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1. Introduction

The Swift-Hohenberg (SH) equation was originally derived by Swift and Hohenberg [1] to describe
Rayleigh—Bénard convection. Related applications can be found in complex pattern formation, complex fluids
and biological tissues. The SH equation is derived from the following free energy functional

E(u) = /Q (;(Auﬁ — |Vl + F(u)> dz,

where {2 is a domain in R? (d = 1,2,3), u is the density field, F(u) = ju* + 15%u?, 0 < € < 1 is a constant
with physical significance and A is the Laplacian operator. The SH equation is given by

ut:—%:f(A2u+2Au+f(u)), (1.1)

where £ denotes the variational derivative, f(u) = F’(u) = u® 4+ (1 — €)u. The free energy is nonincreasing
in time. Here we study the numerical scheme of SH equation with periodic boundary condition.
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As a nonlinear fourth-order partial differential equation, the SH equation is difficult to be solved
analytically. Hence, various numerical schemes have been proposed in recent years. By applying the Crank—
Nicolson scheme, a semi-implicit second-order method for the SH equation was given in [2], in which the
Newton’s method was used to solve the nonlinear equation at every time marching, but the convergence
analysis for that scheme was not discussed. In [3], based on the operator splitting scheme, the first- and
second-order Fourier spectral methods were presented for the SH equation, but the error analysis was not
given. In [4], a new conservative SH equation was introduced and its first-order and second-order mass
conservative operator splitting schemes were proposed, but the authors did also not discuss the convergence
and error analysis. In [5], the author presented a non-iterative convex splitting scheme for the SH equation
with quadratic-cubic nonlinearity, but the convergence was not given. In [6], A fast explicit high-order
operator splitting scheme was presented for the SH equation with a nonlocal nonlinearity. In [7], we proposed
a second-order energy stable numerical scheme for the SH equation and presented an optimal error estimate
for the scheme. However, to solve the fully discrete nonlinear systems, these methods generally require the
use of an iteration. Hence, the computational costs are often high and the implementations are usually
complicated. There are also various linear schemes that attract the attention of many scholars, such as
invariant energy quadratization (IEQ) scheme [8] and scalar auxiliary variable (SAV) scheme [9].

The main goal of this work is to give the error estimate of a linear predictor—corrector time-stepping
scheme for the SH equation. To improve the stability, stabilized terms are added in the numerical scheme.
Moreover, we prove rigorously that our scheme satisfies the energy dissipation law and is second-order
accurate in time. Numerical results are presented to validate our theoretical analysis and show that the
proposed scheme is easy to implement and is energy stable with different time step size, the energy decay is
robust with respect to the stabilized constant. As a comparison, we also consider the stabilized second-order
Crank—Nicolson scheme with Adam—Bashforth extrapolation for nonlinear terms. We will show that the
stabilized predictor—corrector scheme is much more robust than the stabilized Crank—Nicolson scheme with
Adam-Bashforth extrapolation when large time step is used.

The rest of the paper is organized as follows. In Section 2, we construct the numerical scheme and prove
our scheme satisfies the energy dissipation law. In Section 3, we carry out the error estimate, which shows
our scheme is second-order accurate in time. In Section 4, several numerical experiments are provided to
illustrate the accuracy, robustness and energy stability of the proposed scheme. Finally, some conclusions
are given in Section 5.

2. Stabilized linear predictor—corrector scheme for the SH equation and its energy stability

Let N be any positive integer, T be the final time, 7 = T/N be the time step size, " = nr, n =
0,1,2,..., N be the time mesh points, u™ be the numerical approximation of u(¢"). The stabilized linear
predictor—corrector scheme is as follows.

Scheme (Stabilized Linear Predictor—Corrector Scheme). Given u", we can calculate u™ ! via the following
steps:

o Prediction: predict @"'/2 via the stabilized linear first-order scheme
an+1/2 —um

7 + A2 Y2 o NG f(u) + ST — ) = 0, (2.1)
-

o Correction: obtain 4”1 via the stabilized linear second-order scheme

n+1 _|_un un+1 +un

n+1 1
+ Rt o n @) 4 S ) — @) =0, (22)

U —u”

T

where S is a given stabilization constant.
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We assume that the solution u of Eq. (1.1) exists and satisfies
lweell oo (0,522 (0)) + el oo 0,72 (2)) + [[utttl oo 0,702y ()
+ lweell oo 0,754 (2)) + ull oo 0,7522(2)) < O (2.3)
Let L = 3C?% + (1 — €)|#2|, where |£2| is the measure of the domain (2. Since
£/ @)l < 136 + 1 = ell < [[3u?]| + 11 = ell < 3[lullfoo o200y + 1 — )2 < L,

we have
[1f(w) = ) < LF Olllw = ]| < Liju -], (2.4)

where £ is a number between u and v.

