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ABSTRACT

There have been numerous recurrent neural network models diversely developed for modeling or
simulating the associative memory behavior of human beings in the past decades, and the existing
results for each model individual are in certain sense redundant with similarity. By utilizing the innate
character of general activation operators, i.e., the uniformly pseudo-projection-anti-monotone prop-
erty, a unified continuous-time recurrent neural network model is introduced, which can jointly cover
almost all of the known continuous-time recurrent neural network individuals. Under the critical
condition which is the intrinsic bounded line of stability and instability, we develop some convergence
and stability theory for the unified recurrent neural network model when the time is continuous. The
study shows that the approach adopted in the present paper is powerful, particularly in the sense of
unifying, simplifying and extending the currently existing various models and dynamics results of

Critical dynamics analysis continuous-time RNNs.

Continuous-time

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Recurrent neural networks (RNNs) are generally formalized as
dynamic systems which can be implemented by physical means.
They are assumed to capture the associative memory perfor-
mance of human beings and then widely used to model dynamic
process associated with control process, perform pattern recogni-
tion, solve optimization problems, and so on.

A RNN is associated with two fundamental operators: one is
the synaptic connections among the neurons, and the other is the
nonlinear activation functions deduced from the input-output
properties of the involved neurons. The synaptic connections
among the neurons are hopefully used to encode the memories
we expect to have; and the activation functions of a RNN are
assumed to capture the complex, nonlinear response of neurons
of the brain, which are preassigned before use in general,
depending on the simulation purpose or application. Once the
synaptic connections are given, the characteristics of the activa-
tion functions determine the performance of the RNN. As a rule,
the activation functions are monotonically nondecreasing and
saturated, as suggested from neurobiology [12,24]. However, the
monotonicity and boundedness of the activation functions do not
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sufficiently result in the expected properties of a RNN in general,
so usually, various other assumptions and specifications need to
be assumed additionally in the study and application of RNNs. To
discover some more essential characteristics else than the non-
decreasing and bounded properties of the commonly used activa-
tion functions, Xu and Qiao put forward two novel concepts:
uniformly anti-monotone as well as the pseudo-projection proper-
ties by carefully examining the properties of various activation
functions used in general [23]. When the number of neurons is fixed
as N and each activation function is denoted by g; (i= 1,2, ...,N), the
corresponding activation operator G =(g;,g5, ....gy)" is called as
the uniformly pseudo-projection-anti-monotone (UPPAM) operator
[23]. As a framework of formalizing the activation operators, the
UPPAM operator embodies most of those meaningful activation
operators, e.g., signum operator, symmetric multi-valued step
operator, multi-threshold operator, linear saturating operator,
nearest-point projection, winner-take-all operator, etc. Results in a
natural, a unified RNN model which is called as the UPPAM neural
networks is presented in that paper. Consequently, it is proved that
most of the typical concrete RNN models are UPPAM RNNs. For
instance, the Hopfield-type neural networks [24,25], the bidirec-
tional associative memory models [26], the Little-Hopfield neural
networks [12], the recurrent back-propagation model [27], the
multi-valued associative memories [28], the multi-threshold neural
networks [29], the brain-state-in-a-box model [7], the bound-
constraints optimization solvers, the convex optimization solvers
[10], the winner-take-all automata [30], the mean-field model [31],
the recurrent correlation associative memories [32], and so on.
Further, a unified stability theory for the discrete-time UPPAM RNNs
were developed in [23]. But, it should be noticed that in that paper,
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the stability for the UPPAM RNNs was given only when the time is
discrete (i.e., the RNNs were described by difference equation forms)
and, the synaptic connections are symmetric. As we know, due to
the easy VLSI implementation of the continuous-time RNNs, most of
the existing study and applications for recurrent neural networks
were on the continuous-time case, and the synaptic connections of
RNNs in practice are asymmetric and very complex.

In this presented paper, we will consider the continuous-time
UPPAM RNNs model, i.e., the activation operators of the continuous-
time RNNs own the uniformly pseudo-projection-anti-monotone
property. Such RNNs model can be generally described as
'5% = —x()+AGWx(t)+q)+b, xge R 1)
where x(t) = (X (£),X2(t), . .., xn(t))" is the neural network state, G =
(81,82, - ..,gy)" is the nonlinear activation operator deduced from all
the activation functions g;. Here, we consider G has the UPPAM
property (see the next section for the precise definition). A and W
both are the connective weight matrices, b,q are two fixed external
bias vectors and 7 is the state feedback coefficient. Since the UPPAM
operator embodies most of those meaningful activation operators as
mentioned above, in fact, model (1) summarizes almost all of the
existing continuous-time RNNs specials, e.g., Hopfield-type neural
networks, brain-state-in-a-box neural networks, bound-constraints
optimization solvers, recurrent back-propagation neural networks,
mean-field neural networks, convex optimization solvers, recurrent
correlation associative memories neural networks, cellular neural
networks, etc. Thus, analysis of the dynamics behaviors for most of
the known concrete continuous-time RNNs individuals can be
replaced by studying the dynamics behaviors for model (1).

