F—E KES5NE
51 EEERE5EE

1.10 (1) (AAB)AC = AA(BAC),

(2) (AAB)NC = (ANC)A(BN (),

(3) (Al @] A2)A(Bl U Bz) C (AlABl) @] (AzABz)
WA

(AAB)AC = ([AB°U A°B]NC°)U ([AB° U A°B°N C)

(AB°C®) U (A°BC°) U[(A°B° U AB) N C]
A(B°C° U BC) U A*(BC® U BC)
A[(BUC) N (B° U CE)° U A°(BAC)
A[BC® U CB)° U A°(BAC)
A(BAC)® U A°(BAC)
AA(BAC).

(ANC)A(BNC) ([AC N (BC)JU[(AC)* N BC]
[ACN(BCUC)|U[(A°UC?) N BC)
AB°CUA°BC

(ABCUA°B)NC

(AAB)AC.

(Al U AQ)A(BI U Bz) [(A1 U Az) n (Bl U Bz)c] U [(A1 U AQ)C n (Bl U BQ)]
AlBchg U AQB]C_BS U AiA;Bl U AiAgBQ C Ale U AQBS U AiBl U AgBQ

(Al ABl) U (A2 ABQ)

1.11 (liminf A,,) N (limsup B,,) C limsup(4,, N By,,).

n—0o0 n—00 n—00

WUEEA
(liminf A,,) N (limsup B,) C (limsup 4,) N (limsup By,)
n—00 n—oo n—oo n—oo
= (ﬂ UAk)ﬂ(ﬂ UBk)
n=1k=n n=1k=n
= ﬂ U (Ax N By)
n=1k=n

= limsup(4, N B,).

n—0o0

1.12 XSO SIRIZFHHFIREA - R
JEER &AREL ¢ SR FIARIHE I, FHik vn > 1, 4, eC. R

A¢ ec, GA;=A§+Z(A;—A;_1)EC
n=1 n=2



e KRB L
(UA;) =[()A4n€C.

B ¢ XHAI3se K BUARE HEH. WA ¢ h o A3

1.13 Z ¢ R AREFEEESFEN A «~ 2502 2%, W cho K%

JEBA (1) 3% ¢ [R] B R AR B K. )

BE ¢ K o- R, RFE ¢ M FIZEHEF. FRIE W >1, 4,€C. 98 B, = 1 A n
B, | 61 A, B ¢ ¥, # B, ec. X c HEIEN%, WA 61 A, €C.
(2) & ¢ [FES A = 2880 2 2K,

Fig— —H, B CcHN AL, B HBREHEE. Xl K, #cxaRZE
HEA, Bl e mAR% B—HME, ¢ REEE CRBIFEK, Nl 1) /e R
5.

TR B C O o- ARBL, HFFIE ¢ X AT FISCH .

WA ecn > 1, M AG ec 8B, = U 4, W B, e c(H ¢ HAKD, X ek r KH

Bt @1Az,ﬁﬁz @1Azec, B
() 4n = <U A;) eC.
n=1 n=1

1.14 3% C A¥EKH, W o, AR
TEBH (1) | ¢ A% ¢ MR ER B, FREEGE 1.702) F oy MERKE
FEHA.
(VA € Cx g, TETE {Au}ioy CCAA; =0, i # 5, i = 1,2, ,n {578 A= gAi. Hpic R

PRESN NA; e Cy . THE

Q\ZA = ﬂAC— () (Q\A4) € Cx .

i=1

LA (1),02) 18 s p HAREL

1.15 M- KX PEEMF () F0 Gi) FNTOF—HKH
(i) AeC=> A° € C;

(ii)’ ABEC ANB=0= AUB€C.
B (3),(i1)= (1), (ii) -
B4, EiaQec’ﬁn\mecﬁAcQ,ﬁAc:Q\Aec.EIJ(i)'ﬁjzj.
HIR, VA, BeC,ANB=0=>BC A°HA°cC=>A\BeC= ANB°ecC=AUBeC, R (i)’
(i)', ()" = (1), (ii)-
BYG, VAcCH A°cC, AnA° =0, AuAdcec, Bl Qec, NI () B



HiIRK, #H ABeC, BCANM A eC, BeC,A°nB=0, | A°uBeC, TR AnB e, {
A\B e ¢, N1 (i) {07
1.16 i Cc A—%%E, Hoec, &

g:{<ﬂAi>n (ﬂB;) :n,le,Ai,BjGC,lgiSn,lgjgm},
i=1 j=1

MG oe B o H%R. A% ¢ HARERGREHE, W (405 | A B ec) LR,
JEBA vAeC, S m=n=1,B=0, NIl ¢ EXH A=AnQ e G VA BeG N
3no, mo, na,ma, fHF

- ([4)o () 2= (4] ) e
i=1 j=1 =1

k=1
ANB= (ﬁAmﬁA,) N (F]OB;O nﬁ&i) :
i=1 1=1 j=1 k=1
as=(f1a)o (m) [(f4) 0 (A=)
i=1 j=1 =1 k=1
= (ﬁ Ai> N <:(j B;) N (QA?) U (IQBIC)
-0 Uesroman (fa) (m) .

I=1k=1

Bl AnBeg. X

c

HAE—FIFIHE A RAR AT FIAZEIF, B A\B € Gy, B G K2R,
Fealldh, 18 G ={AnB° | A BecC}. T/EVABeG 7 CDEF € C{fiff A=
CnE¢, B=DnFe. A cXAMRIFLAMRIHA, #
ANB=CNDNE‘NF°=CNDN(EUF) €,
AAB=CNE°N(DNF)°=CN(DUE)°U(CNF)NE*°
=CN(DUE)N(CNFNE)°U(CN(DUE))N(CNF)NE"°

UuCND*NE‘NCNFNE*
=CND°NE°N (C°UF°UE) U (C°UDUE)NCNFNE®UCND°NE°NF

=CN((DUEUF)UDNCNFNE‘UCNFN(DUE)" €Gysy,
Bl G K237
s2 HIFETFIR EETR)



29 iEcHhH 0 EM—EE Aco § Anc={4AnB: Be(}, (X—icSLEE HE),
FHRoa(ANC) TR AnCHRA A EEZ) 7 A EERKEY o- KRB, WH 0a(4nC) = An0(0).
XF m(C),\C) TFREMLER

MEBA ZB3E 0a(ANC) C ANa(C).

B AnccAno(C). TE Ana(C) K o- REXL.

1) Ane(C Xj‘érh_%i«ﬂﬂ VB e Ano(C), M 3C € 0(C),st. B= ANC. FJ&H B = A\B =
AnCce Anao(C), Bl Bc € Ana(C).

(2) Ana(C) Xﬂ‘ﬂﬁ']?&i?_:;%ii«ﬁﬁ VB, € ANo(C), n > 1. W 3C, € o(C),s.t. By = ANCh,

TRA FjlcneU(C), Flen: ﬁ(Amcn):An(ﬁ_olcn) € Ano(C), B FiBneAﬂa(C).E‘C

n=1

Ana(C) K o- . HBIFHRERE 04(ANC) CANo(C).
FHIE 04(ANC) D ANo(C).
% G={Bea(C): ANBeoa(ANC)}. WA CcG. TIEGH o REL
1) ¢ XA P BEHIH. & B,eG, n>1, M ANB, € 04(ANC),B, € 0(C). T/

ﬁ B, ed(C), AN (ﬁ Bn> = ﬁ(AﬂBn) €oa(ANC).

n=1 n=1

ElI ﬁ(AmBn)eg.

2) G XRIEHEEH. E BeG, M AnBeos(ANC),Bea(C). FEH B €a(C), ANB°e
oa(ANC), Bl Bc e G. ¥ G Ky o- FREL. HI B EHH 04(ANC) D ANa(C).

210 i F A Q Ef— o RE, ¢ ={A1, A} B QW—NETEXIS ED A, nA, =
0, n#m, ¥, Ay =Q), WIHEM B e o(FUC), BEE B € F, n=1,2,---, fifF

o0

B=) (B.NAy).

n=1

1EEH /—;,\g:{BEa(fUC): B, € F, n>1, s.t. B= annAn}.

n=1
HEiE Fuc cg.
VBe F, BR B=BnQ =Y BnA, Bl Fcg XVCe(Can €N, st.C=A4,, T&

n=1

C=An,nQ+ >  (Aun®). Bl Ccg. T Fuccg.

n=1,n#ng
ﬁiﬁgﬂg - fR&L.
1) ¢ XH[FIABHBH. & My eg, k>1. M 3Bk e F, n > 1, sit. My, = sznA i
ﬂMk_ﬂZ(BkﬂA) z(an)nA ankefészaneg

k=1n=1 k=1

) G XMARBHEEH. % Beg M3AB, € F, n > 1, st. B = ;BnmAn. FRA

B¢ = Z(B NARG _ZBCﬂAn,El]BCGQ

n=1



H (1),(2) 15 6 K o- REL B o(FUC) = G, AIXAES] B € o(FUC), FIEB, € F,n=1,2,---,
'fﬁ'fg B = gl(Bn N An)
2.11 % ¢ A—EHE. NXMEM A€o C), BEE C WU TFE D, #5 Aco(D).

JEBH 4 G ={A€a(C) ﬁﬁcéﬁ‘fﬁ?%D ffif5A € o(D)}.
BRCcoEHEL, VAeCERD {A}, B A € o(D)).

TiE G A o- 0%
%mﬁgxﬂﬂiﬁﬁi«ﬂﬂ WA €G, n>1, Mﬁfcﬂ’ﬂé&%z@ Dn,ﬁﬁwx € o(Dy).
A= Upn,;chcE‘J%c. FRBEH A, €o(D,) coD), B ﬂA € o(D). #ik f_]lAneg.

ﬁﬁgxﬁﬁ_ﬁiﬁbﬂ B Aeg MFFEC E’J‘@H%D ﬁ«ﬁAeo D). BIRA A € o(D)
W A eg. B (1),2) 8 ¢ K o REL
WA G =0(C) EHVAEU , FRTE C P EF26 D, 18 A e o(D

2.12 i&cw—iﬁ*c, LUX‘JEﬁAem #EBGCU,E%BDA.

B 4 ¢ ={Aem(C): 3B cC,,ff15A c B}.

BARCcGcm(C). TiE g REEKL.

B ¥n > 1, A, € G, WFFLE B, € C,, #15 A, C B,.

(1) # A, 1, W A, TGA ?%UA cUB €C,, Bl GA €g.

(2) % An L, WH A, iﬂA })\ﬁ'ﬁﬁ nA C A, C By €C,, B nA €q.

G AEYEZE. B G =m(C EI]\?’Aem(C) 3Bec(,,ﬁ4§=33,4

2.13 % C A—KE, LUT?UZ%#%fﬁ:

(DA(C) = m(C);

(2)AeC=>Aem(C); A, Be(C, ANB=0=AUBem(C).

B (1)=(2).

AeCCAC) = A°=Q\A4 € A\(C) =m(C);

ABeC, ANB=0=A,Be)XC(),ACB°=B\Ae\C)=>BNA°e NC)=>AUBe () =
m(C).

(2)=(1). BIRE AC) > m(C). TIEm(C) K M- 2. B8 1.15 F1 R FFE

()Aem( ):>AC€m(C)

(i)A,B € m(C), ANB=0 = AUB e m(C).

LG ={Aem(C): A°em(C), VBeC, ANB=0, AUB e m(C)}.

E% CCG. —FTE Gi j’jﬁﬁﬁ%

WA, €Gi, Ant Aem(C), WHF AL em(C), VBeC, AxnB=0, A,UBem(C). T/&

- ([j An> - ﬁAgEm(C), VBEC, ANB = G(AnnB):((),
n=1 n=1

n=1

AnUBTAUBz(DAn)UB
W AUBem(C)=> A€ G [MIBAE A, €61, A LAH A€ Gl Gy ﬁiﬁﬁ%’é F& G =m(0).

