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Within the framework of the modified random-element isodisplacement model and dielectric continuum
model, the interface optical phonon and electron-interface optical coupling in GaN/AlxGa1�xN quantum
wells with different aluminum concentration are studied in a fully numerical manner. The results show
that aluminum concentration has important influence in the interface optical phonon and electron–
phonon coupling in GaN/AlxGa1�xN quantum wells. When the aluminum concentration is lower
(0.03 < x < 0.13), there are two branches interface optical phonon in high frequency range. When the alu-
minum concentration is higher (0.13 < x < 1.00), there are four branches interface optical phonons in high
and low frequency range. Comparing the electron–phonon coupling in lower and higher aluminum con-
centration range, we found that the electron–phonon coupling in higher aluminum concentration range
is stronger.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

Recently, group-III nitrides and their alloys have attracted sig-
nificant attention due to potential applications in optical, optoelec-
tronic and electronic devices. The properties of alloys may vary
over a wide range by changing the composition of alloys [1], which
may also offer flexible choices for heterostructures and quantum
wells (QWs) with matched lattice constants and expected band
gaps covered from red to deep ultraviolet [2]. It is well known that
the optical phonons and carrier-phonon interactions play an essen-
tial role in many physical processes, such as transport or electron
relaxation processed in heterostructures and quantum wells
(QWs) [3]. In these confined system, phonon modes are more
complicated than those in bulk materials. The electron–phonon
interactions are also different from the case of bulk material.
Therefore, it is of interest to investigate the polar optical phonons
and electron–phonon interaction in wurtzite heterostructures and
quantum wells (QWs).

Due to anisotropy of wurtzite crystal, it has been found that the
interface optical phonons, propagating optical phonons, confined
optical phonons, half optical phonon and exactly confined optical
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phonons may coexist in wurtzite heterostructures and QWs [4,5].
Within the framework of the dielectric-continuum (DC) model
[6,7] and modified dielectric-continuum (MDC) model [8,9] based
on the well known Born–Huang equation [10], the interface optical
phonons and electron–phonon interaction in wurtzite heterostruc-
tures were studied in Refs. [11–13]. The propagating optical pho-
nons and electron–phonon interaction were investigated in Refs.
[14,15]. The quasi-confined optical phonons and their electron–
phonon interaction were also researched in Refs. [16,17]. However,
to the best of our knowledge, most of the work published so far
focused on optical phonons in heterostructures/quantum wells
(QWs) composed of binary wurtzite crystal, the optical phonons
in wurtzite quantum wells/heterostructures consisted of mixed
crystal have not been investigate in detail. More recently Qu and
Ban have researched ternary mixed crystal effect on electron
mobility in a strained wurtzite AlN/GaN/AlN quantum well with
an InxGa1�xN nanogroove, and do not discuss the mixed crystal
effects on optical phonons [18]. In this paper, we only consider
the interface optical (IO) phonons, electron–phonon coupling and
ternary mixed crystal effect on interface optical phonons in wurtz-
ite GaN/AlxGa1�xN quantum wells.

The paper is organized in the following way. In Section 2, we
present a general theoretic description of the model and necessary
formula. In Section 3, the numerical results for interface optical
(IO) phonons, electron–phonon coupling and ternary mixed crystal
effect on interface optical phonons in GaN/AlxGa1�xN QWs are
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given and discussed. Finally, we present the main results and con-
clusions of this work in Section 4.

2. Theory

2.1. The optical phonons in wurtzite crystals

Group-III nitrides usually crystallize in the hexagonal wurtzite
structure, the primitive cell contains four atoms. There are ordin-
ary and extraordinary optical phonons in wurtzite crystals due to
the anisotropy of crystal [4,5]. The ordinary phonons are always
transverse and polarized in the xy-plane with E1(x, y) symmetry,
and decoupled from other vibration modes. We will not discuss
them here. The extraordinary phonons are associated with z- and
x–y polarized vibrations, the z-polarized mode has A1(z) symmetry,
while the xy-polarized one has E1(x, y) symmetry. The A1 and E1

modes are split into longitudinal optical (LO) and transverse-opti-
cal (TO) component. The dispersion relation of the extraordinary
phonons in wurtzite crystal is described by [19]

e?ðxÞq2
? þ ezðxÞq2

z ¼ 0 ð1Þ

with

e?ðxÞ ¼ eð1Þ?
x2 �x2

?;L

x2 �x2
?;T
; ezðxÞ ¼ eð1Þz

x2 �x2
z;L

x2 �x2
z;T

ð2Þ

where e\(x) and ez(x) are the dielectric constants in perpendicular
direction and the parallel direction of the z axis. x\,L, xz,L, x\,T, and
xz,T are the zone center E1(LO), A1(LO), E1(TO) and A1(TO) phonon
frequencies of the bulk materials, respectively.

