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Abstract—This paper deals with the global convergence and
stability of the Hopfield-type neural networks under the critical
1 0
(0 +
0) (2)
condition that
1 (0) =
is nonnegative for any diagonal matrix 0, where
is the
weight matrix of the network,
= diag 1 2 . . .
with
being the Lipschitz constant of
and
( ) =
( 1 ( 1 ) 2 ( 2 ) . . . ( )) is the activation mapping
of the network. Many stability results have been obtained for the
Hopfield-type neural networks in the noncritical case that 1 (0)
is positive definite for some positive definite diagonal matrix 0.
However, very few results are available on the global convergence
and stability of the networks in the critical case. In this paper, by
exploring two intrinsic features of the activation mapping, two
generic global convergence results are established in the critical
case for the Hopfield-type neural networks, which extend most
of the previously known globally asymptotic stability criteria to
the critical case. The results obtained discriminate the critical
dynamics of the networks, and can be applied directly to a group
of Hopfield-type neural network models. An example has also
been presented to demonstrate both theoretical importance and
practical significance of the critical results obtained.
Index Terms—Attractive, global convergence, Hopfield-type
neural networks, stability analysis.

I. INTRODUCTION

H

OPFIELD-TYPE neural networks have been extensively
studied in the past years due to their applicability in
solving associative memory, pattern recognition, and optimization problems as well as their easy VLSI implementation (see,
e.g., [4], [14], [15], [17], [18], [22], [38] and the references
quoted there). The applicability and efficiency of such networks hinge upon their dynamics, and therefore the analysis of
dynamic behaviors of the networks is a first and necessary step
for any practical design and application of the networks.
For Hopfield-type neural networks two kinds of dynamic behaviors may be expected: asymptotically stable dynamics and
globally convergent dynamics. The asymptotically stable dynamics is vital for such a network to have the capability of error
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correction when used as an associative memory, whereas the
globally convergent dynamics is necessary for preventing the
network from oscillatory or chaotic behavior. In particular, the
globally convergent dynamics implies that every trajectory of
the network can converge to some equilibrium state, so that,
when used as an associative memory, every state in the underlying space can serve as a key to recovering certain stored
memory and therefore the state space is totally covered by distinct basins of the stored memories. Moreover, when applied as
an optimization solver, the globally convergent dynamics implies the guaranteed convergence of the neural network algorithm to an optimal solution from every initial guess.
It is thus highly desirable to establish criteria for both global
convergence and asymptotic stability of the Hopfield-type
neural networks. In the past decades, considerable effort has
been devoted to the asymptotic stability analysis and, in particular, the global exponential stability analysis of the networks
(see, e.g., [2], [6], [8], [9], [11], [12], [16], [19], [20], [25], [32],
[36], [39], [40] and the references therein). As a result, a set of
very generic, in-depth, criteria for global exponential stability
has been obtained for the Hopfield-type networks (see Theorem
1 below). In contrast, however, very few results are available on
a generic, in-depth, global convergence analysis except those
deduced from the global exponential stability analysis. In [6], a
global convergence analysis was conducted for a specific class
of neural networks. It should be remarked that it is by no means
easy to conduct a meaningful global convergence analysis. This
is because such analysis is essentially equivalent to a stability
analysis of the system in the critical case in the sense that
is nonnegative for any
is the weight matrix of the netdiagonal matrix , where
with
being the Lipschitz
work,
and
constant of
is the activation mapping of the network (see Section II for
details). (Note that many stability results have been obtained
is positive definite for some
for the noncritical case that
positive definite diagonal matrix .)
The purpose of this paper is to present such a critical analysis
on global convergence of the Hopfield-type neural networks.
Our approach is based on two intrinsic features of the nonlinear
activation mapping in conjunction with the energy function approach combined with a priori decay estimates on solutions of
the system. With such an approach, we establish two generic
critical global convergence theorems. These results generalize
some of the existing results on global exponential stability of the
Hopfield-type neural networks to the critical case in the sense
that under the corresponding critical conditions, the global convergence of the Hopfield-type neural networks can be justified.
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Our results not only apply directly to many concrete examples
of the Hopfield-type neural networks, but also extend, to a large
extent, the results of Chen and Amari [6].
The remaining part of the paper is organized as follows. In
Section II, we summarize as well as give a unified proof and
account for the existing global exponential stability results of
the Hopfield-type neural networks. Section III explores two intrinsic features of the activation mappings. The main results are
presented in Section IV, which also contains applications of the
general results in several special cases and a comparison with
the known global exponential stability results. To illustrate the
general results obtained an example is provided in Section V,
where the existing global exponential stability results are not applicable. Some concluding remarks are presented in Section VI.
We conclude this section by introducing some notations. Dethe -dimensional real vector space with the vector
note by
. For a given
matrix , denote by
and
norm
its matrix norm induced by the given vector norm
and
its corresponding matrix measure, respectively, defined by
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We assume throughout that there exists a unique solution
to (2.2) for any given initial data in
. (This is the
case, e.g., when is locally Lipschitz continuous.) As usual,
the solution
is also called a trajectory of (2.2) through
, denoted henceforth by
. Recall that a constant vector
is said to be an equilibrium state of the system (2.2) if
is
a zero point of the operator , defined by
(2.3)
that is,
. All the equilibrium states of (2.2) is denoted
. The equilibrium state
is said to be stable if any
by
trajectory of (2.2) can stay within a small neighborhood of
whenever the initial data
is close to , and is said to be
, called the attraction
attractive if there is a neighborhood
basin of , such that any trajectory of (2.2) initialized from
will approach
as time goes to infinity. An
a state in
equilibrium state is said to be asymptotically stable if it is both
stable and attractive, whilst the equilibrium state is said to be
and
exponentially stable if there exist two positive constants
such that
(2.4)