A G, ={Aem(C):AnB=10, AUB e m(C), VB € m(C)}. Hagl— C) 1% CC Go. R LT
WEAS G, HEPE. # G =m(C), Bl m(@C) K A3, ITTAH m )-

5



2.14 % c A—EE. ﬁu%ABec:MUBecEU,EJIJ?ﬁA o(C).

. IEEE(EIHEEE 2.4(2) FEIE MC) = o(C), /\ﬁﬁIEABGC:>AUB€)\() T2 HFE
ZUC)‘
VA€ Cs,, MIHFH A= ZAn,A NAn =0, n#m, A, €C, n>1. /\Bn_ZAk,AmA =

k=1

@z¢g,1<zg<nm2@115§n3 € XC). T B, 1 A, 8 A € XC), Bl Cs, € A(0).

MESERERIH

3.6 i p AR ¢ EBY— ’EFE_UJDElFﬁIEI%E N p BEREMERTTREME. b, 1% A, €
C,n>1, AeC, B3, A, CA, ﬂljﬁzu < p(A).

WEBA & A,BeC, ACB, A B= AU(B\A), AN(B\A) =0, H ¢ H¥IHH B\A e sy, B
TEME A €C, i=1,2,--- ,m, s.t. B\A = §A FRED B = A+ iA FRE o GRS

Bl u(A) < w(B). -
# w(B) < oo, M EXAETE K w(B\A) = Z w(Ai) = p(B) — pu(A).

A e, n>1, AGCH_ZA c A NH ZAn_(iA)nA ZA nA). Bl cH

IR, E A, nAeC HA,nA=A, \NTTTH
p(An) = p(An N A) < p(A).

B35 ) = 8 a0 ) = ( (400 0) < ua). 3 EATIHIRILIA

n=1 n=1

3.7 W (I,<) A—EME, (u, icl) Ao RE 7 EW—IRMNE, FERi<j=pmn.
% w(A) =supwi(A), AeF, W pihF ERIME.
JEBH p(@) =supp;(0) =0. L A, € F, ¥n>1, H A, nAp =0, n#m. N

B u(4,) = supps(4,) F, Ve >0, Jip, € I, st p;, (An) > u(A,) —e/2". YN € N, B Jy =



ma‘x{il7i27' o 7ZN} ﬁ‘
N N N
ZM(An) < Zﬂi"(An) +e< ZHJN(A )+e
n=1 n=1 n=1
N [e's} o)
:MJN (zAn>+5§,UJN (ZAW,>+ESM<ZA”>+E
n=1

n=1 n=1

3l iolu n)§u<§An)+a.EiHEH’Jf£%‘f’_*c’)‘[l, u(ni_oilAn>>Zu ﬁﬂlu(nl >=
E w(An), Bl p g 7 BRI EE.

3.8 % (O, F,p) A—METE, Q) <oo, C AERK F B—NMEE, WIHMEMM A7, K
{1

il u(A) =sup{u(B): BeClCs, BC A} =inf{u(B): BeC,, BD A}.

JEBH 4 G={A€F: u(A) =sup{u(B): BeCs, BCA}}.

B CcGcF=0(). TiEG HEHEZE.

B Cneg, CutC. B pu AIMBE, B u(C) = lim u(Cn). W Ve >0, IN €N, 2 n> N i}
u(C) — u(Cr) < /2. 1)
Cneg, é‘ﬁ 3By, € Cs5, Bn C Cy, 1%’?%
N(Cn) SN(Bn)‘i'E/?. (2)

H (1),(2) 1%
w(C) < u(Byn) +¢, B, €Cs, B, CCp, CC.
e u(C) =sup{u(B): BeC;, BC C}, Bl C eg.
WCreG, ChlC=)CnMVe>0,n>1, 3B, € Cs,, By C Cn, s.t. u(Cn) < u(Bn) + /2"

n=1

4 B=( B.eC, M Bcc, B

#(C) = (B) = n(C\B) = p ((ﬂ Cn) \ (ﬂ Bn))

< Z w(Cru\Br) = Z(N(Cn) — u(Bn)) <e.
W Ceg, Eﬂgjszﬁ.ﬁ—ﬁ%éé. X ¢ A%, B G=0(C) =
[F P F]IERS n(A) = inf{u(B): B € C,, B D A}.

3.9 % (9, f p) A—HRME=E, ¢ AHEKRFEH—ME. BAcr Mve>o0, BE
B e, {15 u(AAB) <.

WEBA H1~JRH 38 7%, VA € F A w(A) = sup{u(B) : B €Cs, B C A}. H EFAFE LA
Ve >0, 3B €Cs, B C A, {§15

p(A) < p(B) +e/2. (1)

7



X BeCs, i IBeC n>1, [fEB= ) BuCA L Co= () By, | Cu L B. B ¢ HALL,
n=1 k=1
Cn€C. FFH C, L BH, 3ng €N, 24 n > ng B
w(Cp) —pu(B) <e/2, BCCy, BCA. (2)
B (1),2) %
HAAC,) = p(A\Cp) + i(Ca\A) < p(A\B) + u(Co\B) < ¢
ENIECE R A
§4 SN FE 5 RV 5k

4.9 iﬂ'Jr“H’JEEﬁ%J W (Q,F, p) A—HRMETE, Q0 cQ Hp(Q)=p®). MvaerF
P (AN Qo) = p(A), FE p* BRTF Qnrz A—ME. #p B (Q,2%n7) LB FRE]
JEBR 1° %ﬁ\mefﬁu (AN Q) = p(A).
20p* FRF QonF R—ME.
1) NF K o- REL, BT 2.9 715,
7B SCHY A EE.
WA=4N0=4N0% € QWNF, M 4 NN AS =0, Bl Qo C (41\42)°. X p*(Q) = u(Q),
(Al\Az =0. [FEEA15 n(A2\A1) =0, Bl pn(41A45) = 0. ) 4; = Ay, a.s.
3)u* K QnF R,
E‘Jﬁu*(@) =w@NQ) =p® =0. KA, e F,n>1, A,NAy =0, n#m, WAE

ANQeF, n>1, (A,NQ)N(ALNQ) =0, n#m.

(i) (G2
= (U An> = Y ) = Y (An 0 ).
Wt 2 QonF ERE.
4.10 i& (97‘7:7”) %_ﬁlg&im“ggrﬂ]: Q0 C Q. % -7:0 = Q0 n ‘7:7
v(A) =inf{u(G) :Ge F, GNQy = A}, A € F,
Moy A (Q,F) E—E, &
i(B) =v(BNQy), VB € F,
Wak@r E—NE, Bi<p
JEEA BAR QonF =T K o- REL H v@) =0. TREIE v 4 (Q, Fo) L—E, HFIE
v o- B IE. B AneFo, n>1, A,NAy =0, n#m.
105]5ﬁE1/<00 SA ) < f: v(A,).
Vo > 1 H »( 1nf{,u( Y:GEF,GNQ=A,} Hl, Ve>0, 3G €F, GaNQy = A, s.t.
w(Grn) <v(4,) +¢e/27,

8



A Z (G Z n)+e. B p SR B ( n) <
QO_Z(G nQ) = ZA X H e FEEVER v(ioi
20 FHIE v (n_ )2

1
H u<z An) —inf{u(G):GEF, GN =3 A}, S An € Foll, Ve>0,IBEeF, BNy =
n=1 n=1 n=1

M8

v(An).

n

> A, st

n=1

B)<v (i An) te. (1)

n=1
WA, =QNB,, Vn>1, B, F. 2

00 ¢ 00 ¢
B{:BnBlﬂ<UBi> €F, B;L=Bann< U B,-) €F.

=2 i=n+1

i
B, CB,n>1, B,NB,, =0, n#m. (2)

H
B, NQy = Ap. (3)

FELE, OB, N C BN = An;
(11) Bn Q0 = 21 An; Bn N Q0 = An u& {An} ;E‘LZ:*H&: é& {Bn N QO} __E‘LZ:*BBE }J\I_-Iﬁ

2ﬁ1%090c< ] ;anamﬂp

i=n+1

An:BanOC( U Bl) ﬂQO:BmBnn( U Bi) NQ = B!, N Q.
7 1

i=n+1 i=n+

Hi (1),(2),3) A%
v <2An> +e>pu(B)>p (Zf%) = w(By) > v(An).

B e m«z%mw( )z $2 (A, B8 iR 10,20 78 v S (00, 7o) L AUTIEE.

W&ﬁuﬁswfi~m5 Hu<p BARBIERE BO) =v®) =0. TIELZH o- 70
.

% {B,} CF, BN B, =0, n#m. N

i (Z Bn> =v ((Z Bn> N QO> =v (Z(Bn N QO)> :Z”(Bn mQO)=Zﬁ(Bn).

n=1 n=1 n=1

WOn g (Q,F) LR—IE. & v BEXH, AB)=v(BNQ) < u(B), VBE F.

9



4.11 3% (Q, F, p) F—ill E=S|a].
={NcQ:34eF, n(A) =0,{84 D N},
F={AUN: A€ F, Ne N},
N7 Ao R¥, »TAE—33kkAH 7 LBAE o, B (0, 7,5 A (7, p) BIEEL.

FEZ Okt
§1 TEMXRERMR

1.12 % (E,&) F—H[MZE], ¢ e & B—8K. & 4 H Q3 E PRY—iEmEt,
FRHHIEQ LIFESR - A%, W
=0{ U f—l(C)}.
fEH

B o K F- FIEREL, WA H BFTECTIR Ho = {1, o}, 1R oy Fo- WO, ot 7
o Ho TE @ _EIFERH o- FREL

JEER (1) BAE a{ (C)} CF.itg= {AGE:fUHf—l(A) Ea{fUHf—l(C)}}. 5
Wecg HGHo o8 HLh
VA e GH A, fLEJHf—l( ) € { U } N Acee, U a9 = U (F71A4)° =

feH feH
() cof yrie) mares
FEH FEH

%A, G, n>1, 81 4,€&, U f_l(An)EU{ U f—l(C)}. FRiH EJ_O A, €€, H

feH fEH
U (U An) =J U= U ' 60{ U fl(C)}.
fer n=1 feH n=1 n=1fcH feH

RJI QAH €G. W G=00), Bl F= a{fLEJHf—l(C)} )
(2)
1.13 & (O, F),(E,€) & (G,6) AVM==T8], Q| EFH 7 "[ikest, » b EF G
HHAY &- ] /\ e=hof, W ¢ K QF G+ f ‘I{D'JHJ%ET
JEBA B »1(G) =(hof)—1(g)=f—1 (h=HG)) C fTHE) C F. W ¢ QB G Ay F- T
LS5t
1.14 & f 8 (Q,F) L—FF M RE, WAFER LM EETE] (frn > 1), 15 |f.] <

10



WEEH (V) & f o (@, F) ER—ARm AR, 4

n2"—1

k
fa@) = Y ool <p<tirn/zey T L0y
k=0
B £ < f, B £ HAERRTEATEEL. BBEH, C 2 sup{f(w),w e Q} <oo. T/EIn, €N,
% n>mn Hj‘, Iifsny =0. }J\I_'Iﬁ Ve > 0, B;R N = max{nq, log,1/e}. mu% n>N HT‘I‘,

[fn(w) = Fw)] £ 1/2" <,

Q) —BHE f=fr-f XMF OB < fo BT fron<f s 90—
BORST - 2 b= fo— 90 W |f = ol < max{|f* = ful, [~ —gal}. TIEVe>0, INEN, s.t.
2 n > N B
Iff = fol<e, |f~ —gnl<e.

