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Nonparaxial Accelerating Electron Beams
Yongfeng Kang, Yiqi Zhang, Changbiao Li, Hua Zhong, Yanpeng Zhang, and Milivoj R. Belić
Abstract— We investigate nonparaxial accelerating electron
beams theoretically in two and three dimensions. Starting from
the Klein–Gordon equation, we obtain the Helmholtz equation
for electron beams. We demonstrate that the electron beams
can accelerate along semi-circular, parabolic, and semi-elliptic
trajectories. The shape of the trajectory is determined by the
input beam, which can be constructed by using phase masks
that reﬂect the shape of the relevant special functions: halfBessel, Weber, or half-Mathieu. The corresponding self-healing
and ballistic-like effects of the nonparaxial accelerating beams are
also demonstrated. The depth of the focus of the electron beam
can be adjusted by the order of the function that is included in the
input. Our investigation enriches the accelerating electron beam
family, and provides new choices for improving the resolution of
transmission electron microscope images.
Index Terms— Electron accelerating beams, Klein-Gordon
equation, Bessel beams, Mathieu beams, Weber beams.

I. I NTRODUCTION

I

N 1979, it was demonstrated in quantum mechanics that
the Airy function is an eigenmode of the Schrödinger
equation [1]; it was also demonstrated that this wave function
exhibits the self-accelerating and nondiffracting properties.
However, to be a physical quantity, Airy wave function must
be truncated, and this was ﬁrst accomplished in optics by
Siviloglou et al. [2,3], in 2007. From then on, Airy and
other accelerating nondiffracting beams have become one
of the hottest ﬁelds in optics and have experienced rapid
development. Until now, studies of Airy beams have been
reported in nonlinear media [4]–[7], optical ﬁbers [8], [9],
systems with linear potentials [10]–[12], and elsewhere.
It should be recalled that the Airy beam is a paraxial
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tion, which is equivalent to the Schrödinger equation. If
one treats the beams using Maxwell’s equations directly, one
will arrive at the nonparaxial optical beams, based on the
Helmholtz equation [13], [14]. It is known that the solutions of the two-dimensional (2D) Helmholtz equation are
plane waves in Cartesian coordinates, Bessel beams in polar
coordinates [15]–[19], Mathieu beams in elliptic coordinates [20], [21], and Weber beams in parabolic coordinates [20], [22]. One can also solve the 3D Helmholtz equation
for the 3D accelerating beams, by e.g. utilizing the Whittaker
integral [15], [23], [24]. For a comprehensive look into this
ﬁeld, one may consult the review articles [25], [26]. A question
naturally pops up: What about the matter waves such as
electron beams?
Besides in electron optics, electron beams as accelerating
waves were reported in [27] and [28]; they also possess
self-healing and nondiffracting properties. The investigation
of accelerating electron beams has opened a new chapter in
the ﬁeld, adding matter waves to the list. Indeed, research
in this ﬁeld has broadened to cover acoustics [29], surface plasmons [30], Bose-Einstein condensates [31], water
waves [32], and other areas. However, one should note that
the investigations were mostly focused on the paraxial cases;
therefore, we wonder if the nonparaxial accelerating concept
can be extended to the electron beams. This is the motivation
and the goal of this paper.
In addition, we believe that such a research is meaningful
and sorely needed. Since one has to take into account relativistic properties of a single electron, the Helmholtz equation for
an electron will be obtained directly from the Klein-Gordon
equation [33]. It should be mentioned that the nondiffracting
nonparaxial electron Bessel beam was recently demonstrated
experimentally [34]; therefore, we believe that theoretically
predicted self-accelerating nonparaxial matter beams in this
paper can also be experimentally observed, even though there
are challenges on that path.
It should also be noted that the traditional electron optics has
been researched thoroughly in the last decades, owing to its
great applicative potential. In order to calculate higher-order
aberrations [35], differential algebra method was applied to
the electron optical systems, including electron lens and combined focus and deﬂection systems [36], [37]. Nevertheless,
introducing a novel accelerating concept into electron optics
may inspire new designs and supply additional avenues to the
management of electron beams.
The organization of the paper is as follows. In Sec. II, we
obtain the Helmholtz equation for electrons from the KleinGordon equation. In Sec. III, we display the nonparaxial
electron beams based on the 2D Helmholtz equation. The
discussion is divided into three cases based on the accelerating
trajectories: the half-Bessel beams in Subsec. III-A, the Weber
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beams in Subsec. III-B, and the half-Mathieu beams in Subsec. III-C. In Sec. IV, we brieﬂy investigate the nonparaxial
electron beams in 3D. We conclude the paper in Sec. V and
also give a brief outlook on the future investigations.
II. M ATHEMATICAL M ODELING
The Klein-Gordon equation is used to calculate the wave
function of a relativistic electron when the spin effects are
neglected. In free space, it is expressed as
−h̄ 2

