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Abstract

The purpose of this article is to provide a mathematical model of magnetohydrody-

namic (MHD) non-isothermal flow of an incompressible Jeffrey fluid as it goes through a

minimal gap between the two counter rotating rolls. The dimensionless forms of

governing equations are obtained by using appropriate dimensionless parameters.

The LAT (lubrication approximation theory) is utilized to simplify the dimensionless

form of governing equations. Analytical solutions for the velocity, pressure gradient,

flow rate, Nusselt number and temperature distribution are presented. How the Jeffrey

parameters, MHD and velocities ratio influence on the flow patterns and heat transfer

rate are explored. Outcomes of some significant engineering quantities such as flow

rate, power input, pressure distribution and roll separation force are obtained numer-

ically in tabular form and some are displayed graphically. We found that the MHD

parameter served as a controlling parameter for different engineering quantities like

velocity, temperature, flow rate, and coating thickness. Moreover, the coating thickness

on the web decreases by increasing the values of velocities ratio.
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Introduction

Coating phenomenon has developed a solid reputation due to its extensive
application in industry. In numerous industrial procedures, thin liquid uniform
coatings are formed on surfaces. Such procedures include photographic films,
wrapping, coated items, magnetic records and beautification and protection of
fabrics or metals with the coatings. These activities based on an extensive
range of equipment. Roll coaters are commonly in use among these
activities.1,2

In the roll coating process, the space between the two rotating rolls is much
smaller than their radii. This process is commonly categorized into groups such as:
metering, forward and reverse rolls coating (RRC).3 The two rolls at the small gap
(nip) co rotate in reverse and metering roll coating. For forward roll coating the
rolls counter rotate. The coating material (liquid) forms a bath on the upstream
side of the small gap and after exit from the nip, splits into two films of liquids,
which are covered by the two surfaces of the rollers, one of which is added to the
substrate for industrial purposes.4–6

In recent decades, the flow problems of roll coating techniques, including exper-
imental work, theoretical and numerical analysis have been studied in detail. The
forward roll coating was of vital significance amongst these and was the commonly
discussed. Experimental investigation has been conducted on this by many scien-
tists, whereas the theoretical research have been offered by Benkreira et al.,7

Greener and Middleman et at.,8 Zafar et al.,9 Zahid et al..10 Reverse roll coating
has been much less considered compared to the forward roll coating analysis.11

For the investigation of reverse roll coating systems, the earlier study by
Greener et al. 12 and Holland et al. 13 used the lubrication approximation theory
to make simple the equations of motion, however, the study of the involvement of
free surface, the influence of surface tension and fluid contact lines was not taken
into consideration. Coyle et al. 14 established a finite element method supported by
experimental results to validate the significant fluid dynamics properties for reverse
roll coating. They also demonstrated the presence of instabilities in flow, contain-
ing cascading and ribbing. Hao and Haber 15 addressed the coating flow between
two reverse rotating rolls by using the Galeriken finite element technique. Taylor
and Zettlemoyer 16 studied how ink flows in printing presses by using the principle
of lubrication approximation. They achieved the effects of force and pressure dis-
tribution. Hintermaier and White 17 addressed water flow between two rolls. They
used the lubrication approximation theory and presented outcomes that were com-
patible with their experimental findings. A flawless reverse roll coating model was
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developed by Belblidia et al. 2 using the Taylor-Galerkin pressure correction algo-

rithm at highest velocity. The novelty of the work is motivated by the need in the

coating manufacturing to coat stable, faster, and with uniform thin layers by

optimizing the coater operating conditions and coating rheology. The theoretical

research on coating during reverse roll of an incompressible, magnetohydrody-

namic, non-isothermal, Casson fluid has been discussed by Ali et al..18 By utilizing

the lubrication approximation principle, the governing flow equation added to the

web in the simplified form was achieved. Analytical expressions for velocity pro-