where denotes the identity matrix. For any matrix
stands for the transpose of . Given an operator
,
we denote by
the range of
the null set, i.e.,
, and
the inverse operator
to (if it exists).
from
II. GLOBAL EXPONENTIAL STABILITY: A UNIFIED ACCOUNT
In this section, we summarize some of the existing results
on global exponential stability/instability of the Hopfield neural
networks. We shall also demonstrate how those diversely developed results in (e.g., [2], [10], [12], [16], [19], [25], [40]) can be
uniformly and concisely stated and justified. These results will
serve as a prototype of comparison and reference with our main
theorems in Section IV. We first introduce some definitions and
notations needed throughout this paper.
Throughout this paper, we consider Hopfield-type neural networks of the form

Further, is said to be globally asymptotic stable if it is asymp. A system (say, (2.2)) is said
totically stable and
for every
to be globally convergent if
(the limit of
may not be the same
initial point
for different ), whilst it is said to be exponentially convergent
and its limit
satisif it is globally convergent with
fying (2.4).
We now recall some basic facts from dynamical system
and let
be
theory [23]. Let be a subset of
a continuously differentiable function. Then, the following are
true.
1)
is said to be an energy function of system (2.2)
if it decreases along the trajectory of (2.2), that is,
for all
.
2) The energy function is said to be strict if its derivative
along the trajectories vanishes only at the equilibria of
(2.2), i.e.,
iff

(2.1)
or the general form
(2.2)
with
being the local field,
is the state of neuron
, and are fixed physical
is a positive diagonal
parameters,
is the
matrix associated with and
activation mapping of the network with being the activation
function acted on neuron
is the exis
ternal input vector imposed on the network,
being the synaptic connection value
the weight matrix with
between neuron and neuron , and is the number of neurons
in the network.

