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Abstract
The Bayesian approach has been adopted to solve inverse problems that
reconstruct a function from noisy observations. Prior measures play a key role in
the Bayesian method. Hence, many probability measures have been proposed,
among which total variation (TV) is a well-known prior measure that can
preserve sharp edges. However, it has two drawbacks, the staircasing effect and
a lack of the discretization-invariant property. The variable-index TV prior has
been proposed and analyzed in the area of image analysis for the former, and the
Besov prior has been employed recently for the latter. To overcome both issues
together, in this paper, we present a variable-index Besov prior measure, which
is a non-Gaussian measure. Some useful properties of this new prior measure
have been proven for functions defined on a torus. We have also generalized
Bayesian inverse theory in infinite dimensions for our new setting. Finally, this
theory has been applied to integer- and fractional-order backward diffusion
problems. To the best of our knowledge, this is the first time that the Bayesian
approach has been used for the fractional-order backward diffusion problem,
which provides an opportunity to quantify its uncertainties.

Keywords: Bayesian inverse problems, fractional-order backward diffusion,
variable Besov prior

1. Introduction

Inverse problems are defined, as the term itself indicates, as the inverse of direct or forward
problems. For forward problems, partial differential equations are useful tools for modeling
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real-world physical systems. The outcome of some measurements can be predicted by spe-
cifying the coefficients in partial differential equations (e.g., sound velocity in the acoustic
wave equation). Inverse problems aim to reconstruct the coefficients from some measure-
ments of the solutions of partial differential equations. The forward model described using
partial differential equations usually has a unique solution, while the inverse problem does not
[40]. In order to overcome the issue of non-uniqueness, some form of regularization is
required to ameliorate ill-posed behavior.

Regularization techniques are useful tools that produce a reasonable estimate of quan-
tities of interest based on the data available. Studies on regularization techniques have a long
history, dating back to A. N. Tikhonov in 1963 [42]. For a function u, Tikhonov regular-
ization usually has the form [|Vul?, or ||u|?,, which penalizes the L* norm of the function or
the gradient of the function. It is well known that Tikhonov regularization always leads to
over-smoothing, and therefore, total variation (TV) regularization has been proposed in [37].
The TV penalty has gained increasing popularity because it can preserve important details
such as the edges of the image. In 1997, Blomgren, Chan, Mulet and Wong [3] noticed that
TV restoration typically exhibits ‘blockiness’, or a ‘staircasing’ effect, where the restored
image comprises piecewise flat regions. Therefore, they proposed a regularization term as
follows:

f |VulP V) dx, (1.1)
Q

where p monotonically decreases from 2, when |Vu| = 0, to 1, as |Vu| / oco. However, it is
difficult to study (1.1) mathematically because the lower semi-continuity of (1.1) is not
readily evident. Later in 2006, Chen, Levine and Rao [4] proposed another kind of variable-
index TV norm, using which they also constructed complete mathematical theories for the
variational model. In 2014, Tiirola [41] used a variable-index TV norm and variable-index
Besov regularization terms in image decomposition problems.

However, regularization techniques cannot be used for uncertainty analysis. Statistical
inversion theory reformulates inverse problems as problems of statistical inference using
Bayesian statistics. Dating back to 1970, Franklin [14] formulated PDE inverse problems in
terms of Bayes’ formula on some Hilbert space X. Franklin derived a regularization using the
Bayesian approach and obtained the relation between regularization techniques and the
Bayesian approach. Recently, Lasanen [26-29] developed a fully nonlinear theory. Cotter,
Dashti Robinson, Stuart, Law and Voss [5, 9, 39] established a mathematical framework for a
range of inverse problems for functions, given noisy observations. They revealed the rela-
tionship between regularization techniques and the Bayesian framework, and estimated the
error of finite-dimensional approximate solutions. Based on this framework, Cotter, Roberts,
Stuart and White [6] developed faster MCMC algorithms.

We now state the relationship between TV regularization and the Bayesian approach.
Solving an optimization problem with regularization terms (e.g., Tikhonov regularization, TV
regularization) could sometimes be seen as acquiring the maximum point of the posterior
probability measure [5, 21]. Under the Bayesian framework, except for the maximum point,
Bayesian conditional mean estimates can provide us valuable information. In [31], Lassas and
Siltanen found that TV regularization does not have the discretization-invariant property.
More specifically, Bayesian conditional mean estimates for the TV prior distribution are not
edge-preserving with very fine discretizations of the model space. In order to overcome this
deficiency, Lassas, Saksman and S. Siltanen [30] proposed the Besov prior Bl{, which has the
discretization-invariant property. Dashti, Harris and Stuart [8] studied the Besov prior under
the mathematical framework established in [5]. Under this framework, the Besov prior

2



Inverse Problems 32 (2016) 085006 J Jia et al

naturally has the discretization-invariant property because the framework is originally built on
infinite-dimensional space.

Considering the Besov and TV regularization techniques and Bayes’ inverse theory,
variable-index Besov prior theory does not seem to be available. As mentioned before,
variable-index TV and Besov regularization terms have been used in image analysis and
yielded good performance [41]. In this paper, we attempt to build a variable-index Besov
prior and generalize Bayes’ inverse theory by using this new prior probability measure. In
section 5, we apply our theory to integer-order backward diffusion problems and fractional-
order backward diffusion problems.

The main contributions of this paper are as follows:

1. We construct a variable-index Besov prior using wavelet characterization of the variable-
index Besov space and prove a Fernique-like result [7] for the variable-index Besov
prior.

2. Based on the variable-index Besov prior, we generalize the results in [39] to build Bayes’
inverse theory. Under the same conditions for the forward operator, we also prove the
convergence of variational problems using the variable-index Besov regularization term.

3. Although there are many studies on inverse problems for fractional diffusion equations
[44, 45], the number of studies on fractional-order backward diffusion problems under
the Bayes’ inverse framework is limited. Using our theory, we prove that a posterior
measure exists as well as the continuity of the posterior measure with respect to the data
for integer- and fractional-order backward diffusion problems.

The contents of this paper are organized as follows. In section 2, some basic knowledge
on the variable-index space is presented, and the wavelet characterization of the variable-
index Besov space on a periodic domain is proved. In section 3, we first construct the
variable-index Besov prior and prove a Fernique-like theorem. Second, we generalize
Bayesian inverse theory to our variable-index Besov prior setting. In section 4, under the
same conditions as in section 3 for the forward problem, we prove that the variational
problem with the variable-index Besov regularization term converges. In section 5, our theory
is applied to integer- and fractional-order backward diffusion problems. In the last section, we
provide some technical lemmas, and for the reader’s convenience, we list some of the useful
theorems and lemmas used in our paper.

2. Variable-order space and wavelet characterization

In this section, we provide a short introduction to space of variable smoothness and integr-
ability on a periodic domain and then prove a wavelet characterization of the variable-index
Besov space on the periodic domain.

2.1. Modular spaces

Definition 2.1. [11] Let X be a vector space over R or C. A function p : X — [0, o] is
semimodular on X if the following properties hold:

1. p(0) = 0.

2.p(N) =p(f) forall fe X and |\ = 1.

3. p(Nf) =0 for all A > 0 implies f = 0.

4. X — p(Xf) is left continuous on [0, co) for every f € X.

3
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A semimodular p is modular if
4. p(f) = 0 implies f = 0.
A semimodular p is continuous if
5. for every f € X, the mapping A — p()f) is continuous on [0, c0).

A semimodular p can be additionally qualified by the term convex, which means, as
usual, that

pOf + (1 = 0)g) < Op(f) + (1 = 0)p(9),

forall f, g € X.
Once we have a semimodular in place, we obtain a normed space in the standard way:

Definition 2.2. [11] If p is (semi)modular on X, then
X,={xeX: 3X>0, p(x) < o0}

is called a (semi)modular space.

Theorem 2.3. [11] Let p be a convex semimodular on X. Then, X, is a normed space with
the Luxemburg norm given by

x|l = inf{)\ >0: p(%x) < 1}.

2.2. Spaces with variable integrability

The variable exponents that we consider are always measurable functions on an n-dimen-
sional torus T" with the range [1, co). We denote the set of such functions by P. We denote
pt = esssup,.p.p (x) and p~ = essinfiep (x). The function ©, is defined as follows:

. if p € (0, 00),
@, =130, ifp=occandr< 1,
oo, if p=occandt > 1.