IITH |f = hnl <&, B by —BOKESLTF £, B (bl = |fn — gnl < Y+ F~ = |fl. &8 ER 1),2)
LB T

1.15 % (0,F) A—0[M22E], ¢ ={A;,4s,---} H QRI— DA ERI5> Bl 4in4; =0, i £
5> Ai=Q). & T=o{Fuc} N

T ={>Xm(4inB;): BieF, i>1},

2§2) 1}% 9 A Q bE— 7- AS(E R, WIFEE—F 7 A0SR EL (foon > 1), 15
9= ;')il iIAi'

i=1
VAEF, ANQ =3 AiA; VB €C, Fng, 5.t B = Any = An, @+ 3, A HI Py 8 210 51 T C H,
= i;ﬁo
Bl 7 =4.
(2) AYERREL — IR - JERRE — — Bt
YA e T, ()M 3B e F,i>1, st. A= S (AnBy), Bl In = X In;np, = 3 InIp,. &
i=1 i=1 i=1
fi = IB“ m\”ﬁ IA = Z fiIB“ H fz e F.
i=1
24 0<g=Y alo, CieT. B (1) AMFEA C €T, 3By e F, j> 15 Ci= ¥ 4,0 B,
i=1 =
T2

n n o0 o0 n
9= Zaz’1§ A;NBis = Z ZaiIAjIBij = Z ( aiIB¢j> I4,.
=1 j=1 = Jj=1 1

j=1 \i=
/\ n o0
S0<fi= ailp, € F,WEH g=3 fila;.
i=1 j=1

309 ARG T- FIIUSEAE R AL H O 1.8 ANFAAETE SR B AT SR B TS g, BEAR
g Ty X‘j‘/l\ 9n, EE 20 bﬁﬂﬁ?’f*ﬂ F- Eﬁﬂlﬂi@ﬁ {fnma m > 1}7 /f%f% gn = 2::1 fnmIAm- 1

00
lim gn:gaﬁafma s.t. im fom = fm. ﬂ:%ﬁg: Z fmIAm;Efmef-
n—»00 n—»00 me1
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20 —fBHL, S g=gt—g . B3P I €F, 5.t gt = > hunla,, g = EngA 154

m=1

fm=hm—gm € F, WH g=gt -9~ = Z(hm—gm)IAm— S fula,.

ZiE bk 10,2030 40 FLER AL
1.16 &% Q A—HEEZME, BQ) A4 Q LR Borel o- 0% 2 Q) TR 0 R FIELRE
2k, W BQ) =o(f: f € ().

19 SE3E B(Q) Cc o(f : f € Co()).
VF CQ HHE, & fla)=e?@D, zeQ, HHt p(e, F) = inf d(x,y), d ko EREEE. WE f
R EREERE, Ho<f@) <L WH F={z:f( )—1}c«r{f fecy()}, H B(Q) "
Q FUETEALER. B BQ) co{f: fe()}

20 FHIE o{f : f € Co()} C B(Q).
VO C R HFFE, fec( NJﬁf (0) & Q HFFEE. # F1(0) € B().
4 G={AeBR): f~1(A) € }NJOeg,Egjﬁzo-ﬁiﬁl. Ji9i b,
(1)WAeGH, AeBR), ffl(A) € B(Q). NIF

A€ BR), f7H(A°) = (F71(A)° € B,
Bl AceG; (V4An€e G, n>1H, A, eBR), f1(4,) € BQ). NH

G A, €BR), f (G An> = G F7H(An) € B(),

R UA €G.
R) i R FRFEFEAR. % 6 = BR). \TiA

a{f: f€C(Q { U }CB(Q).

FECH(R)

«/T (=] _tl_ 10 20 ﬁénu:bji_\‘i.
1.17 ¥ {fi, 1 <i<m} K R _E5H Borel XL, W (f1,---, fm) K R™,BR™)) F| B B 7]
LS

iEBH it C = {ﬁ(ai;bi] :a;,b €R, a; < bi}: f=ffor e fm)- YC €CF C = ﬁl(aiabi]-

FR [(0) = ﬁlfi (ai,b;] € BR™), Bl f-1(¢) c BR™). f#f 1.3 & BR™) = o(C) 18, f
A ®™,BR™) F] H 5 7] B
1.18 f Q- C K (QF) EREEFNEE, ZHHANY F R (Q,7) B (C,B(C) FHy AT Bk

.

B (=) B e R2, A HRIMB R g: C - R2 M go £(Q) = (Ref, Imf) 2 g EEH
FE LT A, g:Q— R2_EATATBRG. ﬁimjﬁlmﬁf—g*logﬁ (©,7) F| (C,B(C)) H
EI’JEI‘?EHHJ%ET
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(«)iBONRFPE—FFE. OZ2{a+bi:acO, beR}eBQC).
f710)={weN: Ref(w) € 0O} = (Ref)™'(0) € F.

W A 1.3 50 Ref T [FIBRETAS mf RPN, BE 2 (@, F) EESETTIREL.
s2 BIFRTEE REFR)

2.9 & CHQ EM—FAFRRERE, # c ALRME=NE, N Me) IStk =.

WEBA & Hy ={fe M(C): Va€R, af € M(C), Vg€ C, f+ge M(C)}. B ¢ AL,
W C € Ha. FEIE Hi Ky EIEZR.
XoafatP)af B af,l (NfeMC),HVgel, futgt ()f+ge M(C). % |gl <1, M |f+g| < m+L.
W f e Hy, B Hy MEIFZE, H Ho= M(©C).

B Hy={feMC): Vge M(C), f+ge€ MEC)}. H M(C) =H1 H CCHo, [FIPEVIE Ho N
B, FREA H. = M(C), B M(C) HLRMEZSH].

2.20 K ¢ 0 LW —IESRAFARBOE, T3 5%
()M (C) = L (C);
2)f,geC=>fAgeM(C); feC,ae Ry = af,a— fAae M(C).

JEBA (1) = (2)) & f,g€Cac Ry, BARH fAg, af,a—frae £f(C), Bl fAg, af,a—frae
M(C).

((2)= (1) 1°%
Gi={feM(C);VgelC, fAge M(C), Yae Ry, af € M(C), a— fAae M(C)}.
E%ﬁ C C G. Tﬁ[‘: Gi j@ﬁiﬁé@
WheG,n>1 H fo L O WE (£} —BCES, Bl 3m >0, [fal <m, H vn >

1, fn € M(C), Vg € C, fuNg € M(C), Ya € Ry, af, € M(C), a— fn Aa € M(C). NTTIH
f €M), |fangl <m, Vg €C, fangl (1) fAg € M(C), |afn| < am, afnl (P)af € M(C), la—fahal <

a,a—fahal(Pa—fraeMC), Bl fed, A G =MQO).

LGy ={feMC): Yge M(C), fAge M(C), Vae Ry, af,a— fAa e MC)}. NBRE
C C Go. [A] EV[IEAS G, MEAYHZR, ¥ G, = M(C).

045 F={ACQ: LeMQO}VfeCHIfloeMC=0eF KHoeMC),iK
1=1-1A0€ M(C), Bl Q e M(C). BAR 7 HEIAL, FiE 7 IAREL

VA€.7:, IAc=1—IA=1—IA/\1€M(C)=>AC€]:;
VA,Be€ F, Inp=IsNIpe M(C)= AB€ F.

i F R o %L
30 FEIE ¢ HRYEEATTH F- T, VfeC, aeRy, % fa=nla—fAa) AL f, € M(C),
H fat Ipsa- B Ipsq € MC), Bl [f >ale F. XK feFr, FREBE o(f: f€C)CF.

2" -1
2 FJFR f e £ (), % M= Slelglf(mﬂ <00, fn= X EIikmyjon<s<((krr)any omy- H 30

H Inry jon <g<(krypny2ny € M(C). B € FE Ry EAZRAMEZSTA], B 2.9 41 M(C) ZE R4 b
RHERPEZ]. B fo€ M), B fu t f, fo <M, Bl f e MC). NTTE £ (C) c M(C). BAAF
M(C) c £f (C)(Lf () AHEII, H ccLhe), #t M) c LF(C). # £ (C) =M(C).
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211(EH 21 M A—MIEX) Bl bi— 3K, HIoyo Ll —IERLERE0R. W

%T(ﬂ%{?fi{ﬁﬁ
€
JfEH, aeRy =>af€H; f,geH, f>9=>f—g€H;

(2
BVfn€H, n>1,0< fu 1 f, H f AR M, HF)= feH;
(WA €C, I4€H,

W H A& o FEFTEIER oC)- FIINSEE GER, HF) K%

B ()4 F={AcQ: I,eH} WK CccF. TFiEFHr»k
1"1eH=0Q¢eF
24 BeF, ACB=1IpIpeH, In<Ip=Ip—IseH=IpacH=>B\AcF;

A4, e Fon>1, AgtA=>Ig €M, In 1 BER =>IheH=>AcF.

HCcHha b#rRgBRoC) cr
)X fge M, EEC> f+g. M f+g=C—[C—(F+g)] €H, BIRZHRHN.
3) X o EMAEEIESR oC)- FITISEE (AR K% r. 2

n2" —1

k
fo= 3 gtk <patian /zng + nlipzn)-
k=0

B fo €M, HLfut 1o B (3) 15 f €M,
3 LM SURD LR 8%

3.8 1% (fn) H—AE R R BUTF, WEHE (fn)ae(FHNM, JLP—BSRME p) BSTF
I, WHEH T (fn) AAHMEW S AT

JEBR HiE ae. FIEE, HEZRPITFHE.

(=) & fo =5 f, U 3N, p(N) =0, Yw e N°F lim fo(w) = ). A Ve>0, IM, 24

n>MEBF, |falw) - fw)| <e/2. NTTE Ywe N6, n,m > M
|[faw) = fm(@)| < |falw) = fFW)] + [fm(w) = f(w)| <e.

(& IR (fn) ﬁae L&%EZIS:?U EI] ElN ) =0, VwENcﬁ hm (fn(w) = fm(w)) = 0. EE

ﬁﬂ&@%ﬁﬁ%ﬁ@ﬂﬁﬁgh@ﬁﬁiEﬂhﬂaﬁﬁ-mm

3.9 ZERFIPLHH: FF u(Q) = oo, N p JLT-AEAMMCSIUR 3 AS — =2 4 BE Wi 8K
JEEA B (R, B(R),p) FoH 1o A Lebesgue JBE. N p(R) = oo. &

-Mw={% 5w
fw) =0, VweR. TRA lim fo(w) = fw), Bl (fn)ae. WA {H

#(lfn = fI > 1/2) = p((—00, —n]) + p([n, 00)) = +o0.

3.10 ¥ fo = f, WA liminf f, < f < limsup f, a.e..
n o0

14



W & S f WFE TS (fo) (B4R foo =5 £ AT liminf £, <liminf f,, = f =

lim sup fp, < l1m sup fn, a.e.
n—oo

3.11 Fu ﬁﬁﬁﬁ{m il
fn M f

w
I P T T T

JWEER (=) & £ 5 f, WH 367‘5%[15@ (fa) BIE—TFF (fu), FFFEETFF ( fnk ), fH15%
fy, = f- ﬂ:ze%ﬁli i = iy B 36 EHRTIE fo = f > ol = ol BRH
fo = F= | fal = 11 NI

L+ |fal  1+1f] 1+ /DA +[f])
|fn = £l [ 1fn = f] IFL A= 1l |

S A DA T A BDa+ ) T A 1R+ 1)
< Ufu— Fl+ 1 fn = Fl+ | 1= |l | =0 (n = 00).
(<=)/11(|fn - f| >¢) < lsi fQ 1_',_]]? f|dlff EH 3.6 E&#%JW%KE}E%‘

u(lfa—f>€) =0, n = .