With the above notion, we can summarize some existing results on global exponential stability of the Hopfield-type neural
networks.
Theorem 1: Suppose

where

with each being monotonically increasing and Lipschitz continuous (that is,
for all
with
being a positive constant). For any diagonal matrix
, write
(2.5)
where
equilibrium state

, and moreover,

. Then (2.2) has a unique
is globally exponentially
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stable if there is a positive definite diagonal matrix such that,
, one of the following conditions
for any
and
–
is satisfied.
is positive definite.
.
.
.
the matrix measure
.
is nonnegative.
.
.
where
.
Proof: Under the assumption of positive definiteness of
the matrix
(namely, condition
), it is easy to see that
to system (2.2). Let
there is a unique equilibrium state
(2.6)
It is easy to verify, similarly as in [40], that is a strict energy
function of system (2.2). Thus, the global convergence of the
follows immediately from the LaSalle invaritrajectory
ance principle [23]. Further, an exponential estimate as (2.4) on
can be established similarly as in
the decay of solution
[25], [40].
It is clear that each of conditions (D4) and (D5) implies
(D). Note that any of conditions (D1)–(D3) and (D6)–(D8) can
is a nonsingular M-matrix [3] so, by
imply that
([26], Lemma 1), there is a positive definite diagonal matrix
such that
is positive definite. Thus, any of conditions
(D1)–(D3) and (D6)–(D8) implies (D). Theorem 1 is thus
proved.
Remark 1: Theorem 1 was proved previously by many authors under certain specific conditions as listed above. In particular, the same or similar results have been established in [11],
[25], [40] under condition (D), in [13], [10], [28], [32] under
(D1), in [9], [13] under (D2), in [39] under (D3), in [20] under
(D5), and in [5], [10] under (D6)–(D8).
The following theorem summarizes some results on instability of the Hopfield-type neural networks.
Theorem 2: Assume that

.
(I2)
.
(I3)
.
(I4) The matrix measure
Then, (2.2) has a unique equilibrium state , and further,
is globally exponentially unstable in the sense that, for some
and , there holds
positive constants
(2.8)
is any trajectory of (2.2) starting from .
where
Proof: It is easy to verify that each of conditions (I1)–(I4)
implies condition (I). So we assume without loss of generality
that condition (I) is satisfied.
We first prove that (2.2) has a unique equilibrium state . By
the homeomorphism theorem (cf. [29]), it suffices to verify that
(defined in (2.3)) is both invertible and proper. (Note that
is proper if
whenever
[29].) Let
be
. Then,
since
the maximum singular value of
is negative definite. For any
, we have by the
Cauchy-Schwarz inequality and the assumptions on that

which implies that is both invertible and proper. Thus, is a
so that has a unique zero point .
homeomorphism on
, let us define,
To prove the exponential instability of
for any trajectory
of (2.2)
starting from

From the fact that
is inversely Lipschitz continuous and
monotonically increasing, it follows that

with each being monotonically increasing and Lipschitz continuous with Lipschitz constant . Let us assume further that
is inversely Lipschitz continuous, i.e.,
for all
, where
is a constant, and let, for any diagonal matrix

(2.9)
and

(2.7)
where
. Suppose there is a positive def, one
inite diagonal matrix such that, for any
of the following conditions (I) and (I1)–(I4) is satisfied.
(I)
is negative definite.
.
(I1)

(2.10)
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The derivative of

can be estimated similarly, and we have

2)
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is said to be a nearest point projection if there is a
such that
bounded, closed, convex subset

Such a mapping is denoted by
, i.e.,
.
is said to be a diagonal projection if it is diagonally nonlinear, and each component function is a 1-D nearest
point projection.
is said to be uniformly anti-monotonic if there is a con4)
such that
stant
3)

(3.11)
is called the anti-monotonic constant of .
is said to be diagonally uniform anti-monotonic if it is
diagonally nonlinear, and each , as a 1-D function, is
uniformly anti-monotonic with the anti-monotonic constant .
Examples 1–3 show that the activation mappings appeared in
most of the currently-known neural networks naturally possess
the uniformly anti-monotonic property.
is uniExample 1: The nearest point projection
formly anti-monotonic with
.
is the nearest point proIt is known (see, e.g., [21]) that
onto if and only if it satisfies
jection of
5)