The convention 1 = 0 is adopted so that ¢, is left continuous. We now write 77 instead of
¢, (t). The variable-exponent modular is defined by

proh) = [ I @pear

The variable-exponent Lebesgue space L”® and its norm || f]|,,, are defined by the modular,
as explained in the previous subsection.

We say that g : T" — R is locally log-Holder continuous, abbreviated as g € Cllnocg (™),
if there exists ¢ > 0 such that

lg() — g < ¢

log(e + 1/]x — yI)

for all x, y € T". We say that g is globally log-Holder continuous, abbreviated as g € C'¢, if
it is locally log-Holder continuous and there exists g, € R such that
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c

lg () — gl § ——
7 log(e + |x])
for all x € T". The notation P'°¢ is used for the variable exponents p € P with % € Clg; that

istosay,l <p~ < p() <p' <ooand % is globally log-Hdlder continuous.

2.3. Variable-index Besov space

Before we introduce the variable-index Besov space, we require the following definition of a
mixed Lebesgue-sequence space.

Definition 2.4. [1] Let p, g € P. The mixed Lebesgue-sequence space £90(LPV) is defined
on sequences of LPO-functions by the modular

1
oo () = Sint { > 01 oot A < 1.

As usual, we denote the Fourier transform of a distribution or a function f as F(f) or f .
We denote the inverse Fourier transform of a distribution or a function fas fV. Similar to the
constant-index case, we require the following definition of admissible functions.

Definition 2.5. [1] We say that a pair (@, ®) is admissible if p, & € S satisfy
esupp p C{E € R": 1/2 < [¢] <2} and [B(§)] > ¢ > 0 when 3/5 < [¢] < 5/3,
esupp® C {£ € R": €] <2} and [P(€)] = ¢ > 0 when |¢] < 5/3.

We set ¢, (x) = 2"¢(2'x) for v € N and ¢, (x) := ®(x). Denote as S the Schwartz
function space and as &' the tempered distribution that is the dual space of S. Then, the
variable-index Besov space in our setting can be defined as follows.

Definition 2.6. [1] Let ¢, be defined as in definition 2.5. For o : T" — R and p, g € P, the
variable-index Besov space Bp‘"((,'))’ 4 consists of all distributions f € &' such that

I

520 = 1@, x Hllwogro, < oo.

In the above definition, ¢, * f(x) can be simplified as

Z 2m)"2a,, @, (2mm)ei2mmx

mezZ"

with f(x) = Zmez,,ameizm’”. For detailed information on the periodic space, we refer to
chapter 1 in [43].

In the case of p = ¢, we use the notation B;(S) = B;,‘((_'){ 70 We can also associate the
following modular with the Besov space:

pbl?((».?q(') = p[q('>(L”('))((2VQ(‘)¢v * f)v)7

which can be used to define the norm. For the reader’s convenience, we also list the definition
of the variable-index Triebel-Lizorkin space F p“(()) a0
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Definition 2.7. [12] Let ¢,, v € N U {0}, be defined as in definition 2.5. The Triebel-
Lizorkin space F;(), ) is defined to be the space of all distributions fe &' with
Ilf < 00, where

£l = 11220, % flewo 0

Fperq0)

a()
FP(-)JZ(')

In the case of p = ¢, we use the notation F| :(()) =F (f(())q 0 In the rest of this paper, we set
A ~ B equal to cA < B < CA where ¢, C are two constants.

In the following parts of this paper, for a function s(-), we always use s* = sup, .5 (x)
and s~ = infics (x).

2.4. Wavelet characterization

Now, we state some notations for wavelet theory and then prove a wavelet characterization of
variable-index Besov and Triebel-Lizorkin space on the periodic domain.

Let Y™, yf be the Meyer or Daubechies wavelets described in proposition A.1 in the
appendix. Now, we define

GY= {F,M}" and GJ={F, M}"™ ifj> 1,

where # indicates that at least one G; of G = (Gy,---,G,) € {F, M}"* must be an M. It is
clear from the definition that the cardinal number of {F, M}"* is 2" — 1. Let x € R" be

UE,(x) =2/ H VO (2x, — m,), @2.1)

r=1
where G € G/, me Z" and jc N, Then, {\Ifém :jEN), GEG/,meZY is an
orthonormal basis in L? (R").
Define
J . J .
V00 = 22 Qx —d) () = 2297 (Dx — k)

where k € Z. Then, we define

D) = UM (e + ) = 28 M @ + ) — k) 2.2)
tez tez,
and
D) = w0k (4 0 = 28 g QI + O — k. 23)
el el
Obviously, ﬁ)j,k, @ . are 1-periodic functions belonging to L'([0, 1]).
Define
U0 =28 0% @x, — my). 2.4)
r=1

By proposition A.1, we know that ¢»™, ¢ is included in the functions with radial decreasing
L'-majorants; that is,

[WM )] < Ri(lx) - [ ()] < Ry(Jx)),
where R; and R, are bounded decreasing functions belonging to L([0, c0)). We can use
theorem 5.9 in [17] to show that {\I/ij jENU{0}),GeG/me M;}  with

6
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M; = {m:m=0,1,2,---,2 — 1} as an orthonormal basis in L* (T"). Considering corollary
5 in [23] and definition A.1 in the appendix, we easily obtain the following theorem for the
wavelet characterization of the variable-index Besov and Triebel-Lizorkin space on a
periodic domain.

Theorem 2.8. Let s(-) € L™ N Clloocg (T™) and p(-) € P2(T"). The symbol A stands for B
or F, and a symbolizes b or f.
(i) Let 0 < g < oo (pt < o in the F-case) and
k > max(o, — 5=, s7) (0, ,in the F-case),

1 1 "
where 0, = n(m - 1) and o, , = n(m — 1). Then, fe S'(T") belongs to

A;gfqu if and only if it can be represented as
e P Al . s
f=> Z STNL, 2720, with A € a;g;,q, (2.5)
j=0 GEGI meM
with M = {m :m=20,1,2,---, 2/ — 1} and where the series expansion (2.5) is
unconditionally convergent in S'(R") and in any space A;,’(()) q(T”), where o (x) < s(x) with

inf(s(x) — o(x)) > 0 and o (x)/s(x) — O for|x| — oo. The representation (2.5) is unique,
and we have

N = Mo (F) = 205(f. U3,

and

i f {25(f, UL

is an isomorphic map from A;E:;, ,(T") onto 5758' g If in addition, max(pT, q) < oo, then

{‘i’ém} jeNo.GeGimeM, is an unconditional basis in A;f; (T
(ii) Let q(-) € P¢(T™") with 0 < p~ < p* < 00, 0 < g~ < ¢ < 00, and let
k > max(o,, — s, sT)

1

witho,, = n{ ——— —
P-4 (min(l,p’,q’)

1). Then, f € S (T") belongs to F;g:;yq(_)(’ﬂ’") if and only if it can
be represented as (2.5) with A € f; (())q O (T™) and with unconditional convergence in S'(T")

and in \ € f[f((:)),q(») (T™). The representation (2.5) is unique, and we have

Nom = Non () = V3£ Tg3)
and
I f = (25, TG, )
is an isomorphic map from F;E; 4 (T") onto f;((:))’q(,) (T™).

At the end of this section, we introduce the following notation, which is used frequently
subsequently.

P = [3 300 e e, oy, 26)

q () .
J=0 GeG’/ meM;

where \/, are defined as in theorem 2.8.
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3. Bayesian approach with a variable-index Besov prior

In this section, we first explain the meaning of the variable-order Besov prior and prove some
important properties about the variable-order Besov prior. Because the variable-order space is
much more complex than the usual function space, this is the most difficult part of our work
and involves non-trivial generalizations of the previous results. Second, based on the state-
ments on the variable-order Besov prior, we may easily generalize the results in [5] and [8] to
the variable-order Besov prior setting. As the generalizations are not difficult, only a sketch of
the proof has been given in the appendix.