B fn = 1.

F=F H
51 X BRERMER

1.10 2B 1.8(2) 3T 1 B o- AIRMESRAARE L.
g S a=R, F={0,0}.
pey={.% 42&

p A Q ER o HIRME, X f=29=1, ﬁquA ) < ulgla), VAe F. fH f > g, Yz € Q.
1.11 JEBH & 1.7(3), Bli% f,9 R ﬁﬂif H u(f) +pue) BEX, W f+gae. ﬁ%x

JEBA HFARSRIRIENER,  w(f) +u) = (f++g )—u(f~+97). X u(f)+nlg) BEX,
ﬁiu(f++g+)<oo,ﬁu(f‘+g‘)<oo- Hﬂ%ﬁﬁl-ﬁ(ﬂ H, fr+gt<ood f- +g < oo, ae. P\
MAE f+9=Ur+9")—(f +97) ae. AENL.
1.12 K (fn) H—FI M REL. & (fn) ae. BPHE BI Vn, fo < fogr ae), MIFETE—LALER
ﬁﬁf?ﬁﬂ gn 1i'fﬂﬁvna fn=gn ae..

iIEBH EEVTL, fnan+1 a.e. %l], 3N, ( )_0 VWENCﬁfn <fn+1( ) E:R

O S

}\Uﬁgn S E.fn_gn a.e.
1.13 # ( f 7@' 7 PR S IETJ AeF,1<i<n TR, n} HEZTE, &
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( =1 ) I¢ 1,--- ‘ ‘ (El )
k { ) } g

\n/ Iy, = Z (_1)|I|—1 /\IAi- (%)
k=1

IC{1, n} i€l

EBH JTik

Yo =1 B BRBL. BIEN n BOL, FUER n+ 1 AL
2% )t AL

Ic{1,- ,n+1} i€l

= Z (_1)|I|_1 /\ Iai + 1441 + Z (_1)|I| (/\ IA;) /\IAn+1
Ic{1,--,n} i€l Ic{1,--,n} i€l

= \/ Ia, +1a4,., — (V IAk> /\IAn+1.
k=1 k=1

Moy n+1
FIE f = k\—/l Ia,. X

= (0 Ak) \Ant1 + A1\ (0 Ak> (U Ak> NAng1 + (U Ak)c.

k=1 k=1 k=1 k=1

n n+1
k=1 k=1

n n+1
(2)w€An+1\<UAk),f:0+1—0:1, V 14, =1;
k=1 k=1

n n_+1
Bw € (U Ak> NApt1, f=14+1-1=1, V I4, =1;
k=1 k=1
n+1 ¢ n+1
(4)w€<UAk) , =0, V 14, =0.
k=t n+1 k=t n
WA f= v L, BP (0) 23X n+ 1 BOZ. EEF kv Ln=Tp 0 A =1In H () &
=1 w21 k i€
PR AT, SOV ER ST w IR

f(Un)-, £ coe(ne)

1.14 & E N—EEZSE, BE) HE Borel o- ﬁ?&t p 5 v R (B,BE) EEIWEAE R
. 5%t E J:~@J7ﬁﬁﬁéé§é®’§k FHE u N p=v.

JEER EE—: BAR 1ec(B), i u(
BH={feBE): uf)=v(f)}C B Eh%wﬁ C(E) C H. TR BISRMENER H W=
MEl, H1e#. X C(E) XM \1_;%?3;«1!71‘1 S B 2.8 A £4(Cy(E)) C H. FEH Py
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116 B(E)=0o(f: f€C(E)) FNBE)=H, Bl p=v.
ﬁE{ﬁﬂ A F={ACE: pA) =v(A)}

Ehlecb ), W Qe F;
( )A Be 7, ACB:>,u(B\A):,u(B)—p(A) — u(B) = v(A) = v(B\A) = B\A € F:

(3) % At A, RN THELM: > AcF Bl F 2 2K, i
&e={FcE: FHETHSEL MCH K VFel, 2 o) = (rbr) €GE), fals) -

gf Eh(éﬁ)ulgﬁ(ufn = v(fn). FFHERWSERE vlr) =v(r). W Fer, Blccr. AT
o0

1.15 % (Q,7) & (B,&) AWANTZME], o8 @,F) 2] (B,&) FRFMES, ok ©,7F)
.
(1) 2 uf(A) = u(f~1(A), Ae& M uf~t N (B,&) LRTINE GE¥WRNE f1E (B,&)
%Hﬂﬂ'qiﬂﬂfg B f ) SR E).
2) W g K (B,€) ERYTTIMEE, NEAE g XFMEE pft BBSTFAE FHNHL, FIR),
M‘;ﬁﬂ/\ﬁﬁ go f FTF u IR FAE (FHM L, TAR). Ak, XEHFE

/Q go fdu= /E gd(uf ™).

WA (Duf=(0) = p(@) =0, An €&, AnNAp =0, n#mH

I (i A") - <f_1 (i A))

=p (Z f—1<An)> = ulf (4n))

=> uf (A
W st (B, &) LRI,

2) 2 g=1Is, AcE N
| mndtst ™ =0t @) = [ Tonde= [ 1apdn= [ 1ao fan

3l
/Qg°fdu= /Egd(Uf’l)- (%)
X T4 BOL. AR RIS () 2K g HAE & MR RET L. % 9 IR & 7]
MR, WAFALE {gn: n e N} AIER & MEBERB)TH], H0<g.tg. TR {gnof: neN}
FAER F- R EOTH], H 0<gnoftgof, HILHEIARSUEER (+) AXFER £ AT
#r g AL - IR EL, T

/Qsﬁ o fdp = /Engd(uf‘l), (1)
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/g’ o fdu = / g d(uf). ()

M g* o f = ﬁingd (uf =) FFE (FIRR) ST (0,2 RABEDH —FR @AH
M), Pﬂﬁ’ﬁ&#ﬁ?? JCE!GEL%”\% ﬁI?E %Bﬁﬁﬁ B fo 90 fdu F1E (ATARY). FEHH

[(2) KA1 7E SR (*) iﬁ%]‘ SLAE &- AT RO, X T AE & ]I e AT X ﬁi%ﬁ’%
MR R €- AR e 2R, B4R (+) ML

§2 RS FEURER

2.10 % fo, b Gns fr1,9 € Lohn < fo < gnjae,Vn > 1 X fo 25 B fu 5 f, g0 25 g BX
In 5 9, b =5 h B by 5 he W by g, hay g0 BBETAR, H. p(ha) = u(h), wlgn) = ulg), M £ 7]
*/\, ﬁ,}l,néo“ fn)— (f)

iIEEH Z:ﬁjj&fn&fa gnggah — h. Hﬂ@&ﬁfn_hnzoa fn_gnSO:E_
fn_hni)f_h; fn_gni)f_g-lgn; T/\: thffnggn;a-e- ,Vnzl)nxﬂfnﬁfﬁ X‘j‘
fn = hn N Fatou 5|3

plim inf(f, — hy)) <liminf p(fn = hn) = liminf u(fn) = p(h),

n—oo n—oo

B w(f = ) < liminf u(fn) = p(h). NTITA (f) < liminf p(f)-
TR fr—gn BV f“ A Fatou %‘lﬁﬁﬁ lim sup 4 fo = gn) < p(limsup(fn —ga)), Bfl limsup u(f1) = (g) <
u(F) = ug)- NTITA (f) > lim sup u(h) TR TR, B ur) = Jim pu(fn)-

FR M B S, WITTIEF51 ae. WUSK.
2.11 A51E 2.10 A hy <0 < gn, W Tim pu(If — £1) = 0.

:LIEEE Ehhngfnfgnaa-e-%uhs.fgga hn—9< fn—f < gn—h. ﬁﬂahnSOS.qn%na
lfn=fl<gn—h+9g—hy B F, =g —hn+9g—h>0, F,eLt, H F, 25 29—-2h>0,ae F, &
29— 2h FIRL, W p(Fn) = 2u(g) — 2u(h). HEFE 2718 lim pu(|fn - f|) =0.

2.12 W (fn) jﬂ_‘j‘(mjbﬁﬁﬁj 75‘2”_1:“ f+ <Ooj€En 1N ) < o0, )\J Zn 1 fny ace. ﬁ%
X Zn:1 fn ﬁ'ﬁf H%‘M n 1fn =Enf1 N(fn)

iIEEH . z_:lfn— Z—:lf;:_ z_:lfn’lih’zé22/f%
p <Z f;f) =Y ulfh),  w (Z f;) = ulfy)

FH Euf+ <oonEu ) < o0 15 Zf+<ooaeji Zf <ooaeﬁ‘5£2fnae7ﬁ
B, H ; fn ié}ﬁ

u(Z fn) =u<z f?f) —p <Z f;) =D uH =D w5 = wlfa)-

n=1 n=1 n=1
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3 RERF>ESFSME

3.17 Wv H—FFSMEE, T v WRSELE OLE 3.513). MX—V] AeF, fla XF v
IFRGFE, H Ao v(f) @ X T F E—FF5ME.

WEBR [, fdv= [ ftdv— [, f~dv= [ frdvt+ [, f~dv™— [, fTdv—— [, f~dvT.
A f XF v RS, 8

/Qf+du++/9f_dv‘ < oo, BY /Qf+du_+/ﬂf‘du+ < 0.

N [o fladv = [, frIadvt + [, fIadv™ — [, fTIadv™ — [, f~Iadvt, H

/Qf+IAdV++/Qf’IAdV’S/Qf+d1ﬁ+/9f*dl/’,
/QerIAdV_ +/Qf_IAdV+ S/QerdV_ +/Qf_du+.

A [ fHIadvt + [ f~Iadv™ < 00, BX [ fHIadv™ + [, fTadvt < co. # fI4 FTF v BIFRS
FTE. 2 o Amu(fLy), WA

’ <§A> ) /Qf{gmd” =3 [ e = 3t

Bl @XT F LH—F-5 M E.
3.18 W v K p AW NFFSMEE, T v IRSFETE. 2 v < p(FHIHE v L p), M £ < p(AH
mﬂﬁ, fvLu.

JEEA (1) W v < p, B

|f.v|(A /f+du+/fdu+/f+du+/fdu

ul(A) =0=|v|(A)=0=1vT(A) =0,H v (4A) =0=|fv|(4) =0= fv < pu.

(2) B v Lp N3N eF, F5
lul(N) =0, [p|(N®)=0.

(
FV|(N) = FEot (V) + f~0™ (N¥) + fH o (N°) + £~ (N9)
= RN+ f V(N = 0= fr L

3.19 B (0, F,pu) H—IE=R, v F ER—FRFSME. W TFH W5 E M0

Dy < p;
(2)v5>o, 35>0,ﬁf§Ae?u( )<5¢|u|( ) < e.
JIEER ( ) A u(A) =0, VAe F. B (2) 18 Ve > 0, |v|(4) <e.

H e E’JE%I“_%ﬁaslvl ) =0, Bl v < .
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2) IR,
Jeo > 0, L6 =1/2" >0, 34, € F, u(4,) < 1/2",1H |v|(4,) > o > 0.

BU A=limsup A, H,

n— oo

(ﬂ U Ak> <ﬂ<U Ak> <Z/~‘ (Ap) = Qn —, Vn = p(4) =0.
H |v|(4) > [v|(An) > e0 > 0. X5 v < p FE. B (2) BAL.
3.20 ZFIULAAERE 3.11 F 1Y o- AR EAH %ﬁ

B =101, F={AcC[0,1], ABAKH BB AEE}. 2 u(A) =|A|(14] A A HDED.