file, flow rate and pressure gradient have been demonstrated. Williamson fluid was

studied by Ali et al. 19 and some engineering parameters, such as coating thickness,

power input, separation points, pressure distribution and roll separation force were

discussed.
Many researchers have studied non-Newtonian fluid flow due to its several

uses in industrial, engineering and scientific procedures, such as thermal and

geothermal insulation, crude oil extraction and aerodynamics. The thermophys-

ical properties of non-Newtonian fluids are important in these applications. In

particular, their heat transfer property plays a key role in food processing, petro-

leum product manufacturing, polymer industries etc. The physical properties of

such fluids cannot be described by a single Navier-Stoke equation.20–23 Different

models have been established in the past according to certain material character-

istics, like Maxwell and Oldroyd-B, second-fluid, Casson fluid, third-grade,

Jeffrey fluid. The model under consideration is the Jeffrey fluid model. The

Jeffrey fluid model describes the simple (linear) viscoelastic properties of fluids,

which has extensive uses in the polymer industries. In the above listed applica-

tions, numerous scientists discussed Jeffrey fluid flow situations in various geom-

etries. For illustration, Nadeem and Akram 24 considered the Jeffrey fluid for

peristaltic flow in a rectangular duct. Srinivas and Muthuraj 25 concentrated their

consideration in an inclined asymmetric channel to discuss the peristaltic flow of

a Jeffrey fluid. Hayat et al. 26 used the homotopy analysis methodology to con-

sidered the generalized three-dimensional channel flow of a Jeffery fluid. For

medical and engineering processes, the fluid magnetic properties in fluid flows

are important.
In several geophysical, astrophysical and engineering applications, MHD flows

of electrically conductive fluid are discussed. The MHD principles are used by

engineers to design heat exchangers, control and re-entry of vehicles, thermal

safety, space propulsion, pumps and to develop novel power-generating systems.

Another significant MHD feature is purifying molten metals by applying a mag-

netic field from non-metallic inclusions. All these MHD uses give lead to studying

problems which involve the magnetohydrodynamic properties. For instance,

Turkyilmazoglu 27 explored both numerical and analytical solutions of MHD

boundary layer flow of viscous fluid through a rotating sphere near the heat trans-

fer equator. Bhattacharyya and Pop 28 studied the MHD boundary layer flow of

viscous fluid caused by an exponentially shrinking sheet. Makinde 29 studied MHD
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viscous boundary layer fluid flow with Newtonian heating and Navier slip over a
flat surface.

To the best of our knowledge, no literature is presented for the mathematical
investigation of the reverse roll coating for MHD non-isothermal Jeffrey fluid.
Thus, the purpose of the current study is to give the theoretical assessment of
the Jeffrey fluid as it goes among two heated co-rotating rolls.

Mathematical formulation

Let us assume steady, non-isothermal and MHD flow of an incompressible Jeffrey
fluid. The two identical radii R rolls lie in the plane of free surface and parallel to
each other that co-rotate with Peripheral velocities (Ur and Uf), where the sub-
scripts r stands for reverse and f stands for forward rotating rolls. The narrow gap
called nip region is maintained between the co-rotating rolls and is denoted by
2H0. The coating flow is dragged through the reverse roll (applicator roll) into the
nip region between the two rolls. Furthermore, the x� axis and y� axis are in the
flow direction and transverse to the flow (see Figure 1).

The basic equations that govern the MHD flow of a steady, non-isothermal
fluid are

div �U ¼ 0 (1)

q
D�U

Dt
¼ divT�rpþ J� B (2)

qCp
Dh
Dt

¼ kr2hþ T � r�U (3)

Figure 1. Reverse roll coating geometry.
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where

q ¼ fluid density

Cp ¼ specific heat capacity

h ¼ Temperature

r�U ¼ velocity gradient

t ¼ Time

k ¼ thermal conductivity

D
Dt ¼ material time derivative

�U ¼ fluid velocity

J ¼ current density

B ¼ total magnetic field.

