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Bessel beams are of great interest because of their unique diffraction-free properties and broad potential
applications. In this paper we investigate the generation of diffraction-free Bessel beams by combined axicons.
We found that such beams can propagate up to 9.63 km in free space. Longer propagation distance can be
achieved by utilizing the angular spectrum reconstruction theory that is proposed here for the first time, to
rectify the distortion caused by diffraction and extend the propagation distance up to 15 km from the emission

plane. Additionally, the self-healing property of the Bessel beam is demonstrated by initially removing the main
lobe and reconstructing the beam after 9.63 km. Finally, we demonstrate that the Bessel beam has outstanding
performance in weak and moderate turbulence atmosphere. The results obtained provide an effective way
for optical communication in deep space and may inspire new ideas for wireless energy transmission in the

microwave range.

1. Introduction

The diffraction-free beam is a special kind of beams that do not
diffract in free space during propagation, and among the first such
beams discovered were the Bessel beams [1]. The Bessel beam is
a solution of the three-dimensional Helmholtz equation, with field
landscape in the transverse plane (x, y) distributed according to the first
kind of Bessel functions, where the longitudinal coordinate (z) is the
propagation direction. Thanks to their non-diffracting property, a great
deal of effort is expended on deep investigation of Bessel beams [2—
5]. Szameit’s group reported a new class of radially self-accelerated
diffractionless beams that evolve in a spiral orbit and maintain am-
plitude and phase distributions in a rotating stationary frame [2—4].
They also reported a new method for generating long-range self-healing
Bessel beams based on a toroidal (annular) lens and a spherical lens
in a 4f configuration [5]. Until now, several potential applications
of Bessel beams have been proposed, including optical trapping [6,
71, laser drilling [8], laser precision collimation [9], optical micro-
manipulation [10], and wireless energy transmission [11]. Recently,
diffraction-free beams passing through an elliptical annular aperture
have been shown to produce hollow beams with zero central intensity,
which extended the application of Bessel beams [12]. It is worth noting
that the propagation trajectory (i.e., the trajectory of the “mass center”)
of the Bessel beam is a straight line. Besides the non-diffracting prop-
erty, the Bessel beam is also capable of self-reconstructing its field [13,
14] when the part of the beam is blocked by an obstacle, which
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is known as the self-healing property. Therefore, Bessel beams can
tolerate partial obstacle occlusion and still remain an effective solution
for realizing long-distance free-space optical communication [15-17].
Additionally, if the paraxial approximation for the Helmholtz equation
is considered, which results in the Schrédiner-like equation, Berry and
Balazs obtained the Airy non-diffracting wavepacket [18]. Based on
this, Christodoulides’ group developed finite-energy Airy beams [19,
20] that accelerate along a parabolic trajectory, and in this manner
opened another page in the history of diffraction-free self-accelerating
beams.

As early as 1987, Durnin proposed the ring-slit method for generat-
ing approximate Bessel beams at finite apertures that can propagate
over considerable distances [1]. Subsequently, computer-generated
holograms were proposed to generate Bessel beams, and the diffraction-
free distance reached 15.8 m [21]. It was also proposed to convert
Gaussian beams generated by the laser into Bessel beams using a
conventional axicon lens [22] or volume holographic axicons [23], and
soon higher-order Bessel beams of arbitrary order were achieved by
illuminating an axicon with appropriate Laguerre-Gaussian (LG) beams
[24,25]. In addition, higher-order Bessel beams can also be prepared by
using metasurfaces [26-28], diffraction gratings [29], geometric phase-
based optical elements [30] and spatial light modulators [31-34].
However, a lot of studies based on Bessel beams can only maintain the
diffraction-free property over a short distance, which limits its potential
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Fig. 1. (a) Scheme for generating long-distance diffraction-free Bessel beams from the combined axicon. (b) Magnified combined axicon model.

engineering applications. As a result, how to prolong the diffraction-
free distance to hundreds of meters or even kilometers became a
significant issue. It is worth mentioning that the intensity distribution
of long-range Bessel beam propagation was investigated [35-40], but
the phase distribution carrying the orbital angular momentum that
greatly enhances the communication capacity is not received sufficient
attention. It will be done in this work.