Before proceeding to the main part, we describe the general setting for the inverse
problems under the Bayesian framework. Denote using X, Y separable Banach spaces,
equipped with Borel o-algebra, and let G: X — Y be a measurable mapping. We wish to
solve the inverse problem of finding u# from y where

y=6Gw +1n @3.1)

and 7 € Y denotes noise. Applying the Bayesian approach to this problem, we let
(u, y) € X x Y be arandom variable and compute u|y. We specify the random variable (u, y)
as follows:

* Prior: u ~ i, measure on X.
* Noise: 17 ~ @y measure on Y, and n L u.

The random variable y|u is then distributed according to the measure Q,, the translate of
Qo by G(u). We assume throughout that Q, < Qg for u py-a.s. Thus, we define some
potential ® : X x Y — R so that

jgg ) = exp(—B(u; y)), (32)
and
fy exp(—d(u; y)Qo(dy) = 1. (3.3)

As in [5] and [8], we also make the following assumptions about the potential ®.
Assumptions 1: Let X and Y be Banach spaces. The function ®: X x Y — R satisfies the
following:
(1) there is an oy > 0 and, for every r > 0, an M € R, such that for all u € X and for all
y € Y such that ||y|ly < r,

D, y) > M — oy |Jullx;

(@i1) for every r > 0, there exists K = K (r) > 0 such that for all u € X, y € Y with
max {|[ullx, [[ylly} < r.
Q(u; y) < K;
(iii) for every r > 0, there exists L = L(r) > 0 such that for all u, u € X and y € Y

with max {{|u [|x, [luzllx, ¥lly} <7,

|Puy; y) — P(uz; y)| < L|jug — us)

X5
(iv) there is an o > 0 and, for every r > 0, a C € R such that for all y;, y, € ¥ with
max {||yly, [[y]lr} < r and for every u € X,

8
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D@, y) — ®u, y,)| < exp(a [lullx + C) [y, — wlly-

Different choices of Qy and 1, would lead to different Bayesian methods. How to choose
Qo and j1, depends on the problems. In the following parts of this paper, we choose Q) to be
Gaussian, and in order to give variable-order Besov regularization a meaningful explanation
in the statistical world, we need to construct a new probability measure 1i,. The following
subsection accomplishes this task by using the wavelet characterization of the variable-order
Besov space.

3.1. Variable-order Besov prior

For the reader’s convenience, we recall the general setting stated in [10] for our purpose.
Denote using J an index set, and let {§;};c,; denote an infinite sequence in the Banach space X,
with norm ||-||, of R-valued functions defined on a domain D. For simplicity, we assume
D = T" to be the n-dimensional torus. We normalize these functions so that [|¢, || = 1 for
Jj € J. We also introduce another element m, € X, not necessarily normalized to 1. Define
the function u by

u=mgy+ Zujgbj (34)
jeJ

By randomizing u := {u;};c;, we create real-valued random functions on D. (The extension to

R”-valued random functions is straightforward, but omitted for brevity.) We now define the

deterministic sequence y = {vj}_,-6 s and the i.i.d. random sequence § = {§;};c;, and we set

uj =" f i We assume that £ is centered, i.e., that E(§) = 0. Formally, we see that the average

value of u is then myg so that this element of X should be thought of as the mean function.
In the following, we take X to be the Hilbert space

X = L[*(T" = {u: T - R: f Iu(x)lzdx<oo}
V]l‘ﬂ

of real-valued periodic functions with dimension n with the inner product and norm denoted
using (-, -) and |||, respectively. We then set my = 0 and let

J = {Gj, Mj}j:O,l,---

with G/ and M defined as in theorem 2.8. Consequently, for any u € X, we have
u@)=> > > uém\i!ém with uém = (u, \I/ém), (3.5)
j=0 GeG/ meM;

where \i!ém is the wavelet basis stated in theorem 2.8. Given a function u : T — R and {ug,, }
as defined in (3.5), we define the Banach space B;Ejg as

B ={u:T" —R: |ulp0 < oo} (3.6)

q() — q().q()

with

, (3.7)
Lq(')(']l‘")

g, = \

o0 1/q()
(z |(<P1<'2)v Dkt (x) |q(~))
k=0

where ¢, (x) = ©(27x) and @ (-) is a smooth decomposition of unity [2, 43]. By proposition
5.4 in [1], we can define the space Bq‘(()) 4() appropriately, which is equivalent to F;(()) g0 if
s € L. We do not need to develop a full theory for the space qu(()) 4()» and we just understand

9
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it as Fqs((,) 4(- Hence, our space B’ () defined in (3.6) is just the usual variable-index Besov
space with p(-) = q(-). (Although the space defined in [1] is in the whole space R”, it can be
adapted to the periodic case T".)

As in the general setting, we assume that u} where

. X Gm = ’Yém ém
§={&,} j=12..00.GeGimem;, 1s an iid. sequence and v = {7V}, } =12, ...00.GeGimeM; 1S
deterministic. We assume that §ém is drawn from the measure centered on R with density
proportional to exp(f%fq‘rn |x|‘1()')n(dy)) where 1 < ¢~ < g(y) < g7 < oo and k() is a
probability measure. We refer to the measure with the above density as a generalized
q (-)-exponential distribution. Note that if g is constant, it is just a g-exponential distribution
[10]. Hence, our generalized g (-)-exponential distribution is a natural extension of the g-
exponential distribution and includes the Gaussian and Laplace distributions as special cases.
For s(x) > s~ > 0 and 6 > 0, we define

. P (1 1/q*
'%m = 2-iGQ@7m)+n/2-n/q )(5) . (3.8)

We now prove the convergence of the series

N
MN = Z Z Z qu\Iij’ Mém = ’YJGm JGm (39)

Jj=0 GeG’/ meM;

to the limit function
Z Z Z WPl Uy = VoG (3.10)
j=0 GeGI meM;

in an appropriate space. To understand the sequence of functions {#"'} fully, we introduce the
following function space:

LEOCL B ={u:T" x Q= R: 3 A>0, pgz((-;()\u) < o0}

where
phio () = me{)\k>0 prqo(uk A 102K O P(dw) < 1}
q()
k=0 N (3.11)
- f f S2K0) [y (x, w) ][40 dxP(dw),
Q " k=0
with

U = (@kﬁ)v

and ¢, defined as in (3.7). As mentioned in section 2.1, if p& 5O is a convex semimodular on
q()

L{ N R B(;Eg) then L} O, B(;E;) is a normed space with the Luxemburg norm given by

1
||uHLq<>(Q Bl = 1nf{,u >0: pB‘;:;[[M]M] < 1}. (3.12)

In order to preserve the fluency of our statement, we list the proof that p£ 5O is a convex
q()

semimodular in section A. We clarify the relation for our space LH‘,!( (€, B(; 8) with the usual
constant g, ¢ space Lg (€; B(;) used in [8]. Setting ¢, ¢ in (3.11) to be constants, we have

10
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o
phi = [ 32 [ juledxPde)
! 2 =0 T
= E(Julf, ).

Hence, our variable space is indeed a natural generalization of the usual space Lg (; B,;).
Define

~F S() .

byy " = (A= (G} jerugeaimen, Az < ool (3.13)
where
o 1/q()
H)\Hgb(-’;(.) — E Z z 2/"“(2”’")E(I)\{;m|‘”'))xjm(~) ,
! j=0 GEGI meM;
g L4O(T")
and

E(M\L 9™y = A 4 P(dw).
(INul?) = [ NG @17 B ()

With these definitions, before presenting the main results in this section, we need the
following lemma, which is proved in section A.

Lemma 3.1. Let s(-) € L N C\%(T") and q(-) € P¢(T"). Let
k > max(g, — s, sT),

1

where o, = n( 1). Then, f € S (T™) belongs to LE‘,!(‘)(Q; B:0)) if and only if it can

min(l,q) q ()
be represented as
F= 5 3 N2, with A € By, (3.14)

j=0 GEG' meMj;

with M = {m:m =0, 1, 2,---,21 — 1} and where the series expansion (3.14) is
unconditionally convergent in S'(R"). The representation (3.14) is unique, and we have

Nom = Non () = V3£ Tg3)
and
I:fe (23(f, U5,))
is an isomorphic map from L RI(OR B(‘;((,'))) onto l;f(f;(').

We can prove the following theorem, which provides a sufficient condition, on ¢ (-), for
the existence of the limiting random function.

