Chapter 1. Basic Concept in Matrix Analysis

This chapter recalls basic facts about matrix, including linear vector spaces, linear trans-
formations, norms and inner products, eigenvalues and eigenvectors.

1 Linear Vector Spaces

1.1 Linear transformation and its matrix representation

Assume that V' and W are two linear vector spaces over a field F. Here, most of the time
we will have ' = R and sometimes F = C. We will also consider finite dimensional vector
spaces and in such case, when dim V' = n, and dim W = m, we have a basis in V' composed
of n linearly independent vectors:

V = span{y1,...¢n}.
Recall that a mapping T : V' +— W is linear if
T(au+ Bv) =aTu+ BTv Yu,veV, «a,BeR(or «,8€C)
The set of all linear operators from V' to W will be denoted by L(V, W) and L(V) = L(V, V).
It is clear that £(V, W) is also a linear vector space.

When the bases in V and W (W = span{ty,...1,}) are fixed, the linear operator T" has
a matrix representation A € F"*" which is obtained as follows. Consider T": V +— W
and obviously then, the image of T'p;, j = 1,...,n is an element of W. Using the basis {1}
in W we can write

To; =Y ot
k=1

Therefore, forv e V, v =>"

a;p; we have:

j=1
Tv = TZ%‘%’ = Z%‘T@j
j=1 J=1
by
n m m /TL_/A
= Zaj Z%g’%; = Z ZOék]CL] (o
7j=1 k=1 k=1 j=1
= Zbkwk
k=1



The matrix representation of 7" then is A = (ay;), k=1,...,m, j =1,...,n and we have
the following relation between the coefficients of v and T'v:

It is often convenient to identify the linear transformations with their matrix representations,
when the bases are fixed. When there is no ambiguity, we shall use the same notation A, B,
etc. (without boldface) to denote both the operator and its matrix representation.

A linear mapping f : V — R or f : V +— C is called linear functional. The set of all
linear functionals is denoted by V' and it becomes a vector space by setting

(f+9)) = fv)+gv), (af)(v)=af(v), acF.

The dimension of V' is the same as the dimension of V'; and for fixed basisin V', {¢1, ..., o0},
a basis in V', {¢},..., ¢} is defined by

n

op(v) =ag, if v= Zajgpj.

j=1
or
O (©5) = Orj-

1.2 Norms and inner products

We introduce the notions of norm and inner product which generalize the length and dot
product for vectors in R3.

Definition 1.1 (Norm) A norm on the vector space V' is a function || - || : V — R that
satisfies, for any u,v € V and a € R, the following three properties

1 o] =0, iff v =0;
2. |lav| = |elllvll;
S flu+ ol < lull + o]l

Note that these three properties imply that ||v]| > 0. Indeed, by property 3. and 2. above
we have
0= [lo—vf| < vl + [(=D)] fJv]| = 2{[v]]
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Important examples of norms are the P-norms on R™. Let V = R"™ and p > 1. Define

ol = (Zw)p. (1)

It can be verified that || - ||, satisfies all the three conditions in the above definition and hence
it defines a norm in R™. The three most important cases are p =1, p = 2 and p = oc:

n n %
el =3 kel = (ZII) - and ol = ma |
1= 1=

Another example of a norm on a vector space V' with a fixed basis {¢;}7_, is as follows:
¢p(v) = ||z||,, where v = ijcpj, p>1 (1.2)
j=1
We recommend that the reader verifies that all properties of the norm are satisfied by g¢,(-).

The equivalence of different norms on a vector space V' is an important tool in the analysis
when we would like to obtain quantitative results on the rate of convergence of sequences.
We introduce this concept next.

Definition 1.2 We say that two norms || - || and || - || are equivalent norms on V if there
exist constants ¢ and C' such that the following inequalities hold for all v € V':

cllol] < vl < Cllvll. (1.3)

Next theorem shows the important fact that in finite dimensional space all norms are equiv-
alent.