In this work, we propose a combined axicon model to produce
diffraction-free zero-order and higher-order Bessel beams over 9.63 km,
by selecting different refractive indices of materials and their different
combinations. Proper parameters contribute to the enhancement of the
diffraction-free distance. This scheme does not demand an extremely
small base angle of the axicon and has a high conversion efficiency. In
addition, the structure of the combined axicon is stable. To remediate
the distortion caused by diffraction, a method of angular spectral re-
construction is developed, based on the angular spectrum propagation
theory [41-43], which allowed further increase of the diffraction-free
transmission distance to 15 km. We believe that our results represent
one of the effective solutions for obstacle-tolerant links, enabling low
intensity restoration of obstructed links in spite of obscured main lobes.

2. Theory
2.1. Generation of higher-order Bessel beams

Bessel beams and LG beams can be linked by an axicon [24],
thanks to the fact that axicons can provide conical phase, which is the
condition for the formation of a Bessel beam. Therefore, we propose a
combined axicon model, as shown in Fig. 1, based on which we obtain
long-range diffraction-free Bessel beams from LG beams. The diffrac-
tionless Bessel beam is generated in the gridded region of Fig. 1(a),
and its optical field is given by

u(r, ¢, z) = cJy(k,r) exp(ilp), (€8}

where c¢ is the factor corresponding to the longitudinal position \/E,
exp(il¢) is an azimuthal phase factor, i is imaginary unit, / is the
topological charge, J;(-) is the /th-order Bessel function, and k, is the

longitudinal wave number related to the material and cutting type. The
intensity in the transverse plane behind the axicon is

2 2

where C is the factor corresponding to the longitudinal position z.
Consequently, the on-axis intensity of this beam increases linearly in
the maximum diffraction-free range, and similar results can be also
found in [22,24]. It is worth mentioning that the adoption of a phase
element [44] or a ring lens [5] can produce an on-axis intensity distri-
bution with smooth and constant intensity. The transverse distribution
of a high-order Bessel beam is shown in the inset of Fig. 1(a).

To clearly perceive the combined axicon action and analyze the
model conveniently, we depict the details of the combined axicon in
Fig. 1(b). According to the laws of refraction and angular equiva-
lence relation, one obtains n; sinw;; = n, sinw,,
nysinw;z = sin(e + 0) with w;; =7, 0, = w,| — 7, w;3 = @ — @, So, one
gets

I(p. ¢.2) = |u(r, §. 2)|* & C | (k,r)

ny sinw;, = n3sinw,y,,

0 = arcsin [n3 sin(g — (p,)] -, 3

@, = arcsin { "2 Gin [arcsin <M> - y] } , @
ny ny

where n;, n,, and ny are the refractive indices of the three materials
respectively, ¢ is the base angle of combined axicon, R is the radius of
the combined axicon, a is the radius of the aperture, H is the height of
the combined axicon, and & is the height of the material with refractive
index n,. All these quantities are clearly denoted in Fig. 1(b). As a
result, the maximum diffraction-free distance is

s = ®)
where k, = ksin(d), and under small angle approximation, z,,, = a/6.
Thus, for a given aperture size, the diffraction-free distance depends
only on 6. Therefore, a theoretical diffraction-free distance of several
kilometers can be reached by reasonably selecting materials with differ-
ent refractive indices and sizes. The smaller the 0 value is, the larger the
Zmax Value will be. From Eq. (3), one observes that ¢ is 0 and z,,,
when ¢ = ¢, (this is the limiting case). From Eq. (4), we can find
that when ¢ is determined, the refractive index and the y value can
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be reasonably chosen so that ¢, is infinitely close to ¢ to obtain an
awfully small  and a great z,,,.

Meanwhile, the combined axicon system has an amplitude trans-
missivity of 0.8531, according to the Fresnel’s law, hence its power
conversion efficiency can reach 72%. In addition, we presume that the
device can be applied for deep space optical communication, so the loss
is negligible.

2.2. Angular spectrum propagation theory

The propagation of a light beam is governed by the wave equation

0? oty oty 07
19y _ov dv dv ®)
v? o2 ox2  0yr  0z2
where the speed v = 1/4/ue, with e being the dielectric permittivity
and u the magnetic permeability of the medium. We assume that the
wave function w(x, y, z, ) has a complex amplitude v,(x, ¥, 2), which is
at the carrier wave frequency w,:

w(x,y.2.0) = y,(x, y, 2) exp (iwgt) - @
Substituting Eq. (7) into Eq. (6), one ends up with the Helmholtz
equation for y,:
6211/1, dzwp 021;/,,
+ +—
0x2 0y? 0z2

+ Ky, =0, ®

where k = wy/v = 2z /A, with 1 being the wavelength in the medium.
Taking Fourier transform of Eq. (8), one obtains

Y PR

122 +k0 l_ﬁ_ﬁ Yjp:(), (9)
where ¥, is the Fourier transform of y,. The general solution of Eq. (9)
is thus

k2 k2
Wk ky3 2) = Wpo s k) exp | ikz|[ 1= 5 = k—; . (10)

where ¥ ,(k,,k,) = W,(ky,k,;z = 0) is the Fourier transform of the
initial field at z = 0.

