 2

SVENIV? B2,
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T(Jus, 1, D) SIVall 3Bl VBl s

< Je av2BI ).

T (Jus.2,0) < [51(@)ll 2 [VA(B - VB)|| 2
SIVB-V?Bl 2+ |B- VB2
SAIVBIIV2BIlLs + 1Bl 3 IV Bll s

< JE UV BIL +19*BI ),
T(Jus.2.1) S IVh1(@)V(B - VB)| 2
SIVallL< VB, + IVall LI Bl 31 V2Bl s
<IIVall =Bl 311V Bl 2

SVEUV B 2).

and

T (Jus,2,2) = V21 (a)(B - VB)| 12
SUIVal 1 Bli= VB~ + V2al 6| Bl L= IV B 13

SVENV3al 2.
Summing up estimates for k =0, 1, 2, we know that
Jus SVE UV all 2 + IV Bl 2 + IVEF2 Bl 2).

Combining the estimates about J,1 to Jy5, we find that

Ju S

~

Term J,,;: Using Lemma 2.7, if we can show the following estimate
IV¥@Va)ll2 S /& IV all 2. (3.29)
then we have
Jw1 = IVE@ValwM 2 S IVF@Va)ll 2 llwlfe + laVal e [ VE (w2

< +072 /e (19 all 2 + 195w,z

where for the term we used the following fact

k4 2 ok 2 3 vk
IVEIwl e S lwlize VoWl S lwlize VoWl 2.
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We now prove (3.29). In fact,

IVE@Va)l 2 S Y IV'aVi  al 2= Y T(a kD),

0<I<k 0<i=<k
where,
T(a.0.0) = [aVall2 < lall = [Vall 2 € /&3 1Vall 2,
T(a,1,0) = aV2all 2 < lall~V2all 2 S /&3 1Vall 2,
T(a.1,1) = |VaVal 2 < [Vall 31 Vall s S &3 1V%al 2,
T(a,2,0) = [aV3all 2 < lall~Vall 2 S /&3 IVall 2,
T(a,2,1) = VaVial 2 < [Vall3]1Vall 6 S J?3||V3a||Lz,
and

T(a,2,2) = |VaVial 2 < |Val51V2all e S/ ENIV3al 2.

Therefore, we completed the proof of (3.29), and hence the term J,.
Term J,,: For the term J,,», we simply have

Juw2 = IVE(Valw|h)|l 2
SV all a lwll e + IVal Lo IVE (w2

SA+n2 /& (||v"+1a||Lz + ||ka||Lz) -

Term J,3: For the term J,,3, we have

T3 S Y VIV (w2 = Y T (s kD).
0<I<k 0<i<k

We proceed it order by order.

9
T (Ju3,0,0) S llall o llwl] Vw2 </ EF A+ 072Vl 2, (3.30)

T(Juw3, 1,0) S llalie lwlF e IVl 3 IVw il 6 + llwll o | V2wl 2)
SYEW+073 Vw2,

_9
T(Ju3, 1, D) S lwliIVall sl Vwlize S /& 1+ 072 V2wl 2. (3.32)

(3.31)
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T (Ju3,2,0) = laV3(Jw| Y|
w3y &y —_— L2
3 3
Slallzsllwlze IV wll 2 (3.33)
< /e3 213
SVEA+D72 V3wl 2,

T(Jw3.2. D) SlIVal rellwllf I VWi + [Val g llwll e V2wl 6

(3.34)
SYEA+DT3 Vw2,

and

T(Ju3,2,2) = [VZaV(w|H ] < IVall s w3 I Vw3
S +072,/8V3al 2.

Combining estimates from (3.30) to (3.35), we have

(3.35)

Ty S A+072/88 (19 all 2 + 1V5H w2

Term J,,4: For the term J,,4, we find that

Jwa = IV (w D] 2

3 k+1
Slwl e IV w2
SVE W+ IV o
Combining the estimates from Jy,| to Jy,4, we obtain

Ty S +073/83 <||Vk+1a||L2 +1(VEw, Vk+lw)||Lz).

With the estimates for J,,, J,, and inequalities (3.27), (3.28), and the smallness of SS, we can
easily complete the proof of this lemma. O

4. Proof of the Theorem 1.1: negative Besov estimates

In this section, we will derive the evolution of the solution to (1.34) in the negative Besov
space. We will establish the following lemma.