A = ) 0, AFEL
“) {1, AT

N v < p, H uw N2 o- BRRME. BEFELE KT o BROFER TN EE g, F75
v(4) = /Agdu.

B A = {wo}, MAF
0 =v(4) = g(wo)u(A4) = g(wo),

Bl g(wo) = 0. XL FH wo BIFEREHER 9= 0. U v = 0,355 v 95 SOFIE. B 3.11 7 o i o-
1 B AR Bl .
3.21 & u Kv AW o- BIRWEE, WRHE v~ p, 5 H R FHEEFM RS 90 < g(w
00, Yw e O, f§18 v = g.u.

MR (=) B Radon-Nikodym REFRA, FEAE—KTF u BT FELERI I R EL g, (75 v = g.p0.
WA, g 7 p- FEMBE X T EME—/, H 94 pae HIR.

v(lg < 0))= ﬂ[g< >—7}ijgo o< h=tim [ gdu< Lo < D=0
fHvYAe F, v(A = [,9dp>0=g>0, p-ae. Wou(g<0) =0, v([g<0))=0,EH10< g(w) < oo, ae.
(ujﬁ , FHTE i{ﬂ‘J%J:iEXg =1, B8 B4/ o
B v=gnfFv<p EV = [, gdu=0, 1

Oz/gduz/ gduz—u(Aﬂ[g>1/n]), Vn > 1,
A An[g>1/n] n

Bl pu(A) =0. Bl p < v, Bl v~ pu.
3.22 & pi,pe NAJMZEME] (Q,F) ERERFSME, £
N pe = p1 4 (pe — p)t, o Ape = — (= p2)¥,
N pa Voo AWER v > Hov > pe BIERIMFSIE v Aps R v < Hov <p BFIERK
FFEMEE v.
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VEBH VA € F, 4 11 (A) > pa(A), M pa V pa(A) = pa(A) +0 = pg (4) > pa(A);
H i2(A) > pn(A), Wy Voo (A) = pa (A) + p2(A) — pa (A) = pa(A) > p(A). B

1V ope > pa, H Vs > po.

BXFE—FFFME v, v >, v > po, H3A € F, st v(A) < pa V pa(A). M p(4) >
p2(A) (1 (A) < p2(A)) BF, iV pa(A) = pa(A) (= p(A)). B v(A) < pa(A)(2(A) TJE, Bl pa v oo
SRR v > i, v > e BIER/INFEMIEE. SHF A pe FIFETTIE.
3.23 & p N (0,F) EFFSMEE, W ([vilhar < 2supacr lu(A)| & w(Q) = 0, M p HHBRFFS
E; H%‘ lizllvar = 2sup g 7 [1(A)]-

WA % @ =Du D u WY Hahn 73, HArRT 3.6 15

wu(D) = sup{u(B) : B € F}, u(D°) =inf{u(B) : B € F}.

[4
lilhar =|ul(Q) = 5 (R) + 1= () = (D) — u(D°)
= sup u(B) — jnf u( ) <2 5p |u(B)]
BeF
(@) =0, WAE ut () < oo. AL |ul(Q) < oo, B p AHFRFFSMEE, H 0=pn(D)+

u(D“') = sup u(B) +B§nf w(B EIJ sup |u(B)| = sup u(B) = — inf_u(B). Y ||pllver = 2 sup [u(B)|-
BeF €F BeF BeF BeF BeF

3.24 % B(Q,F) F¥m @ FEFR 7 mEHedk, Mm@Q,7) Rr Q7 EERAFSE S
k. X feB@Q,F), % Ifll =sup,eq lf W),

(1) B(Q, F) $&35%L || - || 9— Banach Z=[0] (5245 MR 2Rk 2= ).

(2) | n € M(Q,F), & L(f) = w(f), f€BOQ,F), W uih BO,F) LH—FHFEEZH,
BA 1 = llulhar-$3&7%: & Q=DUDe N u W) Hahn 538, 4 f=1Ip — Ipe, FI& pu(f).)

(B)M(Q, F) $ZFEEL || - llvar F— Bannach %3 [H].

JEBH (1) Bk B(Q, F) ALEZN, HX feBQ.A)H

Ifl=0&f=0; VaeR, [af|l=]|al [[fl|;

Vg € B(Q,F), [|f+gll=sup |f(w)+gw)| < sup |f(w)|+sup |g(w)| = f]I+]lgll-
weN weN weN
XFH || B
FESE&YE. & {f.) C BO,F), B fo— fm o, ) Up |/ () = fm )] = 0.

Ve >0, In,m TR, F1H |fa(w) — fm(w)| <&, Yw e Q, B £ — fr —BOUSTF 0. B _E

S 38 40, 3f € B, F) {ﬁ4a=fn~ﬁmjz$f.éf&fnﬂ>femf Bl B, F) $2|- | H
— Banach Z[d].

2) R RPEMER, o b BQ,F) L —ZMEZ . Ve BOQA R II<1A
(A = (D) = () = DI < wt () + 1 (F]) < u Q) + 1 (Q) = [|ilvar-

H ﬁﬁﬁﬁﬁ%iﬂur“’ﬁl, ltllvar < 00. #8 I, N B(Q, F) LHI—FHRLHIZEK. % Q=D+ D¢
A Q f) Hahn 53, 2 f = Ip — Ipe, W Ifll = 1, B |I.(f)| = p*(D) + p~ (D) = ||pllvar- K
WLl > [lellvars BY (|2 = ||u||var
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3) AR M(Q,F) B—RMEEM. VueM@Q,7)FH
lullvar =0 & [ul(@) =0 p=0;  Va€eR, [aplr = lopl(Q) = lal ||ullr;
W opi, pe € MQ,F)FH
s + p2llvar = | + p2|(Q) = (p1 + p2)* () + (u1 + p2)~ ()
<pi (@) + p5 (Q) + py (@) + 13 () = [l lvar + [l12]lvar-
BESEAYE. B {un) € MQ,F), B o — o 50, W VA € F,

[1tn (A) = ptm (A)] < |ptn = pim|(A) < [lptn = B lvar- (*)

W p(A) = lim pn(A) FFFEHARR. H Vitali-Hahn-Saks IR, u A —HF 5, up [anlvar <

00. £+ Q= DU D N pu B Hahn 4.
leellvar = p(D) — u(D°) = lim (pn(D) — pn(D°)).

n—oe

ﬁﬁ Vn, |.Un ) ,Un(DC)| < 2”,Un”var- ﬁi ”N”var < ZSUP ||Nn||var < 00. H\ﬁﬁﬁ JURS M(Q f) EB (*) ,%!‘
%—ﬁWﬁ¥wxmmwm=EWMﬂmm—M( — )(A). T g s e M0, F) B

AeF
” ) ||var j%l_‘ Banach I/_‘_—EI‘E—IJ_

g4 T[E] Lr REXHE
4.19 R ELTLIN R B ARTE L>°(Q, F, p) IR
JEEA Vf € Lo(Q,F,p), 1L [Ifllo = a < 00. Ve > 0, ¥ [—a,a] 3B E/NTF ¢ BIHEFRA/D
X [H]:
[ao,a1], (a1, as], e (an_1,an].
E aila,, Fef Ay = f'([ao, 1)), Ak = ' ((ak—-1,ax]), k > 2. WFE F'([~a,qa]) b
|f — fe] <, fe € L=(Q, F, ).

W p(lf = £l > &) < p(IF1 > 11fllo) = 0, B [If = felloo < & B e = 045 If — felloo — 0. TR
BRECRRTE L°(Q, F, p) .
4 20 X [a, 0] ﬁ*lﬂlilﬁl i A [a,b] LfYJ Lebesgue MFE. WIXHEA] p: 1 <p< oo, [a,b] LHJ
ik PR B 2ARTE L7 ([0, 0], p) PHIE. B EH—PIEH [o,0) LREZRERRTE L7 ([a,b), 1)
ﬁﬁﬁﬁﬁ HAMIERH Lo ((a, b 1) ANJEH] 4 Banach Z5[H].
B 4 ¢ = {[e.d), a5c<dSb}ﬂ a(C) = B(la,b)), ¢ HREL B Ps T 3.9 H
VA € B([a,b]), € >0, AB € C, s.t. w(AAB) < e. ¥ u(|14 — Ip|?) < €P.

P
V=S arla,, A € B([a,b]), Ve > 0, X Ay, 3By € C, s.t. p(|La, — I, |P) < (m) g
k=1

n
g= > aylp,, By €C,
E=1

1
0 = ol = (| S anle, zaszm) < z lax(Ta, — 50l

k=1

<3 foel s, - IBkHPSZlak'm

k=1
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X1 R 1 B, WS adp, BeeCon> 1) 18 L2, B o.0] LEVRE

PRECTE L7 ([a,b], n) FHHE. Xda?ffﬁl_éi@%ﬁl—féa“ii (ke BRBOEIT, # [0,0) 13
ZERRETE LP((a, b] p) .

B Lo ([a,b], p) N E RSB XA R ZE R P EE FEET 40,
/:‘»\M—{fs()lse[a b} € L°°((a, 8], ), Eorfr

N sy # 82, 1fs() = FsaC)lloo = 1, BE M A4, NTTAH L®([a, b, u) NF[5.

4.21 % (O, F, P) HHEREM], 1 <p <p2 <o, T fllpe < N fllps- BEAN, B 111l = 11 lloo (@ = oo)
iIEHH DL < pr <pr <00, M o(a) )& i (z > 0) KBRS H Jensen RERA o(P(fP))
o(£17)), B (P fIP) 7 < P(fIP),

1£llpe = PAFPOITE < [PFIP)7E = (1 Fllpa-
2) B (1) H{fll,} =F p HiBEHFH], BWRIBFE. TREH P X 412,413 5
1OEYE0, (Eo) =0, s.t. “f”oo—gtlp |f(2)]. T

/|f )PdP = / DPAP < |[fI%, Vp> 1.

B < 1S lloor B lim (171l < 11/l
20 < & < [|flloos Be 2 {w: [f(@)] > Ifllo — e} AT, #

=

1£llp > (/E If(x)l”dP>p > ([[flloc — ) (P(E2))* -

& ps oo lim flly > flle <. 1 € BFEREHER tim £l > 1flle
Gy L 1020 78 tim Ifl = 1]

4.22(Hlder ANEEHYHE ) (1) B 1 <p,g,r < oo, L+ 1 =L NH [Ifgll. < Ifllpllglly-
(2)&1<p17p21"':pm<00 m22 Hp1+p2+ ﬁ=1|)_wﬁ

f1-- fmlle < Wfillpy - (1 fmllpn -

W (1) /W1 <pgr<oo, 14+1=1FF

[E(f9I"]" < [EQFIP)]7 [E(g|)]7 , Vf
L= 1 é‘& |ab| < T|a| + 5 |b| ﬂ?: ||;||T;;

P(Q, F,P), g€ LYQ,F,P).

iy A

E5|

T4 =
p q

. T Tt = TETE) + TEg S = e T =
E(IfgI)SE[prI +q|g|]—pE(|f|)+qE(|g|) o=l



BCE [(1f17191M)/(IF 115 19llp)] < 1, BP (1791l < ||f||p||g||q
@) W1<p,pp<--pm<oo,m>2, L4 L.y L1k H

’ p
oo dulle <l el Sl
<Nl o lpall s f;n .
<o < il ol ---||fm7|lpmp-2
4.23 B (Q, 7, A—MWEEMR, fel'nle Bk vp>1, fel?, H lim |Ifll, = [Ifll-
WEBA ()¥p > 1,4 C £ ||fllee < 0, [Iflloc < C, prace.
J1erdn= [ 177" flau= / 1117 ld+ [ urtisla
[f[>C1] [If1<C]

<CPu(| f1) = CPHIf I < oo

i f € L».
2) VL] 4.21(2). 24 || f]loo = 0 BF BARELEWHAL. 24 [|£lloo # 0 B, B Eo - u(Eo) = 0, s.t.
||f||oo = swp |f ()], E{ f € L™ 18 u(Q\Ey) < oo,

/ (@) Py = / F@)Pdu < [1FI12 w(Q\Eo).
Q Q\Eo

BN Fllp < [1F oo [(2\Eo)] 7, B [ llp < 1l
AP, Ve>0, e< [ £lloc, Ee=lw: |f] 2 ”f”oo — ] RREFM L.