We consider a linear system with the input ¥,y(k,,k,) and the
output ¥, (k,, k,; z), so that the spatial frequency response of the system

is given by

y5

W, (ky, ky; 2)
Yook k)

with f7 + f; < 1/4%. We refer to # as the spatial frequency transfer
function at the position z to which the light has traveled in the medium.
Under the Fresnel approximation [45],

#H = &% exp [—i;riz (ff + fyz)] .

The field distribution at z in the real space is finally recast as

H(ky kys 2) = = exp [ikz 1-(af,) —(/lfy)z], an

v, = 7 {F w0t 0} - Hiky k)3 2)) 12)

where 7 and 7! are the Fourier transform operator and its inverse,
respectively. In numerical simulations, it is important to add a guard
area to prevent spectral aliasing [45], which is set to 6.4 m to prevent
the numerical artifacts that occur at long propagation distances. It is
worth noting that this is just a strategy adopted to address numerical
artifacts caused by discrete sampling. In reality, there is no issue of
numerical artifacts.

2.3. Atmospheric turbulence

The refractive index fluctuations caused by turbulence during beam
transmission in the atmosphere can distort the amplitude and phase of
the beam. Multi-phase masks are generally utilized to simulate atmo-
spheric turbulence [46-48]. The turbulence model developed by von
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Table 1
Comparison between theoretical and numerical beam
waists.

Order Theory (mm) Simulation (mm)
1=0 5.49 5.47

=1 13.50 14.06

=2 19.80 19.50

=3 25.68 25.05

=4 31.36 30.47

Karman and Tatarski is adopted in our simulation, and the fluctuation
spectrum of the refractive index can be represented as [35,49,50]

2 K2 2 a\-11/6

¢,(x) = 0.033C; exp <——2) (K + KO) , 13)
Km

where « is the angular spatial frequency, C? is refractive index structure

parameter which represents the strength level of turbulence is, x, =

2z/Ly and «,, = 5.92/1,. L, and [, are the outer and inner scale of

turbulence, respectively.

As shown in Fig. 3, atmospheric turbulence is simulated by inserting
random phase masks is along the beam propagation path. The relation
between the phase spectrum and the fluctuation spectrum of refractive
index is [50]

D) = 27k* Az, (), a4

where Az denotes the distance between the two phase masks.

The phase distribution in atmospheric turbulence can be obtained
by [50]
pxn=7[c (=) Vo), as)

N Ax

where N and Ax are the number of sampling points and the grid
interval of the phase mask, respectively. C isa N X N array of complex
random numbers with zero mean and variance 1.

3. Results
3.1. Generated Bessel beams

Next, we consider Bessel beams generated from LG beams by the
procedure described above. The parameters for generating the Bessel
beams of different orders, by using the combined axicon model, are as
follows: n; = 2.407, n, = 1.600, n; = 1.820, ¢ = 4.78°, y = 4.78°, R =
400 mm, @ = 200 mm, A = 632.8 nm. The incident LG beams are shown in
Fig. 2(a), with the corresponding phase distributions given in Fig. 2(b).
Note that the beam waists of LG beams from the 0-order to the 4th
order are chosen as 200 mm, 160 mm, 130 mm, 110 mm and 100 mm,
respectively. Across the combined axicon, the amplitude profiles of the
LG beams do not change, however the phases are modulated, as shown
in Fig. 2(c). The generated Bessel beams at z = 5 km are shown in
Fig. 2(d) and the corresponding phases in Fig. 2(e). Note that panels in
(d) and (e) are shown in the window —100 mm < x, y < 100 mm due to
the restrictions of the coherent area.

In Table 1, we compare beam waists of the main lobe (ring) of
Bessel beams obtained directly from Eq. (1) and based on the model
proposed in this work, which are listed in the left column (theory) and
the right column (simulation), respectively. One finds that our results
are in remarkable compliance with the theoretical results, which clearly
demonstrates the validity of the model.