2

∂2
 = m e c2  − c2 h̄ 2 ∇ 2 ,
2
∂t

(1)

where h̄ is the reduced Planck constant, m e is the mass
of electron, c is the light speed in vacuum, and ∇ 2 is the
Laplacian. For our purposes, it is sufﬁcient to consider the
time-independent solutions, so we seek here a solution with
an ansatz


E
(2)
(r, t) = ψ(r ) exp −i t ,
h̄
where E is the energy of the electron.
For a relativistic

electron, it can be written as E = c2 p2 + (m e c2 )2 , with
p being the corresponding momentum. Plugging Eq. (2) into
Eq. (1) and after some algebra, one obtains
∇ 2 ψ(r ) + k 2B ψ(r ) = 0,

(3)

where k B = p/h̄ is the de-Broglie wavenumber of the electron.
Equation (3) is the Helmholtz equation that is frequently
considered in the literature [16], [20], [21].
First, we consider the Laplacian in two dimensions that in
Cartesian coordinates can be written as

 2
∂2
∂
+ 2 ψ(r ) + k 2B ψ(r ) = 0
(4)
∂z 2
∂x
in which x and√z are the transverse and longitudinal coordinates, and r = x 2 + z 2 . Equation (4) is also the governing
equation for the nonparaxial accelerating electron beams that
will be discussed below. For the forward propagation-invariant
beams, the solution of the 2D Helmholtz equation can be
written as [15], [38]–[40]
 π/2
Am (φ) exp[i k B (x sin φ + z cos φ)]dφ, (5)
ψ(x, z) =
−π/2

where Am (φ) is the angular spectral function, which determines the pattern of ψ, and φ is the wave propagation angle
measured from the z axis.
Classically, one has E = γ m e c2 and p = γ me v when the
relativistic effects are considered, where γ = 1/ 1 − β 2 and
β = v/c, with v being the speed of the electron. In electron
optics, the cathode surface in the electron gun is usually
chosen to be the equipotential surface. Then, the potential at
the point of observation is identical with the voltage ϕ applied
between this point and the cathode. The relativistic modiﬁed
electric potential can be written as


eϕ
∗
,
(6)
ϕ =ϕ 1+
2m e c2

Fig. 1. (a) Propagation of a half-Bessel beam that accelerates along a circular
trajectory. The black dashed curve indicates the theoretical accelerating
trajectory, and the white dashed line the axis of symmetry of the trajectory.
(b) Self-healing of the beam when the main lobe is removed. (c) Dependence
of R on the order m of the half-Bessel beam.

and the de-Broglie wavelength λ B is
λB =

h
h
= √
.
p
2em e ϕ ∗

(7)

In our calculation, we assume β ≈ 0.5479, so that the deBroglie wavelength λ B of the electron is about 3.7 pm, which
can be reached in the ﬁeld emission gun transmission electron
microscope that operates at 100 keV. In the following section,
we present results obtained in other 2D coordinate systems.
III. R ESULTS AND D ISCUSSION
A. Half-Bessel Beam
In polar coordinates, one of the solutions of Eq. (4) is the
Bessel beam [15], i.e.
ψm (x, z) = u 0 i m Jm (k B r ) exp[i m arctan(z, x)],