T ¼ Jeffrey fluid model30 extra stress tensor
That satisfies the constitutive equation below

T ¼ l
1þ k1

A1 þ k2
DA1

Dt

� �
(4)

Dð�Þ
Dt

¼ @ð�Þ
@t

þ ð�U � rÞð:Þ (5)

A1 ¼ ðr�UÞ þ ðr�UÞT (6)

where

k1 ¼ Jeffery fluid parameter (relaxation time divided by retardation time)

l ¼ fluid dynamic viscosity

k2 ¼ retardation time.

The velocity profile for fluid flow is

�U ¼ u x; yð Þ; v x; yð Þ½ �; T ¼ T x; yð Þ (7)
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In above equation 7ð Þ, u and v represents the velocity components in
x�direction and y�direction and

A1 ¼
2
@u

@x

@v

@x
þ @u

@y

@v

@x
þ @u

@y
2
@v

@y

0
BBB@

1
CCCA

We assume that the electric field is zero and related with the applied magnetic
field, the induced magnetic field is weak enough that the magnetic Reynolds
number is minimal and negligible.31 Then the Lorentz force J� B becomes
r �U � Bð Þ � B (where r denotes the fluid electric conductivity). Therefore, the
applied magnetic field B0 only adds to the electrical density. In this case, because
of magnetic field the Lorentz force becomes

J� B ¼ �rB2
0
�U (8)

In view of equations 1ð Þ, (4) and (5), equations (2) and (3) can be written as

q u
@u

@x
þ v

@u

@y

� �
¼ @sxx

@x
þ @sxy

@y
� @p

@x
� rB2

0u (9)

q u
@v

@x
þ v

@v

@y

� �
¼ @syx

@x
þ @syy

@y
� @p

@y
� rB2

0v (10)

qCp u
@h
@x

þ v
@h
@y

� �
¼ k

@2h
@x2

þ @2h
@y2

 !
þ sxx

@u

@x
þ sxy

@u

@y
þ @v

@x

� �
þ syy

@v

@y
(11)

where syy, sxx, sxy and syx are the stress components.
We start with the LAT that in the nip region of the reverse-roll coating process,

where the most significant dynamic events happen. The roll surfaces are almost
parallel in that area, and move to either side for a small distance. Then it is rea-
sonable to assume that u>>v and @

@y>> @
@x. The fluid travels in the x�direction and

there is no velocity in the y�direction. This discussion leads the above equations
into the following simplified form

l
1þ k1

d2u

dy2
� rB2

0u ¼ dp

dx
(12)

dp

dy
¼ 0 (13)
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k
d2h
dy2

þ l
1þ k1

du

dy

� �2

¼ 0 (14)

From equation 13ð Þ, it is clear that p is not a function of y, i.e., p 6¼ p yð Þ. This
means p is a function of x, i.e., p ¼ p xð Þ.

A suitable boundary condition is

u ¼ �Ur at y ¼ r

u ¼ Uf at y ¼ �r

�
(15)

Dimensionless equation

In this section, the governing equations of Jeffrey fluid for reverse roll coating

process in dimensionless form are presented. Suppose the following suitable

dimensionless variables 12

x� ¼ xffiffiffiffiffiffiffiffiffiffi
RH0

p ; ​ u� ¼ u

Uf
; y� ¼ y

H0
; p� ¼

ffiffiffiffiffiffi
H0

R

r
pH0

lUf
; h� ¼ h�h0

h1 � h0

sxy ¼ sxyH0

lUf
; sxx ¼ sxxH0

lUf
; syy ¼ syyH0

lUf

9>>>=
>>>;

(16)