Theorem 1.3 Any two norms on a finite dimensional linear vector space V' are equivalent.

Proof. We fix a basisin V, {y;}, 7 =1,...,n and let || - | be any norm on V. We will show
that || - || is equivalent norm to the norm ¢..(-) defined in (1.2). This will prove the result,
because norm-equivalence is a transitive relation. Clearly, the set S defined as

S={yeR" ||yl =1}

is closed and bounded as a subset of R™. Moreover, we have

S = {yeR” | go(v) =1, v = Zwa}
j=1
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Consider the function f :R"™ — R, defined by

r=(x1,...2,)", f(z):=

n
E :%’%0]'
j=1

It is clear that f is continuous, because by the triangle inequality we have that

F@) =)l < D@ —u)ei| < lz =yl Y _ ol
P =1
< Kz =yl

where, K =377 )|, which is a constant because the basis is fixed. We have that f(z)
is continuous on R", and, in particular, on S. By the extreme value theorem from calculus,
because S is a compact set in R™, it follows that f(x) attains its maximum and minimum
values at some points z,;, € S and xp,.c € 9, that is,

0 < f(@min) = gggf(x>> f(@max) = r?gg(f@) < 0.

Therefore,
¢ = f(@min) < [[v]| < f(Tmax) = C.
Applying the above inequality with qoo#(v)v for general v € V' completes the proof. W

Operator norms Notice that £(V) is a linear vector space, hence a norm of an oper-
ator A € L(V), in general, could be any function which satisfies the conditions stated in
Definition 1.1. Several examples are

Example 1.4 For a matric A € R™™, we can map A to a vector in R™ and define the
following “entrywise” norm:

n m 1/p
b, = (3 3lost) )
i=1 j=1
For p = 2, this is called the Frobenius norm:

n m 1/2
|Allr = (ZZ’aijP) : (1.5)

i=1 j=1

For p = oo, this is called the max-norm:

[A]loe = max{fa;;|}. (1.6)

Operator norm may be defined as a sub-ordinate norm to a vector norm. We have the
following proposition which defines such a norm and proves two important properties.
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Proposition 1.5 Let U, V, and W be linear vector spaces with norms || - ||v, || - [[v, and
| - [lw, respectively. Define, for A € L(V,W),

Av w
1Al vy = sup 122

, forallAe L(V,W) (1.7)
veV HUHV

Then, ||Allzww) is a norm in L(V, W) which satisfies, for any v € V,
[Av[lw < [[Allzwllvllv- (1.8)
In addition, for any B € L(U,V), we have

IAB| cowy < Al covmy | Bll vy (1.9)

Proof. The first inequality (1.8) follows from the definition of || A||zv,w):

[ Av[lw [ Ayllw
< [vllv sup = 1Al covmyllvflv-
[ollv vev llyllv

[Av[lw = flvllv

The second inequality follows almost immediately. From (1.8) we get

[ABullw < [[AllemlBullv < [[Allewm) 1 Blleww)llullo-
Dividing both sides by ||u||y and taking the sup over all u € U completes the proof. W

An operator norm || - || is called sub-multiplicative if it satisfies (1.9). A vector norm

|| - lo and an operator norm || - || are called consistent if
[Av]la < [|Al|sllv]la, for all A € L(V),v e V.

Since the linear functionals are mappings from V' to F their norms are also defined as in (1.7)
which relates the norms on V" and V":

1l = sup L (1.10)
P ol

We shall now give the definition of inner (scalar) product.

Definition 1.6 (Inner (or Scalar) Product) An inner product of V is a sesquilinear
form (-,-) : V. x V i+ C such that for anyu € V,veV, weV anda €C, g €C,

1. (u,v) = (v,u);

2. (v,v) >0 and (v,v) =0, iff v =0;



3. (au+ Pv,w) = a(u,w) + B(v,w)

If V is a vector space over the real numbers, the second item in the definition says that the
inner product is symmetric. Note that (v,v) is always real by 1.