Lemma 4.1. Suppose |w o Y| Lo = ||lw| L and ||[V(w o Y)||;2 = |Vw|| 2. For s € (0, %], we
have

d 2 AR NE
E”(“’”»B)”BZ;JFQH( u, B)”B;,i,o

S (10Va, Vi, VB, + lwliF ) @, Bl -
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Fors e (%, %], we have
d 2 1 2
— |\ (a, u, B)||% —s —1(Vu, VB)||*, s
o (¢ )IIBM + 2||( )”Bz_oo
< (10va, Vu, VB, @ u, B

s—1 3
+llwlzell(@ w2 1(Va, Vw)ll 7,

1 3
2 S—5 5—S
+IV=ullz2llall,* IVall )Il(a,u,B)IIB;;O-

Proof. We consider (1.34) in the vector form (3.4). We then apply the operator A™* A, to (3.4)
and we make the scalar product of the resulting equation by A™*A,V to obtain

%nAﬂAqvniz + (A0(@)ATAGVIAT AV = (AT AHIAT ALY, 4.1)
where we use (A(3,)W | W) = (Ag(dx)W | W). We then obtain
d —s 2 1 —s 2
S8 AV + S IAT A (Vi VB)II SWi+- 4+ Wiz, 4.2)
where
Wi =—(A"Ay(adivu) A5 Aga), Wa=—(A" Au(u-Va)lA™ Aga),

1 _ _
W3 = _E(A SAq((h(@) — DV(BP)IAT Agu),

Wa= (A" Ag(h@V (B B)IA Agu),  Ws=—(A"Ag(h(@)(B - V)B)A™ Agu),
We= (A" Ag((h(@) — 1)B-VB) A~ Agu), Wy = —(A™"Ag(f(@)Va) A~ Agu),
W = — (A" Ag(h(a)(nAu + (h + p)Vdivu)) [A ™" Aqu),

1 1
Wio =a(A™S Ay (——V(g'(—)h YIHNIATS Agu),
10 =oa( q(1+a (g(1+a) (lwo Y[*))I qt)
Wo=—(A"Ag(u- V)| A Agqu), Wit=—(A"Ay(u-VB)| AT AyB),
Wip = —(A" A, (divu B)|[ASA,B), Wiz = (A"A,(B-Vu)|A™*A,B).
Firstly, we restrict s € (0, %]. Using Lemma 6.4, for 1/p = % +s5/3, we get
Wil < lladivue] s flall s
S lallzrllalips.
Sllall s 1Vl 2 llall s

1
§+S

< Ival?;

1
2 1278
IV=all, IIVulleIIaIIBZZO

2 2
S (IValy, +1Vul2,) llal gy
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Except for Wy, all other terms can be estimated in the similar way as the one for W above as
follows,

2 2 2 2
Wal S (IVul) +1Val3: ) lallgys . IWsl IWel S (IVal; + 1VBIG: ) lallss .
|W4|,|w5|5(||w||%,1+||VB||iz) lull gz . 1WAl S IVallfy el s
Wl < (IVallz + 1V2ull2 ) lullgs . IWol SIVullzlull s
~ H1 L2 B2,oo’ 9l H! BZ,oo
Witl, (Wil S (Va2 + IVBIZ) 1Bl . IWial S (IVBIZ + IVul2:) 1B 55
For Wy, like J13 in the proof of Lemma 3.1, we need to estimate
Li=1(A7 Ag@ValwMHAT A, B =[(A""Ay(Valw|H) AT Agu)l,
B=|(AT Ag@wPV(wP)AAgw)], L= (A Ag((wPV([w[*) A~ Agu)|.
For I, with 1/p = % + s/3 in Lemma 6.4, we have
I < lavalwl*ll s llul g
S lavalw/Hize full s

4
SllallpaslVall 2 lwlly e leell p-s

Los

SlwlielVal,

1
2 75—
IVall;, IVall2llullps
SIVally lull g -
~ H BZ,oo
Similar arguments imply
f<w2<Vw2 Vaz)u—..
2 Slwlize (VWi +11Vall72 ) |l ”Bz,éo
For the term i3, we have
I S lalwPV(wl)ll s llull s
~ BZ,oc BZ,oo

