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Abstract
For the first time, we investigate the nonreciprocal generation of six-wave mixing (SWM) in
an inverted-Y type four-level system with spatially uniform distribution of atoms. The
nonreciprocity results from a moving electromagnetically induced grating (EIG) which is
formed by two coupling beams with different frequencies. We demonstrate that the
nonreciprocity can be controlled by the frequencies of the coupling fields and the powers of
the dressing beams. As the distribution of atoms is uniform, the atomic density cannot affect
the nonreciprocity, but it will affect the formation of the photonic band gap structure of the
moving EIG. This research can be used to make optical diodes or optical isolators, because the
moving EIG, the speed of which is related to the frequency difference of the two coupling
beams, can break time-reversal symmetry. We also demonstrate that the nonreciprocal SWM
can form a nonreciprocal light droplet when it propagates in atomic vapors with third- and
fifth-order nonlinear susceptibilities.
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1. Introduction

Optical reciprocity is a ubiquitous phenomenon, which indi-
cates that the source and detection positions can be exchanged
without changing the optical properties. For a long time,
scientists have made a great deal of effort and invented
several methods to obtain the optical nonreciprocity, which
has potential applications in producing optical diodes. Such
efforts have been reported in parity-time symmetric media
[1, 2], media with magneto-optical effects [3] or acousto-
optical effects [4], non-symmetric photonic crystals [5], etc.
However, the efficiency of the nonreciprocity output is quite
low.

Very recently, it has been found that a moving photonic
crystal [6] can lead to optical nonreciprocal transmission,
which had been rather difficult to achieve ever before. This

elaborate result is obtained in an electromagnetically induced
transparency (EIT) atomic medium with spatially uniform
distribution of atoms, in which a standing wave in motion
is formed by two laser beams with different frequencies
through mutual interference. The standing wave is also called
an electromagnetically induced grating (EIG) [7, 8], which
possesses photonic band gap (PBG) structure. As the EIG
is moving, a probe laser beam incident into the EIG along
or opposite to the moving direction will be reflected in a
different frequency range because of the Doppler effect; that is
to say, the PBG is different for the same probe, which leads to
nonreciprocal transmission. It is worth mentioning that Bragg
mirrors in motion formed by periodically distributed atoms
can also lead to nonreciprocal transmission [9].

As EIT and EIT media have many advantages, such as
absorption reduction, nonlinearity enhancement, easy control
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and integration on chips, to name a few, research topics related
to EIT have attracted a lot of attention. In recent decades, we
have investigated and observed the coexistence of four-wave
mixing (FWM) and six-waving mixing (SWM) [10], enhance-
ment and suppression of nonlinear susceptibilities [11], multi-
wave mixing (MWM) band gap solitons [12] and vortex
solitons [13], and so on. In addition, we have also devoted
much effort into PBG investigations in EIT atomic vapors.

In this paper, we investigate the nonreciprocal generation
of SWM in an inverted-Y type energy system. A moving EIG is
fabricated by interference of two coupling beams with different
frequencies. When probes are incident onto the moving EIG
from different sides, the PBGs for probes on different sides will
be different. Thus, different reflections of the probe beam due
to the PBGs will be obtained and the observed SWM will be
nonreciprocal. In addition, we also find that the nonreciprocal
SWM can form nonreciprocal light droplets in atomic vapors
with third- and fifth-order nonlinear susceptibilities.

2. Basic theory

We consider an inverted-Y type four-level atomic system com-
posed of the 5S1/2(F = 3)(|0〉), 5S1/2(F = 2)(|1〉), 5P3/2(|2〉),
and 5D5/2(|3〉) levels of 85Rb, as shown in figure 1(a).
Coupling laser beams E3 and E ′3 connect the transition
|0〉 → |2〉, dressed laser beam E2 connects |2〉 → |3〉, and
the probe laser beam E1 connects |1〉 → |2〉. The beams
will generate SWM signals, as depicted in figure 1(b). The
coupling field can be written as Ec = ŷ[E3 cos(ω3t − k3x)+
E ′3 cos(ω′3t + k′3x)], which will form a moving standing wave,
i.e. a moving EIG. The Rabi frequency of the coupling field is
G3 =µEc/h̄, so that we have

|G3|
2
=
µ2

h̄2 [E
2
3 + E ′23 + 2E3 E ′3 cos(δt + 2kcx)], (1)

in which the frequency detuning δ = ω′3 − ω3 and kc =

(ω′3+ω3)/2c with c the speed of light in vacuum. The moving
speed of the EIG is v =−δ/2kc. If we fix ω3 and change ω′3
to detune the moving direction and speed, we can obtain the
effective period of the moving EIG, as shown in figure 1(b),

D = π
/(

k3+
δ

2c

)
,

from which we can see that D is larger for δ < 0 than for δ > 0.
Here, we would like to emphasize that the effective period D
results from the Doppler effect. If we take the moving EIG
as a reference, the period of the EIG is fixed. In other words,
for the same probe incidence, D is different when the moving
velocity of the EIG is different. This would lead to different
reflectivity and transmissivity.