For the continuous-time RNNs, we should notice that there
exist two basic problems needed to be solved at present. On the
one hand, we know that the analysis of the dynamical behaviors,
such as the global convergence, asymptotic stability and expo-
nential stability, is a crucial foundation for any practical design
and application of them. While, for all those but not limited to
those commonly used continuous-time RNN individuals, the fact
is that there exist huge numbers of researches on the dynamics
behaviors for each model (see, e.g. [8,14,15,17-21,36,45] and the
references therein). However, those known studies have been
conducted in a very separative way, and there exist lots of
similarity and redundant among those results. All these prompt
us to look for a more universal methodology and formalize a
unified approach to jointly cover all those known diverse dynamics
results.

On the other hand, by summarizing the existing convergence
as well as stability for most of the continuous-time recurrent
neural network individuals, Peng, Xu, etc., pointed out that the
continuous-time RNN models are exponential stable under the
conditions that one discriminant matrix defined by the networks
is positive definite [1]. For the UPPAM RNNs model, if we define

r
S(I\P)=I'P— FAW+2(FAW)

where both I and P are diagonal matrices, and A and W are the
connective weight matrices, then similar to the proof of Theorem
1 in [1], it can be generalized that most of the exponential
stability analysis for UPPAM RNNs individuals are under the
conditions that there exists a positive definite diagonal matrix
I', such that S(I',(2A4-B)) is positive definite (where A and B are
two diagonal matrices given by the UPPAM RNNs model). On the
other hand, from [9,15], we know that a RNN will be globally
exponentially unstable if there is a positive definite diagonal matrix I"
such that S(I",V~!) is negative definite, where V = diag{ry,r2, ...,rn}
with each r; > 0 being the inversely Lipschitz constant of activation
function f. The questions then arise: since S(I',(2A4—-B))>0 (i.e.,

S(I',(2A—B)) is positive definite) is sufficient for the globally expo-
nential stability of UPPAM RNNs, and S(I',V~1) >0 (i.e, S(I,V™') is
nonnegative definite) is necessary for UPPAM RNNs to have globally
stable dynamics, then what kinds of asymptotic behavior of UPPAM
RNNs will hold when S(I',(24—-B)) < 0 (i.e., S(I",(24—B)) is negative
semi-definite) and S(I',V~')>0 (i.e, S(I',V') is nonnegative defi-
nite)? If there exists a diagonal matrix Q, such that

S(I',(2A-B) <S(I',Q) <S(I',V™1)

(here we use X <Y to denote the condition that matrix Y-X is
nonnegative definite), then in particular, we want to know what will
happen when S(I',Q)=0 (i.e., for any x e RN, x'S(I',Q)x = 0). The
dynamics analysis of RNNs under such conditions is referred to as the
critical dynamics analysis. It should be remarked that it is by no means
easy to conduct a meaningful critical dynamics study for RNNs since
such exploration has essential difficult in analysis, and there exist
hardly any results about this topic.

In comparison to the general critical condition that S(I",Q) =0,
S(I',(2A—B)) = 0 is the primary case of it, and since a UPPAM RNN is
globally exponential stability when S(I",(24—B)) > 0, so in this paper,
we focus our attentions on the dynamics investigations of UPPAM
RNNs under the particular critical condition that S(I",(24—B)) > 0.
Even so, it is still much more difficult than the dynamics analysis
under the noncritical condition that S(I",(24—B)) > 0.

Since the critical condition is the essential bounded line which
can distinguish between stability and instability of continuous-
time RNNs [5], the critical dynamics study has drawn special
attention in recent years. For continuous-time RNNs with hyper-
bolic tangent activation functions, in [6,8,21], the globally asymp-
totical stability and globally exponential stability of the network
under some certain specific critical conditions have been con-
ducted. Yang and Cao [22] have gotten the globally exponential
stability of a static neural network with projection operator under
the condition that [-W is nonnegative. In [1], the authors have
proved that RNN with sigmoidal activation operator has a globally
attractive equilibrium state, and when the synaptic connection
matrix is quasi-symmetric, RNN with nearest point projection
activation operator is global convergence on a region defined by
the network. Some improvements on [1] have been made in [2],
but it is with one requirement on the trajectories of the network,
which is hard to be verified in the application. In [3,4], the critical
global convergence and asymptotical stability for continuous-time
RNNs with projection activation operators have been achieved.
Some critical globally exponential stability of the continuous-time
RNNs when activation operator owns the decreasing anti-
monotone property has been studied in [5]. For all that, there are
still many important dynamics questions of RNNs unsettled under
the critical conditions. For example, for a continuous-time RNN
with general activation operator, what asymptotic behaviors of it
will be under the critical conditions? If the study on the asymptotic
behaviors of such RNN could be achieved, then would the
dynamics analysis for it unify and generalize the corresponding
theory validated for the individual models, or further, make some
new discoveries? Answering such questions are of great impor-
tance in both theory and applications.

Based on the essential characteristics of the activation opera-
tors, i.e., uniformly pseudo-projection anti-monotone properties,
we devote to establish a unified continuous-time RNNs model and
its critical dynamics theory in this paper. This work can answer
these two problems which are put forward above, i.e., it can
integrate and generalize the known stability results for almost all
of the known individual models under the noncritical conditions,
and, most important, it can give the general determinate method
of critical stability for continuous-time RNNs, and which is only
determined by the UPPAM constants and the connection matrix of
the networks. The investigation lunches a visible step towards
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establishing a unified method for the continuous-time RNNs, and
the obtained results cover and generalize almost all of the known
corresponding results for continuous-time RNN individuals,
which shows the powerfulness of the suggested unified model
and the approach.