2 2
S llallpss HwmV Qw2 llull ;s

1y
7+A

SHwPv w2 Vall?,

1
2 4278
IVZall;, ”””B{,io

3
S IVwlzllwlizeIVallgllullpss

where we used Lemma 6.4. For the term i4, we have
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L S NwPYAw)lgys ull s
S lwllzas IIIwIV(IwIZ)Ile||M||Bz—y-;o
SVl wiiZ oo lul g
where we also used Lemma 6.4. Therefore, we thus have for s € (0, %] that
Wiol S (1@l + lwlfe) lull s
Combining all the estimates about W; for j =1, ---, 13, (4.2) gives the proof of this lemma for

s€(0, 31

Next, we need to deal with the case s € (%, %]. Using Lemma 6.1 and Lemma 6.4, we have

Wil < llallpss IVull2llall g=s
2,00
< llal2> 7 IVall 2 1Vul 2 lall s
Similarly we can get the estimates for other terms and give the results as follows,
W2l < IIMII ; IIVMII > IVall2llall s
2,00
W1, [Wel < llall, 2 3 IIVaII IIVBIILZIIMIIBZ—;C

+||B|| 2IIVBII IIVBIILZIIMIIB;;O’

S—*

|Wal, IWs| < lall, 2IIVaII IIVBIILzlluIIBZj;O,
(W7l < llall; 2IIVClII IIVaIILZIIMIIB;,;o,
(W] < llall, 2IIVGII IIVZMIILZIIMIIBz—_;O,
(Wol < llull 2IIVMII IIVullellullgigc,
(Wil < lull, 2IIVMII IIVBIILzllBIIBZj;o,

[Wial, [Wis| S IBII; 2IIVBII IIVMIILZIIBIIBZQO-

It remains to give the estimates on Wyg. For the term I 1, using Lemma 6.1 and Lemma 6.4, we
have

~ 4
It S llall s Vall IIwIILoollulle—;o

<IIwIILooIIaII 2IIWII IIMIIBZ—;-
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Similarly, we could obtain that

Ls IIwII 2IIVwII IIVaIILZIIwIIiooIIMIIBZ;O,

25 Ilall 2IIVaII IIVwIILzllwllimlluIIBZ;,
and

L s ||w|| 2IIVwII IIlelellwllioolluIIBi;O-

Form the estimates about 1, I, I3 and 14, we could get
IWiol < llwll7lla, w)ll % |(Va, Vw)ll IIMIIB;;O-

So at this point, we can easily complete the proof for the case s € (%, %]. O
5. Proof of the main theorems: existence and time-decay

In this section, we shall combine all the energy estimates that we have derived in the previous
two sections and the Besov interpolation inequalities to complete the proof.
We first close the energy estimates at each /-th level. Let 0 </ <m — 1 with | <m < 3.

Summing up the estimates in Lemma 3.1 from k = + 1 to m, since ,/ 68 < § is small, we obtain

d 1 m+1
- Z I(V¥a, Vi, VBT, + 5 3 IV, VEB)IIZ
k=141 k 142
(5.1)
m m+1
So D IvRalz + DD VR VEB) 2, + (L + 00wl
k=I+1 k=I+1

Summing up the estimates in Lemma 3.2 from k =/ to m — 1, since ,/ 63 < 4§ is small, we obtain

m—1
Z 1(V¥a, Viu, ka>||L2+ Z 1(V*u, V¥ B3,
k [ k [+1

(5.2)

m
So | DD IVEa Vo VEB) I, + (L + 0wl
k=I+1

Summing up (5.1) and (5.2), it holds for a positive constant C; that
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d m 1 m—+1
T 2NV Vi VIR + o D IV, VEB)I,
k=l k=I+1