(8)

where u 0 is a constant that determines the amplitude of ψm ,
and Jm is the Bessel function of the ﬁrst kind and order m.
However, it was demonstrated before that the forward beam
only exhibits half of the Bessel beam structure [16]. Since the
analytical solution in Eq. (8) is symmetric about the vertical
axis x = 0 at certain propagation distance z, one can consider
half of it to be the input. Instead of using the integration
formula in Eq. (5), we directly use the half-Bessel beam as
the input, to observe the corresponding propagation according
to the 2D Helmholtz equation (4).
We take the left part of ψm (x, z = −0.5 Å) with m = 200
as the input, and the propagation is displayed in Fig. 1(a). One
ﬁnds that the input beam exhibits accelerating and nondiffracting properties during propagation, and that the trajectory is
circular. This is in accordance with the analytical result, as
shown by the black dashed curve, which is a part of a circle
with radius R ∼ m/k B . Since the input is ψm (x, z = −0.5 Å),
the symmetry point moves from 0 to 0.5 Å, as depicted by the
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Fig. 2. (a) and (b) Same as Fig. 1, but for the Weber beam. (c) and (d)
Propagation of Weber beams with the input at z = 0 and at z = 0.5 Å.

white dashed line. According to the simulation, one observes
that the electron beam can bend nearly 90° and exhibits the
ballistic-like effect [41], [42]. To check the self-healing effect,
we remove the main lobe of the input beam deliberately, and
then follow the propagation in Fig. 1(b). One ﬁnds that the
main lobe recovers fast during propagation.
We would like to emphasize that the length of the focus can
be well adjusted over a long range, because this quantity is
controlled by the radius of accelerating trajectory R ∼ m/k B .
In Fig. 1(c), we display the relation between R and m, from
which one ﬁnds that the nonparaxial electron beam can have
a very large length of focus if one further increases the order
m without changing the transverse distribution. In experiment,
one has to prepare a proper phase mask, similar to that used
in the equivalent optical experiments [17], [20], [27].
As expected, one discovers that an electron beam behaves
like a light beam, as demanded by the de-Broglie hypothesis. In addition, there exist not only paraxial accelerating
electron beams, but also the nonparaxial accelerating electron
beams. As investigated previously for the optical beams, we
also demonstrate the nonparaxial accelerating electron beams
that follow parabolic and elliptic trajectories—the Weber and
Mathieu beams.
B. Weber Beam
In parabolic coordinates, one can ﬁnd another solution of the
2D Helmholtz equation (4)—the Weber wave function. Since
the corresponding description is rather technical, to facilitate
an easy discussion, we move it to Appendix A.
Similar to the half-Bessel case, we also use ψ(x, z =
−0.5 Å) with a = 50 as the input beam (see Appendix A),
and the corresponding propagation is shown in Fig. 2(a). As
expected, the beam accelerates along a parabolic trajectory
with a preserved shape, and the numerical trajectory agrees
with the analytical (black dashed curve) [22] very well. If the
main lobe of the input beam is removed, the self-healing effect
is displayed, as shown in Fig. 2(b).

9200206

Fig. 3. (a) Intensity of the elliptic mode of the Mathieu electron beam of
order m = 65 and q = 1100. (b) and (c) Setup is as in Fig. 1 (a) and (b),
with the half-Mathieu beam along the horizontal dashed line in (a) launched
from the major axis. (d) Same as (b), but with the half-Mathieu beam along
the direction indicated by the vertical dashed line in (a) launched from the
major axis. Panels (b)-(d) share the same scale.

To demonstrate the ballistic effect, we show the propagation
of Weber beams with the input at z = 0 and at z = 0.5 Å, in
Figs. 2(c) and 2(d), respectively. One ﬁnds that the scenarios
in Figs. 2(a), 2(c) and 2(d), which are quite similar to the
paraxial cases in [41] and [42], clearly indicate the ballistic
effect. As a result, the nonparaxial Weber beam is also feasible
for electrons.
C. Half-Mathieu Beam
As shown in Appendix B, the 2D Helmholtz equation in
elliptic coordinates supports the accelerating Mathieu beam as
a solution, with an elliptic trajectory. In Fig. 3(a), we depict
the intensity proﬁle of the elliptic mode from Eq. (14) in
Appendix B, with m = 65 and q = 1100. According to the
real parameters provided in Sec. II, one can ﬁnd that the foci
are located at (±h, 0), with h ≈ 0.39 Å.
We ﬁrst adopt the left part of ψ(x, z = −0.15 Å) to
be the input and display the corresponding propagation in
Fig. 3(b). Again, as expected,
the acceleration is along an