2. Preliminaries

In this paper, associated with the activation operator G, the
domain, range and fixed-point set of G are, respectively, defined
by D(G), R(G) and F(G). For studying RNN purpose, we only
consider D(G)=R(G) = R" case below. We further assume that
R" is embedded with Euclidean norm I - I and inner product
<o

For any x = (x1,X, .

G(X) = (81(%),82(), . ...

G is said to be diagonal if g;(x) = g;(x;) holds for eachi=1,2,...,N.
We further introduce some useful definitions of G as follows.

...xn)" € D(G), write

v, vxeD(G)

Definition 2.1 (Xu and Qiao [23]). (i) A operator G is said to be a
pseudo-projection if there exists a positive definite diagonal
matrix B = diag{f;,f,, - - .,fn}, such that BR(G) = D(G) and G=GBG
(i.e., G(x) = G(BG(x)), Vx € D(G)). In this case, we say that G is a B-
projection.

(ii) A operator G is said to be A-uniformly anti-monotone (1-UAM)
if there is a positive constant A such that for any x e D(G) and
¥ e BR(G),

(GR)~Gy).x—y> = AGx)-G)I3 @)

(iii) A operator G is uniformly pseudo-projection-anti-monotone
(UPPAM) if it is pseudo-projection and uniformly anti-monotone;
specially, we say it is (B,41)-UPPAM whenever it is B-projection and
A-UAM.

In [23], it is shown that most of the activation operators deduced
from the concrete activation operators diversely appeared in RNNs
literature all are the special cases of UPPAM operators, and then, the
UPPAM operator provides a very appropriate, unified framework
within which most of the known RNN models can be embedded
and uniformly studied.

Definition 2.2. Let A =diag{l,,/,,...,An} and B=diag{f;,fs, .- .,
Pn1- G is said to be diagonally (B,A)-UPPAM if each component g;
of G is a f;-projection and 4;-UAM.

In what follows, we will give the definition of the nonlinear
norm, which is similar to that of the matrix norm. Suppose that
T:¥<RV>Y<cRY is a nonlinear operator, A is a nonsingular
N x N matrix, and X € ¥ is a given vector.

Define

< IATXx—ATX |
LH_H(T,A,X, W) = . :XI:IXDE v 7“AX—A}2H (3)
Clearly, L.,(T,A,x,¥) is a nonnegative function determined by five
parameters: T, A, %, || - I and ¥. Most important of all, L, (T, A%, V)
can be regarded as a nonlinear generalization of the matrix norm
II- 1l and it is called as the nonlinear norm. That is because, by
defining F=ATA™!, y=Ax, =A% and ¥ =AY, one can get

IATX—ATX||
L(TAXY)= sup ————=—
14 )= SUP  TIAXCARI

IATA™ (Ax)—ATA" ' (A%)||

= Sup TAX—AR

x#XxeV

sup ||1|~‘"y—1:‘)‘TH
y#yyer VY

Obviously, when ¥ contains X as an interior point (i.e., ¥ contains
a neighborhood of %), then for any given matrix B, L.,(B,[,X,¥) = IBI.
Additionally, for any f > 0, we have L, (ST,A,%, V)= SL.\(T,AX,P).

Throughout the paper, the identity matrix is denoted by I. For a
positive semi-definite diagonal matrix 4 = diag{d1,0,...,0n}, let
AV? = diag{5)/%,0)%, ... .0\ ).

3. Critical global convergence and stability results

In this section, we establish several global convergence and
asymptotic stability results for generic continuous-time UPPAM
RNNs, which are under the critical conditions that the discriminant
matrix defined by the network is positive semi-definite. To be
simple, we denote the range of the nonlinear activation operator,
i.e,, R(G), by 6.

Lemma 3.1. For any xo € A(©)+b, x(t,Xo), the solution of (1), satisfies
x(t,x0) € A(@)+b(t = 0).

Proof. By the differential equation theory, we have
-l t
X(t,X0) = e /Txg + ?e’t/f / /T (AG(Wx(s)+q)+b) ds
0

_etixg 4 (1—e-tmy 0 e*r(AG(V;/x(etjthr)+q)+b) dr
where r=(t—s)/1. Since 1—e /7= [Te~"dr=lim,. >0,
(t/tn)e~t/™ and A(@)+Db is a bounded, closed and convex subset,
then P(t) = 5/1 e "(AG(Wx(t—1r)+q)+b) dr, the limit of the sum
S (¢ /Tn)e TN AG(W(t—it/n)+-q)+b), should satisfy P(t)/(1—
e~/%) e A(@)+b(vt > 0). Further, by (4), we know x(t,xo) € A(@)+b
when xg e A(@)+b. O

4)

Suppose that @ is bounded, closed and convex. For any v € O,
define T(v) = AG(Wv +q)+b, then by Brouwer’s fixed point theorem,
T has at least one fixed point v¥, namely, F;'(0), the equilibrium
state set of (1) is not empty.

Theorem 3.1. Assume that G is diagonally (B,A)-UPPAM with ©
being a bounded, closed and convex subset of RV, and A is a nonzero
diagonal matrix. If there exists a positive definite diagonal matrix I’
such that

(i) M(I') = QA—B)[ —(F'AW +(I'AW)T)/2 is positive semi-definite,
and
(ii) for one v* € F;1(0), L1, (T,D,v*,0) <1 (here D = (2A—B)I')!/?),

is the unique equilibrium point of (1), then x* is globally asympto-
tically stable on ©.