£l > (1 flloo = &) [u(E2)]> . # Jn [[£1lp 2 11 lloc —e. Le—=077 S (11l 2 11 lloe-
NIE:] [l = 11l

4.24 m/\jﬁlRJ‘;E"’J Lebesgue ME, 1 < p < oo, f e L*(R,B(R),\). XE4 z € R,
.f:c( ) t—.’L’ iﬁﬁE va € R ﬁ limw—mo ||fw f:co“p
4.25 B (O, F,p) H—IE=E], ¢ H—LH o ﬁﬁﬂ@%ﬂl, e L=>Q,F,p) LN T,
.
Tg(f)Z/fgdu, [ € L=(Q,F,p).
Q
Ik
llglls = sup{|T(F)[ = || flloo <1}
JEBH ()Vf € L(Q, F, ),

T, (f)] < / \Fald < 1 lloollgllr-

B sup{|Ty ()| = [1flleo < 1} < llgls-
2) BL f = sgng, NI
T, =| / g sgngdul = llgll.

B llglly = sup{|Ty(H)] = [1fllee < 1}.
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§5 Daniell }343

5.10 % M F—A n 4§ Riemann JiiJE, U & M BJ—DRIRTBL, {21} B v FRILIRE
%, {9s;} HAE U ) Riemann BRI, G= det[g;;](det TREMERITINR). & C.(M) F
A M EPRETEMESEZREER. & feo.M), BEXEST u ©X

/ufZ/uf\/éd:cl---dx

XF—f&H f € Ce(M), AIFIA EX K M fg—ABALL R L [y, £ I £ e [y £ R Ce
_E# Daniell 14

§6 Bochner *,qﬁ**l] Pettis *Rﬁ‘

6.7 W (Q,F,p) H—ME=E, X:0- EHF—58 p FIRKEL NHE X B Bochner H]
R, W H RFFTE—FIE BRI R (X, n > 1}, 15X ae. w e Q, slim, Xp(w) = X(w),
H lim [, [| X, — X|ldp =0.

IIEEH B3R p- AT RE S, AR (Q, 7, p) A6 M50, H X A58 AT il ek 4.
(= Lz X 7§l Bochner Ef 2l EEXHEEE 6.3, IBorel ﬂiﬂ!ﬂfé’jﬁ@ﬁﬁﬂ {Xn}, s.t.

X, < X1, Vo> 1, B s lim X,(w) = X(w), Yo € 2.
n—oo

[4 |Xn|| 2F p- B]FH. MIAE X, =T u 2~ Bochner FJFH, Vn > 1.
|| Xn = X[l = 0, n = co. B Fatou 5|HF lim [, [|Xn — X]ldu = 0.

X fQ 1 X5 — X lldp < fQ 1Xn — X||dp + fQ 1 X — X1|dp, [¢ n };IEOO fQ 1 Xn — Xm|dp = 0.
(<) & X, HTEEEF], s Jim X, = X, H lim [, 1 Xn — Xolldp = 0. 8 lm_ [, | X —
n,m—00 n—oo

X||dp = 0. X X, 3F p 24 Bochner EI N, HXTF p 7,

W fo 1X lldp < fo 11 X5 — Xldp + [ || Xnllde < +00. WTITA [1X]| TF p AIFR

i ERH 6.4 41 X 5T 1 A Bochner FJFH.

6.8 X (2,7, p) 7§I~{D‘JT“ SNH],  {Xn} H—% Bochner FJFHPREL, X K—5% p- I RREL.
WERXT aew, s-lim, X, (w) = X (w), BFE—IER 1 FAIERREL g, 15 |X.| < g, ae. Yo > 1, N

X A Bochner HJFH, E_ﬁ
s—nli)n;o/QXndp:/QXdu.

B Ve >0, 3N, % n > NI, [|1X, —X|| <e. BUIX|| < 1Xp - X[+ [|Xnl| <e+g. 2 e—0
5 IX) < g WX KT p WHR, o Xdu FEAE. X ||1X, - X|| < 29, TR ESUE B

[ Xudu= [ Xaull < [ 10 = Xlldu =0, 0 cc.
Q Q Q

6.9 & u A ([0,1],8(0,1])) EHY Lebesgue MPE, E A Banach =X[A] L'([0,1], B([0,1]),n). X
A€ B([0,1]), & v(A) = I4. TiQﬁE
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(1)V KT p X LN B- (EE;
TT—"}"-T‘ Bochner F]FRpR%Y X : [0,1] — E, f§15 v(4 fA Xdu, YA € B([0,1]).
'LlEEH ) W u(4) =0, A e B([0,1]), Ia € L'([0,1], 3([0 1), ). W v(4) 4 B- (HEREL. H
/TEIZ@CE’J YERH v O B- HIUEE, FRvVfeEr = 75

fw(A) = f(la) = fladp = f(w)Ia(w)dp = 0.

[0,1] [0,1]

H f (g’gﬁ%ﬁ%ﬂ v(A) = 0. L v KT p R ELER B- [HIEE.

6.10 JERAYE 6.5(3), BIZ X 3&TF 1 24 Bochner FIAL, NI VA € F, XI4 /324 Bochner FJH,
ﬁ\: Bochner *Eﬁ:}’laj@ fA Xdu. /?\

= / Xdu, A€ F, (6.7)
N v A Q,7) _}:H/J—FJ?E%X—FE/] E- {BEE: ()v(0) = ;i) X 7 FRFH AL ST {4},
B v (T2, A) = 22, v(d). BOTAR v R X 9%? It EI’J ARERS. BR v RXTF o ETREX

T daiESE 1, Ellu ) =0=v(4) =0. Ip, &
Wl = sup {z WAl s {4 € jméﬂmw} 68)
*’lﬁ ”V”var ﬂg v E'{J é%%; )nJJﬁ
¥ ]lvar = / 1X ldg. (6.9)

6.11 % (0,7, p) H—ME lEﬂ EJ@ H XY Banach Z%[0] (B E**=E),X : Q> E }
_‘ggﬂ T{WJIZB& ﬁn% VfeE* f 7%’/1 T/\; J\IJXﬁPetUSE‘I‘

EmE %% Va2 8] kB A 55343
§1 AT =S E]

1.5 &I H—FEE, (U Fier 7@ A=), HEAS 7 A, W T, 7 Rl 4.
B HEERR ¢ ¥ H o) =F;iel. TREHIE 1.6 5

[I7i=0 (U wil(ci)> :

i€l i€l

MG K ¢, T ATRO, Ut (C) ARG R TT 7 W

el el
1.6 &K (%, Fi)icr 7@~Tﬁ%‘f{ﬂ'ﬂ S, G AN F TR, el HXEANielolC)=F, WEH
Hzelj: - U(UzEI i (Cz))
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iIEEH E%ﬁ U(Uie[ ”fl(ci)) C Hiel Fi. ﬁigﬁfi Hiez Fi = U(Uiez W;I(Cz'))- /D\éﬁi"%ﬁ[‘: HieI Fi C
o(Uier m; H(Ci).- %
g = {A = (Az) 11 € I,Az’ € Qi;UWi_l(Ai) Co (Uw;%CJ)}
i€l iel

GE (CivieI) G H G N o- REL. A o((Civi € 1)) Co(Usermi ' (Ci)). TR
52 RIRMEL Fubini FIE

2.8 % R NELHZK, IXiE BR) x B(R) = B(R?).
JEBR FHEE, X—Y o= (a1,2) eR%LF
(—00,z] = (—00,21] X (—00, 23] € B(R) x B(R).
M BR?) = o({(—00,2] : € R?}), B B(R?) c B(R) x B(R). T5ZEIE B(R) x B(R) = B(R?) HFE
ik B(R) x B(R) c B(R?). H]I
Ay x Ay € B(R?),4; € BR),i=1,2. (x

~—

MERLEH a2 €R, &
G = {A; € B(R) : A1 x (—00,a2] € B(R?)}.

SHE G A R Fo- REL H {(—00,a1] :a1 € R} C G1, #1 G1 = B(R).
HR, SMEHAH A € BR), &

Gy ={A; € BR): A; x Ay € B(R?)}.
Sk Ge W R o- REL, H {(—00,a2] 1 a2 € R} C Go. FTLA Go = BR), IXEEREN T () . X
B(R) x B(R) = o({A1 x A : A; € B(R),i =1,2}) C B(R?).

i B(R) x B(R) = B(R?).

2.9 W (X, A,p) X (V,B,v) K o- ARME=E, EeAxB, WTFFHFMFE:
(D)(px v)(E) =0;
(Q)M(Ey) = 07 v-a.e. y;
B)wv(E;) =0, p-a.e.

v(By)u(dz) = / H(EY)u(dy).

Y

(b x v)(E) <= p(EY) =0,v-a.e.y
<~ v(E;) =0, p-a.e.x.

2.10 % (X, A) K (v,B) HEMZEME], m Ko K (X, A) LR o- BRRMEE, pe K v 25 (V,B)
s ﬁﬁﬁ{ﬁ'ﬂﬁ ;ﬁ"‘ v < H v < po, N oy x vy < p1 X 2, H_ﬁ

d(V]_ X V2)
A % o) (z,y) (z)

dvy
dp

_dn
_dlh

(y), 1 X po-a.e..
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WA VE e Ax B, 15 29 8
(1 x p2)(E) =0 <= m(EY) =0, pr-ae.y
< uz(E;) =0, pi-ae. z.
T v < Hovs < p K315 2.9 15
(1 x p2)(E) =0<= v (EY) =0, nr-ae. y
= 1n(E,;) =0, V1 a.e. x
= 1 X 1n(E)=

EI]'/1><1/2<<111><M2-
VE = A x B € A x B, |} Fubini &35

dvi duvs d dvy
——d —du | =4
b dn dps (1 X p2) = din » dus 2
/dl/l/ dVQ /dl/1 XI/Q)
l/1 X l/z % )
d (11 X 12) d(p1 X p2).

il RN EHHIVE=AxBe AxB,
dvy x v2) ﬂdw

= —=, 1 X po-a.e.
Ay X pz)  dpr dpg” 1

e
AxB=oc({AxB:A€ A BEeB})
SEAI
A xvo) _dvidvy e,
Ay X p2)  dpg dpsp”

211 T amn HARTBB B, R Fubini 5 FLE S
DD ama=3 > Gmn

m=1 n=1 n=1m=1

2.12 iR Fubini XE}EIEE@ rf exp( —%)dx =1.

S, = [0,a] x [0, a] Eﬁ&@ﬁ flz,y)=e " e 7E S, Eu[FH, HH Fubini EFE

// S e (/an—fdx)2.