The frequencies of A1(LO), A1(TO), E1(LO) and E1(TO) optical
phonons in wurtzite ternary mixed crystals AxB1�xC depend on
the concentration of A or B. Considering only nearest–neighbor
interaction, using the modified random-element isodisplacement
model [20] and uniaxial model [21], the phonon governing equa-
tion for wurtzite ternary mixed crystal AxB1�xC in long wavelength
limit are given as follows:

mA
€~uAi ¼ �Faið~uAi �~uCiÞ � eai

~Eloc;i ð3Þ

mB
€~uBi ¼ �Fbið~uBi �~uCiÞ � ebi

~Eloc;i; ð4Þ

mC
€~uCi ¼ �ð1� xÞFbið~uCi �~uBiÞ � xFcið~uCi �~uAiÞ þ fð1� xÞebi

þ xecig~Eloc;i ð5Þ

Eloc;i ¼ Ei þ
4p
3

ciPi ð6Þ

Pi ¼ x
eai

va
ð~uCi �~uAiÞ þ

aCi þ aAi

vb
Eloc;i

� �
va

v þ ð1

� xÞ ebi

vb
ð~uCi �~uBiÞ þ

aCi þ aBi

vb
Eloc;i

� �
vb

v ð7Þ

Where the subscript i stand for z- and \(x–y plane) polarization
directions, the other subscripts a and b refer to binary materials
AC and BC, respectively. Here, m and ui are the mass and ith com-
ponent of displacement of the ions A, B, and C. Fai and Fbi are effec-
tive nearest-neighbor force constants, v is the volume of the
unitcell of the mixed crystal while va and vb are the unit cellvo-
lumes of the binary materials AC and BC, respectively. The dielec-
tric function ei of the ternary semiconductor is defined by the
usual expression between the macroscopic field Ei and the polari-
zation Pi, i.e., Pi = (ei�1)Ei/4p. The local field Eloc,i deviates from the
Lorentz relation, which is expressed by introducing ci, we take
cz = 1 � 0.1 � (3/4p) and c\ = 1 + 0.2�(3/4p) [20]. The frequencies
of A1(LO), A1(TO), E1(LO) and E1(TO) optical phonons in wurtzite
ternary mixed crystals AxB1�xC are obtained from Eqs. (3)–(7) as
the following:
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where X stands for longitudinal LO and TO components. la(lb) is
the reduced mass of binary crystal AC (BC), The high-frequency
dielectric constant in ternary AxB1�xC is

e1i � 1
3þ ciðe1i � 1Þ ¼ x
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v
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The other quantities are given by
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By interchanging a by b and x by 1�x, we can obtained the other
variables xbi, x0bi, xAi and dbi

2.2. The interface optical phonon and electron-interface phonon
interaction in wurtzite quantum wells

We consider an arbitrary wurtzite symmetry multilayer hetero-
structures grown along the optical axis c of crystal. The interfaces
are located at z = zj (j = 0, 1, . . ., n�1, n). We take the z axis along the
direction of the c axis (see (a) in Fig. 1). With the framework of DC
model, the potential of polar optical phonons in the layer j satisfies
the Poisson equation in the absence of free charge,

er2uðrÞ ¼ e?ðxÞ
@2

@x2 þ
@2

@y2

" #
þ ezðxÞ

@2

@z2

( )
wðrÞ ¼ 0 ð19Þ

For the quasi-two-dimensional confined structure, the potential
of optical phonons is given by

wðrÞ ¼
X
q?

eiq?�quðzÞ ð20Þ

where q\ and q are the two-dimensional wave vector and position
vector in x–y plane. Substituting Eq. (1) and (20) into (19), we finally
get



(a)

(b)
Fig. 1. (a) A general multilayer wurtizte Q2D heterostructures. (b) A single GaN/
AlxGa1�xN QW.