Integrating this inequality yields
for all
.
This together with (2.9) and (2.10) gives the inequality (2.8).
The proof is thus completed.
Theorem 1 means that the positive definiteness of
is
sufficient for the global exponential stability of (2.2), whilst
Theorem 2 implies that the nonnegative definiteness of
is necessary for (2.2) to have globally stable dynamics. It is thus
clear that there is a gap between the positive definiteness of
and the nonnegative definiteness of
. The analysis on stability of the Hopfield-type neural network (2.2) in
this gap will be referred to as the critical stability analysis. In
the remainning part of this paper we will focus on exploiting this
gap and present some critical global convergence theorems on
the network (2.2). More precisely, we will answer such a question: what happens to the asymptotic behavior of (2.2) when the
in Theorem 1 is replaced by the
positive definiteness of
? To this end, we first explore
nonnegative definiteness of
some intrinsic features of the activation mapping in the next
section.
III. INTRINSIC CHARACTERISTICS OF ACTIVATION MAPPINGS
In this section, we explore two intrinsic features of the activation mapping which are essential in establishing a critical
stability analysis of the Hopfield network (2.2). To begin with,
we introduce the following definition.
be a nonlinear mapping.
Definition 1: Let
1)
is said to be diagonally nonlinear (or, is of diagonal
nonlinearity) if is defined componentwise by

Taking

with any

Similarly,
inequalities leads to the result

then gives

. Adding these two

(3.12)
.
which means that is uniformly anti-monotonic with
Such a projection nonlinearity is commonly used in neural
networks of the brain-state-in-a-box (BSB) type (see, e.g., [24],
[35]) and of the optimization type (see, e.g., [11], [12], [37],
[36]).
Example 2: The diagonal projection
is diagonally uniformly
.
anti-monotonic with
In the BSP-type neural networks (see, e.g., [24], [35]), cellular neural networks (CNNs) (see, e.g., [7], [30], [33]) and
the bound constrain optimization neural networks (BCOp-type
NNs) (see, e.g., [4], [11], [27] ), either the following specific
is used:
1-D nearest point projection
(3.13)
or
(3.14)

where each
tion.

is a one-dimensional (1-D) nonlinear func-

Example 3: Let
,
where each is monotonically increasing and Lipschitz con-
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tinuous. Then, is diagonally uniformly anti-monotonic with
, where
is
anti-monotonic constant
the minimum Lipschitz constant of defined by

has the property that
If
is easy to verify that the function

for all
, defined by

, then it

(3.20)
(3.15)
In fact, this follows directly from the inequality
(3.16)
In many neural networks such as the Hopfield-type neural networks ([17], [18]), neural networks of the bidirectional associative memory (BAM) type ([22] and the recurrent back-propagation (ReBP) neural networks ([1], [31]), the nonlinear activation
mapping is usually defined via a set of so-called sigmoidal
functions , which may be defined, for example, by

is strictly monotonically decreasing in
and satisfies the
required inequality (3.18), which proves the lemma. Thus, to
for all
prove the lemma, it is enough to show that
.
is bounded, that
First, it follows, on noting that
so, for any
, there
exists a positive number
such that

We assume without loss of generality that

(3.17)
is a parameter controlling the slope of the sigwhere
in this case
moidal curve. It is easy to verify that
is diagonally uniformly anti-monotonic with
so that
.
Definition 2: A function is said to be a generalized sigmoidal function if it possesses the following three properties.
1) The range
is bounded, that is, there are two real
constants
such that
for all
.
2) It is strictly monotonically increasing and continuously
differentiable.
3) The derivative attains its maximum at a unique point.
The set of generalized sigmoidal functions is denoted by .
, there is a unique point, say,
By Definition 2, for any
such that

Note next that there is a unique
such that
since
. The required result will be shown by distinguishing
between two cases.
: In this case, by the well-known
Case 1.
such that
mean-value theorem we can choose an
. Since
attains its maximum
only at , then
. It thus follows that
value