Proof. Denote A =diag{a,,as,...,ay}, I' =diag{&;,&,,...,Ey} and
D = diag{d,,ds, ...,dy}. For any trajectory x(t) of (1) starting from
Xo € A(@)+Db, it follows from Lemma 3.1 that x(t) e A(@)+b. Let
Yo = Wxo+q, y(t) = Wx(t)+q, z(t) = AG(y(t))+b and u(t) = z(t)—x(t).
In the following proof, we will use some diagonal Lyapunov functions,
and the concept of diagonal Lyapunov function was first introduced
in [41-43].
Define

P(x(t)) = HW(O)—x(O)TAT (y(6)—x()—y" (OATy(6)—x" (£)I—(2A—B))AT x(£)}
and

Qx(t)) = XT(H)2A—B)I'x(t)—2x" ()2 A—B)'v*
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Let

(2A-B)A+B)I
2

E1(x(t)) = rxT(t)< —(F'AW +(FAW)T)> x(t)—2txT(HAlq

. N (Wx(t)+q);
—tx ()I'Bb+1 Z &ia /( (a;gi(s)+b;) ds—tP(x(t))
i=1

Wxo +q);

+1QX(1))

We will complete the proof in the following four steps.
Step1. We show that lim;_, 4 dE; (x(t))/dt =0.
Note first that

dP(;t(t)) = (AL (YO —x(t)),(W-Du(t) y — CALy(t),Wu(t)>
—{—-@A-B)ATx(t),u(t) >
= (AI'x(0),(2A-B)=W)u(t) ) — {ATy(®),u(t)
and
th(;i(t)) =2{QRA-B)I'x(t)u(t)> -2 2A—B)['vV*,u(t)>

Since x(t) e A(®)+b, there exists p(t) € ©, such that x(t) = Ap(t)+b,
and then, Ap(t) = x(t)—b. Meanwhile, on noting that (2A4—-B)A+B)I"/
2—(FAW +(I'AW)T) is symmetric, then a direct calculation shows

w = {(QA=B)AT —2(I'AW +(FAW)Dx(t),u(t) >

+ < I'Bx(t),u(t) » —2 {AI'q,u(t) y — { I'Bb,u(t)>
+ (AIz(t),Wu(t)»
—CAIx(1),((2A-B)-W)u(t) > + CATy(t),u(t) >
+2{Q2A-B)Ix(t),u(t)>—2< (2A—-B)I'v*,u(t)>
= (ACA=-B)I'x(t),u(t) > =2 (ATy(t),u(t) > + < I'BAp(t),u(t)

—2Ax(t),Wu(t) > + <(2A-B)AI'z(t),u(t) >
—(AI'z(t),(2A—B)—W)u(t) >
—CATX(),((2A=B)—=W)u(t) > + CALy(t),u(t) >
+2<{QRA=B)x(t),u(t)>—2<{2A-B)['v*,u(t)>
= — (A (Y(®)-Bp®)),u(t) > + CATu(t),Wu(t)
+2{QRA=B)Ix(t),u(t)> —2<{ (2A-B)['v*,u(t)>

=—<AI'(y(®)—-Bp®),u(t)> + % {u(t),(TAW +(TAW) u(t) >

+2{QA=B)x(t),u(t)> —2{2A-B)[v*,u(t)>
=— (A (y(t)-Bp(t),u(t) > —u' (t)(2A—B)I
TAW +(TAW)T
_ #)u(t)
+uT ()2 A-B)Tu(t)+2 < 2A-B)I'x(t),u(t) >
—24RA-B)'v*,u(t)> (5)

From the assumption that v* is a fixed point of AG(Wv+q)+b, we
have v* = AG(Wv*+q)+b, and then
uT(OQRA—-B)u(t)+2<{ 2A-B)Ix(t)u(t) > —2<{ QA-B)v* u(t) >

= {Z(t)—x(t),2A-B)u(t)> +2{ 2A-B)I'x(t),u(t) >

—2{QA-B)I'v*u(t))

= () +X(t),2A-B)Tu(t)> -2 {v*,2A-B)Tu(t) >

= {(Z({)—v*)+x(t)—v*),2A-B)Iu(t) >

= {@O)—V")+ &) —v*),2A-B) (2(t)—v*)—(x()-v*)) >

= (zZ(t)-Vv*,2A—-B)[(z(t)—V*) Y — {x(t)—v*,2A-B)[ (x(t)—v*) >

= CAGWX(t)+q)~GWV* + ), 2A-B)AGWx(t) +q)—-GWv* +)) >

— X (O-V*,2A=B) (x(O)—v%))
= ( DA(G(WX(t)+ q)—G(Wv* +q)), DA(GIWx(t) + ) —GWv* + q)) »

— {DX()—v*),Dx(t)—v*) )
= IDA(G(WX(t) + q)— G(W* + )13 — I D(X(t)— v*)II2 (6)

Noting that L., (T,D,v*,R(G)) < 1, it follows

IDTx—DTv*Il»