Theorem 2.1. Provided S > max{L, (L +1)/2} and

< 2B
-
— AL+ S)’
where
A = max{|[u” — a"T/2||?}, B = min{|[u"T! —u"|?}.

The stabilized predictor—corrector scheme satisfies the following energy stability property:

E@"™) < Eu™), Vn>1

Proof. Taking the inner product of (2.1) with u"t1/2 — 4" and using Taylor’s theorem with remainder in
the integral form

an+1/2

F(,L—LnJrl/Q) — Flu") = f(un)(ﬂn+1/2 — ") +/ (ﬂ”+1/2 _ t)f/(t)dt,

umn

we have
2 1
=)@t — )+ §(||Aﬂ"“/2\|2 = [[au"|]? + |Aam 2 — Aut(?) = (Va2 - (Ve |?
T
+ Va2 — vl |?) + (F@?) = Fu™), 1) + S)[a" - un|?

ﬁn+l/2
= (/ (@2 — 1) f(t)dt, 1)
un
L
<l — . (2.5)

Since

||V(ﬂn+1/2 . un)||2 :(V(ﬁn+l/2 _ un), v(ﬁn+1/2 _ un)

A(anJrl/Z _ un),ﬂn+1/2 _ un)‘

IA

IA

I(
1 —n+1/2 ny |12 1 —n+1/2 ni 2
LI w2 4 S 2,

we obtain from (2.5) that

)”ﬁn+1/2 7’[1,“”2.

2 L+1
E(ﬁn+1/2) . E(Un) + 7”an+1/2 - un||2 < (% -5
T

If % < S, the predictor scheme satisfies the energy dissipation law.

3
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Similarly, using Taylor’s theorem with remainder in the integral form

un+1
F(un+1) _ F(ﬂn+1/2) — f(an+1/2)(un+1 _ ﬂ"+1/2) _|_/ / (un—i-l _ t)f/(t)dt, (26)

ﬁn+1 2
F(u) = F(a2) = f@ 2 - a2 4 [ oo 27)

,ﬁn+l 2
subtracting (2.7) from (2.6), we have
w1 ant1/2
F(u"Y) — F(u") = f(@"/?)(u" Tt — u™) +/ (u" Tt —t) f/(t)dt +/ (u™ =) f'(t)dt. (2.8)
an+1/2 un

Taking the inner product of (2.2) with u"*t! —u", we get

S =t g (1A A R) — ([T = V) + (@), )
" g(“nH =20 e =) =0, (2.9)
Since
g(U"“ — 2" Y2 oy T — )
— g((unﬂ LRy (g2 gy (Y gty (2 )
= g(”unﬂ - ﬁn+1/2”2 _ ”anﬂ/z o un||2)’

we obtain from (2.8) and (2.9) that

1 S S
E(un—i-l) _ E(un) + 7||un+1 _ unHQ + 7||un+1 _ ﬂn+1/2||2 _ §Han+l/2 _ unHZ
T

2
un+1 7]n«l»l/Q
< / (™ — ) f(t)dt + / (u™ —t)f'(t)dt
711’1,-‘—1/2 um
§£||un+1 _ an+1/2||2 + §||an+1/2 _ unHQ,
That is
L-S L+ S 1
E(un+1) _ E(u”) < 5 ||un+1 _ ﬂ"+1/2||2 + ;— ||ﬂ”+1/2 _ unH2 _ ;Hun-i-l _ un||2
Let

A = max{||u” — a"*/2|?}, B = min{|lu"*! - u"|?}.
n n
Generally, A # 0. If L < S and #A — E <0,ie.7< A(iiis)’ the corrector scheme satisfies the energy
dissipation law. [I

3. Error estimate

Denote e” = u™ — u(t") and e"+1/2 = q"+1/2 — 4 (t"+1/2) where t"t1/2 = (" + t"*1) /2. We now derive

the error analysis of the proposed scheme, which shows the second-order convergence in time.

Theorem 3.1. Assuming the analytical solution of (1.1) satisfies reqularity condition (2.3). For S > 5, we
have the following error estimate

eM||? < 4exp(C1T)CoTC? 74, (3.1)
where
o L BIAESY) (4 L2482 N (5L 4 5% 5
T 28 3 S rE T 38 28"

4
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Proof. Firstly, we derive the estimate of e"*1/2. At time level t", Eq. (1.1) becomes
we (") 4+ A%u(t™) + 2Au(t™) + f(u(t™)) = 0. (3.2)
Subtracting (3.2) from (2.1), we obtain

én+l/2 —en

T/2

+ A2€n+1/2 —|—2Aén+1/2 + f(un) _ f(u(t”)) + S(én+1/2 _ en) + G =0, (33)

where the truncation error G* = G 4+ G% with

~n u(tn+1/2) — u(tn) n
Gl = 7_/2 - ut(t )7
Gg _ AZ(u(tn+l/2) . u(t”)) + 2A(u(t"+1/2) . u(t”)) + S(u(tn+1/2) . u(t”))

= (A2 424 + S)(u(t™/?) — u(th)).