According to the energy system and Liouville path-
ways [14], the first-order density matrix element can be written
as

ρ
(1)
21 =

iG1

d21+ |G3|2/d01+ |G2|2/d31
.

Figure 1. (a) Inverted-Y type energy system. (b) Schematic of a
moving EIG formed by two coupling beams E3 and E ′3. Together
with two dressed beams E2 and probe E1, an SWM signal ES will
be generated according to the phase-matching condition
kS = k1+k2−k2−k3+k′3 (left) or kS = k1+k2−k2+k3−k′3
(right).

The third- and fifth-order density matrix elements are

ρ
(3)
21 =

−iG1|G2|
2

(d21+ |G3|2/d01+ |G2|2/d31)2d31
,

ρ
(5)
21 =

iG1|G2|
4

(d21+ |G3|2/d01+ |G2|2/d31)3(d31)2
,

in which d21 = 021 + i11, d01 = 001 + i11 − i13, d31 =

031 + i11 + i12, 11 = �10 − ω1 and 12 = �20 − ω3 are
the detunings of the probe and coupling fields, and 010 and
030 denote the population decay rates between corresponding
energy levels. Here, we should note thatω′3 andω3 are different
but the difference is really small, so the difference between
13 and 1′3 is also small. In addition, the double-photon
detuning11−13 is insensitive to the single-photon detuning
13 [6]; as a result, it is reasonable to just use 13 to
make an approximation in d01. Considering that the atom
velocities can only affect the single-photon detuning but not the
double-photon detuning, the moving property also conserves
the thermal motion.

To be frank, the moving EIG here cannot be totally viewed
as a truly moving grating fabricated on a solid material, the
PBG structure of which is fixed. As shown in equation (1),
the period of the moving EIG changes with δ, so that the PBG
structure is also different for different δ.

According to the relation ε0χE = Nµρ, in which µ is the
transition electric dipole moment and N is the atom density,
we have the formula of the total susceptibility,

χ =
iNµ2

ε0h̄

[
1

d21+ |G3|2/d01+ |G2|2/d31

−
|G2|

2

(d21+ |G3|2/d01+ |G2|2/d31)2d31

+
|G2|

4

(d21+ |G3|2/d01+ |G2|2/d31)3(d31)2

]
. (2)

3. Numerical results and discussion

According to equation (1), the susceptibility given in equa-
tion (2) is moving and periodic. By using the plane-wave
expansion method [15], we can obtain the PBG structures
versus δ and 11 as shown in figure 2(a1), which is for the
left probe as illustrated in figure 1(b). The corresponding
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Figure 2. (a) The PBG structure. The dark regions are the PBG. (b) The reflectivity. The brightest regions mean that the reflection is the
largest. (c) The transmissivity. The darkest regions mean that the transmission is the smallest. The panels in (a)–(c) are versus δ and 11.
(d) The reflectivities for δ = 10 GHz (solid curve) and −10 GHz (dashed curve), respectively. (e) The same as (d) but for transmissivities.
(f) The contrast of the reflectivity (dashed curve) and transmissivity (solid curve) with δ =−10 GHz, respectively. The parameters are
021 = 10 MHz, 001 = 1 kHz, 031 = 15 MHz, G3 = 35 MHz, G′3 = 10 MHz, G2 = 10 MHz, N = 1012 cm−3 and λ1 = λ3 = 770.778 nm.

reflectivities and transmissivities are shown in figures 2(b1)
and (c1), respectively. For the right probe, the PBG structure,
reflectivity, and transmissivity are shown in figures 2(a2), (b2),
and (c2), respectively. It is clear to see that the PBG structure
is located in different places for left and right incident probes
when δ is fixed. Thus, the reflectivity and transmissivity are
different for the same probe when the EIG is moving along a
different direction. As a result, reflectivity nonreciprocity as
well as transmissivity nonreciprocity is achieved.

To make a comparison, we display the reflectivities and
transmissivities with δ = 10 GHz (solid curve) and −10 GHz
(dashed curve) in figures 2(d) and (e), respectively. It is worth
noting that the δ = 10 GHz and−10 GHz cases are analogous
to the results corresponding to left and right incident probes,
respectively. The results also demonstrate that the reflectivity
and transmissivity are nonreciprocal.