Ly, (T,D,v*,R(G)) = - 2

1 (LDVERO) = SUP & IDx—DV™T;
ID(AG(Wx + q) +b)—D(AG(Wv* 4+ q)+ D)l

= su
p IDx—Dv*Il,

x # v*,x € R(G)
<1

This, combined with (6), implies that

T (O)RA-B)Tu(t)+2 < RA-B)Ix(t),u(t)> —2 { 2A—-B)I'v*,u(t)> <0.
Since G is a B-projection and p(t) € O, it is clear that G(Bp(t)) = p(¢t).
Then by the conditions that (24—B)I"—(I'AW + (I'AW)T) /2 is positive
semi-definite and the diagonal nonlinear property of G, one can get
from (5) that

dEq1(x(t)

dt

N
== a&((Wx(t)+@)—Bipi(0) - (@igi((WX(®) +q)) +by)—(@ip;(t)+bp)

i=1

< —<(AI'(y(t)—Bpt),u(t)>

N
== > @WK +q)—BipiD) - (WO +@)—-gi(Bipit)) ()
i=1

For each component g; of G is a f§;-projection and 1;-UAM, we then
have

(Wx(t)+q)i—Bipi(D) - (&i(Wx(D)+@);)—gi(Bipi()))
> Ji(Gi(WX(E) +@))—gi(Bipi(1))? 3

Let Zmin(A1) be the smallest eigenvalue of AI'. Then by (7) and (8),
we get
dE1 (x(t N .

l((it( 2 <= &atAE(Wx®) +)-g(Bipi(H)°

i=1

N
=— Y &A@ (WO +@))—pi(t)

i=1

= —(A(G(Wx+q)—p(t)))" AT (AG(Wx+q)—p(1)))

< —Amin(ADIAG(Wx +q)—p(t)I13

= —min(AD)1Z({O—X (D)3 9

Since dE;(x(t))/dt is continuous, x(t) e A(@)+b and @ is a bounded
and closed set, it follows that dE; (x(t))/dt is a uniformly continuous
function of ¢ in [0, +oc0). Furthermore, by (9), we have dE;(x(t))/
dt <0 since A and I" all are positive definite, which, combined with
the fact that Eq(x(t)) is bounded, implies that lim;_, ; «E1(x(t))
exists. Thus, applying the well-known Barbalat Lemma, we obtain
that lim;_, ; o dE; (x(t))/dt =0.

Step2. We show that any limit point of x(t) is an equilibrium
state of (1).

Let x* be any limit point of x(t), i.e., lim,,_,  X(ty) = x* for some
positive sequence {t,} with t;— 400 as n— +oo (notice that x*
exists since x(t) is bounded).

From (9) and the fact that A, (AI') > 0, we have
0= lim dEq1(x(t)

t— 400 dt
<lim Jriglof(—)vmm(/ll"))Hz(t)—x(t)H%

<0

consequently,
. lilp IAG(Wx(t)+q)+b—x(t)ll, =0 (10)
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Thus, it can be deduced that
IAG(WX* +q)+b—x*l, =0

That is, x* is an equilibrium state of (1).

Step3. In what follows, we still use the denotation that
y(t)=Wx(t)+q, and specially, denote y(t,;) = Wx(t,)+q. We will
show lim;_, o (AG(Y(t))+b)—x* =0.

Clearly, since x* is the limit point of x(t,), x(t,) e A(®)+b and @
is closed, then x* € A(®)+b, i.e., there exists p*e ©, such that
x*=Ap*+b. Further, since G is a B-projection and x* is an
equilibrium state of (1) (that is to say, x* = AG(Wx* +q)+b holds),
we can deduce that G(Bp*) =p* and Ap* = AG(Wx* +q).

Let

N 5 Yi(t)
Ext) =13 &a / (&N —gi(Wx* +q)p) dr
(Wx* +q);

i=1
It can be deduced that
N
Bl = 3 ddEoo-sn - (+40)
i=1
= (AG(Y(t))—Ap*)T TAW (=x(t) + AG(y(t))+ b)
= (AG(y(t))—Ap*)" TA[(—(Wx(t) +q)—Bp*) + (Wx* + q)—BG(y(1)))
+W(AGY(t))+b—x*)+B(Gy(t)—p*)]
= —(AG(y(t))-Ap*)" TA(Wx(t)+q)—Bp*)
—(Ap*—AG(y(1)) TA(WX* +q)—BG(y(t)))
+(AG(t))—Ap*) TAW(AG(y(t))+ b—x*)
+(AG(y(t))—Ap*) TAB(G(y(t))—p*) 11)

Observing that G is diagonally (B,4)-UPPAM and G(Bp*) = p*, we
obtain

(AG(y(t))—Ap*) TA(WX(t)+q)—Bp*)
= (AG(y(t))—AG(Bp*))" 'A(y(t)—Bp*)

N
=Y &A@ it)—g(Bip))Vi()—Bip})
i=1
N
> &a givi)—gi(Bip}))

i

=1

N
> &a ugiyit)—pi)
i=1

[\

= (AG(Y(6)—Ap*)" T A(AG(y(t))—-Ap*) (12)
and similarly, by the fact that Ap* = AG(Wx*+q) and G(y(t)) =
G(BG(y(t))), we have
(Ap*—AG(y(1)) TA(WX* +q)—BG(y(1)))

= (G(Wx* +q)—G(BG(y(1))),ATA(WX* +q)—BG(y(t))) >

> ( G(Wx* +q)—G(BG((t))), AA’ T (G(Wx* +q)—G(BG(y(1))) »