Theorem 3.2. Fort, s € GCE(T") N L(T"), g € P(T") and

C
n
sup (t(x) — s5(x) + —+) <0,
xeT" q
the sequence of functions {u™}3%_, given by (3.9) and (3.8) with §ém drawn from a centered

generalized q(-)-exponential distribution is Cauchy in the Banach space L O« B[;E:)))'

11
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Thus, the infinite series (3.10) exists as a limit in the space L]f,((') (Q; Bq’g))) for

all sup, . (t x) — s(x) + q’%) < 0.

Proof. By (3.10) and lemma 3.1, we obtain

g0 @iargyy =~ {230y e 0

For M > N, for every A > 0, we have the following estimate
M . o . .
fn SO ST MW@ ] g B(|el, [900) ,, (1) dx

j=N+1GeG/ meM;

M
< Cmax(\', M )§! f DS DS DS 2aWe@Imms@Em /ey () d
T j=N+1GeG/ meM;

M
<Cmax(\, X)§ ST S 204 (@Im—s@Imtn/qt) g jn
J=N+1 meMj;
where we use
) N 1 ;
B(IgL, 1) < € e exp(—— I |£|’f<*>f<<dx>d£)
RNO{IEI>1} 2 J"

N —

_ 1
C T exp| —— 90 s (dx)d
ﬁwagn I€] xp( wam i (dx)dg
+ 1 -
<C 9 e —— €9 d
fﬂ‘m{|g|>1} €l XP( 2 4l 5)

B 1 .
+ C 7 exp|l —— |€]9 €| < 0.
ﬁwmgn 1l p( 2 1l 5)

The sum on the last line of (3.16) tends to 0 as N — oo, provided

sup (t(x) —5(x) + %) < 0.
q

xeT”

Hence, by lemma 2.1.9. in [11], we obtain

. it Nj M j . _
NILHJC H{Q’h(quj - ”tij)}”EqL‘(.)v(.> =0

Finally, by (3.15), we complete the proof.

(3.15)

(3.16)

O

Remark 3.3. We provide an intuitive meaning for the random series we defined in (3.10).
We assume that the probability measure (-) in the centered generalized g (-)-exponential

distribution is a uniform measure that is % (dx) = dx in T". Because W, is an orthonormal

basis and

(3.17)
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. i (i + /q* . i o
with uf,, = 27/6@/m+n/2=n/q )( ) /. using A}, = 23uf,,, we have

(111 e~ [ ik ta]

0 GeG/ meMj;

1 . o
[ exp(~5 Ll o)

T:]g

I
g

j=0 GeG’/ meMj
) q(x) n
=11 [T exp —lf Sa* 2q(x)(s(2/ - ) [N, 190 dx
j=0 GeG/ meM; 2JT
= 1 () m(x)(v(z f'")fi)
<1l 1 exp _—f 842 NG 110927y, () dx
j=0 GeG’/ meM; 2

'
< exp (—% min {6(1*, 6}p3;(<_-)>(u)).

Thus, informally, the Lebesgue density of u can be controlled by a Lebesgue density
proportional to exp(—g min {6q } szJ-;(u)). Because pr(())(u) is related to the space
q( q(

B){)(T") (theorem 2.8), and the space B;()(T") is a generalization of a constant-index space,
we guess that the Lebesgue density of u is related to a Lebesgue density similar to

exp (f% min {6;%, 6 } 0 Bx((-))(u)). At least, if ¢ is a function with a constant value, we have an
M

equality that informally means that the Lebesgue density of u is proportional to

exp (—%6p B““(”))- Hence, the probability measure we defined may be related to the space

B} () (T™). Therefore, we may say that u is distributed according to a B}{}(T") measure with

parameter 6, or, briefly, a (6, B}(}(T")) measure.

Remark 3.4. In this remark, a short verification has been provided for the non-Gaussian
natural of our (6, B;(()) (T™)) measure. According to the definition of Gaussian measures,
which can be found in [43], we know that a probability measure on a separable Banach space
being Gaussian indicates that any one-dimensional projection is Gaussian. In our setting, the
one-dimensional projection is uém = wém ij (j, G, m defined as in (3.5)). If uém is drawn
from a one-dimensional Gaussian measure, fgm should also be drawn from a one-dimensional
Gaussian measure. However, Eém is drawn from the generalized ¢ (-)-exponential distribution,
which is not Gaussian, except for ¢ (-) that is a function with a constant value of 2. Therefore,
the (6, qu(( ))(T")) measure is non-Gaussian in general, or the variable-index Besov prior is
non-Gaussian.

Remark 3.5. We may need to demonstrate how to use our new prior in practical problems.
Let the index function ¢ (-) be monotonically decreasing with g (0) = 2, g(M) = 1 where M
is a sufficiently large number. We consider that some information on the gradient of the target
function u (the function we need to reconstruct) can be obtained. We can then specify the
index function ¢ (-) as ¢ (|[Vu(-)|), where Vu is an estimated quantity of the target function u
(using some quick algorithms such as the canny edge detection algorithm in the MATLAB
toolbox). Then, our new prior may incorporate more information on the variation of u
compared with the Gaussian prior and constant-index Besov prior case. For more information
on the practical usage of the prior, we refer to [18]. Although this paper is on variable TV

13
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regularization, we do not perceive any conceptual difficulty in shifting to our variable-index
Besov case.

Theorem 3.6. Assume that u is given by (3.10) and that (3.8) with %m forevery{j, G, m}is
drawn from a centered generalized q (-)-exponential distribution with k (dx) = dx; that is to
say, k() is a uniform probability measure. In other words, u is distributed according to a
(6, BS()) measure. In addition, we assume t, s € Clk’g (T N L (T"), g € P°T") and

t(x) —sx) + q—+ = 0 for every x € T". Then, the following are equivalent:

1. pBJfff(u) < oo P-as,;
2. E(exp (aqurE:;(u))) < oo for any a € [0, 6/2);

3. sup, o (t x) — sx) + q’—:) < 0.
Proof. (3) = (2).
Because sup, [ #(x) — s(x) + q%) < 0, there exists a negative constant § < 0 such

that sup, . (t x) —stx) + q%) < B < 0. Let K be a large enough positive constant; then,
we have

E(exp (apr<-)(M)))

H::]g

[exp(a6 1 f VAW =s@In/g) el a6y (x)dx)]
meM;

n:]g

meMj;

a6 ry f 209005 |¢) |‘1(X)ij(x)dx]

exp (a(S 1f 2048 |€a® dx — ,f |§|q(x)dx) d¢
0 GeG/ = q(x)
S exo(—5 [ e ar)ag

-1 jaB |gla@ gy — L q(x)
fR exp(a6 fw2 [£]99 dx sz €] dx)d§
_1 q(x)
fR exp( sz €] dx)df

If we want to prove that the above infinite product converges, we only need to prove that the
following summation converges [25].

,io fR (exp (aé*l fT 205 |g|q<x>dx) — l)exp(—% fT ” |5|q<x>dx)dg

0o oo 5 I ' k 1
<LILEX OO ([ 2o emoa) exp( 3 [ 1o a)ac (3.18)

<

—

J

K

o0
< |II
j=0
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We now concentrate on the first summation term in the integral above.

Z Z(Oz& hk (f jg()B |£|q(x)dx)

© (b~ l)k[ . X ]l]ck
z; (f 2/aWF | gJat >dx)

§—1)k Lk
(ad™) f [szq(x)ﬁk] |£9@ dx

k

N
NgE

k!

1 X (b~ Hk ”
< 1 — 264 kZ::l (f S )dx)

1
< ———ex aéilf q(x)dx).
1= 2% p( .

Substituting the above inequality into (3.18), we obtain

% 3 .y . 1 )
]Z_%fR (exp (a& 1»/1;” 204@5 |¢la( )dx) - )exp( f |Ja¢ )dx) de
< ij eXp((O‘51 - %) j;r" |§Iq<")dx)d§ < o0,

where we used a§~! < .
2)= D).
If (1) does not hold, p Br((-;(u) is positive infinite on a set S with a positive measure. Then,
0

~
I

because for a > 0, exp (apB[r:;;(u)) = 400 if PB;((I;(”) = +o00 and
E(exp (ap o)) = E(ls exp (apgo(u)),
we get a contradiction.