(a)

(b)

Fig. 2. Dispersion curves of IO phonon modes for a GaN QW of width d = 5 nm
sandwiched between two semi-infinite AlxGa1�xN barrier lays. Here (a) for x = 0.10
and (b) for x = 0.80.

(a)

(b)

Fig. 3. The effects of aluminum concentration (x) on dispersion curves of IO
phonons for the same QW as in Fig. 2 (q\ = 0.20). Here (a) for 0.02 < x < 0.13, and (b)
for 0.13 < x < 1.00.
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The solutions of Eq. (21) should satisfy the following electro-
static boundary conditions at z = zj, namely
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���
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For the structure we study here, the potential of optical phonon
can be obtained from Eqs. (20) and (21) as following:

wjðrÞ ¼
X
q?

eiq?�q Ajeiqzjðz�zjÞ þ Bje�iqzjðz�zjÞ
� 


ð25Þ

For interface optical phonon modes, e\(x)ez(x) > 0, and qz,j is an
imaginary in layer j [4,5]. Using the boundary conditions (22)–(24)
at the z = zj interface successively, the dispersion relation of IO pho-
nons in an arbitrary multilayer system can be obtained [22,23]. For
a single wurtzite symmetry quantum wells, we can obtain the dis-
persion relation as following

2qz;0ez;0qz;1ez;1 þ
q2

z;0e2
z;0 þ q2

z;1e2
z;1

qz;0ez;0qz;1ez;1
tanhðqz;1d1Þ ¼ 0 ð26Þ

In Eq. (26), we use index 1 for quantum well material and 0 for
the barrier material, d1 is the width of the quantum well. Generally,
From Eq. (26), we can obtain the same relation in Ref. [24]. Eq. (26)
has a definite number solutions with definite symmetry with
respect to symmetric center of the QW structure for a given pho-
non wave vector q\ (see Figs. 4 and 5). Our numerical calculations
show that the IO phonons exist in different frequency range with
different concentration of aluminum (x) in GaN/AlxGa1�xN QWs.

By using a standard quantization procedure [25–27], the elec-
tron–phonon interaction Hamiltonian for the IO phonon modes
in wurtzite multilayer heterostructures can be obtained as follows:

He�ph ¼
X

m

X
q?

ei q!?�q!Cmðq?; zÞ âmð q!?Þ þ âþmð� q!?Þ
h i

: ð27Þ



Fig. 4. Electron-IO phonon coupling functions Um(q\, z) in the same QW as in Fig. 2
with aluminum concentration x = 0.10. (a) The Spatial dependence of the electron-
IO phonon coupling functions Um(q\, z) with the wave number q\ = 0.20 (b) The
wave-vector dependence of the electron-IO phonon coupling functions Um(q\, z)
with z = nm.

(a)

(b)

Fig. 5. Same as in Fig. 4, but for x = 0.80.
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where Um(q\, z) is electron–phonon coupling functions, which de-
scribe the coupling strength of single electron at the position z with
the mth IO phonon modes, and is given by

Cmðq?; zÞ ¼ B0
�he2

8Ae0xmðq?Þ

� �1
2

f1ðq?; zÞ; z < z0;

f2ðq?; zÞ; zj�1 < z < zj; j ¼ 1;2;3 � � � � � � n� 1
f3ðq?; zÞ; z > zn;

8><
>:

ð28Þ

where A is the cross-sectional area of the heterostructures, B0 can
obtained from the orthogonal relation [3,12]. The normal frequency
xm(q\, z) of the mth branch of the IO phonon modes can be ob-
tained by solving the dispersion relation Eq. (26). For a single
wurtzite symmetry quantum wells, fi (q\, z) (i = 1, 2, 3) are given
out as following,

f1ðq?; zÞ ¼ a�;0eq?ðz�z0Þ þ ðaþ;0 � a�;0Þeqz;0ðz�z0Þ þ A2aþ;2eq?ðz�z1Þ

þ ðB1a�;1 � A1aþ;1Þeq?ðz�z1Þ þ ðA1aþ;1eqz;1d1

� B1a�;1e�qz;1d1 Þeq?ðz�z0Þ ð29Þ

f2ðq?; zÞ ¼ aþ;0eq?ðz�z0Þ þ ðA1e�qz;1ðz�z1Þ þ B1eqz;1ðz�z1ÞÞðaþ;1
� a�;1Þ þ ðA1a�;1eqz;1d1 � B1aþ;1e�qz;1d1 Þe�q?ðz�z0Þ