= (AG(Wx* +q)—AG(BG(y(t))),AF(AG(Wx* +q)—AG(BG(y(1)))) >

= (Ap*—AGW(1)))" T A(Ap* —AG(y(1)))

= (AG(y(t)—Ap*)" T A(AG(y(t))—Ap*) (13)

(AG(1)—Ap*) TAW(AG(y(t)) + b—x*)
= (AG(Y(t))—Ap*)T TAW(AG(¥(t)) + b—(AG(WX* + q) + b))
= (AGY(t))—-Ap*) TAW(AG(Y(£))—AG(WX* +q))
T'AW +(FAW)T
r AT (a6 -Ap) (14)

then by (11)-(14), it can be deduced that

dE>(x(1))
dt

= (AG(y(t))~Ap®)

< —2(AG(y(t))~Ap*)" I A(AG(y(t))~Ap™)

+(AG(y(t)—Ap™) (AG(Y(£))~Ap")

+(AGY(1)—-Ap*) T'B(AG(y(t))—Ap*)
TAW +(TAW)T
2

r TAW +(TAW)T
2

= —(AG()—-Ap") (2A-B)I'— JAG(y(£))—Ap™)

Thus, the positive semi-definiteness of (2A—B)[—(I'AW +
(FAW)T)/2 implies dE(x(t))/dt <0 for all t >0, and furthermore,
lim¢_, ; o E2(x(t)) exists since E;(x(t)) >0 by Lemma 2 in [2]. This,
together with the fact that lim,_, ,y(ty) = Wx*+q, implies that
lim;_, ; E2(x(t)) = 0. As a result, we obtain by applying Lemma
2 in [2] to each component g; of G that

tlirpw(G(v(t))fG(WX* +q)=0

that is

tlifglx(AG(Y(f)) +b—(AG(WX* +q)+Db))
= [liTOO(AG(V(t))er*(AG(p*)wLb))
= lim (AG(y(t)+b—(Ap*+b))
= rliTm(AG(y(t)) +b—x*)
=0

and then,

, yTx(Ac(y(t)) +b)=x* (15)

Step4. We finally prove that lim;_, 4 ooX(t) = x*.
By differential equation theory, x(t) solves the following integral
equation:

t 1
X(O)—x* = e~ /D10 (xo _x*) 1 / o~ (/D=9 | :

Jto

(AG(Y(S))+b—x*) ds
Obviously, it holds that

t 1
lx(t)—x*Il < e~ (/Do) |x0 _x*|| 4 / e*“/f)(f*s).E
to

NAG(Y(s))+b—x*Il ds (16)

By (15), for any &> 0, there is a T, >0 such that, whenever
t>tg>T,,

IAG(y(t))+b—x*I < &

Therefore, we conclude from (16) that, when t > to > T,,

ot
&
IX(8)—x*Il < e~ 1/DE=to)j1xg x| 4- = / e~ (1/D=9)gsg
T

to
< e~ (1/DE=t0)|jx)_x*|| 4 ¢

Letting t— +oo in the above inequality yields lim;. ;.
lIx(t)—x*Il <&, which then implies lim;_ ; X(t)=x* since ¢ is
arbitrary, i.e., for any trajectory x(t) of (1) starting from A(®)~+b,
there corresponds an equilibrium state x* of (1) such that
lim;_, | X(t) = x*. Furthermore, when F;l(O) = {x*}, then x* is both
attractive and stable on @ since @ is bounded, i.e., x* is globally
asymptotically stable on ©. This completes the proof of the
theorem. O

Corollary 3.1. Assume that G is diagonally (B,A)-UPPAM and
R(G) = R" is a bounded, closed and convex set, and A is a nonzero
diagonal matrix. If there exists a positive definite diagonal matrix I,
such that 2A—B)I —(AW +(I'AW)T) /2 is positive semi-definite and
IDAT'AWD ™I, <1 (here D= ((2A—B)I")'/?), then RNN system (1)
is globally convergent on R(G). Moreover, when x* is the unique



C. Qiao et al. / Neurocomputing 106 (2013) 158-166 163

equilibrium point of (1), then x* is globally asymptotically stable on
R(G).

Proof. For any v* e F, '(0), we have

IDTx—DTv*II% = ID(AG(Wx + q)+ b)—D(AG(Wv* +q)+ b) 113

N
= > (diai(g(Wx+q))—g((Wr* +q))*. (17)
i=1

Since g; is J;-uniformly anti-monotone, then

(Ei((Wx+q);)—gi(WV* + @)))(Wx +q);—(Wv™ +q);)
> Ai(@(Wx+@))—gi(Wv* +q);))
>0

and further
‘2

W+ @)WV +q)| > = 27 |g((Wx+ @) —gi((Wo* + )

then from (17), we get

N
IDTx—DTv*I5 = > (diai(g;(Wx+q))—gi(Wv* +);)))°
i=1

N
< > (daiii W=

i=1

2
N N
= Z(diam“f])z (Z Wl-jdj‘l(dj(xjvf)))

i=1 ji=1

2
N N
=3 (Z diaid; ' Wyd; @7 ))>

i1 \j=1

= IDA"TAWD ™ (D(x—v*))I13 (18)