1 = 3.
Because p Br(-)(u) < o0, we easily know that

.
f ,IZ SO AWM= imEn/a) (¢l 0@y (x)dx < 400,
j=0 GEG' meMj;

Hence, for almost all x € T”, the integrand in the above formula is finite. Choose x € T"
such that

o0

. o .
Z Z Z 2Jq )t 27m)—s(27m)+n/q") |€ém|q()c) ij(x) < 00.
j=0 GEGI meM;

Therefore, for every j, there is m = m,; such that

00
Z Z 2Jq ) QTm, ) —sQ27m, )+nfqh) |§ij 190 < 0.
=0 GeG/ o

If 1 (27my;) — s(2*fmxj) + n/q" > 0, we have

Z Z |§J ,|q(X) < 0.

j=0 GeGJ
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Because there exist ¢, C such that 0 < ¢ < ]E(l{émrf(x)) < C < o for every {j, G, m}, this
contradicts the law of large numbers, which is described in chapter 1 in [38]. Therefore, we
obtain #(2/m, ;) — s(27/m;) + n/q* < 0 for infinite j. By the definition of y;, (-), we know
that 27/m, ; — x; hence, we find that

@) — s@) + — <0,
q

In addition, by our assumption and the continuity of #(-) and s(-), we finally obtain

1)~ $() + = <0
q
for every x € T". 0

Remark 3.7. Theorem 3.6 assumes that 7(x) — s(x) + qi‘ = 0 and k() is a uniform
probability distribution, which seems technically sound; however, for the constant g, t, s
case, these conditions are all satisfied naturally. Removing these conditions is left to
future work.

In the previous two theorems, we proved basic properties for random variables con-
structed from infinite series (3.10). We now study a situation where the family UZ,, has a
uniform Holder exponent o and study the implications for the Holder continuity of the
random function u. We assume that there are C, a, b > 0 and « € (0, 1] such that for all
j=0,

N ()< C2,  xe T,
UL, — UL, ()< C2m x —y|*,  x,y €T (3.19)

We also assume that @ > b as in [10].

Theorem 3.8. Assume that u is given by (3.10) and (3.8) with %m drawn from a centered
generalized q(-)-exponential distribution. Suppose also that (3.19) holds and that

s € Cl%(T™) M Lo(T7), g € POET™), infyeps (x) > n(b +L 4206 - b)) for some

C

0 € (0, 2). Then, P-a.s., we have u € C°(T") for all 5 < %9.

Proof. We need to use theorem A.l listed in the appendix, which is a variant of the
Kolmogorov continuity theorem. Presented as in theorem A.1 but using our series (3.10), we
obtain

oo .
Si=> > 2 WL 1%l
j=0 GeG’ meM;

> —j[2s@im+ +2—”) ‘
SCZ Z 22]( s ( )+n 7 2211117
j=0 GeG’ meMj;
0 : < (D—jm E 00
< CsznZ*/(%(Z M) +n+ q+)22jnb _ CZZ""”‘I
j=0 j=0
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and
ZXIZWI”WAIWMWW
j=0 GeG/ meM;
[e) 9—jm
Z *](S( )**)212;1172 —jo0(b—ayn _— CZQ—J”‘z
: j 0
where
—jm
61:%_3_2b>0,
n s
and
—jm
H=2C" 2 o bw@—b)>o0.
n q"

We require ¢; > 0 and ¢, > 0, and by our assumption a > b, we only need ¢, > 0. Our
assumption inf, s (x) > n(b + q% + %0 (a — b)) just ensures that ¢, > 0. Therefore, by
theorem A.1, we can conclude our proof. O

Remark 3.9. If the mean function is nonzero and satisfies
[mox)|<C, x€D,
[mo(x) — mo(WI<Clx —y*, x,y€D,

then the result of theorem 3.8 still holds.

Theorem 3.10. Assume that u is given by (3.10) and (3.8) with %m drawn from a cent-
ered generalized q (-)-exponential distribution. Suppose also that \Tfém, with {j =
0,1,---,00,G € G/, m € M}, forms a basis for Bq’8 with t= > 0, q(-) € P'°¢(T") and
e G 102 (Tny (N L°°(T"). Then, for any

sup (t(x) —s5(x) + —) <0,
g

xeT”

we have u € C'O(T") P-a.s.

Proof. For any k > 1, using the definition of p Br(_-)(u), we can write

qu(x)(t(Z iy — s (2-Im)+ )
karl;g)(u) Cb ’"f,, Z Z Z 2

j=0 GEG’ meMj;
X I€, ]10 . (x)dx.

For every k € N, there exist constants c,,, C,, such that 0 < ¢,, < E(|§ém|‘7 @) < C, < 0.
Because each term of the above series is measurable, we can swap the sum and the integration
and obtain

oo . o . n
jq(x)q (t(2 Im)—s (2 /m)+j)
E(p g ) < Com ) 2 i I
j=0
From the above inequality, we obtain ppgo (u) < 00 P-a.s. Therefore, we know that
aC

||M||Bk’;'({)(']rn) < oo P-a.s. Because
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sup (t(x) — s(x) + —) <0,

xeT”
we can choose k to be large enough so that k—() < s(x) ( 5
Btl() < C'O(T™) [1] for any ¢, ” ( ) "x implies that
||u||cz<-)(11~n) < oo P-as. It follows that u € C'O(T") P-a.s. O

Remark 3.11. If the mean function mg belongs to C*©)(T"), the result of the above theorem
holds for a random series with a nonzero mean function as well.

3.2. The Bayesian approach to inverse problems

In the previous subsection, we constructed the probability measure /1, which is supported on
a given variable-order Besov space B;gg We can now present the following theorem for the
well-defined problem. The proof is very similar to the one proved in [8]; however, con-
sidering that we may need to use some properties of the variable-order Besov space, a sketch
of the proof has been given in the appendix.

Theorem 3.12. Let ® satisfy (3.3) and Assumptions 1 (i)(iii). Suppose that for some
g € Pg(T"), t € Cllog (T™ N L (T™), B’ is continuously embedded in X. There exists

&§* > 0 such that if vy is a (6, Bq‘(_)) measure with

sup (t(x) —s(x) + —) <0
q"

xeT"

and & > 6%, then > is absolutely continuous with respect to |, and satisfies

92 Gy = L exp(— s ) (3.20)
dpy Z() '
with the normalizing factor
Z() = [ exp(=®Gus »)pg(du) < oo, 3.21)
X

The constant 6* = 2max{cd , ce‘f}oq, where c. is the embedding constant satisfy-
ing [Jullx < ce [lullzo.

Now, we can show the well-posedness of the posterior measure ;¥ with respect to the
data y. Recall that the Hellinger metric dyey [15] is defined by

2
1 du du’
d e ) ! = _f - - d
Hen (14, 1) \/2 [’/dy Al "
where v is the reference measure with respect to which both g and p’ are absolutely
continuous.

The following theorem can be proved by using similar ideas to those used for theorem
3.3 of [8]. The minor difference is that we need to use p ) (u) instead of Bt8 when we need

to bound ||u||x. The same situation appears in the proof of theorem 3.12, and therefore, we
omit the details of the proof.
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Theorem 3.13. Let ® satisfy (3.3) and Assumptions 1 (i)—(iv). Suppose that for some
g € Pog(T"), t € Cllo‘)cg (T™) M L (T™), B;gj)) is continuously embedded in X. There exists

8% > 0 such that if p is a (6, B;(())) measure with

sup (t(x) —s(x) + %) <0
q

xeT”

and § > 6%, then

dyen (7, 177 < Clly = ¥'lly

where C = C(r) with max{|ylly, ||y'llr} <r. The constant &* = 2max{c?, ')
(oq + 2a), where c. is the embedding constant satisfying ||ullx < ce ||uHB;((;

For the approximation of the posterior, let ®¥ be an approximation of ®. Define p>"" by

Wy = L expad ), (3.22)
dug ZN(y)
and
N _ _®N
2N = [ exp(= @Y )1y (o). (3.23)

We do not use the dependence of ® and ®V on y here, as it is considered fixed.