By Taylor expansion, we have

. 1
IGTI? < —llueell ?

- 1
2 n||2 2 2
=16 L°°(O,T;L2((2))T ) ”GQ” < ZHutHLOO(O,T;H‘l((Z))T '

Taking the inner product of (3.3) with &”*/2, we derive

1
—(e 202 = fle™|1? + [l 2 — e |?) + | Aen 2|2 4 S|len 22
p
= — 2(Aén+1/27én+1/2) — (f(u™) — f(u(tn))7én+1/2) + S(en,én+1/2) _ (én7én+1/2)
3L +5%)
45

IN

3 1 _
SR+ Sjnzieye "2+ e 4 G
S 4T
that is 5 3 1 3(L2+8?)
sn sn + n ~n
e+ - Doerp < (14 XELE jeny g ryempe

If S > 3, dropping the nonnegative terms, we have

2 2
||én+1/2H2§ <4+ L+ S

] _ _
) e+ 37IGHI + G 1P

3 S
4 L2482\, ., 2
= <3 Tt g T) eIl + §(Hu“”2L°°(0,T;L2(!2)) + ”“t||2L°°(0,T;H4(Q)))T4- (3.4)

We now derive the estimate of e”*!. At time level t"+1/2 Eq. (1.1) becomes
w (E"TY?) + A2u(tY?) + 2Au(ET?) 4 f(u(t™T?)) = 0. (3.5)

Subtracting (3.5) from (2.2), we have

n+l _ _n n+1 n n+1 n
€ e —|—A26 te —|—2A6 te +f(l_bn+1/2) _f(u(thrl/Q))

T 2 2

1
+ 5(5(6"+1 +e) -t L@+ GE =0, (3.6
where the truncation errors are

n+1y _ n
? :U(t ) U(t ) o ut(tn+1/2)’
T

G =2 (u(tn+1)2+ u(t") u(t"+1/2)> N (u(tn+1)2—|— u(t") u(t”+1/2)>
5
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LS (U(tn+1)2+ u(t™) _ u(tn+1/2)>

—(A2 124 + ) <U(tn+1)2+ u(t") u(tn+1/2)) .

By Taylor expansion, we have

4 4

n 1 N 1
HGl H2 < %Huttt”ioo(o’T;L2(Q))T ) HG2H2 < @HuttHiW(O,T;H‘J‘(Q))T '

Taking the inner product of (3.6) with e"*! 4 e, we obtain

1 1 g
—(le™ P = 1lem]?) + SIAE™ + e P + S llem™ + e

_ (A(6n+1 + en)’enJrl + en) _ (f(,anJrl/Q) _ f(u(tn+1/2)),6n+1 + en) + S(én+1/2’en+1 + en)
— (GT,e" +e") — (G, e +em)

75 n+1 ni 2 5 n+1 ny |2 5(L2+52) sn+1/2)12 b ni( 2 ni 2
= et P oA+ e P+ DL e 2+ (G + (G,
that is,

1 1 1 5

“Nlontl2 _ T .m2 - v An+1 ny||2

e = 2P 4 (5 - g ) 1A 4]

5(L2+S?), . 5 .

STHG 22 4 %(||Uttt||2Loo(0,T;L2(n)) + ”“tt”iw(o,T;H‘*(Q)))T )

If S > 5, dropping the nonnegative terms and using (3.4), we have

5(L2 + 5?) > 2 : ’
28 25 Uttt Loo 0,722 (2)) + Mtetll oo (0 7514 (2)))7

2 2 2 2
57+ 57) (4 L*+ S T) Tllem |2

e — flen|? < rllen iR +

3t TS
5(L* + 5?) 2 2 5
T(”uttHLOO(O,T;LQ(Q)) + ”utHLO‘J(O,T;H‘*(Q)))T

= 29 3
+

+ ﬁ(”uttt||ioo(07T;L2(Q)) + ”uttH%OO(O,T;H‘l(Q)))TS‘

Summing up for n from 0 to N — 1, and noting that e® = 0, we have

N—-1

H6N||2 <7 Z Cl||en||2 + CQT(||utt||iOO(0,T;L2(Q)) + ”Ut”ioo(o,T;HHQ)) + Huttt”ioo(o,T;L%Q))
n=1

+ IIUtt\\ioo(o,T;H4(9>))T4’

_B(L2+5%) (4 L*4 52 _ 5(L?+5%) 5
0125(3+ST , CQ—HI&X T,% .