As SWM can be viewed as a Bragg reflection of the PBG
from the probe (figure 1(b)), and the PBG range is different
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Figure 3. The contrast of the transmissivity (left panels) and reflectivity (middle panels). The right panels are configured in the same way as
figure 2(f). G2 = 0, 100 MHz, and 200 MHz for (a), (b), and (c), respectively. The other parameters are the same as in figure 2.

for left and right incident probes according to figure 2, the
generated SWM is completely nonreciprocal. It is also clear to
see from figure 2 that for the same incident probe, if the moving
velocity of the EIG changes, the PBG range also changes,
which indicates that the frequency of the observed SWM will
be different. In other words, the nonreciprocity of the SWM
can be controlled by detuning the frequencies of the coupling
beams.

In figure 2(f), we show the contrast in the reflection and
the transmission according to ηR = (Rl − Rr)/(Rl + Rr) and
ηT = (Tl− Tr)/(Tl+ Tr). The contrast can be viewed as a base
for making optical diodes or isolators. For ηR = 1 (or ηT =−1)
and ηR =−1 (or ηT = 1), the reflection and transmission of the
PBG are the largest and smallest, respectively. Therefore, the
requirement of unidirectional continuity of diode operation
is achieved. As indicated in previous literature [6, 9], the
core reason for the reciprocity is the breaking of time-reversal
symmetry due to the product δt in equation (1).

In addition to the coupling frequency detuning, the power
of the dressed beams E2 can also affect the nonreciprocity.
When G2 is larger, the PBG of the moving EIG becomes
less good than before, and the contrasts ηR and ηT of the
reflection and transmission will be somewhat affected. In
figures 3(a)–(c), we exhibit the ηR and ηT versus δ and11 for
several selected powers of E2. Similarly to figure 2(f), we also

exhibit ηR and ηT with δ =−10 MHz in figures 3(a3)–(c3),
from which we can see that, with the power of E2 increasing,
the regions ηR ∼ 1 and ηT ∼ 1 shrink, which means that the
efficiency of the nonreciprocity becomes poor. On the other
hand, the oscillations appearing in ηR and ηT gradually become
smaller with increase of G2 for the same δ, which can be seen
in the panels in figure 3.

As the third- and fifth-order susceptibilities are considered
simultaneously in equation (2), the nonlinearity of the atomic
vapor is cubic–quintic type, which will support formation of
the so-called ‘light droplet’ when a beam propagates in such
a medium [16, 17] according to the nonlinear Schrödinger
equation

2ik
∂E
∂z
+

(
∂2

∂x2 +
∂2

∂y2

)
E =−k2χE .

Thus, the generated nonreciprocal SWM signals will form light
droplet-like structures. Considering that the SWM signals may
be generated from both sides of the EIG and the nonreciprocity
of the SWM signals, the light droplets formed from SWM
signals are also nonreciprocal. However, we should emphasize
that the light droplets look the same no matter which SWM
signals they are from. The main difference among the light
droplets is the frequency (the same as the SWM signals).
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Figure 4. Formation of a light droplet from the nonreciprocal SWM
resulting from the left incident probe. Top panels: intensities at
different propagation distances. Bottom panels: the same as the top
panels but top views. The input is a super-Gaussian beam
E = A exp[−(r/r0)

10
] with A= 25 and r0 = 0.8 mm. The

numerical box is 2.5 mm× 2.5 mm. The propagation distances in
(a)–(d) are 0, 1 cm, 4 cm, and 5 cm, respectively.

Therefore, we only show the formation of light droplets
without discussing which side they are from.

In figure 4, the formation of a light droplet from two-
dimensional SWM is displayed. It is clear to see that the
incident nonreciprocal SWM with a Gaussian-like profile as
shown in figure 4(a) will evolve into a structure with a flat
top and sharply decaying edge gradually, as shown in figures
4(b1)–(d1). The flat top and sharply decaying edge of the
structure are analogous to the force equilibrium and surface
tension of a liquid droplet. From figures 4(b2)–(d2), we can
find that there is a core in the flat top. Interestingly, the core
remains almost the same upon propagation, as indicated by the
white solid line.

4. Conclusion

In summary, we have demonstrated the generation of nonre-
ciprocal SWM in a spatially uniform distributed atom medium
through a moving EIG, which is the result of interference
between two coupling fields with different frequencies. The
nonreciprocity possesses high efficiency and can be used to
produce optical diodes. In addition, we also demonstrate that
the nonreciprocal SWM can form a nonreciprocal light droplet
in systems with third- and fifth-order nonlinear susceptibilities.
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