PEAE o T V2a B § & Dy M Dy, BEANDAET S IS So. B e

BRI

A
o)

22142
Sa

= G(a).
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Sy
// S dwdy—/2 d0/ e T rdr = g(l—e*%).
0

I B R 15

HAE lim H(a) 11m G(a })\Tfﬁﬁ

a— o0

22
— e 2dxr=1.
vV 27T v/;oo

2.13 B (X, A,p) N o- AIRMEZN, 7oy X ER—dE5 A TR K

[ s@ntan = [ Tl > ).
X 0

JEBA % A M (R,B(R)) L[ Lebesgue I FE. 4
E={(z,y) e XxR:0<y< f(z)}.

N MNE,) = f(z). T/&H Fubini &5

/ f(@)uldz) = /X A(E.)u(dz) = /R (B A(dy) = / Tl > y)dy.

2.14 & f(t) & g(t) 7 [0,00] LRIPINAELEMEEL. FATH ur K py BHIFRRENITE [0, 0]
i H A L%*EE}E 54). IRIF: X 0<a<b<oo, H

f)g) - f(@)g(a) = / £(5) 11y (ds) + / o(s— ) (ds),

Herg(s—) = limyys g(8)(GE 5 ¢ 11 s FTRtos, Hit<s).
JEEA 4 E = (a,b] x (a,b], WIH

E={(z,y):a<z<y<blU{(z,y):a<y<z<b2E +E.
B B, E, € B(R x R). 5[ Fubini & ¥15

(s > ) () = [y x 1) = / b ( / I(a,b]duf) iy = [ () - F(@))duy.

IR (ur % 1) () = [ (9(2=) — g(a))dpsy. Ti
(g % 1g)(E) = ps((a, b)) g ((a,b]) = (£ (b) — f(a))(g(b) — g(a)).

X (g % pig)(E) = (g % pg)(Er) + (g X pig) (E2). #

b b
F)g) - f(@)g(a) = / £(5) 1y (ds) + / o(s— )y (ds).
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2.15 % f € L'(R), g € L*(R), MIH T 34518
(1)(x t) = flz—t)g 7@' B(R?)- A, H. Lebesgue AJFH;
2) Xt ae. z,t — f( a:—t t) A Lebesgue H]FH.
m)(f’?gﬂﬁ%ﬂizn? Vz € R, &

f (@) {f o f =g, TR,
0, HERHE.

1l f xg € LP(R), HAE W TH YoungANEEZ || xglly < I fll1llgll,-
3)H g AR, W fxgHEELE.
11EHH 1) BAR f(z —t)g(t)? Ky B(R?) F[M. H Fubini EHEK Holder NERE

flx —t)g(t)Pdxdt

< / (@ — )]|g(t) Pdadt
R2

= [1ato0 ([ 176~ t)ds) de = 171l < o

Bl f(z — t)g(t)? i Lebesgue FJFR
@) B L+21=1, A

‘/Rf(w—t)g(t)dt‘ 5/ \f(z —t)|7|f(z —t)|7|g(t)|dt

(/ ‘f”"”dt> (/ @@= 1)llgtt |"dt>

<IFIZ 1717 Nlglly < oc-

FrLAXT ae. z, t — f(z —t)g(t) A Lebesgue FJFR
FEIE Young REE
Bt A Lal=1fell, gelr, he Lt H fg,h >0, N H Fubini ZHA%

e ( [ - y)g(y)dy) s = [ gty ( [t~ d:c) dy < gl Il
X B (L9)* = L?, H h e L* N

1f gl = sup ‘/f*g 2)da

llAllq<

< [1f1lllgll-

=1+L ferr, gels, v =2 M L+1l=1r>1 FUMEE
"N L. #H Fubini EFEFE

1
e L
/R()<f(:v—)( )das—/ (/far— dar>dy<||g||||f*hllq
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HoAt f 2 f ) Fourier ¥ f(z) = Jb= [ eV f(y)dy, H.
1 * hlly < 1715 l1AlL, / h@)(f * 9)(@)dz < l|gllol| FllplI Rl
R

{EL(1F1lp = /1l H b AR AR

I * gl < lIfllollglle, =+

AR

2k LR SR L.
(3) B lg(t)] < M, MIFH=F 1 4.24 1%

1 #9(@) - f * gle0)] = ‘ [ =)= 10— t0g(0at
< /R f@— ) — Fzo — B)llg(t)ldt

<M / £ (@ — 1) — f(zo — t)|dt
R
S M”fz - f:co” — 0;

B fx g RIELERREK
2.16(Steinhaus5 |38) X E 5 R f— Borel 74, 4 D(E) = {z—y :z,y € E}, % E B Lebesgue
MEE ANE) > 0, M| D(B) & —& JF A p X .

JEBA B A A BR) Lo HRRMEE, $ATH 0 < ME) < co. &

m+Eé{x+y:yeE}, —Eé{—m:er}.

F@ANEN@+E) = [ dy= [ I p(e-y)Iel)dy =T g+ Is)
EN(z+E) R

FHEE=AEXHIXHE—PIFE: ye EN(z+E)<=ycEHz-yec —E. > 2.15(3) |
F(z) #%E, HF0) = \E) > 0. WAFFE S > 0, s.t. FI_s 5 > 0. NI A Vz € (=6,6), A(EN(z+E)) >
0. En(z+E) #0, z € D(E), Bl (=4,6) c D(E).
2.17(Steinhaus 5| FEAJHET) & A, B A R BIPIA Borel T8, 4 D(4,B) = {y—z:y € A,z € B},
# A(4) >0, H A(B) >0, ] D(4, B) o & —3dE = FF X [H].

iFBH 5275 2.16 [EFE, 3% 0 < A(4) < 00, 0 < A(B) < 00. 2 F(z) = MAN (z + B)).
yeAn(z+B)<=yec A Hr—ye-B.#

F(z) = /An(z+B)dy = I_g x I4(x).
i Fubini ¥ [, F(z)dz = AA)A(B) > 0, Bl 3zo € R, s.t. F(zo) > 0. FH-H 28 2.15(3) %1 F(x)
HELE, B 36> 0, s.t. (zo — 0,20 + 8) C D(A, B).
2.18 & f(z,y) WEXT V = (a,b) x (c,d) LR —FAEHLEREL. WIR W2 THIEM:

1) 2L 78 v AR Hit gk
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Xj‘%/l\ To € (a b)7 dy -7707 j‘—‘@] (TS C d /—[’?
Byax f 14 —tﬁﬁﬁj\%ﬁ,
}\J gi’ aasgy T_‘ 4 Lﬁﬁ Hﬁ Bway = Byaz
B R E (20,0) € (a,b) x (¢,d), B Fubini EHEE

£@.0) - f@0.5) = F(@,10) + f(zo,0) = [ / 2L inay.

[ &<}
[@9) ~ 1 @w0) _ f@0,9) ~ [(@0,90) | Jlao s rdy
Y- Y- Y—Yo '
/7"\ y — Yo, EE@T‘&%H -~ )
g;( ,Y0) = CZ/f(ﬂco,yo) + . (zj—a'{lj(m,yo)dm. (%)
Hi vo, = FWAEEMAR 5L £ v EFFE. B (0 18
T2 92
Sy = L) = [ s
NI
O o) = 2L a0,
azay Y T Byor

§3 H o- BRZERVE
3.5(Fubini ;EFRAIHE)TER) 1% K WM (X, A4) B (v, B) BI—4 o- BIRZ, u» M (X, A) B
o- BRRMEE, uK H(32) EXHME. & FHXxY F— AxB- WKL, BXT uk 7
ol *Hr“ i, FOTRAE), WA T4
1) Xf prae. x, fo RF K(z,) FJFR FHRHL, FRAFETE) 5

()V;UEX

1) = {fyfz K(x,dy), IR (R, BAEAE) W,
0, HEt,

W 1; Jg p- WJAR (FEHRZHE, FRFFTE), BA

| tawr) = [ 1@,

3.6 B (X;,4)), j=1,---,n AAMZRE], w A (X, A) EF— o BREME. A
2<i<n, & K(zy, 21, dz) AN ([T2) X5, T2 A) B (X, A) B—A o- BIRE.

(1) 7E ()=, X5, 1=y Aj) EFRAEME—BMBEE o, XS —VIRTIEETE 12, A) € T1— A
H

H //J/l dwl / K :xn—ladmn)-
Ay

Jj=1
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WAL, i o- FRRIEE.
2) 124 f j%f (H?:1 X]"H?:l Aj) J:E’lefﬁzlﬁf{wl%lﬁ, I)_]\'Jﬁ

/fdu /,ul (dz1) K(ml,dwg / K(z1, -+ ,Tn—2,dTn_1)

/ f T1,- 7$n)K($1;"' axn—ladmn)-
Xn

3.7 & Ki,Ko AN (X, A) B (V,B) I o- BR¥Z, w,pe K (X, A) ERME. HE uk
%ﬂ: 2K Q’@Xfﬁ%ﬂ@, M‘?Jﬁﬂx\ﬁﬁ m T pe BRTIESLE, HXT p-ae. z € X, Ki(z,") XF
) HERHESE. AN, XBPE

d(p K1)
d(p2K>)

s4 JoH IS8 AYBEEE E
4.3 W {(,Fi, P),i € I} A—IEMEEZE], & Po() Fn I WEZARTFELE, NE
(Tics Qs [Lier Fi) LAFEME—ROAE M EE P, ﬁ%ﬂ}_ﬁ S ePol),H

P(HAixHQi) I P4, Aie Fi, i€s.

ics i€I\S ics

dKl(xa ) dllll( )
dKQ(.fL', ) dl,LQ

(z,y) =

JEER %4 1 M AFRE AT E4ERT, B &R 4.2 Kolmogrov BV IERLE R AL, T H% IR
I IATTHRIE.
M—YAellF B IIF= U FrxQn 8 L\ cI 4L, #i5

iel el I.CI

AR

14=141'C X QI\ICJ AIC € f]c.

T -H Kolmogrov EFRHILE (Qu,, Fr.) EFFFEME—RI To55 MR E P & X
Pr(A) = Pr.(Ar).

Sk Pr(A) BES ARTE, P B o WY, BIEY 5K & B A ME—A.
4.4 B EH 4.1 #E BMEREITC S 241l = 6] R FAFTE .
AR & (), F)jer F—IEFIMZE], Q= [19;, F= T[] F. E& jo€I,Py A (Q, Fi)

Jjel Jjel
ERERME. & S € I\{jo} H 5 € PoD), Isl = t, Pwjo,wjn, = wjey,dwj,) F (2
I QFx 1 F) B (o, Fio) BI—MERE, WIFE Q,7) LRME—BERNE P,

jeS\{go} J'Es\{Jo}
st. Xf—Y] S e Po(I) H
x [I @)= Ps(BY).
i€I\S
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H Ps N T1 7 BO0F 8 SCAOHE SR B -

€S
PS(BS) :/ Pjo(dwjo)/ P(wjo’dwjl)"'/ P(wjoa"' 5dwjt—1)
Qjq Q5 Qjt—1

/ Ips (wjm" . ’wjt)P(ijJ- T 7wjt—17dwt)'

Jt

Sé {jOJ"' 7jt} CPO(I)
WEBA SE—4: X Sic S, HSiePo),i=1,2H

Ps, (BSI ! Q) = Ps,(B™),

i€82\ 81

EDPECQ{BSX [T Q:8eP(I }J:EDE—EEEE’J

i€I\S

B é\fsé{BSx [1 9:B%¢ Hfi},mljfslcf&(slcsg,ﬁ Urs=c,cH

iel\s i€S scI
RE, PAEFS BN, NEESEA o ®ER% P AE ¢ LEARAT .
BB FABAIUER VIS, =t An = BS x [] Q, Au L 0. 75 S € Po(D), Sa 1, NG

i€I\Sp
ﬁﬁ (ij' Wy, ) € B, 7 w= (wz)zel € Ol Ap = (0(7' = Ji,w; = wg iﬂfﬁfgfﬂ P ji’ C J:H/‘JTE%
sl
lﬁ(ﬁ'”ﬁf‘%ﬂii WL
FtE #MECELEH
51 EHFIREN SR

1.10 3 (Xn,n > 1) AMSZHEHIBREFSI, N
(Dlim sup X, %hmlan 7@1_,“{,%1‘}1.}{% El]as fyﬂz%—‘%ﬁ

n—oo

2) HE P(X, —»0) =1, BHEREMNEM € >0, H S P(X, > C) < 0.
IIEEH 55y}

liminf X,,, = lim inf X; = lim 1nf Xtk —llmlann+m n=12,-
m—00 m—o0 k>m m—oo k

T lim inf Xy KT (X5 > n) BRI mﬁz, I lim inf X, J& X1, X, - B RBHHE.
X (Xnym > 1) BUSL, HCE SERE 1.9 S lim inf X, K iRALHENIAE &
[F] 2 AT RS lim sup X, INAIBAEFEHAS B
2) M4 a.s. WS HA 55,

X, 250 V0 >0,P(|X, > C, io.) = (ﬂ U{|Xk|>0}>

n=1k=n
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BRI AN {|Xn| > CYn = 1,2,- - PSZEEF, T LIS Borel-Cantelli 53, 24 HAY 4 i::l P(|X,| >
C) < .
1.11 % (Xa, 1 < i < n) BMSZHEIAEFES. 2840 X ERREN X -, WE
E[Hl 1X] Hz IE[X]

WEEH HFEE n =2 EE.