þ ðB1a�;1 � A1aþ;1Þeq?ðz�z1Þ þ A2aþ;2eq?ðz�z1Þ ð30Þ

f3ðq?; zÞ ¼ aþ;0eq?ðz�z0Þ

þ ðB1aþ;1 �A1a�;1Þeq?d1 þA1a�;1eqz;1d1 � B1aþ;1e�qz;1 d1
� 


eq?ðz�z0Þ

þA2 eqz;2ðz1�zÞðaþ;2 � 1Þ þ a�;2e�q?ðz�z1Þ
� 


ð31Þ
In Eqs. (17)–(19), Aj, Bj can be obtained by using boundary con-
ditions [12]. a±,j is defined as the following:

a�;j ¼
1� cj

qz;j � q?
ð32Þ
3. Numerical results and discussion

In order to further study the interface optical (IO) phonons,
electron–phonon coupling and ternary mixed crystal effect on
interface optical phonons in wurtzite heterostructures/QWs.
Numerical calculations on GaN/AlxGa1�xN single QW (see (b) in
Fig. 1) have been performed. The corresponding physical parame-
ters [12,28,29] are listed in Table 1.

In order to see the behavior of interface optical phonons with
different aluminum concentration, we plot the dispersions of IO
phonons in GaN/AlxGa1�xN symmetry single QW in Fig. 2. Our cal-
culations indicate that the interface optical phonons appear in two
aluminum concentration range, namely the aluminum concentra-
tion range (0.03, 0.13) and (0.13, 1.00). If the aluminum concentra-
tion x is in the interval (0.03, 0.13), there are two IO phonon



(a)

(b)

Fig. 6. The effect of aluminum concentration (x) on electron–phonon coupling
functions Um(q\, z) for the IO phonons in the same QW as in Fig. 1 (q\ = 0.20). Here
(a) for 0.02 < x < 0.13 and (b) for 0.13 < x < 1.00.

Table 1
Optical phonon energies (in meV), dielectric constants, effective charge (in e0) and other parameters in calculations.

Material xz,T x\,T xz,L x\,L e1,z e\,z ez e\ a c

GaNAlN 65.91a 69.25a 90.97a 91.83a 6.38b 6.11b 2.86b 2.69b 3.20b 5.22b

75.72c 83.13c 110.13c 113.02b 5.36b 5.17b 2.85b 2.70b 3.10b 5.01b

a Ref. [13].
b Ref. [30].
c Ref. [29].
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branches in high frequency range (x\, L1, x\, L0), and no IO phonon
branches in low frequency range (x\, T1, x\, T0). When the alumi-
num concentration x is in the interval (0.13, 1.00), there exist four
IO phonon branches in two frequency ranges (labeled 1, 2, 3, and 4
from lower to higher frequency). When the aluminum concentra-
tion x is in the range (0.00, 0.03), there are no IO phonons. In the
Refs. [12,13,30], the authors think that the IO phonons exist in high
frequency range and low frequency range, the branches of IO
phonons is 4. Our numerical results clearly indicate that this is
not true. The aluminum concentration x affect the behavior of IO
phonons in GaN/AlxGa1�xN QWs greatly. Furthermore, numerical
calculation also show that the frequencies of interface optical pho-
nons in low frequency range approach a common limit with the
increase of q\, another common limit can be reached for the high
frequency range. The common limit in each frequency range is
different with different aluminum concentration.