elliptic trajectory x = − 1 − (z − 0.15 Å)2 /(a 2 − h 2 )a, with
a being the location of the main lobe in Fig. 3(a). If the main
lobe is removed, the self-healing effect will recover it soon
during propagation, as depicted in Fig. 3(c). One can also use
the half-Mathieu beam along the vertical direction shown by
the dashed line in Fig. 3(a) to be the input, and such a beam
will also accelerate along an elliptic trajectory, as shown in
Fig. 3(d). Different from the case in Fig. 3(b) which goes
through the apogee point, the case in Fig. 3(d) accelerates by
the way of the perigee point.
IV. T HREE -D IMENSIONAL C ASE
In addition to the 2D nonparaxial accelerating
electron beams, there also exist the corresponding
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Fig. 4. (a) Intensity of the 3D electron beam in the x0y plane. (b) Same as
(a), but in the x0z plane. Dashed curve is the analytical accelerating trajectory
of the main lobe. (c) Panels (a) and (b), the beam intensities in the xy plane
at z = 1 Å and in the yz plane at x = −2 Å, and the beam intensity in the
xz plane at y = 1 Å, put together. The parameters are the same as in Fig. 1.

3D cases [15], [23], [43]. The accelerating solution of
the 3D Helmholtz equation in Eq. (3) can be written as [24]
ψ(x, y, z)
 π

=
dθ
0

π/2
−π/2

dφ Am (θ, φ) sin θ

× exp[i k B (x sin θ sin φ + y cos θ + z sin θ cos φ)].

(9)

Clearly, if θ = π/2, Eq. (9) reduces to Eq. (5), i.e., to the 2D
case. Similar to [23], if we consider the beams that accelerate
along a semi-circular trajectory, the angular spectral function
can be written as A(θ, φ) = g(θ ) exp(i mφ).
In Fig. 4, we present the propagation of a 3D nonparaxial
accelerating electron beam with g(θ ) = 1. Figure 4(a) is the
transverse intensity distribution of the beam in the x0y plane,
and Fig. 4(b) is the corresponding intensity distribution in the
x0z plane. In order to display the 3D propagation more clearly,
Figs. 4(a) and 4(b) are put together in Fig. 4(c), according to
the accepted geometric arrangement. In addition, in Fig. 4(c),
we also exhibit three intensity distributions that are in the x y
plane at z = 1 Å, in the yz plane at x = −2 Å, and in the x z
plane at y = 1 Å.

The transformation between Cartesian coordinates (x, z)
and parabolic coordinates (η, ξ ) is accomplished by the relation x +i z = (η +i ξ )2 /2, with η ∈ (−∞, ∞) and ξ ∈ [0, ∞).
By utilizing variable separation, that is, by writing the solution
of the 2D Helmholtz equation as ψ(ξ, η) = R(ξ )(η), one
obtains two ordinary differential equations:

∂ 2 R(ξ )  2 2
+
k
ξ
−
2k
a
R(ξ ) = 0,
(10a)
B
B
∂ξ 2

∂ 2 (η)  2 2
+
k
η
+
2k
a
(η) = 0,
(10b)
B
B
∂η2
where 2k B a is the separation constant. The parameter a affects
both the scaling and the curvature of parabolic lobes of the
Weber beam. The solutions of Eqs. (10a) and (10b) are determined by the same Weber functions, but the corresponding
eigenvalues have the opposite signs. If we denote the even
and odd solutions of Eq. (10a) as Pe and Po , the ﬁnal even
and odd transverse stationary solutions of the 2D Helmholtz
equation in parabolic coordinates are expressed as
 


1
2k B ξ ; a Pe
2k B η; −a ,
We (x, z; a) = √ |1 |2 Pe
2π
(11a)

 

2
2
Wo (x, z; a) = √ |3 | Po
2k B ξ ; a Po
2k B η; −a ,
2π
(11b)
∞
n
respectively, where Pe,o (t, a) =
n=0 cn t /n!, 1 =
[(1/4) + (1/2)i a], 3 = [(3/4) + (1/2)i a], and the
coefﬁcients cn satisfy the recurrence relation: cn+2 = acn −
n(n − 1)cn−2 /4. For Pe (Po ), the ﬁrst two cn coefﬁcients are
c0 = 1 and c1 = 0 (c0 = 0 and c1 = 1) [22]. The transverse
stationary solution can be written in the form

ψ(x, z) = We (x, z; a) + i Wo (x, z; a).