Example 1.7 The FEuclidean inner product when V = C" is defined by
('T? y)@ = Z Y
i=1
and analogously also for V.=R" (actually the same expression as y; = y; in this case).

Lemma 1.8 (Cauchy-Schwarz inequality) Assume that (-,-) is an inner product on V,
then
|(u,v)|? < (u,u)(v,v), forallueV,veV,

Proof. By the definition of inner product, we have, for any u,v € V and a = EZZ% € C we

have

0 < (u—ow,u—av)=(u,u) —alu,v) —alu,v) + o> (v,v)
BN (0%

(v,v) 7

which completes the proof. W

The Cauchy Schwarz inequality shows that ||v|]| = (v,v)/? is a norm. This norm is
sometimes said to be a norm induced by the scalar product. It is immediate to see that
(v,v)"/? satisfies conditions 1. and 2. in the definition of a norm (Definition 1.1). The

triangle inequality (condition 3.) follows from the Cauchy Schwarz inequality by

lu+vl* = (utv,u+v)=lul® +][Jv]* +2Re((u,v))
<l + 1ol + 2[(u, 0)] < Hull® + o]* + 2[[ul]lv]
2
= (lull+ol)™

Example 1.9 LetV = R". For the inner product given by Example 1.7, the Cauchy-Schwarz
inequality gives

2 n n
< Z i) Z il
i=1 i=1

n
E ZTiYi
i=1




Example 1.10 V = L?(a,b), the vector space consisting of square integrable functions over
interval (a,b). Define an inner product by

b
(f,9)r2 =/ f(z)g(z)dz.

The corresponding Cauchy-Schwarz inequality is

< [ 1w [l

[ ey

2 Eigenvalues, eigenvectors of matrices

In this section, we briefly review some facts related to eigen-decomposition of square matrices.

2.1 Eigenvalues: algebraic and geometric multiplicity

Given A € C™™if A € C and x # 0 are such that
Ar = Az,

then we call A an eigenvalue of A and = an eigenvector of A corresponding to the eigenvector
x. Note that
Az =dx <= (M —A)xz=0. (2.11)

Given A € L(V) we use the notation g(A) to denote the set of all eigenvalues of A, or,
equivalently the spectrum of A, namely,

o(A) ={X € C| det(A— ) =0} (2.12)

The characteristic polynomial of A is defined to be P4(z) = det(A — zI). Any polynomial
of degree n with complex coefficients

q(2) = 2"+ ap_12" "+ -+ arz + ap.

is a characteristic polynomial of a matrix. Indeed, g(z) = Pa,(2) where

0 0 0 a

1 0 0 a
A, =

0 0 0 anp_o

0 0 1 a,1



To find the eigenvalues of A is equivalent to solving P4(z) = 0.

If n > 5, by Abel’s theorem (a.k.a Abel-Ruffini theorem), the eigenvalues of A cannot
be expressed in terms of the algebraic operations +, —, =+, X, o/ Thus, on a computer, we
can only find eigenvalues iteratively using approximate methods.

“In algebra, the Abel-Ruffini theorem (also known as Abel’s impossibility theorem) states
that there is no algebraic solution, that is, solution in radicals, to the general polynomial
equations of degree five or higher with arbitrary coefficients. The theorem is named after
Paolo Ruffini, who made an incomplete proof in 1799, and Niels Henrik Abel, who provided
a proof in 1824.” — Wiki

Definition 2.1 The algebraic multiplicity M,(X\;) of an eigenvalue N;, is the number of times
that \; appears in the factorization of Pa(z):

Pa(z) = (2 = A)" (2 = A2)” -+ (2 = A\)™, where y1 + 72 + -+ + 7, = n.