Theorem 3.14. Assume that the measures y and p" are both absolutely continuous with
respect to i, given by (3.20) and (3.22), respectively. Suppose that ® and ®V satisfy
Assumption 1 (i) and (ii), uniformly in N, and that there exist az > 0 and C € R such that

|@) — @V ()] < explos [lully + C)p V),

where p(N) — 0 as N — oo. Suppose that for some t € Cllo"cg (T™) N L*(T"), g € Pog(T™),
B;Ej; is continuously embedded in X. Let ji, be a (6, qu((_')) ) measure with

n
sup (t(x) —s(x) + —+) <0
xeT” q
and & > 2max{c? , ce‘ﬁ}(a] + 2a3) where c. is the embedding constant satisfying
lullx < ce ||”||B’{§ Then, there exists a constant independent of N such that

"

dyen (b, V) < Co(N).

The proof of the above theorem is similar to the proof of theorem 3.3 of [39], and the
differences and difficulties can be overcome by the same idea used in the proof of theo-
rem 3.12.

4. Variational methods

The MAP estimator in Bayesian statistics literature [21] is an important concept. It specifies
the relationship between the Bayesian approach and the classical regularization technique. It
is well known that for a non-Gaussian prior, we can hardly obtain a rigorous relation between
the prior measure and regularization term in infinite dimensions. Even for a simple constant-
index Besov prior, theoretical study is not complete [8]. Tapio Helin and Martin Burger [16]
addressed this issue in some sense only recently. Here, as stated in remark 3.3, we can get an
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upper bound for the probability density, and for the constant g case, we can get an equality.
This is a more complex situation than the constant-index Besov prior case, and in this section,
we provide only a partial illustration.

We define the following functional:

1) = D0 + 2p 0. “.1)

Intuitively, the minimizers of the above functional or some variant of (4.1) may have the
highest probability measure for a small ball centered on such minimizers. For more
explanations, we refer to the Gaussian case [9]. For this functional, we have the following
result, which provides an abstract theory for the existence of the MAP estimator, linked in a
fundamental way to the natural assumption 1 in section 3, which implies that the posterior
measure is well defined and well posed.

Theorem 4.1. Let Assumptlons 1 (i), (ii) hold, s € C°5(T™) M L>(T"), q € Pl(T"),
1 <qg <qix) <qg"< oo and Bq(()) be compactly embedded in X. Then, there exists
ic BS(()) such that

I@) =1 =inf{l():ueB))}.
Furthermore, if {u,} is a minimizing sequence satisfying I (u,) — I(i1), then there is a

subsequence {u,s} that converges strongly to ii in qu(())

Before proving this theorem, we need to prove the following lemma, which is of inde-
pendent interest.

Lemma 4.2. Let s € C,l"g("JT”) N L®(T"), g € PO(T), and 1 < g~ < g(x) < gt < o0;

then, the dual space ofBY() is Bq(), , where
1 1
qgx)  gx)’

Proof. Step 1. Let sc€ G®N L™, g€ P We prove in this step that
B,V (R") C B){)(R™', where BJ()(R") stands for the dual space of B, ’(R"). Let

f S BTE())(]R”), define f, = Zr:71(¢k+,f) , where ¢, is defined as in (3.7) and ¢ is a smooth

decomposition of unity [2, 43]. Then, we know that

o0
f=>(af) inS®RY (4.2)
and =0
||27S()ﬁ| Ltl’(‘)(Rn’[q/('))

% 52 S OVICI ,
—inf{A>0: f @A) @I Vdr < 1

A 00 »=js(x)gq'(x) . ,
SCinfe 2> 00 | > = (@) @I Vv < 1

R0 (i)q (€]
2

<C | fllgzo- 4.3)

20
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Take ¢ € S(R"). We have the following:

If ()= Zf(f(soksov))‘
k=0

00 1
= Z Z (‘Pk+rfk+r ) (f(%c%@v))‘

k=0 r=—1
oo 1

1= 2_“")%(X)Z““‘)”f(we@ursov)dx’
r—or—— 1”&’

< C 27O, || ooy g0y 12°OF F (0, 0y 0 00 R a0y
< C £l o lle

q()

SO Ry .
Bfl(')(R )

Hence, we have now proved that B,*"(R") C BJ{)(R")’".

Step 2. In this step, we need to prove B)(R"' C B, (R"). Because
fe B;(()) RY) — {250k (¢, 123! i—o is a one-to-one mapping from B;(()) (R™) onto a subspace
of LIO(R", £20)), every functional g € (B;((,')) )’ can be interpreted as a functional on that
subspace. By the Hahn—Banach theorem, g can be extended to a continuous linear functional

on LIOR?, £40)), where the norm of g is preserved. If ¢ € S(R"), considering corollary 1 of
theorem 8 in Chapter 13 of [13], we have

8@ = [ S g W p) (s 44
k=0
where [|2750kg, || L90@n 70y 1S equivalent to the operator norm of g. (4.4) implies that
g=> Flpg) indS. 4.5)
k=0
Qnk

Define 7, (x) = T2 where m is a large enough constant. As ¢ can be chosen to be a

radial smooth function with compact support, we know that it can be controlled as follows:
21" (26x) < Cr, (). (4.6)

Now, we have

1275 O% (0 &)Y |l o o0y

_. . L S oy—s@kg' @) o 53 () [0'®
= mf{)\ >0: f]R” G ];::02 [(pc &) (0] dx <1
| = 1 g’ (x)
=infd A > 0: f]R" o szs(x)kq ) Z (@k90k+rgk\ﬁrr (=) () dx <1
k=0 r=-—1

<C ||2*S(')k(p]\</ * g Lo o)
<C ||2*S(')k7]km * ngLq'm(Rn’[q'm)
<C ||27S(')kgk

L7 O, 07 0)

where the last inequality follows from lemma 5.4 of [12]. (We need a small modification of
lemma 5.4 of [12]; however, the modification is straightforward, and therefore, we omit it.)
With the above estimates, the proof is completed. ]
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Although the above proof applies to the whole space R”, it is also valid for the periodic
domain T”. We return to the proof of theorem 4.1.

Proof. For any § > 0, there is N = N;(6) such that
I <Iu,)<I+6 Vn=N.
Thus,

1 _
Ep}_[;;((_v))(un) <ia+6 Vn>=N.

The sequence {u,} is bounded in Bq‘(()) By the above lemma 4.2, we know that B;(()) is

reflexive and that there exists 7 € Bj() such that u, — i in B{). By the compact embedding

of B){) in X, we deduce that u, — @, strongly in X. Notice that pyo(u) is lower semi-
0

continuous by theorem 2.2.8 of [11]. We can use similar ideas to those used for theorem 2.7

in [5] to complete the proof. |

5. Application to the backward diffusion problem

In this section, our theory is applied to backward diffusion problems for integer-order
equations and fractional-order equations.

5.1. Integer-order diffusion equation

For simplicity, only the periodic domain T” is considered. Define the operator A as follows:
H = @*(T), (), D
A=—A, DA = H*(T").

Consider the diffusion equation on T" with periodic boundary conditions as an ordinary
differential equation in H:

iv +Av=0, v =u. 6.1
dr

Define G (1) = e “u, ¢ to be an operator defined as follows
¢(G W) = (Gw)(x), Gw)(xz), -, G w)(x))" (5.2)

where K is a fixed constant. Then, we have the relationship
y=L4(Gw) +n (5.3)

where n = {n); le is a mean zero Gaussian with covariance I" and y = { yj}f:1 are the data
that we measured. We can show the well-definedness of the posterior measure and its
continuity with respect to the data for the above inverse diffusion problem.

Theorem 5.1. Consider the inverse problem for finding u from noisy observations of
Gu) =v(l, ) in the form of (5.3). Let u, be distributed as a variable-index Besov prior
(6, B}\) with s € Cg¥(T") N L (T"), g € P(T"), infcpns (x) > q— and 6 > 4. Then, the
measure p”(du) is absolutely continuous with respect to p, with the Radon—Nikodym
derivative satisfying
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dup”

0= 5 )
where

B(us y) = % IT-12(y — 0GP — % D172y
and

1 1
zm=[, exp(g P12 = LGP + 5 |F1/2y|2),“o(du)

q()
with Sup, ¢ (t *x) — skx) + LA) < 0. Furthermore, the posterior measure is continuous in

the Hellinger metric with respect to the data

dyen (¥, 1) < Cly — /.