(5.3)

m
<G| Y IVRalg + A+ lwl,
k=Il+1

Summing up the estimates in Lemma 3.3 from k =1 to m — 1, we obtain for a positive constant
C, that

d m—1 1 m
= vakuvvkadx+Z Y IV¥allg,
k=l

R3

k=I+1
54
m—+1
<G| Y VU VEB), 4+ 81+ ) Cwll3,s
k=I+1

If we compute 16(1 + C»)(5.3) + (5.4), with the help of Cauchy—Schwartz inequality, it is clear
that, for 6 small, there is a positive constant C3 such that

d _
Pzl IV al, o + 1V, VB2, < C3880(1+1)7, (5.5)

where
& = |(V'a, V'u, V' B3,

Therefore, setting [ = 0 and m = 3, choosing § < 85/ 2, and integrating in ¢, we arrive at
t
3/2
Ia.u. BYC. )l + f(||Va(-, D2 + 1(Vu, VB¢, D) dT < i8>, (5.6)
0

for some positive constant Cy.
In addition, from Lemma 2.7, we obtain for some positive constant C5 that

[(a(x, 1), u(x,1), B(x,1), w(y, )| 3 < Csdo. (5.7)

By a standard continuation argument, this closes the a priori estimates (3.1) if at the initial time

we assume that § < 8(1)/ s sufficiently small.
To conclude the proof of Theorem 1.1, it remains to prove the time-decay estimates, which
imply the global existence and establish, in particular, (2.19).
Define £_5(t) = ||(a(x, 1), u(x,t), B(x, 1)) ||§,S . We will proceed in three steps for the range
2,00

of 5. The idea is to start from smaller s € (0, %] to gain some decay estimates and then push
forward to the larger s € (1, %] for better decay rates. Here, for the reader’s convenience, we
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remark that our condition in Theorem 1.1 ensure smallness of initial data in Besov space B, éo
with [ € (0, 1]. Actually, let/ € (0, 11, s € (1, 31, we have

llao, wo, Boll gt = sup2 NAjao, Ajug, AjBoll 2
’ J
—¢j —¢

<sup2~V|Ajao, Ajuo, AjBollp2 4+ sup2” V|| Ajao, Ajug, AjBoll 2
j<0 j=0

<sup2™ || Ajao, Ajuo, AjBoll 2 + sup || Ajao, Ajug, AjBol 2
Jj<0 j=0

< llao, uo, Boll g5+ llao, uo, Boll .2 < do.

Case 1: s € (0, %]. For s € (0, %], we read from Lemma 4.1 that

L@ Bllgs. S 1Va, Vi VB, + il
dl‘ s Uy B2,io ~ ) ’ H! Lo
integrating in time and using (5.6), for some positive constant C¢, we have

1
sup E_,(1) < Ce83, fors e (0, 51 (5.8)

0<t<t

Forl =0, 1,2, Lemma 6.5 implies that there is a positive constant C7 such that

”(Vla Vlu VIB)”LZ < C78H~A+1 ”(Vl-‘rla vl-‘rlu VI+IB)|| I+A+1 ,

which implies that

2 (1+HY~1)
1OV, VI, VB2, = sy ™ (17, Vi VBIE) L 59)
_2(I4s+D)
where Cg = C, s Therefore, (5.5) implies that for / =0, 1, 2,
+1
—Sl + Cs4,, “ris (6 ) R <C380(1+t) -6, (5.10)

Setting m = 3 and define A(¢) := (1 + t)l“‘sfl3 (1), we thus deduce

_2
%A(r) — (140" [(1 +5) — Csd, ”‘A(t)lis] A1) < C383(1 +0)IH=0 (5.11)

I+s
If for some time interval ¢ € [t1, ] for 0 < 1] < tr, A(t) < (ci) 8(2), then we have on such
interval,

l I+s
A(r) = Cos?, cg=(ci:) L reln.nl. (5.12)
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I+s
On the other hand, if for some time interval t € [13,#4] for 0 <13 < t4, A(t) > (%—;) 88, then
on such interval, we find from (5.11) that

d
TAD = C383(1 +1)+s79),

which implies that

C3

— 2 52 <2082, 5.13
5—(+s) 0=73% 613

Iy
A1) < C385 / (1409 gt <
0
where we have used the fact that [ +s <2 + % < 5. We thus conclude that for all # > 0, it holds
that
A(r) < C1083,  for Co = max{Cy, 2}. (5.14)

This is equivalent to
1
0 <Cnag+n"1" s ©.5].1=0.1.2. (5.15)

We remark that, we do need the smallness of £_(¢) for s € (0, %] in this proof, because of the
structure in (5.10) due to the interaction terms, which is different from the models with only fluid
parts.