(12)

V. C ONCLUSION
In summary, we have demonstrated that electron beams can
also exhibit nonparaxial accelerating properties, as well as
self-healing and ballistic effects during propagation. We have
shown that the accelerating trajectories can be semicircular,
parabolic, and semi-elliptic. The bending angle is nearly 90°.
These accelerating electron beams can be prepared using the
half-Bessel function, the Weber function, and the half-Mathieu
function in the phase masks. Our research not only enriches the
family of accelerating electron beams, but also exhibits potential applications in improving the resolution of transmission
electron microscopes. Owing to the fact that the beam shape
can be preserved over a relatively long distance, the depth
of the focus can be easily controlled. Since the accelerating
trajectories of paraxial accelerating electron beams can be
well adjusted, we believe that the trajectories of nonparaxial
cases can also be well managed by using magnetic ﬁeld [27],
which will play the role of a linear potential. We also believe
that the self-accelerating beams can be potentially used for
atmospheric detections [44], which has never been explored
before.

A PPENDIX B
M ATHIEU B EAM
In the elliptic coordinates z = h cosh ξ cos η and x =
h sinh ξ sin η, with ξ ∈ [0, +∞) and η ∈ [0, 2π), the solutions
of the 2D Helmholtz equation are the Mathieu functions. By
utilizing the variable separation, that is, by writing the solution
of the 2D Helmholtz equation as ψ(ξ, η) = R(ξ )(η), one
obtains two ordinary differential equations:
∂ 2 R(ξ )
− (a − 2q cosh 2ξ )R(ξ ) = 0,
∂ξ 2
∂ 2 (η)
+ (a − 2q cos 2η)(η) = 0,
∂η2

(13a)
(13b)

where a is the separation constant, q = k 2B h 2 /4 is a parameter
related to the ellipticity of the coordinate system, and h is the
interfocal separation. The solutions of Eqs. (13a) and (13b)
are the radial and angular Mathieu functions. The transverse
stationary solution can be written as
ψ(x, z) = cem (η; q)Jem (ξ ; q) + i sem (η; q)Jom (ξ ; q), (14)

KANG et al.: NONPARAXIAL ACCELERATING ELECTRON BEAMS

where cem and sem are the even and odd angular Mathieu
functions of order m, and Jem and Jom represent the corresponding even and odd radial Mathieu functions of the ﬁrst
kind.
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Y. P. Zhang, “Automatic Fourier transform and self-Fourier beams due
to parabolic potential,” Ann. Phys., vol. 363, pp. 305–315, Dec. 2015.
[13] J. C. Gutiérrez-Vega and M. A. Bandres, “Helmholtz–Gauss waves,”
J. Opt. Soc. Amer. A, Opt. Image Sci., vol. 22, pp. 289–298, Feb. 2005.
[14] U. Levy, S. Derevyanko, and Y. Silberberg, “Light modes of free
space,” in Progress in Optics, T. D. Visser, Ed., vol. 61. Amsterdam,
The Netherlands: Elsevier, 2016, pp. 237–281.
[15] M. A. Alonso and M. A. Bandres, “Spherical ﬁelds as nonparaxial
accelerating waves,” Opt. Lett., vol. 37, pp. 5175–5177, Dec. 2012.
[16] I. Kaminer, R. Bekenstein, J. Nemirovsky, and M. Segev, “Nondiffracting accelerating wave packets of Maxwell’s equations,” Phys. Rev. Lett.,
vol. 108, p. 163901, Apr. 2012.
[17] P. Zhang et al., “Generation of linear and nonlinear nonparaxial accelerating beams,” Opt. Lett., vol. 37, pp. 2820–2822, Jul. 2012.
[18] Y. Lumer et al., “Incoherent self-accelerating beams,” Optica, vol. 2,
pp. 886–892, Oct. 2015.
[19] Y. Q. Zhang et al., “Fractional nonparaxial accelerating Talbot effect,”
Opt. Lett., vol. 41, pp. 3273–3276, Jul. 2016.
[20] P. Zhang et al., “Nonparaxial mathieu and weber accelerating beams,”
Phys. Rev. Lett., vol. 109, p. 193901, Nov. 2012.
[21] P. Aleahmad, M.-A. Miri, M. S. Mills, I. Kaminer, M. Segev, and
D. N. Christodoulides, “Fully vectorial accelerating diffraction-free
Helmholtz beams,” Phys. Rev. Lett., vol. 109, p. 203902, Nov. 2012.
[22] M. A. Bandres and B. M. Rodríguez-Lara, “Nondiffracting accelerating
waves: Weber waves and parabolic momentum,” New J. Phys., vol. 15,
p. 013054, Jan. 2013.
[23] M. A. Bandres, M. A. Alonso, I. Kaminer, and M. Segev, “Threedimensional accelerating electromagnetic waves,” Opt. Exp., vol. 21,
pp. 13917–13929, Jun. 2013.