Definition 2.2 The geometric multiplicity of an eigenvalue \; s

M,(\;) = dim E;, where E; = ker(\,I — A).

It is immediate to see that M,(\) < M,(A\). In addition, if M (X) < M,(N), then the
eigenvalue A is called defective eigenvalue; if 37\ 4 Mg(A) < > 2yc,a) Ma(X), then the
matrix A is called defective matrix.

Example 2.3 A =

o O O

10
0 1]. Then Pa(z) = 2. X = 0 is the only eigenvalue with
0 0

M,(0) =3 and M,(0) = 1.

Definition 2.4 A matrizc A € C**" is diagonalizable if there exists an invertible matriz
X and a diagonal matriz A such that A = XAX .

Theorem 2.5 A is non-defective if and only if it is diagonalizable.

Similar matrices represent the same linear operator under two different bases, with P
being the change of basis matrix. For example, consider a linear operator

T: V=V



Under the basis {¢;}, we have v = """ a;¢;, Tv = Y, b;¢;, and the relation b = Aa. If
we consider another basis {¢;}, we have v = >"  a;¢;, Tv = > 1", b;h;, and the relation
b= Ba. It is easy to check that

B=P'AP

where

P = Z Pij¢;.
=1

2.2  Schur decomposition

The following lemma is used in the proof of the Schur decomposition Theorem 2.7 and also
in constructing QR decompositions later in this course.

Lemma 2.6 Let x € C" and y € C", be such that ||z|| = ||y|| and (z,y) = y*z is real. Then,
there exists a unitary transformation Q) such that Qx = vy.

Proof. Weset Q = 1—a(z—y)(x—y)*. Choosing a = ﬁ a straightforward computation
shows that Q*Q) = QQ* = I, and it follows that () is unitary. Next we check whether Qx = y.
Note that from the conditions on the norms of x and y, and the fact that their inner product
is real, we have

*

lz —yl|* = [Jz]I” = y*z — 2y + [ly]|* = 2(z — y) "=,
Therefore,
Qr =z — oz —y)[(x —y) 7] Ix—,—(x—y)zy-
[

The Schur decomposition theorem, which we prove next, shows that every matrix is
unitarily similar to an upper triangular matrix.

Theorem 2.7 Let A € C"*™. Then there exists a unitary QQ and an upper triangular U
such that A = Q*UQ).

Proof. The proof is by induction with respect to n. The result is clear for n =1 with Q =1

and U = ay;. Assume that the Schur decomposition exists for matrices from Cr=Dx(n=1) and
L1

let x € C", o= | : |, with (z,z) = 1 is an eigenvector of A, corresponding to eigenvalue

Tn



A. Next, define 5 € C as follows:

1, if ;=0
8= U (2.13)
Ii_il’ if x; #0.
Consider now the vector y = 3(1,0,...,0)* = fe; and note that ||y|| = ||z| and that

y*r = |z1] € R. Therefore, z and y satisfy all conditions of Lemma 2.6 and we can construct
a unitary matrix 7 such that Q1@ =y = fe;. We then have that fQ7je; = = and hence,

1 A
Q1AQTer = -Q1Ax = —Q1z = dey.

B g
Thus, we obtain
. (N wy
auiai= (1 )

where wy € C*! and A, € C(*~*(=1) By the induction assumption, there exists a unitary
matrix Qy € C~Vx(=1) guch that Uy = Q2A45Q is upper triangular matrix. We then set

* T
Q110103 = () 1F) =v. with Qu- (é %2>.

It is also clear that the eigenvalues of U and A coincide (with their multiplicities), and the

proof is complete. W

Theorem 2.8 A matriz A € C"*" can be written as A = Q*AQ, where Q) is unitary and A
is diagonal, if and only if A is normal, namely A*A = AA*.
Proof. By Schur decomposition above, A = Q*U(@. Obviously

A*A = AA* & U'U =UU"* < U is diagonal.