Clearly,
gives the minimum Lipschitz constant of function
. Note that any generalized sigmoidal function is uniformly
.
anti-monotonic with the anti-monotonic constant
It is easy to verify that the function , defined in (3.17), is a
generalized sigmoidal function. However, the 1-D nearest point
projections, defined in (3.13) and (3.14), are not such functions.
We now explore some useful properties of generalized sigmoidal functions.
. Then, for any
, there exists
Lemma 1: Let
a strictly monotonically decreasing function
such that
and

Case 2.
there exists an

: By the mean-value theorem again
such that

Similarly, as in Case 1 it can be deduced that

and

(3.18)
Proof: For arbitrarily fixed
by

, define the function

Since is monotonically increasing and continuously differen. Clearly,
is monotonically detiable, then
creasing and satisfies
(3.19)

Thus, in either case, we have concluded that
, as
expected. This completes the proof of Lemma 1.
Lemma 2: For any real-valued uniformly anti-monotonic
function defined on , we have
(3.21)
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where is the anti-monotonic constant of .
Proof: Let

If
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The proof will be broken down into the following several steps.
exists.
Step 1) To show that the limit
Note first that
for all
since
is monotonically increasing. Now, a direct calculation using (2.2) gives

is continuously differentiable, then it can be shown that

and

. This implies that
when
, and
when
. Thus,
attains its unique minimum
. In view of the fact that
, the required estimate
at
(3.21) follows in this case.
Since any continuous function can be arbitrarily approximated by continuously differentiable functions, then (3.21) also
holds when is continuous. The proof is thus completed.

(4.24)
Since, by Lemma 1 and the monotonically increasing property of

IV. CRITICAL GLOBAL CONVERGENCE RESULTS
In this section, we shall establish two generic critical global
convergence theorems for the Hopfield-type neural networks
is defined either from a set of gen(2.2) in the case when
eralized sigmoidal functions or from a set of nearest point projections. Our approach is based on the energy function method
together with the two intrinsic features of the nonlinear activation mapping established in Section III and a priori decay
estimates for solutions of the system. These generic theorems
are then specified and compared with the known global asymptotic stability results previously developed in, e.g., [2], [4], [6],
[9]–[11], [19], [20], [25], [40].
We first consider the case when is defined from a set of
generalized sigmoidal functions.
Theorem 3: Assume that
is diagonally nonlinear with each
. Let
, where
is the minimum Lipschitz constant of . If there is a positive diagonal
such that the matrix
matrix

then it follows from (4.24) that

Noting that

is nonnegative definite and that
for all
,

we have

(4.22)
is nonnegative definite, then system (2.2) has a unique equilibrium state , and
is globally attractive.
Proof: First, by the well-known Brouwer fixed point
theorem, system (2.2) has at least one equilibrium state (i.e.,
). In fact, it is easy to see that
if
and only if is a fixed point of the operator
defined by
. Since each component function
of
is a generalized sigmoidal function, then the range of is
bounded and hence is compact. So, by Brouwer’s fixed point
theorem, has at least one fixed point.
arbiNext, choose
of (2.2) will
trarily. We want to show that any trajectory
as
, which implies that
is both the
converge to
unique equilibrium state of (2.2) and globally attractive and
hence proves the theorem. To this end, for any given trajectory
of (2.2), define
(4.23)

(4.25)
where

Thus,
is monotonically decreasing and
therefore the limit
exists.
Step 2) We want to show that
(4.26)
.
for all
If (4.26) were not true for some
, then there would be two positive constants and such that, whenever
(4.27)
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Thus, by (4.25), we deduce that

Let
holds

. Then, for all

, there

(4.29)
Since, by Step 3,
, then, for any
whenever

, there is a

such that,

(4.28)
Therefore, we conclude from (4.29) that, when
However, by (4.27) and the Lipschitz continuity of
, we have

This, combined with the strictly decreasing prop, leads to the fact that, whenever
erty of
Letting

This implies that the first integral in (4.28) is divergent, which contradicts to the estimate (4.28). The
result (4.26) is thus proved.
.
Step 3) To show that
By Step 2 there is a subsequence
such that
as
and