(1) 3 X, & X #BRAE S R ARG

X1=) xila, Xa=Y wyilp,, Ai,Br€F, i,k=1,2,---.
i k

HHR A ={X1 =2}, Be = {X2 =y}, HH X1 5 Xy 3750 P(A;By) = P(A;)P(By).

E(X1X,) = ZwiykP(Ain) = ZwiykP(Az’)P(Bk) = E(X1)E(X2).
ik ;

2) % X, X, HIEAFRENIAEER, R REE
n2" J -1
Xn = Z on I{g‘—nlgxxfn} +nlin<x,}
j=1

Y, _kzl k 1I{k 1 oxy< oy M fnexs)-
FA X0 5 X, o, B XA X, My, s éﬁzm 1) 1%, UF E(X.Y,) = E(Xn)E(Y,).
H0< X, 1 X1, 0<Y, 1 Xo, L0 < X,V t X1 Xo. 2 n = o0, Hﬂﬁlﬂdﬂt‘&;ﬁ}ﬁ?ﬁ;x Y,) =
E(X,)E(Y,) 1% E(X1Y1) = E(X1)E(Y1).
) XMF—MAFE. B X1 5 X BMSLH XX 5K x5 XS B Xy 5 AHE
M. TMENTHZEATTREILZE, WNTMHE ©2) 5 EXiXs| = E[X1|E|X.|, IFPA X1 X, A

. b
BE(X1X5) =BE(X; - X7) (XS - X7)

=BE(X{" X)) - E(X{X;) - B(X; X)) + E(X; X,)
=E(X1)E(X3).

112 % (Xpon > 1) AMSLEEEIZ R FS],  (gn,n > 1) F—3F] Borel A IpEEL, N
JEBA (1) BRI n =2 WETE. WHMEf] B =B x By € B2, B X1, X, B HEH]

P(g1(X1) € By, g2(X3) € By) =P(X; € g '(B1), X2 € g5 ' (B2))
=P(X, € g7 *(B1))P(X: € g5 '(B2))
=P(g1(X1) € B1)P(g2(X) € B),

El] 91(X1) L:j Q(Xz) ZEE_\—L
2) B (1) "EASHERFRRA » ﬁjﬁ (gx(Xk),1 < k < n) AIRSLKENLAS & 751,
%Uﬁ%ﬁ%)ﬂ@i&‘%ﬁﬁ (90(Xn),n > 1) RS BENLAS B 751
1.15 m (Xn,n > 1) KM FE S ( ud FENLAE BT, B4 X, IRINSECH 1 s Ai

Bl P(X, > z) = e,z > 0). JFHH:
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: 0, o> 1,
(1) P(X, > alogn, i.0.) = { L ga

(2) 4 L = limsup(X,/logn), W] P(L=1) =1.
EEH B A

iP(Xn > alogn) — ie—alogn _ [e] nil_a-
TS BB
0) % a>1H ¥ L WS, B Yk <o
(i) % o < 1 B i::ln%?;iﬁfl, Sl in%=°°5
Ell
ZP(Xn>alogn){ égz 32%3
FH Borel 0-1 %%ﬂ
P(X, > alogn, io0.) = { (1)3 oz I
(2) H1 (1) 0
P(X,/logn > a, i.0.) = { ?: a 2 %f
TRA

P(L>1)=0, HPL>a)=1, a<1.

o0

P(LZl):P(ﬂ{L>1—%}> =711eréoP(L>1—%):1.
W PL=1)=PL>1)-PL>1)=1.
1.16 i (Xp,n > 1) K iid FAEIESHENIARRFS. IEH:

0 Ha>1
1) P(X, > ay/2logn, i.0.) = ’ ’

(2) @ L = limsup(X,/v2Togn), W P(L=1) =1.

2 RERFHESRAMIMN

2.19 X X e LN, F,P), 6 § FII—TF o- R, Y e LY(O,G,P). HE Y = E[X|G], W HR
W EX =EY HXWENR ¢ WE - K TITEHES AHF E[XI4] =E[Y1)].

JEER WEHE: R Y = E[X|G], BARE EX = EY, HH A MFEEFEHEN € F E[X14] =
E[YI4], VA€ G. A E[XI4]| = E[YI4], VA€ C CG.

M ={A€G:E[XIA] = E[YI]}.
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HERA Cc M. Bl EX=EY BHEM HAEK. Xo(C)=6, HcHhnr K, WA
E[XI4] = E[YI,], VA€G,
Bl v = E[X|g].
2.20 & X,Y € L'(,B,P). # E[X|Y] =Y, as. E[Y|X]=X,as, ]| X =Y, as..
2.21 % X € L>(0, F,P), G N F BI—TF o- &L, N
E(E[X|G] - X)? =inf{E(Y — X)?:Y € L*(Q,G, P)}.

JEER {FEEF
E(Y - X)?=E(Y - E(X|G) + E(X|G) — X)?

=B(X-E(X|9))*+E(Y-E(X|G))*+2E[(E(X|G)—X)(Y—E(X|G))]

>E(X — E(X|G))%. (FIHY € L2(Q, F, P)).
F5WAL S HAY v = BE(X|G). FH TR RIS oL,
2.22 X X kY N @QF P) LHSEMHIER, ¢ FH—TF o %L, g,y A R2 LFE
FECHEFA Borel IR, # X 4 ¢- AIAY, N

E[g(X,Y)|g] = €(X)7 a.s.

Hrr ¢(x) = Elg(z,Y)|G).
2.23 & X XY K (Q,F P) LHEEREVAR, f(,y) b R* LAJIER AR Borel 7]
Mg, 26 K6 NFHTF-RE, HEXH5GvVve My, YETFGnG /M, WA
B[f(X,Y)|6:] = B[f(X,Y)|02] = B[f(X,Y)[¢1 N Gs], as..

2.24 & X XY K (Q,F P) LR EHMEVARE, 6 LG HFHFo-RE, Hx5Y
G, WS, v 56 phar, NE
VEBR A FH 3 AR 2 1] A4 B — 50 v 00 bR 5040 4 2 R R B0 2 B TR 8 s PR B AR 45 8
tAE B R Borel WM RBUR ., HIMEZEIEMA T EEL £, B

f=1lim fAn

RS 45 8 o,
f=f-f
B8 5HE R Borel W] pEE A 5L
2.25 & ¢ N (Q,F,P) LR —SEHNAE R, ¢ W FH—TF o- 08 A€g. % H=0(ANG).
W Ia RTF Go- TR, W et XF Ho- A, HE
E[£14|G] = E[EI4]H], ass..

VEBH B €14 2 F G o- FIHR, BUFFAE Q, € G, Q, 1 Q, 75 ¢lalo, FIFR. LTS

Q, =Q,NA
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M Q. e, .14, H €lalg, = lalo, AR, I £14 KT Ho- FJFR. VB e G, HARMFHE

) & A%
B(€14G)dP = /HMP‘/

¢1adP = / E[£14|H]dP.
ANB ANB

FH RN %fj%a
E[¢14|G] = E[¢1a[H], as..

55 PEHLZERI—ETIRME
5.10 ¥ (&) A—B I HREENAE R TS, NE

1
lim E[— sup |&]|]=
n—=00 M 1<k<n

5.11 & H C LYQ, F, P), & H W AT 5

A, e F,A, 0= lim sup/ |€|dP = 0,
"_>°°E€'H A,

MIRHEL € > 0, T4 6 > 0, {H15

AE]—',P(A)<6:>sup/ |€|dP < e.
cenJa

MEBH (BOIERR) BRBLFAE €0 > 0, (€15

An € F,P(A,) < —, {H sup/ |€|dP > €.
EeEHJA,

10 A = limsup A,, N

n—o0

P(A)= (ﬂ UAk>—hm P(UAk)<hm ZPA;C(lgréoi%:O.
n=1k=n n =n
[}
lim sup/ |€]dP > gq

n—ecy Ja,
5B E, WAL
5.12 & H1 K Ho H—BOJRHEN AR £
H={&+&:& € Hi, & € Hal,
N 1 A —F ] R,
JEER (R — BT R HEN 2 3 5.2)
BT & € Hiyi = 1,2 ] Ha, Ho H—BAIARBENLS BR, WA

(i) a; =sup{E|&| : & € Hi} < o0, i =1,2
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(i) Ve > 0,36 > 0, fFEXT P(A) <o Aec FH

sup/|§,~|dP<f, i=1,2.
Ei€H: JA 2

Jli:npE]

a=sup{E|{ +&|: & € Hi, & € Ha}
<sup{E|& |+ El&| : & € Hi, & € Ha}
<sup{E|&|: & € Hi} +sup{El&] : &2 € Ha} < oo.

HXt EiRe>06>0 2 PA) < AeF &
sup /|§1+§2|dP< sup /(|51|+|g2 )dP< sup /|§1|dP+ sup /|§2|dP<e.

£1€H £1€H] §1€HA §2EH
§2€EH §a€H2

Ty — BT M
H={& +&: & €My, & € Ha}

B R,
33. % {Xn, Fo} N8 EX2 < oo, T HAERER, H

liminf/ |X,,|dP = 0(B{ lim 1nf/ | X, [?dP < o)
{T>n} {T>n}

n—00 n—oo

N (Xo =0) .
EX7=EY (Xpn—Xn1)”.
n=1

WERH: 4 2, = X2 -0 E(Xy — X5—1)?|Fuer), (Fo FFH o 38), W {2, 7.} A8, 2z, =o0.

H
EZrpn =EZ; =0
TAn
EX%/\n =E Z(Xk - Xk—1)2
k=1
T
EX2 < lim X2, = EkZ(Xk - Xj_1)?
=1

EX2 = oo BB, BRI PT 1% EX2 < oo, :XBTHI 56 30 B ((F7, F Cauchy—Schwarz N5
—ta Hﬂ lim 1nfn—>oo f{T>n} XndP < oo “.H:P’%J lim 1nfn—>oo f{T>n} |X |dP - 0 ; XT Elﬂj@% {XT/\n7 fn}

L]

Bz
EX2 = lim X2, == EET:(Xk - Xp1)2
34. B BB N8 A T _ R B R ST R A
UERA 780 1 R BAE— B R
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