2.3 Gershgorin Circle Theorem

Theorem 2.9 If A € C"*", then the spectrum of A, o(A), is contained in the union of the
following disks in the complex plane.

n

Dy={z€ (C‘ |z — ax| < Z |ag;] }-

J=Lj#k
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Proof. For A\ € o(A), take = such that Ax = Az and ||z||c = 1. Let k be such that
|zx| = 1. Then (Ax), = Axy, thus

n

AT, = E ;T = E apiT; + appry = (A — agg)xp = g ap;Tj.

j=1 jk ik
Hence
A = al = (X = al el = | D angas| < angllal < gl
j#k j#k ik
[

2.4 Min-Max theorem (Courant-Fischer)

Given A € R™" A = AT. We know that
(Azx, x) (Az, x)

Amin = Mmin < max
zeRr (x,2) ~ zeR" (z,x)

= )\max .

Theorem 2.10 (Courant-Fisher min-maz theorem) Suppose A\ < Ay < --- <\, are the
eigenvalues of A € R™" A = AT, Then

. (Az, )
A = min  max
{S|dim 5=k} =S (z,T)

Proof. Let uy, us, - -+ ,u; be the corresponding eigenvectors and Sy = Span{u, ug, ..., ug}.

Clearly dim Sy = k. So
(Az, z) . (Az, z)

= 1111 max .
veSy (x,x) ~ {S|dimS=k} zeS (x,x)

Consider S, = Span{ug, ugt1,- -, up}. We have dim S;, =n — k+ 1 and
(Az, z)
(z, )

Now for any S such that dim S = k, dim S + dim S, = n + 1 and thus SN S), # {0}. Let y
be in S NS}, and we have

> )\k; Vx € S;;

(Az, z)
max >
z€S (.CE, .2?)

(Ay,y)
(v, v)

> Ak

Hence

. (Azx, z)
min  max

> A\
{S|dimS=k} zeS (x,x) — F

The proof is complete. H
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Corollary 2.11 (Max-Min Theorem) Using the same setup as above, we have

. (Az, x)
A = max min .
{S|dim S=n—k+1} z€S (z, )

The proof is similar.

Theorem 2.12 (Interlacing Theorem) Suppose A € R™*" is symmetric, P € R™™ is full
rank and P*P = I, where m < n. Let B = P*AP. Let \{(A) < X(A) < -+ < A\ (A) and
AM(B) < \(B) < -+ < A\p(B) be the eigenvalues of A and B, respectively. Then

M(A) < A(B) < Apomaj(A), 5=1,2,---,m.

Proof. Let vy, vy, - -+ , vy, be the eigenvectors of B. Denote again S; = Span{vy, ve,- -+ ,v;}.
Then
B P*AP
M(B) = max BET) g (PTAPT 2)
z€S; (ﬁC, x) €S (ﬁC, x)
P*AP
= max w Because P*P =1
zeS; (P*Px,x)
(APz, Px) Ay, y)
= max = max

> min max
veP(s;) (y,y) {S|dim S=j} z€S (x,x)

In the last equality we used the min-max theorem.

We shall now prove A;(B) < A,_4;(A). Let §m_j+1 = Span{v;,vj41, - , U}, then

B A
Aj(B) = min (Bz, ) = min (4y,y)
2ESm_jt1 (iL‘, 33) YEP(Sm—j+1) (y’ y)
. (Az,x)
< max min = M—m+i(4),

T {S|dimS=n—(n—m+j)+1} z€S (T, 1)

where the last equality is due to the corollary of the min-max theorem. W
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2.5 Relations between spectral radius and norms
For a matrix A : R” — R", the spectral radius of A, p(A) is defined as

A) = A
p(A) Agﬁfgﬂ |

The relations between spectral radius and the norm of a matrix are interesting because they
show connections between algebraic quantity (spectral radius) and geometric quantity (such
as length and norm).