Clearly, when IDA™'AWD ', < 1, then by (18), it can be deduced
that

IDTx—DTv*I,
Ly, (T,D,v*,R(G)) = S _ <
11 € v*,R(G)) ‘s v*}iER(C) IDx—Dv*Il,

<1
Corollary 3.1 is then proved from Theorem 3.1. O

Remark 3.1. The continuous-time recurrent neural networks
have been attracting great interest either as associative memaories,
optimization solvers, or system simulators in science and engi-
neering [33-35]. For different purpose, there exist varies
continuous-time RNN individuals and huge numbers of dynamics
behaviors analysis for each individual. Since the uniformly pseudo-
projection-anti-monotone operator provides a very appropriate,
unified framework within which most of the known activation
operators can be embedded, the continuous-time UPPAM RNNs
model, i.e., model (1), offers a uniform approach to study
continuous-time RNNs. The global convergence as well as asympto-
tical stability results achieved in Theorem 3.1 and Corollary 3.1
exploit new dynamics analysis for continuous-time UPPAM RNNs.
The obtained results remove mostly the diversity and redundancy of
the dynamical conclusions existing in various RNNs models, and
further, discuss that under the critical condition (which is the
essential line of demarcation between stability and instability), what
asymptotic behavior for generic continuous-time RNNs will be.
Yang and Cao [22] have gotten the globally exponential stability
of a static neural network with projection operator under the
condition that I-W is nonnegative, while, this model is a kind of
the UPPAM RNNs model and (I-W) >0 is only a special case of
S(I',(2A—-B)) > 0. Peng et al. [1] have proved that when W is quasi-
symmetric (i.e., there exists a positive definite diagonal matrix D,
such that DW is symmetric), then a static neural network model
with nearest point projection activation operator is critical global

convergence on a region defined by the network, and this
conclusion can also be summarized in our results. For a RNN
with projection activation operator, in [2-4], we have proved the
critical convergence of the static neural network model,
obviously, it is a special case for this critical analysis of UPPAM
RNNs. For Hopfield type neural network, in [44], Zeng et al. have
got the globally exponential stability of recurrent neural network
with time-varying delays when matrix C—AY—B™ is a nonsin-
gular M-matrix. While, we know that C—AY—B® being a non-
singular M -matrix is only a special case of the noncritical
condition, let alone the critical condition. In [17], Guan et al. also
present some noncritical results for Hopfield type neural network.
For BSB-type RNNs, under the conditions that —(I'V+VTI) is
positive definite, or I'(I+«V) is negative definite for a positive
diagonal matrix I' (where o is a positive parameter and V is the
weight matrix of this RNN), the globally convergent analysis of
such type RNNs have been revealed in [9,15]. But, it is easy to
verify that such conditions are still noncritical. For cellular neural
networks, when W is symmetric with [-W being positive definite,
or I'—('W+WT'T)/2 is positive definite, or 'W is symmetric and
either 1 is not an eigenvalue of any principal sub-matrix of W, or
I'(I-W) is nonnegative definite, the stability analysis haven been
proved in [13-16]. Similarly, these stability results are given
under the noncritical conditions or under a special case of critical
conditions. In all, the conclusions presented in this section can
unify and improve the latest critical analysis for continuous-time
RNN models, let alone they can extend deeply those noncritical
analysis for continuous-time RNNs (see, e.g. [14,15,17-20,22] and
the references therein). And specially, the achieved results gen-
eralize and extend further the existing dynamics conclusions for
the brain-state-in-a-box/domain recurrent neural networks, Hopfield-
type neural networks, cellular neural networks, etc.

In addition, the obtained analysis results can be applied to solve
the following linear variational inequality (LVI): determining a
vector x* in a nonempty closed convex subset 2 = R" such that

(QX*+Q)T(X—X*) > 0, Vx e Q (]9)

where Q = (Qy) is an n x n real matrix and g € R" is a vector. The
corresponding RNN for solving LVI is described by

rd—f = —X+Po(x—1Qx+q) (20)
where A is a positive diagonal matrix.

LVI has many applications in bound constrained quadratic pro-
gramming, linear complementarity problem, economic equilibrium
modeling, traffic network equilibrium modeling, analysis of
piecewise-linear resistive circuits, and so on [11,18,38,39]. Hu, Wang,
Xia, et al. have proved that the solutions for an LVI on its constrained
set can be found when matrix (I-4Q) is positive semi-definite
[19,37,40]. We can see that it is a special case of S(I",(21—B)) > 0.

Applying Theorem 3.1 and Corollary 3.1 directory to the specific
RNN model (20), we can have some new criteria for global
convergence of such RNN and what is more important, new solution
for solving LVI problems. Because quadratic and linear programming
problems are special cases of LVI in terms of solutions, then our
critical results can solve them efficiently as well.

4. Illustrative examples

In this section, we provide two illustrative examples to
demonstrate the validity of the critical convergence and stability
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results formulated in the previous section. It should be noticed
that the known stability and convergence results developed in
literature can not be applied here.

Example 4.1. Consider the following UPPAM RNN with two
neurons:

PO 048120 O+ 20(0)

d";t(” = —X2(D)+81(—v2x1 () +v2x2(1)+3/2)

@1

where g; (i=1, 2) is defined as follows:

1, s>+2
gi(9)=1 s/vV2, se[-v2,/2]
1, s<-+2

In this example, A =B = +/2I, A=I, the unique equilibrium state is
(1,1)". For this UPPAM network, almost all of the existing stability
conclusions cannot be used here, because in this example, the
activation operator is not a nearest projection, or a general projec-
tion, i.e., the latest critical results presented in [1,3,4] cannot be
applied.