Without loss of generality we may assume
that
as
(since
is bounded). Then, by the continuity of
,
so, and in view
we have
of the strictly increasing property of each
. Thus it follows from (4.23) that
, which together
.
with Step 1 implies that
On the other hand, by applying Lemma 2 to
(4.23), it is seen that

Thus,

with

Consequently,
.
.
Step 4) To show that
, as a traBy the differential equation theory,
jectory of (2.2), also solves the following integral
equation:

in the above inequality yields
, which implies
since is arbitrary. This,
on noting the remark at the beginning of the second
paragraph, completes the proof of the theorem.
As mentioned earlier (cf. the paragraph after Definition 2), a
nearest point projection does not satisfy the generalized sigmoid
function condition. So Theorem 3 can not be applied directly
to the case when is a nonlinear nearest point projection. The
conclusion of Theorem 3, however, is still partly true in this case.
be a diagonal
Theorem 4: Let
projection with a bounded, closed, and convex subset
and let
(the identity matrix). Assume that there
is a positive diagonal matrix
such
is symmetric and (ii)
is nonnegative
that (i)
,
definite. Then system (2.2) is globally convergent on
of (2.2) starting from
that is, for any trajectory
, there corresponds an equilibrium state
of (2.2) such that
.
of (2.2) starting from
Proof: Given any trajectory
, let
with
and let
be the solution of the following system with initial value

(4.30)
Then, by the uniqueness result of differential equations, it is
easy to verify that
. Further, it is easy to
see that
is an equilibrium state of (2.2) if
is an equilibrium state of (4.30). Thus, the convergence of
to an equilibrium state of (2.2) can be shown by studying the
.
asymptotic behavior of
Let
. Then,
is symmetric, we have
since

Noting that
is bounded with bounded derivatives, it follows
that the derivative
is a uniformly continuous func-
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tion of in
. Further, if we assume that
for all
, then by using the diagonal projection property of
we
obtain that

(4.31)
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Arguing similarly as in the proof of Theorem 3 (cf. Step 4), it
.
can be shown that
Now to complete the proof, we have to verify that
for all
. First, it is easy to see that, as the solution of (4.30),
also solves the integral equation

(4.32)
is a projection into the closed convex set , we obtain
Since
that, as the limit of the sum

which implies that the limit
exists. Thus,
applying the well-known Barbalat Lemma [34, p. 123] to
, we obtain that
as
.
be any limit point of
, i.e.,
On the other hand, let
for some positive sequence
with
as
. Then, from (4.31), it can be deduced that

This, combined with the projection property of each , implies
that
for all
, that is,
is an
. Then, it is clear
equilibrium state of (4.30). Let
.
that is an equilibrium state of (2.2) and
Define

Then, by the anti-monotonic property of
can be seen that, for all

(see Example 2), it

Thus, the nonnegative definiteness of
implies
for all
, that is,
is monotonically
increasing, so the limit
decreasing with
exists. This, together with the fact that
,
. As a result, we obtain by
implies that
that
applying Lemma 2 to each component of

the integral term in (4.32), denoted by
, satisfies that
for all
. Thus, it follows from (4.32) that
when
. This completes the proof.
Theorems 3 and 4 can be specified in many particular cases
with the aid of Examples 1–3, and we have the following corollaries.
Corollary 1: Assume that
is diagonally nonlinear with each being generalized sigmoidal function with the minimum Lipschitz constants . Then, system
that is globally attrac(2.2) has a unique equilibrium state
such
tive if there is a set of positive parameters
that one of the following conditions (d1)–(d8) is satisfied: for
.
.
(d1)
.
(d2)
.
(d3)
(d4) The matrix measure
.
is nonnegative definite.
(d5)
.
(d6)
.
(d7)
(d8)
where
, and
for any number .
Proof: By the M-matrix theorems (cf. [3]), it is easy to
verify that each of conditions (d1)–(d8) sufficiently guarantees
, defined in Theorem 3,
the nonnegative definiteness of
for the positive definite diagonal matrix . The corollary thus
follows immediately from Theorem 3.
Corollary 2: Assume that
is
is symmetric. If either (i) the
a diagonal projection and that
is not larger than 1 or (ii)
real part of each eigenvalue of
the matrix measure
, then (2.2) with
is
in the sense of Theorem 4.
globally convergent on
Proof: It is easy to verify that each of (i) and (ii) can imply
. Then, Corollary 2
the nonnegative definiteness of
follows immediate from Theorem 4.
Corollary 3: Assume that
is diagonally nonlinear with each being 1-D projection, defined by
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(3.13), and that
is symmetric. If
(that
is, is nonnegative definite), then the neural network model