9200206

[24] Y. Q. Zhang et al., “Three-dimensional nonparaxial accelerating beams
from the transverse Whittaker integral,” Europhys. Lett., vol. 107, no. 3,
p. 34001, 2014.
[25] Y. Hu, G. A. Siviloglou, P. Zhang, N. K. Efremidis,
D. N. Christodoulides, and Z. Chen, “Self-accelerating Airy beams:
Generation, control, and applications,” in Nonlinear Photonics and
Novel Optical Phenomena (Springer Series in Optical Sciences),
Z. Chen and R. Morandotti, Eds., vol. 170. New York, NY, USA:
Springer, 2012, pp. 1–46.
[26] Z. Chen et al., “Control and novel applications of self-accelerating
beams,” Acta Opt. Sinica, vol. 36, no. 10, p. 1026009, 2016.
[27] N. Voloch-Bloch, Y. Lereah, Y. Lilach, A. Gover, and A. Arie, “Generation of electron Airy beams,” Nature, vol. 494, pp. 331–335, Feb. 2013.
[28] R. Shiloh et al., “Unveiling the orbital angular momentum and acceleration of electron beams,” Phys. Rev. Lett., vol. 114, p. 096102, Mar. 2015.
[29] X. Zhu et al., “Implementation of dispersion-free slow acoustic wave
propagation and phase engineering with helical-structured metamaterials,” Nat. Commun., vol. 7, Apr. 2016, Art. no. 11731.
[30] A. E. Minovich, A. E. Klein, D. N. Neshev, T. Pertsch, Y. S. Kivshar, and
D. N. Christodoulides, “Airy plasmons: Non-diffracting optical surface
waves,” Laser Photon. Rev., vol. 8, no. 2, pp. 221–232, 2014.
[31] N. K. Efremidis, V. Paltoglou, and W. von Klitzing, “Accelerating and
abruptly autofocusing matter waves,” Phys. Rev. A, Gen. Phys., vol. 87,
p. 043637, Apr. 2013.
[32] S. Fu, Y. Tsur, J. Zhou, L. Shemer, and A. Arie, “Propagation dynamics
of Airy water-wave pulses,” Phys. Rev. Lett., vol. 115, p. 034501,
Jul. 2015.
[33] K. Y. Bliokh and F. Nori, “Spatiotemporal vortex beams and angular
momentum,” Phys. Rev. A, Gen. Phys., vol. 86, p. 033824, Sep. 2012.
[34] V. Grillo, E. Karimi, G. C. Gazzadi, S. Frabboni, M. R. Dennis, and
R. W. Boyd, “Generation of nondiffracting electron Bessel beams,” Phys.
Rev. X, vol. 4, p. 011013, Jan. 2014.
[35] P. W. Hawkes, “Aberrations,” in Handbook of charged particle optics,
J. Orloff, Ed. London, U.K.: CRC Press, 2009, pp. 219–220.
[36] Y. F. Kang, T. T. Tang, Y. Ren, and X. L. Guo, “Differential algebraic
method for computing the high order aberrations of practical electron
lenses,” Optik, vol. 118, no. 4, pp. 158–162, 2007.
[37] Y. F. Kang, T. T. Tang, J. Y. Zhao, S. Li, and D. B. Zhang, “Different
algebraic method for computing the high-order aberrations of practical
combined focusing-deﬂection systems,” Optik, vol. 120, no. 12, pp. 591–
600, 2009.
[38] J. C. Gutiérrez-Vega, M. D. Iturbe-Castillo, and S. Chávez-Cerda,
“Alternative formulation for invariant optical ﬁelds: Mathieu beams,”
Opt. Lett., vol. 25, pp. 1493–1495, Oct. 2000.
[39] S. Chávez-Cerda, J. C. Gutiérrez-Vega, and G. H. C. New,
“Elliptic vortices of electromagnetic wave ﬁelds,” Opt. Lett., vol. 26,
pp. 1803–1805, Nov. 2001.
[40] M. A. Bandres, J. C. Gutiérrez-Vega, and S. Chávez-Cerda, “Parabolic
nondiffracting optical wave ﬁelds,” Opt. Lett., vol. 29, pp. 44–46,
Jan. 2004.
[41] G. A. Siviloglou, J. Broky, A. Dogariu, and D. N. Christodoulides,
“Ballistic dynamics of Airy beams,” Opt. Lett., vol. 33, pp. 207–209,
Feb. 2008.
[42] Y. Hu, P. Zhang, C. Lou, S. Huang, J. Xu, and Z. Chen, “Optimal
control of the ballistic motion of Airy beams,” Opt. Lett., vol. 35,
pp. 2260–2262, Jul. 2010.
[43] M. A. Alonso and M. A. Bandres, “Generation of nonparaxial accelerating ﬁelds through mirrors. II: Three dimensions,” Opt. Exp., vol. 22,
pp. 14738–14749, Jun. 2014.
[44] Y. Qu et al., “Comparison of atmospheric CO2 observed by GOSAT
and two ground stations in China,” Int. J. Remote Sens., vol. 34, no. 11,
pp. 3938–3946, 2013.