In what follows, we will show the results established in this paper
can be successfully applied here. By setting I' = I, we have (2A4—B)I'—
(I'AW +WTAT)/2 > 0. For any veR(G)=[-1,17%, define T(v)=G
(Wv+q). It is easy to see that F(T) = {(1,1)7}. Let D = ((2A—B)I")!/2.
For any v* € K(T), we can verify that L;.,,(T,D,v*,R(G)) < 1. In fact,

IDTy—DTv*l;
Ly, (T,D,v* R(G)) = =PI Tz
r(LDVERE) = sup o S iDv—DvT;

(22)

—VY
0.8 —Y>|]

x(t)

_y1
0.8 —)!

x(t)

IG(Wv +q)—v*Il;

= su
p Tv—v*l,

v # v¥,v e R(G)

(23)

On noting that for any v € R(G), Wy V1 +Wx 3 +q, > +/2, then, by
the definition of g, we have g,(Wxvi+wxnv,+ ¢;)=1 and
IGWY+q)—v*Il 3 = (81 (W11v1 +WiaV2 +qy)—v5)? = (1-8,(V2(v1 +
1,)))2. Meanwhile, since Ilv—v*IZ =(1—v1)? +(1-v3)? > 2—(v1 +
12))*/2, so, if for any veR(G), (1-g;(vV2(v1+12)* < 2—(v1 +
v,))?/2 always holds, then we can get that L;. I,(T,D,v*,R(G)) < 1.
Since g{(v1+v2) <1 and v + v, <2, which equals to prove

1-81(V2(11 +12)) < 2—(V1 +12))/V2 (24)

We prove it in the following three cases.

(a) When v2 < v2(v1 +v3) < 2+/2, then g,(~2(v1 +v3)) =1, and
(24) holds obviously;

(b) When —v2 <+/2(v1+v;3) <+/2, then g;(vV2(v14+12) =1+
vy and 1—(v1 +v2) < vV2—(1/v2)(v1 + 1), i.e. (24) is true;

(c) When —2+v2 <+2(v;+v3)<—+/2, then it is clear that
g (V21 +12)=-1 and 2<+2-(1/V2)(v1+v2), and (24)
holds, too.

From the discussion above, it can be deduced that L.,
(T,D,v*,R(G)) < 1. Then by Corollary 3.1, we get that x*=(1,
1" € Q. is globally asymptotically stable on R(G). Simulation
results with several random initial points starting from R(G) are
depicted in Fig. 1.

1.2

—Y
1 —Y2

0.8

0.6

x(t)

0.4

0.2

-0.2

JE—H
0.8 Vi

0.6
0.4
0.2

x(t)

-0.2
-0.4
-0.6
-0.8

Fig. 1. Transient behaviors of RNN in system (21) with random initial points xo € R(G).
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x(t)

Fig. 2. Transient behaviors of RNN in system (25) with random initial point
X0 €[—1,11°.

Example 4.2. Consider a UPPAM RNN in a 6-dimensional array of
neurons

dx(;t(t) = —Xx1(t)+g1(0.9%; ()—0.15+/2x,(t)+0.3)
dX;lgt) = —Xp(t)+g,(0.1 5¢/2x1 (t)+0.4%5(t)—0.05+/6x5(t))
dx;t(t) = —X3(6)+£5(0.05V6x,(t) +8/30x3(t)—0.05+/3x4(t))
(25)
dx;ft) — _X4(f)+g4(0.05\/§x3(t)+0_2X4(t)_0.03ﬁxs(t))
dX(;t( D x5(6)+5(0.03/5x4(6)+0.18x5 (1)
dxs(t
%() = —Xg(t)+85(1/6x5(t)+0.1)
where each g; (i=1,2,...,6) is defined as
1, s>1/i
gi(s)=2 s, se[-1/i1/i] 26)
-1, s<-1yi

In this case, A =B=diag{1,1/2,1/3,1/4,1/5,1/6}, A=I. For any
positive diagonal matrix I', M(I') = 2A—B) —(TAW +WTAI') /2 is
not positive, but by taking I' =1, it is clear that M(I') is positive
semi-definite. That is, the dynamics behaviors of system (25)
should be considered under the critical conditions. For this
example, there does not exist a result to ensure the convergence
of it. On noting that IDA~'AWD !, =1, where D = (2A4—B)I')!/?,
then by Corollary 3.1, it is quite easy to achieve the global
convergence of system (25) on R(G) =[—1,1]°. The following Fig. 2
depicts the time responses of neural state variables of the system
starting randomly from [—1,17°.

5. Conclusion

RNNs have been attracting great interest in many fields, such
as optimization solvers, associative memories, system simulators
in science and engineering, etc. There exist lots of RNN individuals
and corresponding mathematical foundations, but the results are
very often redundant with similarity.

In the present paper, based on the uniformly pseudo-
projection anti-monotone property of common activation opera-
tors, the generic continuous-time UPPAM RNNs model has been
introduced to unify the existing continuous-time RNNs indivi-
duals. Most important, the critical global convergence as well as

asymptotic stability of the UPPAM net in general setting has also
been proven. The established model and dynamics results not
only unify but also jointly generalize and extend the most known
conclusions of RNNs, and the approach has lunched a visible step
towards establishment a general mathematical method of study-
ing recurrent neural networks.
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