We also plotted the relation between the IO phonon frequencies
and aluminum concentration (x) in Fig. 3. The results shows that
the IO phonon frequencies in high frequency range increase almost
linearly with increasing aluminum concentration (0.03, 1.00),
which characterized by linearity. The IO phonon frequencies in
low frequency range, which do not increase almost linearly with
low aluminum concentration changes (0.13, 0.60). With the
increase of the aluminum concentration in the range (0.60, 1.00),
the IO frequencies in low frequency range appear linear increase.
So the empirical formula in Ref. [31] can not been used to investi-
gate all physical properties in quantum wells composed of wurtzite
mixed crystal. The mixed crystal effects will change the properties
greatly, and will appear in many optical and electronic experi-
ments which related to the phonon modes. The IO phonons play
important role in Raman spectra. In recent years, many investiga-
tions have been carried out by Raman scattering experiment, the
IO phonons were also observed [32,33]. We believe that our
numerical results will be helpful for further investigations of opti-
cal properties in wurtzite quasi-two-dimensional (Q2D) quantum
heterostructures.

In Figs. 4 and 5, the electron-IO phonon coupling functions
Um(q\, z) in single GaN/AlxGa1�xN QW with different aluminum
concentration are plotted (x = 0.10, 0.80). The calculations clearly
show that electron-IO phonon coupling functions have exactly
symmetry with respect to the center of the QW structure. If the
aluminum concentration x is in the range (0.03, 0.13) (please
see the Fig. 4), the electron-IO phonon coupling function for the
anti-symmetric modes are greater than that for the symmetric
modes. The electron-IO phonon couplings decrease to 0 when z
goes to infinity. The electron-IO phonon interactions are mainly
located in quantum well, and have maximum at interface. From
Fig. 4, we can also see that the long-wavelength optical phonons
are more important for electron–phonon interaction than short
wavelength optical phonons. The electron-IO phonon coupling
function for anti-symmetric modes are more important than sym-
metric modes. If aluminum concentration x is in the range (0.13,
1.00), (please see the Fig. 5), the modes 1 and 3 (2 and 4) (labeled
from lower to higher frequency) are exactly symmetric (anti-sym-
metric) modes. The modes 2 and 4 have more important effect on
electron–phonon interaction when the wave number q\ is smaller
than 0.28. When q\ is greater than 0.28, the modes 1, 3 and 4
have more important effects on electron–phonon interaction.
Comparing Fig. 4 with Fig. 5, we can draw a conclusion that the
electron-IO phonon couplings with higher aluminum concentra-
tion are more important. Our numerical results indicate that the
behavior of electron-IO phonon in GaN/AlxGa1�xN QWs is very dif-
ferent from that in QWs composed of binary crystal [12–15]. The
ternary mixed crystal effects influence the electron-IO phonon
interactions, which also observed by Raman Spectroscopy experi-
ments [33].

In order to see the effect of ternary mixed crystals on elec-
tron-IO phonon interaction, the electron-IO phonon coupling
function |Um(q\, z)| versus the aluminum concentration (x) are
also plotted in Fig. 6. If aluminum concentration x is changed
in the range (0.03, 0.13), we can observe that the electron–pho-
non interactions in high frequency range almost increase linearly
with increase of aluminum concentration, which characterized
by linearity. If aluminum concentration x is increased in the
range (0.13, 1.00), we can see that the electron–phonon cou-
plings (modes 3 and 4) in high frequency range also character-
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ized by linear increase. For the IO phonons in low frequency
range (modes 1 and 2), their electron–phonon couplings indicate
nonlinear changes with increasing aluminum concentration (x).
From these figures, we also observe that the electron-IO phonon
couplings with higher aluminum concentration are more
important.
4. Conclusion

In conclusion, we have investigated the IO phonons and
electron–phonon interaction in wurtzite GaN/AlxGa1�xN QWs with
different aluminum concentration by using the modified
random-element isodisplacement model and DC model. We found
that the ternary mixed crystal effects influence the IO phonon and
electron-IO phonon interactions greatly. When the aluminum con-
centration (x) is in the range (0.03, 0.13), only two branches appear
in high frequency range. When x is in the range (0.13, 1.00), the
four branches of IO phonon appear in high frequency range and
low frequency range. The IO phonon frequencies and electron-IO
phonon coupling in high frequency range increase almost linearly
with increasing aluminum concentration. But for the IO phonons
in low frequency range, which do not increase almost linearly with
concentration changes. The electron-IO phonon interactions in
higher aluminum concentration (x) and low frequency range are
more important. We hope these results and conclusion would be
helpful for the further experimental and theoretical investigations
of optical properties in wurtzite Q2D heterostructures.
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