In view of above dimensionless variables, equations 12ð Þ and 14ð Þ can be written

as after removing ‘ � ’ for convenience

N
d2u

dy2
�M2u ¼ dp

dx
(17)

d2h
dy2

þ BrN
du

dy

� �2

¼ 0 (18)

where

M ¼
ffiffi
r
l

q
H0B0

N ¼ 1
1þk1

Br ¼ lCp

k
� U2

f

Cp h1�h0ð Þ ¼ Ec� Pr

Pr ¼ Prandtl number

Ec ¼ Eckert number
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Pr¼ the Prandtl
Ec¼Eckert number
Their product represents the Brickman number Br which represents the viscous

heating relative to the conductive heat transfer.
Appropriate kinematic dimensionless boundary condition12 are

u ¼ 1 at y ¼ �r

u ¼ �k at y ¼ r

h ¼ 0 at y ¼ �r

h ¼ 1 at y ¼ r

9>>>>>=
>>>>>;

(19)

where k ¼ Ur

Uf
and the boundary roll surface are denoted as y ¼ �r xð Þ ¼ 1þ x2

2 .

Mathematical results

The solution of equation 17ð Þ by utilizing the boundary conditions defined in

equation 19ð Þ becomes

u ¼ �
kM2 �M2 � 2 dp

dx

� �
cosh Myffiffiffi

N
p
� �

2M2cosh Mrffiffiffi
N

p
� � �

ðkþ 1Þsinh Myffiffiffi
N

p
� �

2sinhMrffiffiffi
N

p � 1

M2

dp

dx
(20)

The dimensionless flow rate through the nip is

k ¼ 1

2

Z r

�r
u yð Þdy (21)

or

k¼ 1

8M3sinh
Mrffiffiffiffi
N

p
� �

cosh
Mrffiffiffiffi
N

p
� � e

�2Mrffiffi
N

p

ffiffiffiffi
N

p
M2 1�kð Þþ 2

ffiffiffiffi
N

p �rM
� �dp

dx

� �
e
4Mrffiffi

N
p

�2 2
ffiffiffiffi
N

p dp

dx
þM2

ffiffiffiffi
N

p
1�kð Þ

� �
e
2Mrffiffi

N
p

�M2
ffiffiffiffi
N

p
k� 1ð Þþ 2 Mrþ ffiffiffiffi

N
p� �dp

dx

0
BBBBBBBB@

1
CCCCCCCCA

2
666666664

3
777777775

(22)
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From equation (20) and equation (21), we have

dp

dx
¼ T

8Mcosh
Mrffiffiffiffi
N

p
� �

sinh
Mrffiffiffiffi
N

p
� �

k� 2
ffiffiffiffi
N

p
k

þ ffiffiffiffi
N

p
e
2Mrffiffi

N
p
kþ 2

ffiffiffiffi
N

p � ffiffiffiffi
N

p
e
2Mrffiffi

N
p

þ ffiffiffiffi
N

p
e
�2Mrffiffi

N
p
k� ffiffiffiffi

N
p

e
�2Mrffiffi

N
p

0
BBBBB@

1
CCCCCA

(23)

where

T ¼ � M2

e
�2Mrffiffi

N
p

Me
4Mrffiffi

N
p
r�Mrþ 2

ffiffiffiffi
N

p
e
2Mrffiffi

N
p � ffiffiffiffi

N
p

e
4Mrffiffi

N
p � ffiffiffiffi

N
p� �

The exact solution of equation 23ð Þ is hard to find. So, the numerical method
called trapezoidal rule with a predefined accuracy of 10�10 is used with boundary
condition p ¼ 0 as x ! �1 to obtained numerical results for the pressure.

A second simple material balance relationship for k is defined as

UfHf �UrHr ¼ 2kH0Uf (24)

where Ur and Uf are the reverse and forward roll velocities.
Equation 24ð Þ leads to expression which is given by

t ¼ Hf

Hr
¼ kþ 2bk (25)

where t ¼ Hf

Hr
is the coating thickness, b ¼ H0

Hr
, where H0 is half the nip separation

gap between two rolls and Hf, Hr denote the forward fluid film thickness and the
reverse fluid film thickness. So, we need the flow rate k kð Þ to calculate the coating
thickness and pressure distribution.