Yongfeng Kang was born in Shaanxi, China,
in 1978. He received the B.S. and Ph.D. degrees
in electronic engineering from Xi’an Jiaotong University, China, in 2001 and 2008, respectively.
He joined the Prof. T. Tang’s Group, Xi’an Jiaotong
University, in 2010, as an Assistant Professor. He is
currently an Associate Professor with the Key Laboratory of Physical Electronics and Devices, Ministry
of Education, Xi’an Jiaotong University. He has been
involved in research on electron optics.

9200206

IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. 53, NO. 2, APRIL 2017

Yiqi Zhang was born in Shandong, China, in 1983.
He received the bachelor’s degree from Tianjin University in 2006, majored in opto-electronics and the
Ph.D. degree from the Chinese Academy of Sciences
in 2011, majored in physical electronics. He joined
the Prof. Y. P. Zhang’s Group, Xi’an Jiaotong University, in 2012, as an Assistant Professor. In 2014,
he was promoted to be an Associate Professor. Up to
now, as the ﬁrst author or the corresponding author,
he has authored over 40 peer-reviewed papers and
one book. His current research interests include selfaccelerating nondiffracting beams and related topics, topological photonics
and related topics, propagation dynamics of the fractional Schrodinger equation, and related topics.

Changbiao Li was born in Hunan, China, in 1977.
He received the Ph.D. degree in electronics engineering from Xi’an Jiaotong University, Xi’an, China,
in 2009. He is currently an Associate Professor
with the Key Laboratory of Physical Electronics
and Devices, Ministry of Education, Xi’an Jiaotong
University. He has authored over 80 peer-reviewed
papers, and received the second prize of the Natural
Science Prize of Shaanxi Province recently. His
current research interests include nonlinear optics
and quantum optics.

Hua Zhong was born in Shaanxi, China, in 1992.
She received the bachelor’s degree from Qingdao
Technological University in 2015, majored in information and computation science. She is currently
pursuing the master’s degree majoring in electrical
and information engineering with Xi’an Jiaotong
University. She has participated over ﬁve papers. Her
current research interests include Airy beams and
topological photonics.

Yanpeng Zhang was born in Shaanxi, China, in
1969. He received the Ph.D. degree in electronics
engineering from Xi’an Jiaotong University, Xi’an,
China, in 2000. He was promoted to be an Associate
Professor and a Full Professor in 1999 and 2001,
respectively. He also holds the Tengfei Professor
with Xi’an Jiaotong University, the San-Wu Talent
of Shaanxi Province, the New Century Talent of the
Ministry of Education, and the Special Allowance
Expert of the State Council. He is currently with the
Key Laboratory of Physical Electronics and Devices,
Ministry of Education, Xi’an Jiaotong University. He is also the Director of
the Institute of Physical Electronic and Opto-Electronic Engineering, Xi’an
Jiaotong University, and the Head of the Quantum Control of Multi-Wave
Mixing Key Innovation Team, Shaanxi. Up to now, he has authored over 300
peer-reviewed papers in international renowned journals, and four books by
Springer and Wiley. His research interests are nonlinear optics and quantum
optics. He received the National Excellent Doctoral Dissertation Prize in 2002.
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