Proof. First, we prove two properties of the operator (G (-)).
Property 1: For large enough ¢ > 0 and a small constant € > 0, by the Sobolev
embedding theorem, we have

16(G )< K |Gl = |le™ul|~
A e Aull2 + lleul|,2

C g+

/

NN

-=
12

< C [lullgr (5.4)

where we used the fact that A7e=*, A > 0, is a bounded linear operator from Bzu,z to B£ 25
with any a, b, vy € R. We also used embedding theorems for the variable-index Besov
space [1].
Property 2: Let u;, u, be two different initial data points for the diffusion equations.
Similar to the proof of Property 1, we have
16(G ) — L(Gu))| < K [|G@wr) — G(up)l|r=

=K |G (u; — uz)||r>

<C|luy — quB[;é:)). (5.5)
Let X = B(;E; With Property 1 and Property 2, it is straightforward that ® (u; y) satisfies

Assumption 1 (i)—(iv) with oy = 0 and a; = 1. By theorem 3.12 and theorem 3.13, we
immediately obtain our desired results. (]

5.2. Fractional-order diffusion equation

There is a vast amount of literature on fractional-order diffusion equations. For the well-
posedness theory, we refer to [19, 32-34]. We treat fractional diffusion equations on the
periodic domain as follows:
OMv(t, x) + (=AY, x) =0, t>0,x¢e T,
v(0) = u, (5.6)
where 0 < o« < 1 and 0 < § < 1 and 9 stands for the Caputo derivative of the « order,
which can be defined as follows
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« — 1 ! _ —af!
O )= 1 L(rs>f®m

— Oé)
where I'(+) is the usual Gamma function. Define the operator A as follows:
H = (L*(T", () (1D
A=(-A)’, D) =H>¥(T").

Consider the heat conduction equation on T" with periodic boundary conditions as an
ordinary differential equation in H:

ov+Av=0, v(0) =u. (5.7)

If A is a bounded operator, e.g., a positive number, then the solution of the above
equation (5.7) has the following form:

V(1) = E,(—AtY)u,

where E, () is the Mittag-Leffler function defined as

> k

Z
E,(2) =) ——.
* ,;)F(ak +1)
For more properties of the Mittag—Leffer function, we refer to [24, 36]. [35] proposed a
fractional operator semigroup that characterizes the solution of the abstract fractional Cauchy
problem (5.7). Because operator A in our setting can generate a fractional operator semigroup,
we can define G (1) = E,(—A)u, ¢ to be an operator defined as follows:

LG W) = (Gw(x), G)(x), G w)(xx)" (5.8)

where K is a fixed constant. Then, we have the relationship
y=4Gw) +n (5.9)

where n = {771'}5-{:1 is a mean zero Gaussian with covariance I' and y = {yj}f:1 are the data we
measured. Reviewing the proof of theorem 5.1, the key points are the estimates of the
operator £ (G (-)). In more complicated situations, fractional diffusion equations do not have
the strong smoothing effects that normal diffusion equations have. For a more complete
illustration, we refer to [20]. The Mittag—Leffer function appears naturally in fractional
diffusion equations and only has a polynomial decay rate, which restricts the smoothing
effect. More precisely, we list the following decay rate estimates.

Lemma5.2. [36]If0 < o < 2, p is an arbitrary real number such that
e’

> < @ < min{m, wTa}.

Then, for an arbitrary integer p > 1, when |z| — oo, the following expansion holds:

&@=%W—f—ii—+mwwx
o kzll“([i’ — ak)

where |arg(z)| < p.

Based on the above observation, we must restrict the fractional-order o, (3 to some
appropriate interval to gain enough smoothing effects so that the forward operator is Lipschitz
continuous. More precisely, we can obtain the following result.
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Theorem 5.3. Assume the dimension n < 3. Consider the inverse problem for determining u
from noisy observations of G(u) =v(l,-) in the form of (5.9) with 0 < a <1 and
% < B < 1. Let X = L*(T"), p, be distributed as a variable-index Besov prior (8, Bq‘(()) )
with s € Clloocg (T™ N LX(T"), g € PP(T?, infeems(x) > qi and 6 > 4. Assume
t € GP(T™) M L(T") and
n n n
— - - <K<y - —.
g 2 - q*
Then, the measure p*(du) is absolutely continuous with respect to [, with the Radon—
Nikodym derivative satisfying

dp”

) = _d(y:

0= 5 )
where

B(u; y) = % ID-12(y — G )P — % ID-1/2yp
and

Z(y) = fX exp(% D12y — LGP + % IF‘/zylz)Ho(du)-

Furthermore, the posterior measure is continuous in the Hellinger metric with respect to the
data

dyen (¥, 1) < Cly — /.

Proof. In order to prove the above theorem, we first provide the following estimates. Let
f; (¢ € Z") be the Fourier coefficient of function f. Then, we have

IAE. (=A)fll72 ey = D2 (PP Ea (—1EPD)I f?

tezn
2
<C Hf||L2(T") ) (5.10)
where we used lemma 5.2. Considering qi — % <t <tt<s — ;_1" for an arbitrary small

positive number ¢ > 0, we know that

—-_n n
70! fogtaTe
B} = B,, < X.

Using (5.10), we easily have
LGS K |G = |[Ea(=A)ulr=

[AE, (=A)ull> + [|Eo(=A)ul|,

<
<
where we used § > % to obtain the first inequality. Similarly, we can obtain

16(G ) — £(G )| < C luy — usl|>.
At this stage, we can complete the proof easily, similar to the integer case. (]
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6. Conclusion

In this paper, the (6, Bq‘(())) measure has been constructed by using wavelet representations for
the function space on a periodic domain. Roughly speaking, it can be seen as a counterpart of
variable regularization terms. Using the new non-Gaussian measure as our prior measure, we
establish the ‘well-posedness’ theory for inverse problems, similar to the work of [10]. The
new non-Gaussian prior measure we provide may lead to better understanding of variable-
order space regularization terms.

Our theory has been used for integer- and fractional-order backward diffusion problems.
In particular, the ‘well-posedness’ theory for the fractional-order backward diffusion problem
under a Bayesian inverse framework has been constructed, provided we restrict the time
derivative to (0, 1] and the space derivative to (ﬁ, 2] (n is the space dimension). Our study
also reflects that fractional-order problems are not a straightforward generalization of integer-
order problems. For fractional-order problems, fractional-order equations have completely
different regularization properties compared to integer-order equations.

Acknowledgments

The authors would like to thank the anonymous referees for their comments and suggestions,
which helped to improve the paper significantly. J Gao was supported partially by the
National Natural Science Foundation of China under grant no. 41390454. J Jia was supported
by the National Natural Science Foundation of China under grant no. 11501439 and the
Postdoctoral Science Foundation Project of China under grant no. 2015M580826. J Peng was
supported partially by the National Natural Science Foundation of China under grant no.
11131006, 41390454 and 91330204.

Appendix

A.1. Properties of pgm appearing in section 3
q()

Lemma Al. Letl < ¢ <q() < g™ <ooandt() € C(T". Then, pg,(.; is modular and
q(-
continuous. '

Proof. Properties (1) and (2) in definition 2.1 are obviously satisfied. To prove (3), we
suppose that

oy 00 =0

for all A > 0. Clearly, for some kg,

f MO0 |1 (x, w) 1) dxP(dw) < pEe () = 0
QJT" q¢)

Because | < ¢~ < ¢() < ¢" < coand 1(-) € C(T"), we easily obtain that u;, = 0. Hence,
we obtain ¥ = 0. Let 4 — 1. We need to prove pgw()\u) — pg,(_) (u). Fix € > 0, choose
q0) q()

N > 0, and let x < 1 and close enough to 1 such that
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N
Pl < [ [ 3220000y (x, ) deP () + €
" k=0

N
< f f SNKWIO [y (x, w) |1 dyP(dw) + 2e
Q n k:0
< pg::; (Au) + 2e.
"
Hence, we find that pg,(_) (Auw) is left continuous with respect to A. We can similarly show that

. . . . q()
it is right continuous. U

Lemma A.2. Let g € P. Then, pg,(,) is convex.
q()

Proof. Let# € (0, 1). Then,

pf;qr;_-; Of+ 1 - 0)g) = fQ j;r YK Of (x, w) + (1 — 0)g (x, w)|9™) dxP(dw)
k=0
< pho @) + pho (1 — 0)g)
BL/(~) Bqt)
<Opho(f) + A = O)pho(g).
q() q()
O

In our case, the parameter p(-) in [1] is equal to g(-); therefore, we only need 1 < g~ not
2 < g~ as indicated by theorem 3.6 in [1].