Applying the discrete Gronwall’s inequality and the regularity assumption (2.3), we have

where

||€NH2 §exp(C’lT)CgT(||utt||200(07T;L2(Q)) + Hut||2LOO(07T;H4(Q))

+ ||UtttHioo(07T;L2(Q)) + Hutt||%oo(0’T;H4(Q)))T4
§4 exp(ClT)CgTCf7'4,

which is the desired result. 0O
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Table 1

The errors and rates of convergence at T' = 1 for the phase variable
u with different time step size. The physical parameter is € = 0.5
and the stabilized constant is S = 6.

T L? error Rate
1/8 4.8788e—02 -

1/16 1.5893e—02 1.62
1/32 4.6234e—03 1.78
1/64 1.2545e—03 1.88
1/128 3.2731e—04 1.94
1/256 8.3618e—05 1.97
1/512 2.1121e—05 1.99
1/1024 5.2940e—06 2.00

4. Numerical experiments

In this section, we give several numerical experiments for the SH equation to verify the accuracy
and energy stability of the proposed scheme. We apply the Fourier pseudo spectral method for spatial
discretization and fast Fourier transform (FFT) is applied for all numerical computations to solve the SH
equation with the periodic boundary condition.

4.1. Accuracy and energy stability

We first test the temporal convergence rate of our scheme with the initial value condition

u(z,y) = sin(%) cos(%)

on the domain 2 = [0,32] x [0,32]. We apply 642 Fourier modes so that the spatial discretization errors
are negligible compared with the temporal discretization errors. We take ¢ = 0.5, S = 6. The errors are
calculated by comparison with the reference solution with 7 = 274, In Table 1, we show the L? errors of
the phase variable with different time step size at T'= 1 and we can observe that our scheme gives desired
rate of accuracy in time. Fig. 1(a) shows that the energy decay is robust with respect to the stabilized
constant S. Fig. 1(b) shows the energy evolution with different time step size 7. Fig. 2 shows the energy
evolution with S = 0 and S = 6. We observe that the scheme quickly blows up if S = 0, which implies the
stabilization terms are necessary. As a comparison, we also consider the following stabilized second-order
Crank—Nicolson scheme with Adam-Bashforth extrapolation for nonlinear terms (CN/AB),

L gn un Tt oy

+ 2t S 2T @)+ S - 20t ) = 0,
.

where

The initialization step is

ul

0
—u
—— + A% 200+ F(0) + S(ut —u?) = 0.
-
Fig. 3 shows the energy evolution of the stabilized CN/AB scheme and our stabilized predictor—corrector
scheme, which implies the stabilized predictor—corrector scheme is much more robust when large time step

is used.
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4.2. Phase transition behaviors
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with S =0 and S = 6, the time step size is 7 = 2.
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of the energy of stabilized CN/AB scheme (a) and the stabilized predictor—corrector (b), the time step size is

We apply our scheme to check the evolution from a randomly perturbed nonequilibrium state to a steady

state. With the initial condition u(z,y) = 0.24rand, where rand is random number between —0.02 and 0.02

at the grid points. We set ¢ = 0.5, S = 6, 7 = 1 and T = 400. We use 1282 Fourier modes to discrete the

8
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(d) t=120

k — . T " T

-5 10 5 0 5 10 15 20 ’ -5 -0 5 0 ﬁﬁn ’ -5 10 5 o ﬁﬁo | A5 <10 5 0 ﬂﬂo
(e) t=160 (f) =240 (g) t=320 (h) t=400

Fig. 4. The evolution of the phase transition behavior. Snapshots of the numerical approximation of the phase variable u are taken
at t = 0,40, 80, 120, 160, 240, 320, 400. The computational domain is [—20, 20] X [—20, 20]. The parameters are e = 0.5, S =6, 7 = 1,
T = 400. 1282 Fourier modes are used to discrete the space.

domain 2 = [—20,20] x [—20,20]. Fig. 4 shows the time evolution of the phase transition behavior, which
validates that our scheme does lead to the expected states.

5. Conclusions

In the work, we design a stabilized linear predictor—corrector scheme for the SH equation. We prove the
scheme satisfies energy dissipation law. Rigorous results about convergence and error estimate are derived,
which shows the second-order convergence in time of our proposed scheme. Numerical tests show our scheme
is energy stable with large enough time step size and the energy decay is robust with the stabilized constant.
Due to the generality of the theoretical and numerical approach, the results in this work can be easily applied
to construct corresponding second-order schemes for other phase-field models, such as Allen—-Cahn model,
Cahn—Hilliard model and phase field crystal model.
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