Case2: s € (%, 1]. Fors e (%, %], we have from Lemma 4.1 that

d 5 s—L
@ Bl < (10 Ve VB, @, u, B +

(5.16)

)

+ IV2ul 2Nl 2 Va2, ).
From the result in Case 1 above, we set s = % and find for [ =0, 1, 2 that
1
IV a@) 135 + IV U@ + IV BO 35 S 851+, (5.17)
Therefore, we integrate (5.16) in time to find for some positive constant C1; that

; v (5.18)

+ cnag/ ((1 O A+ D3+ r)%—‘f)dr,
0

which implies that there is a positive constant C» such that

1
E_s(t) < C128§, fors e (5, 1]. (5.19)
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Now we use this estimate, and repeat the steps in Case 1 above to obtain
1
2 — s
1) < Cusj(1+0~"H se (10 1=0.1.2. (5.20)

Case 3: s € (1, %]. From the result in Case 2 above, we set s = 1 to find for [ =0, 1, 2, that
IV a3 + IV U@ 35 + IV BO55- S 851+~ D, (5.21)

with [ =0, 1, 2. Replacing (5.18) with this better decay estimates, the same argument used in
Case 2 gives

3
Ew=cnsid+n"" seq, Sl =012, (5.22)

We summarize all cases above to achieve that, for s € (0, %] and/=0,1,2,
IV a@ 13— + (V' (@), VI B@O) 13- S 851+~

In particular, when s € (1, %], one finds that

IVull g2 S So(1+0)7 7,

with % > 1. Therefore, by choosing &y sufficiently small, we see the validity of main a priori
hypothesis (2.19). We thus complete the proof of Theorem 1.1.

Proof of Theorem 1.2. We outline the proof of Theorem 1.2. When w = 0, we see all the
estimates up to (5.6) are valid without using the a priori hypothesis (2.19) since it is not necessary
to change norms between Eulerian and Lagrangian coordinates. In particular, (5.5) reads as

d
— &M+ IV a2 A+ 1Y, VB2, < 0. (5.23)
dt H H

Therefore, the global existence of classical solution (a, u, B)(x, t) is established. For the decay

estimates, we start with the case s € (0, %]. The same argument with w = 0 in derivation of (5.8)
gives

~ 1
sup E_5(t) <Cq, forse (0, =], (5.24)

o<t<t 2
for some positive constant C~‘6, without using the smallness of Besov norms. Then (5.10) becomes
d U s+l
JE"+Cedy () T =0, (5.25)

for some positive constant Cg. This differential inequality implies directly that

. 1
EM<Co(141)~"+), fors e (0, Sk
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The other two cases when s € (%, 1] and s € (1, %] can be carried out similarly. We omit the
details. We thus completes the proof of Theorem 1.2. O

6. Appendix

For the reader’s convenience, we give some useful lemmas, which used frequently in this
paper.

Lemma 6.1. /73] Let 0 <m, a <1, then one has in R3 that
IV Flle SAV™ £ IV F1G,

where 0 <0 <1 and « satisfies

o 1_(m 1 {—p I 1 P
T-o=(5-g) a0+ (5-0)e

Here when p = oo we require that 0 <6 < 1.

Lemma 6.2. [/3] Assume that ||a||p~ < 1. Let g(a) be a smooth function of a with bounded
derivatives of any order then for any integer m > 1 we have

V™ (g@)lie SIIV™allLe.

Lemma 6.3. [/3] For all m € N, if « is a multi-index with |a| < m, there exists C > 0 such that,
foru,ve H" N L™,

1V @)l 2 S (el Dol 2 + 1Dl 2 vl o)
Lemma 6.4. [15,11] Suppose that s >0 and 1 < p <?2. One has

1y, SIF e,

with 1/p — 1/r = s/n. In particular, this holds with s =n/2, r =2 and p = 1.

Lemma 6.5. [ /5] Suppose k > 0 and m, B > 0. Then the following inequality holds

A fll2 S A FITA 1 T ©.1)
2,00
with = B4k (6.1) is also true for 3% with |a| = k (k is a nonnegative integer).

— B+k+m
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