To determine k kð Þ, impose Swift Stieber-boundary conditions on pressure dis-
tributions. It is asserted that at the separation point x ¼ xsp where the lubrication
type flow transforms into a transverse flow, both the pressure and pressure gra-
dient vanished. On setting dp

dx ¼ 0 in equation 23ð Þ we get

rt ¼ 1þ 1

2
x2sp ¼

ffiffiffiffi
N

p

M
tanh�1 2kM

ð1� kÞ ffiffiffiffi
N

p
 !

(26)

In view of the Swift-Stieber boundary condition on pressure, replacing x with
xsp everywhere in the obtained result for pressure distribution from equation 23ð Þ,
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finding xsp in terms of k from the equation 26ð Þ, and substituting into resulting
equation of pressure distribution, transcendental equation in k is obtained and
then numerical method named as Newton-Raphson method is used to get k,
which Tables 1 to 3 show.

Table 1. Effect of k on flow rate k, separation points xsp, coating thickness t,
power input pw and force F.

k k xsp t pw F

0.1 0.6745 1.00023 1.3141 �0.55532 �0.11816

0.2 0.5994 0.99984 1.2789 �0.55763 �0.10477

0.3 0.5244 0.99963 1.2439 �0.56035 �0.09168

0.4 0.4494 0.99934 1.2089 �0.56305 �0.07858

0.5 0.3744 0.99894 1.1739 �0.56572 �0.06530

0.6 0.2994 0.99834 1.1389 �0.56835 �0.05213

0.7 0.2245 0.99801 1.1041 �0.57116 �0.03894

0.8 0.1496 0.99733 1.0692 �0.57389 �0.02595

0.9 0.0747 0.88532 1.0344 �0.57632 �0.01287

Table 2. Effect of M on flow rate k, separation points xsp, coating thickness t,
power input pw and force F.

M k xsp t pw F

0.1 0.6602 0.99997 1.2883 �0.53823 �0.11404

0.2 0.6201 0.99981 1.2161 �0.49161 �0.10276

0.3 0.5649 0.99971 1.1168 �0.42885 �0.08751

0.4 0.5050 0.99968 1.0090 �0.36315 �0.07133

0.5 0.4475 0.99883 0.9055 �0.30318 �0.05621

0.6 0.3962 0.99852 0.8131 �0.25344 �0.04339

0.7 0.3520 0.99744 0.7336 �0.21441 �0.03293

0.8 0.3141 0.97674 0.6653 �0.18363 �0.02356

0.9 0.2829 0.97344 0.6092 �0.16298 �0.01753
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Temperature distribution

Upon using equation 20ð Þ into the non-dimensional form of energy equation 18ð Þ,
we get

d2h
dy2

þ BrN �
kM2 �M2 ​ � 2 dp

dx

� �
sinh Myffiffiffi

N
p
� �

2M
ffiffiffiffi
N

p
cosh Mrffiffiffi

N
p
� � �

kþ 1ð ÞMcosh Myffiffiffi
N

p
� �

2
ffiffiffiffi
N

p
sinh Mrffiffiffi

N
p
� �

2
64

3
75
2

¼ 0 (27)

where dp
dx is defined in equation 23ð Þ. Solving equation 27ð Þ subject to boundary

conditions in equation 19ð Þ, we get

h¼ 1

32rM4cosh Mrffiffiffi
N

p
� �2

sinh Mrffiffiffi
N

p
� �2

�

A cosh
2Mrffiffiffiffi

N
p

� �
�cosh

2Myffiffiffiffi
N

p
� �� �

�2M2B rsinh
2Myffiffiffiffi

N
p

� �
�ysinh

2Mrffiffiffiffi
N

p
� �� �

þ

yþrð Þ
�8M2cosh Mrffiffiffi

N
p
� �4þ

4kBrr y�rð ÞM4þ
8þ4

dp

dx
r y�rð Þ k�1ð ÞBr

� �
M2�

4 dp
dx

� �2
Brr y�rð Þ

0
BBBB@

1
CCCCA
cosh Mrffiffiffi

N
p
� �2

þBrr y�rð Þ k�1ð ÞM2�2dp
dx

� �2

0
BBBBBBBB@

1
CCCCCCCCA

2
66666666666664

3
77777777777775

(28)