The intensity and phase distributions of the Bessel beam at z =
9.63 km, which is the diffraction-free limit, are illustrated in Figs. 4(a)
and 4(b). One can observe that the Bessel beams of different orders
can maintain their shape after a long propagation distance. Fig. 4(c)
presents the variation of beam waists during propagation. It is appar-
ent that the Bessel beam produced by the combined axicon exhibits
excellent diffraction-free properties and its beam waist is practically
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Fig. 2. (a) Intensity distributions of the input LG beams with different orders. (b) Phase distributions corresponding to (a). (c) Phases of the beams across the combined axicon.
(d) Generated Bessel beams at z =5 km. (e) Phase distributions corresponding to (d). Panels in (a)-(c) are shown in the window —200 mm < x, y < 200 mm. Panels in (d) and (e)

are shown in the window —100 mm < x,y < 100 mm.

Phase mask

Fig. 3. Propagation model of a Bessel beam in atmospheric turbulence.

non-expanding, while the Gaussian beam with the same beam waist
will expand by a factor of 64 (/ = 0), 10 ! = 1), 5 (U = 2), 3
(I = 3), and 2 (I = 4) times, respectively. Note that the curves in
Fig. 4(c) start from ~253 m (/ = 0), ~1.52 km (/ = 1), ~3.16 km
( = 2), ~405 km (I = 3), ~4.18 km (I = 4), which are defined as
the minimum propagation distances z,, the reason being that the LG
beam does not directly transform into the Bessel beam immediately
after passing through the combined axicon. As shown in Fig. 1, the
Bessel beam gets established in the coherence (gridded) region, which
is a bit away from the combined axicon. As shown in Fig. 4(d), Bessel
beams with different topological charge / have different z,. Moreover,
the smaller / is, the smaller z, will be. In addition, z, shows a positive
correlation with the beam waist w of LG beams. If / is determined,
decreasing w can reduce z,. However, the value of w should not be
too small to reach a sufficiently long diffraction-free distance. As an
example, when / = 1 and w = 60 mm, the Bessel beam is generated
at 1.01 km, but it starts to broaden after z = 5.06 km (not shown).
On the other hand, if w is extremely small, the Bessel beam cannot
be generated.

3.2. Angular spectrum reconstruction

According to Egs. (3)-(5), the maximum diffraction-free distance
of the Bessel beam generated by the combined axicon will be z,, =

9.63 km. It will pose a great challenge on the selection of parameters of

the combined axicon to further extend the diffraction-free distance. On
one hand, the angular error must be extremely small, and on the other,
the selection of the material will get complicated. Here, we will show
how to extend the diffraction-free propagation distance by applying the
method of angular spectrum reconstruction.

We define the angular spectrum reconstruction factor as

S(ky, ks zq) = exp (—ikzd\/l —(Af)? - (/1fy)2> R

where z, refers to the desired reconstruction distance. The recon-
structed field at the receiving terminal will be

Vpolky, ky;z) = Sk, ky 2) - Fo dwp b

where y,, is the field distribution of the beam at the receiver. It is fairly
easy to implement this system by utilizing Fourier transformation with
a lens and then changing the phase by the spatial light modulator. Note
that

Wy # fx_y] {5{ Txy{'llpo}}~

In order to ensure the accuracy of the simulation, the calculation
window is enlarged twice, to provide a large enough free space for
the propagation, however the scale of the receiver does not change.
In Fig. 5, the red boxes indicate the receiver size, outside which the
information is lost.

In Fig. 5(a), the intensity distribution of Bessel beams of different
orders are displayed after propagating for z = 15 km in free space.
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Fig. 4. (a) Intensity distributions of Bessel beams at the theoretical diffraction-free limit z = 9.63km. (b) Phase distributions corresponding to (a). All panels are shown in the
window —100 mm < x,y < 100 mm. (c) Beam waists of different Bessel beams during propagation with different w fixed. (d) Relationship between the minimum propagation

distance z, and w for Bessel beams with different topological charge /.

Fig. 5. (a) Intensity distributions of Bessel beams after 15 km propagation in free space. (b) The corresponding phase distributions. (c) Intensity distributions of the reconstructed
Bessel beams. (d) The corresponding phase distributions. Panels in (a) and (b) are shown in the window —400 mm < x,y < 400 mm, while the red boxes are in the
window—200 mm < x, y < 200 mm. Panels in (¢) and (d) are shown in the window —100 mm < x,y < 100 mm.