A.2. Proof of lemma 3.1

For the proof of lemma 3.1, we provide the following two important lemmas.

Lemma A3. Let 1 < ¢ <q(-)< g <oo, § >0. For any sequence {gj}ﬁo of non-
negative measurable functions on T", assume the following:

Gi(x, w) = > 27 k=/lbg (x, w).

k=0
Then,
H {G]}?O:O ”Lq(»)([g(-)) <C || {g] }?020 HL‘”')([g(‘)) ,
where
00 1/q()
H{gj};o:()HLq(-)([g(d) = (ZE(gj()q())] ’
Jj=0
Lq(')(Tn)
and

B(g @) = [ (gx, )19 P(dw).
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Proof. It is obvious that we only need to provide the following estimates:

1/q(x)

o]

1/q(x) . q(x)
(ZE(&(xW)] < f (ZZW) > lg (x, W19 P(dw)
j 24j=0 j=0
o 1/4(x)
‘ (€9)
<C(]Zof£2|gj(x, W)l P(dw)]

0o 1/ ()
< C(ZE(g,-(x))”’(x)] :

j=0

Lemma A4. Let g(-) € C'°2(T") with 1 < g~ < q(-) < g+ < oo. Then, the inequality
Iz * fYien, [lso@geoy < C 1 en, llso@o)
holds for every sequence {f;(x, w)}jen, of L\ .-functions for variable x and P-measurable

functions for variable w.

Proof. The proof of this lemma is similar to the proof of lemma 5.4 in [12]. Here, we only
provide the difference. Let D; denote all dyadic cubes with side length 27! and

. om . . . . .
Ny (X) = Trz o As in [12], we require the following estimate:

J. Z;:,fg P 170 B (dw)dx

q(x)

oo o0
<[L | X2 3 xpeMef, Pew) | dx
" =o\Y =0 0eD,
o0 [o0]
<Cf X[ 3T S @MU )) P + 1
v=0"% j=0 0€D,;

=141,

where I is exactly the same as in the proof for lemma 5.4 in [12]. Next, we only provide an
estimate for the term 1.

I < qu;n ,gfi? (M(|fy|q(x)/q*))q*[p>(dw)j§)27j(mfn) Z X3Q(x)dx

Q€D,_;

<C [ YRS, < oo,

v=0

With these estimates, it is easy to recover the whole proof. (]

With the two lemmas, following the proofs of theorems 4.4 and 4.5, we can obtain the
local mean characterizations of L{“ (€; B;()) by using our lemma A.3 and lemma A.4
instead of lemmas 4.2 and 4.3 in [22]. Replacing lemmas 5 and 9 in [23] by our lemmas A.3
and A.4, we can use the proofs for corollarys 2 and 3 in [23] to provide the proof for
lemma 3.1. As the proof is very long and does not involve any new component other than
lemmas A.3 and A.4, we omit it here.
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A.3. Proof of theorem 3.12

In the following, a short proof of theorem 3.12 is given.

Proof. Define my(du, dy) = p,(du) ® Qo(dy) and 7 (du, dy) = 11, (du)Q,(dy). Assumption
1 (iii) provides the continuity of ® on X, and because p,(X) = 1, we find that & : X — R is
tp-measurable. Therefore, 7 < my and 7 have a Radon-Nikodym derivative given by (3.2).
Theorem 6.29 of [39] implies that ;¢ (du) is absolutely continuous with respect to ji, (du). This
same lemma also gives (3.20) provided that the normalization constant (3.21) is positive, which
we now establish. Because i (B‘; 8) = 1, we note that all the integrals over X may be replaced
by integrals over 348 for any sup, ¢ » (t @x) —sx) + q%) < 0. By Assumption 1 (i), we note
that there is M = M (y) such that
zo= [, exp (=i »)pyn)

q()

< |, explan flullx — M)pg(du)
q()
By lemma 3.2.5 of [11], we know that
lulle < e prg@ (A1)
when pB;(g))(u) > 1or
+ +
lully < e pyo) (A.2)
when pgro(u) < 1. Hence, if [[ufx > 1, then we have
e

Z<y)=f3,8 exp (—®(u; ) 11 (du)

- +
< »/1‘3’“ exp (g max{cd , ¢ }qu:((;;(u) — M) 1y (du).

q(-)

This upper bound is finite by theorem 3.6 because & > 2a; max {cJ , ¢ }. For||ully < 1, we
have

zm= | €8P (-2 ) g ()
< j;(;((; exp(a; — M) p,(du) < oo.

Now, we prove that the normalization constant does not vanish. Let R = E(p B’é';(“))~ We
"
know that R € (0, 00). As sz(«;(u) is a non-negative random variable, we obtain that
0
Ko (pBrf))(u) < R) > 0. With r = max {||y|ly, R}, Assumption 1 (ii) ensures that
I

Zo= [ exp(- @ )y
q()
> fwd exp(—K) 1o (du)

q()

= exp(=K) o (p ) < R)

which is positive. U
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A.4. Some basic facts about wavelets

Proposition A.1. 23] (i) There is a real scaling function ¢ € S(R) and a real associated
wavelet ©,, € S(R) such that their Fourier transforms have compact support, pr(0) = 1 and

supp @, C |:—§7r —277] U [277 §7T:|
PP n 3773 3730

(ii) For any k € N, there exist a real, compactly supported scaling function o, € C*(R) and
a real, compactly supported associated wavelet @,, € C*(R) such that $(0) = 1 and

f xlpy)dx =0 foralll € {0, 1,---,k — 1}.
R

In both cases, we observe that {,,, : v € N U 0, m € Z} is an orthonormal basis in L* (R)
where

v—1

Tyt —m), fveNmeZ

opt —m), ifv=0meZ
Sovm(t) = 2

and the functions ,,, @ are according to (i) or (ii).

The wavelets in the first part of the above proposition are called Meyer wavelets. They do not
have compact support but are fast-decaying functions, and ¢,, has infinitely many moment
conditions. The wavelets in the second part of the above proposition are called Daubechies
wavelets. The functions ¢,,, ¢, have compact support but only have limited smoothness.

Definition A.1. [23] Let s(-) € L° N C5(T"), 0 < g < oo and p(-) € P(T") with

C

0<p <p"<oc.LetMj={m:m=0,1,2,---,2 — 1}.

(i) Then,
~5(") :
bp(.),q = {A = {)\g;m}jeNo,Ger,meM,» : H)\| 1;[:;;(1 < oo}
where
q 1/q
% .
_ js (27 i
H)\”E;(())q = Z Z Z 2/s7m) |)\Gm|]ij(')
j=0GeGI || meM; LT
(ii) For p™ < oo, we define
~s() . .
fp('),q(-) = {)‘ = {)‘ém} jENg,GéG/,mEMi . ||)\ ]c,;(())q() < OO},

where

1A

Jj=0 GeG/ meM;

00 1/q()
?;;::‘q(.) = [Z Z Z 2/as@7m) | \L 1a0) ij(,)]

LPO) (T™)

with ¢ () € P(T").
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A.5. A useful corollary of Kolmogorov’s continuity criterion

Let us consider a random function u given by the random series

=3 & (A.3)

k=0

where {, }; is an i.i.d. sequence and the v, are real- or complex-valued Holder functions on
the bounded open D C R” satisfying, for some o € (0, 1],

[ () — Y] < h(a, P)lx — y|* x,y € D; (A.4)
of course, if a = 1, the functions are Lipschitz functions.
Theorem A.1. [10] Let { Y0 be countably many centered i.i.d. random variables with

bounded moments of all orders. Moreover, let {1y x>0 satisfy (A.4). Suppose there is some
6 € (0, 2) such that

Sie= Y [l lli= < oo, (A5)
k>0
and
Sy = Y| |i=P h(a, ) < o0. (A.6)
k=0

Then, u defined by (A.3) is a.s. finite for every x € D, and u is Holder continuous for every
Holder exponent smaller than «b /2.
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