In this subsection, using the Schur decomposition theorem we prove such relations be-
tween spectral radius of a linear transformation and a its sub-ordinate norm. Recall that a
norm is sub-ordinate if it is defined via a vector norm. For a linear transformation A : V +— V|
where V' is a vector space equipped with a norm || - ||:

A
4] = sup 1241
ol

p(A) = ||A]lz if A is normal.
| Az]|3 r*A* Ax
ax — = = max ————

2 __
IAllz = max Zos = max——

= p(A"A) = p(A)?
In the proof of the main result, Theorem 2.14 we need the following lemma.

Lemma 2.13 Let S € L(V) be an invertible operator and ||-|| be a sub-ordinate norm. Then
Ng(A) = ||SAS™!|| is also a sub-ordinate norm.

Proof. It is easy to verify that Mg(v) = [|Sv]|| is a vector norm on V. Further, by the
definition of a sub-ordinate norm we have:

AS~! A Mg(A
Ng(A) = sup ISAS™ w] — _“S wll _ s(Aw)

vev Y| wev |[Swl|  wev Ms(w)’

Here we have changed the variables v = Sw, and the second identity above follows from the
invertibility of S. This concludes the proof. W

The following theorem states several important relations between spectral radius and
norms of a linear transformation.

Theorem 2.14 Assume that A € L(V'), V is a vector space, dim V' = n. Then the following
equalities hold:
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1. p(A) =inf) [|Al|, where the infimum is taken over all sub-ordinate norms.
2. limy_,0 A¥ = 0 if and only if p(A) < 1.

3. p(A) = limy oo [ A5

Proof. To prove 1. we first show that p(A) < ||A|| for any sub-ordinate norm || - ||. Let
x € V be such that Az = Az with |[A\| = p(A4). We then have
[Avf]  [[Az]
[A]] = sup > = p(A).
vev vl [l
Next we show that for any § > 0 there exists a sub-ordinate norm || - || such that [|A|ls <

p(A) + 0. This will conclude the proof of 1. We fix the basis in V' and below we will talk
about the matrix representation of A in this fixed basis. From the Schur decomposition
theorem we know that there exists unitary transformation () such that

QAQ =A+T,

where A is a diagonal matrix with the eigenvalues of A on the diagonal, and U is a strictly
upper triangular matrix. Note that U" = 0. For 0 < € < 1, let us introduce a diagonal
matrix D, D = diag(e,e?,...,e"). As U;; = 0 for all i > j, it is straightforward to verify that
(D7'UD);; = &~'U;; for i < j, and (D7'UD);; =0 for i > j. Choosing ¢ = min{m, 1}
and we have

ID D < U] < 5.
Let us set S = D7'Q* and from Lemma 2.13 we have that Ng(A) = ||SAS™!||. is a sub-
ordinate norm. Hence,
Ng(A) = |A+ D 'UD||s < p(A) + ||D7'UD||o < p(A) + 6. (2.14)
Here we have used that D™*AD = A and ||A]|sc = p(A). This completes the proof of 1.

To show 2.: If p(A) < 1, say p(A) =1 — ¢, for some 0 < ¢ < 1 and we choose § = § and

by 1. we have that there exists a norm || - || such that
|Alls < p(A)+d=1-6 < 1.
As the sub-ordinate norms are continuous functions, we have
0 < | lim Al = lim [|A%|s < lim (1 —6)* =0,

which shows one of the implications in 2. To show the other direction, we assume that
limy_,00 A¥ = 0, and let  be an eigenvector of A, such that Ar = Az with |A\| = p(A). As in

the proof of 1.
AF AF
veV ”UH ||$||
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Taking the limit on both sides shows that limy_,. p(A)¥ = 0, and, hence p(A) < 1. This
concludes the proof of 2.