Clearly, the Bessel beam undergoes a huge spreading and distortion
compared to that at z = 9.63 km shown in Fig. 4(a). At the same
time, the corresponding phase distribution in Fig. 4(b) turns out to be
chaotic-like and one can hardly recognize the topological charge. After
dense numerical simulations, we obtain an optimized reconstruction
distance factor of z; = 9000. The intensity and phase distributions at
z = 15 km and after reconstruction are shown in Figs. 5(c) and 5(d), in
which the distortion is effectively eliminated and the correct / value
can be simply extracted from the phase. Consequently, the angular

spectrum reconstruction can enhance the performance of our Bessel
beam generation procedure in a visible way. It is worth emphasizing
that this method is not “created out of nothing” but out of the well
grounded theoretical rearrangement of light field in the receiving plane.
If the intensity distribution is much larger than the observation plane
(the red box) and much of information is lost (e.g., by propagating the
beam further up, to say z = 20 km), this method will fail to successfully
restore the Bessel beams. So, the propagation distance cannot be raised
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Fig. 6. (a) Bessel beams after removing the main lobe at z =5 km. (b) The same Bessel beams after self-healing, observed at z = 9.63 km. All panels are shown in the window
—200 mm < x,y < 200 mm. Note in particular the reconstruction of the main lobe, the red ring.

Intensity

Weak turbulence

Q
(C2=1x10""m™"?)

Moderate turbulence:
(C? =1x107"°m™?)

Strong turbulence |
(C2=1x10"m™")

Fig. 7. Intensity and phase distribution of the Bessel beam at z = 9.6 km considering turbulence of different strength levels. All Panels are shown in the window —100 mm <

x,y <100 mm.

indefinitely for a given observation plane, unless the plane is enlarged
accordingly.

3.3. Self-healing property

One of the remarkable properties of diffraction-free beams is their
self-healing property [51], and this is also feasible for the Bessel beam.
The intensity distribution of Bessel beams after removing the main lobe
(ring) are shown in Fig. 6(a). After propagating to z = 9.63 km, the
intensity distributions are shown in Fig. 6(b), which are quite similar
to those in Fig. 4 — the main lobes are repaired with the energy coming
from the side lobes, and this demonstrates the self-healing property of
the Bessel beams discussed here.

Last but not least, we would like to note that the reconstruction
distance is weakly affected by /. To illustrate this property, in the Sup-
plemental Materials we provide an animation that is corresponding
to Fig. 6.

3.4. Bessel beams propagate through turbulence

Since our goal is to investigate free-space optical communication
systems for deep space (without considering turbulence effects), a
proper discussion of atmospheric turbulence at low altitudes is nec-
essary to expand the communication area as well as to extend the
application range of this system. One is simulated at three different
turbulence strength levels where the structural parameters of refractive
index C2 were 1 x 10713 m=%/3 (strong turbulence), 1 x 10~!5 m=2/3
(moderate turbulence), and 1 x 10~'7 m~2/3 (weak turbulence). The
parameters are kept constant except for the structural parameters. The
inner scale of turbulence /, = 0.01 m, the outer scale L, = 50 m,
the wavelength of Bessel beams A = 632.8 nm, the phase mask size is
04 m and N = 512. The distance between phase masks 4z = 100 m,
and the number of repetitions m is taken as 96. Based on the above

parameters, the intensity and phase distributions at z = 9.6 km for
different turbulence strength levels are shown in Fig. 7. Comparing
with Figs. 4(a)—(b), the distributions are almost without change under
weak turbulent disturbance. Under moderate turbulent disturbances,
the intensity distribution of the Bessel beam tends to lose its profile. The
corresponding phase shows distortion, however one still can extract the
correct topological charge value. Under strong turbulent disturbances,
both distributions are extremely chaotic, rendering it hard to extract
the correct information. Some possible solutions are the employment
of adaptive optics or deep learning, which is beyond the scope of this
work.

4. Conclusion

Summarizing, we have proposed a combined axicon scheme for
generating long-range (~9.63 km) diffractionless Bessel beams. Thanks
to the angular spectrum reconstruction method, the diffraction-free dis-
tance can be extended up to 15 km. The self-healing property of Bessel
beams is also demonstrated. Finally, multi-phase masks are applied to
simulate atmospheric turbulence to verify that this beam propagates
with little loss of information in weak as well as moderate turbulence.
The resulting Bessel beam can serve as an appropriate information
carrier for long-range communication, since the intensity distortion due
to diffraction can be efficiently suppressed.
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