(4.33)
is globally convergent on
starting from
jectory
such that
state
Proof: Let

, that is, for any tra, there corresponds an equilibrium
.
and let
. Then (4.33) can be written in
the compact form as (4.30). Corollary 3 thus follows from
Theorem 4 on noting the relationship between (4.30) and (2.2)
as remarked in the first paragraph in the proof
with
of Theorem 4.
Remark 2: Note that conditions (d1)–(d8) in Corollary 1 are
exactly the critical version of conditions (D1)–(D8) in Theorem
1 in the sense that all the strict inequality signs, , are replaced here with nonstrict inequality signs, . So Theorem 3
and Corollary 1 are generalizations into the critical case of Theorem 1 (and therefore all the known global asymptotic stability
results in, e.g., [2], [4], [6], [9]–[11], [19], [20], [25], [40]) in the
sense that, under the corresponding critical conditions, global
attractivity is valid instead of the global asymptotic stability.
Note, in particular, that Corollary 1 was proved recently in [5]
under the condifor the specific case when
tions (d6)–(d8). Corollary 1 directly generalizes this result in
the sense that the same result is true for any generalized sigmoid
.
functions rather than the specific sigmoidal function
Corollary 2 is new.
Remark 3: Model (4.33) has recently been employed as an
optimization solver for the linear quadratic function
(4.34)
(see, e.g.,
with the constraints:
[12]). For the case when is positive definite, it was shown in
[25], [36] that (4.33) is globally and exponentially convergent
to the unique optimization solution under some additional assumptions (say, - is nonsingular). For the general case when
is nonnegative, the dynamic behavior of (4.33) is rather complicated since it may have many trajectories going to infinite.
However, Corollary 3 implies that, as long as the initial value is
taken to be in the constrained region, network (4.33) will eventually converge to an equilibrium state that may be an optimization solution (4.34).
V. EXAMPLE

, where the activation functions
for
as follows:

and

are defined

It is easy to calculate that the minimum Lipschitz constants
of
are both equal to 1. Thus, by setting
, we get that

It is clearly seen that the matrix
is nonnegative definite.
Thus, by Theorem 3 the system (5.35)–(5.36) has a unique equiis globally attractive. In fact,
librium point , and
.
On the other hand, it is easy to verify that, for any positive
is not positive definite.
diagonal matrix , the matrix
Further, it can be shown that the conditions (d6), (d7), and (d8)
of Corollary 1, which were used by Chen and Amiri [6], are not
satisfied.
VI. CONCLUSION
The global convergence of the Hopfield-type neural networks
has been studied under the critical condition in the sense that
, defined in Theorems 1 and 3, is nonnegative definite
for any positive definite diagonal matrix . Two intrinsic properties of the nonlinear activation mapping were first explored
and then used in conjunction with the energy function approach
and a priori decay estimates for solutions of the system to establish two generic critical global convergence theorems for the
Hopfield-type neural networks. The results obtained generalized
some of the existing results on global exponential stability of the
Hopfield-type neural networks to the critical case. The general
results developed have been specified in several particular cases
which have been compared with some of the known global exponential stability results. Furthermore, our results can be applied
directly to many concrete examples of the Hopfield-type neural
networks. Finally, an example has been presented to demonstrate both theoretical importance and practical significance of
the critical results obtained. It is expected that the critical global
convergence results obtained in this paper can be extended to the
time-delay case and to other neural network systems.
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