Finally to prove 3. Let € > 0 be arbitrary. We set B = (p(A) + ¢)"*A. Note that
p(B) < 1 and by 2. limg_. B¥ = 0. By the continuity of the norm, this implies that
limy_,o || B¥|| = 0. By the definition of a limit, this means that there exists an N, such
that ||B¥|| < 1 for all K > N. Note that ||B*|| < 1 implies that ||A*|| < (p(A) + €)*, or,
equivalently, ||A*||x < (p(A) +¢), for k > N. Therefore, for any ¢ > 0 there exists an N,
such that

p(A) < | AM|F < p(A)+2, k>N

This concludes the proof of 3. and the proof of the Theorem. W

We also state a theorem and a corollary, which are often useful in analysis.

Theorem 2.15 Let A € C"*" be a given matriz. If p(A) < 1, then (I — A) is invertible and

(I— A= iAj.

Proof. Let p(A) = (1 —7), where 0 <y < 1. Let § = 3. From the previous theorem we
know that there exists a sub-ordinate norm || - || such that
_ g
4l <o) +5=1-T <1

Let us denote v
Sy=>Y A
=0

By the triangle inequality ond the sub-ordinate property of the norm we obtain that

N N N
ISl = 1D A< A7) <> A
§=0 §=0 §=0

This tells us that limy_,. Sy exists and is bounded and we denote S = limy_,o, Sy. Next,
we observe that

(I-A)Sy = (I-AT+A+...+AY)
= T4+ A+.. + AV —A—  — ANFTL =T — AN*L
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Taking the limit on both sides and also considering Sy (I — A) shows that
S(I—-A)=(1-A)S=1,
which is another way to say that (I — A) is invertible and its inverse is S. W

The following corollary is immediate and its proof amounts to some small changes in the
proof of Theorem 2.15.

Corollary 2.16 If A € C™™ and ||A|| < 1, where || - || is a subordinate norm, then (I — A)
15 wnwvertible and the following bound holds:

1

I— A<
I =47 < 7=

2.6 Special Cases of Eigenvalue Problems

We have the following special cases of eigenvalue problems which are often encountered in
applications.

1. A is diagonalizable if A has n distinct eigenvalues.

2. A is unitarily diagonalizable (there exists unitary ¢ and diagonal matrix A such that
A = QAQY) if and only if AA* = A*A, that is, if and only if A is normal.

3. A is Hermitian (or symmetric, when F = R) matrix A = A*. Any Hermitian matrix is
unitarily diagonalizable.

4. For any A, B € L(V), 0(AB) = c(BA)\{0} and ¢(A) = o(T~*AT) for any invertible
T € L(V). A special case is that if A, B € R™" and B is invertible, we have
AB = B'(BA)B. 1t is obvious that o(AB) = o(BA).

3 SVD: Singular Value Decomposition

The singular value decomposition is one of the important and practical tools in numerical
linear algebra. To draw a simple analogy, let us consider a selfadjoint matrix A € C"*",
ie., A* = A. It is well known that we can write A as a sum of rank 1 projections on
its eigenvectors. Let Ap; = X\jp;, j = 1 : n and ||¢;]l2 = 1. From Schur Decomposition
Theorem (and many other theorems) we have the following identity

A=) Mo

j=1
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The theorem which we prove next, provides such a decomposition for general matrix
A e R™*™,

Theorem 3.1 Any matriz A € R™*™ (m > n) can be written as

Z * - *
A—U(O> 1% —;ajujvj (3.15)

where U € R™™ V € R"™ ™ are orthogonal matricies, and ¥ = diag(o;) is diagonal such
that
012092 ...20,> 0,41 =...0,=0.

There are different ways to prove this important theorem. Here we give two constructive
proofs. Let us first recall a classical result from linear algebra.

Lemma 3.2 Let A € R™" and r = rank(A) = dim(Range(A)). Then

dimKer(A) =n—r, dimKer(A*)=m —r.

Recall the concept of rank of a matrix.

The column rank of A is the dimension of the column space of A (number of linearly
independent column vectors), while the row rank of A is the dimension of the row space of
A (number of linearly independent row vectors).

column rank = row rank

A matrix is said to have full rank if its rank equals the largest possible for a matrix of
the same dimensions, which is the lesser of the number of rows and columns. A matrix is
said to be rank deficient if it does not have full rank.

The rank is also the dimension of the image of the linear transformation that is given by
multiplication by A. More generally, if a linear operator on a vector space (possibly infinite-
dimensional) has finite-dimensional image (e.g., a finite-rank operator), then the rank of the
operator is defined as the dimension of the image.

3.1 Low-rank approximation

A matrix A € R™™ (m > n) has SVD

Z n
A:U(()) V*:;ajujw; with oy > 09 > --- >0, > 0. (3.16)
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The best rank k approximation to A in the spectral norm is

k
A = E ojujv;,
j=1

and
HA - AkH2 = Ok+1-

3.2 ProofI of Theorem 3.1

Since A*A € R™*" is selfadjoint and positive (semi)-definite we can write

A*A=VAV*
where V' = (vy,...,v,) is orthogonal and A is diagonal with nonnegative entries \;. Without
loss of generality, we assume that
M>A > >N > Ay =...\, = 0. (3.17)
It follows that
(AV)*(AV) = V*ATAV = A. (3.18)
This means that AV € R™*™ has orthogonal columns. Define
o = || Av]| = VN, i=1:n. (3.19)
and let
w = Av;fo;, 1 <i<r.
Note that

Av; =0, r+1<i<n.

Thus, with U, = (uq,...,u,), we have that

AV = (U,%,,0), and, hence A= (U.%,,0)V*= Zajujvj.
=1

Next, we complete the set of vectors (ui, ..., u,) to an orthogonal basis in R™. We set
U=, ﬁm_r), where U, , = (Upg1y .o Upy) € R™TTT
Without loss of generality we may assume that the columns of ﬁm_T are orthogonal
ﬁ;_rﬁm,r = I(m—r)x(m—r), and, hence, U*U = I.
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It is then immediate to see that

by . 0
A: * 2: T Rnxn
o) v == o)

The proof given above contains a useful information, summarized as follows:

as desired.

1. The singular values of A are the square roots of eigenvalues of AA*.

2. Rank(A) is the number of the nonzero singular values.

Exercise 3.3 Two matrices A, B € C"*" are unitarily equivalent if A = QBQ* for some
unitary QQ € C™*™. Proves that that A and B are unitarily equivalent if and only if they have
the same singular values.

4 Problems

Exercise. Let V' be a real finite dimensional vector space with basis (¢1,...,¢n). Show
that the functionals (¢), ..., ¢!,) defined as

op(v) =ag, if v= Zajgoj.
i1

are linearly independent and that any f € V' can be represented as f = Z?Zl v This
proves that dim V'’ = n.

Exercise. If A = A" and E = E”, show that
Me(A) + Amin(B) < M(A+ E) < Me(A) 4+ Amax(E).

Hint: rewrite Ay(A + E) using min-max theorem, then split the terms.
Exercise. If S : V — V is invertible, show that Mg(v) = ||Sv||y is a vector norm on V.

Exercise. Prove that A € R™"*" is self-adjoint if and only if A has all real eigenvalues
and a complete set of eigenvectors (namely these eigenvector form a basis of R").

Exercise. Prove that the eigenvalues of the symmetric tri-diagonal matrix A = diag(b, a, b),
for any two real numbers a, b, are given by

km

1<k<N
N+1’ - =

A = a + 2bcos
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and the eigenvectors v, 1 < k < N, are given by

) Jgkm .
vk,jZSIH(N+1>, I1<j<N

where vy, ; is the jth component of the kth vector wy,.

Exercise 4.1 If A=UXV"*, then

(2(2 281*):(‘(; —VU)(i —02>(
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