Table 3. Effect of k1 on flow rate k, separation points xsp , coating thickness t,
power input pw and force F.

k1 k xsp t pw F

1 0.67459 0.99998 1.3142 �0.83269 �0.17703

2 0.67437 0.99994 1.3138 �0.55486 �0.11791

3 0.67416 0.99993 1.3134 �0.41595 �0.08843

4 0.67395 0.99991 1.3131 �0.33261 �0.07071

5 0.67374 0.99989 1.3127 �0.27705 �0.05891

6 0.67353 0.99987 1.3123 �0.23736 �0.05048

7 0.67332 0.99985 1.3119 �0.20760 �0.04413

8 0.67311 0.99983 1.3115 �0.18445 �0.03919

9 0.67928 0.99981 1.3113 �0.16596 �0.03527
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where

A ¼ 2 k2 þ 1ð ÞM2 � 2M2 dp

dx
k� 1ð Þ þ 2

dp

dx

� �2
 !

cosh
Mrffiffiffiffi
N

p
� �2

 

�
k� 1ð ÞM2 � 2 dp

dx

� �2

2

!
BrrN

and

B ¼ BrNsinh
Mrffiffiffiffi
N

p
� �

cosh
Mrffiffiffiffi
N

p
� �

M2 k� 1ð Þ � 2
dp

dx

� �
1þ kð Þ:

Operating variables

Once the pressure gradients, velocity profile and pressure distributions are

achieved, operating variables such as power input and separation force etc. are

easily found.

Separating force

The dimensionless roll separating F 22,32 force is

F ¼
�FH0

lURW
¼
Z xt

�1
p xð Þdx (29)

where �F and F denote the dimensional and dimensionless roll separating force per

unit width W.

Power input

The power transferred22,32 to the fluid by the roll is obtained by the integral

pw ¼
�P

lWU2
¼
Z xt

�1
sxy x; 1ð Þdx (30)

Here Pw denotes the non-dimension power and non-dimension form of share

stress component is

sxy ¼ 1

1þ k1

@u

@y
(31)
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Nusselt number

The Nu (Nusselt number) at upper roll surface is defined as

Nu ¼ dh
dy

���
r

���� (32)

On differentiating equation 29ð Þ and using into equation 32ð Þ; we get

Nu ¼ 1

32 e
Mrffiffi
N

p
� �2

M3rsinh Mrffiffiffi
N

p
� �2

cosh Mrffiffiffi
N

p
� �2

�

16M3cosh Mrffiffiffi
N

p
� �4

e
Mrffiffi
N

p
� �2

þ

�2r
ffiffiffiffi
N

p
M4 1þ k2ð Þ � 2

dp

dx
k� 1ð ÞM2 þ 2

dp

dx

� �2
 !

Br Mrffiffiffi
N

p
� �4

�16 r2 M2 þ dp

dx

� �
M2k� dp

dx

� �
BrþM2

� �
M Mrffiffiffi

N
p
� �2

þ2r
ffiffiffiffi
N

p
M4 1þ k2ð Þ � 2

dp

dx
k� 1ð ÞM2 þ 2

dp

dx

� �2
 !

Br

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

cosh Mrffiffiffi
N

p
� �2

�2Msinh
Mrffiffiffiffi
N

p
� �

Mr
ffiffiffiffi
N

p �N

2

� �
e
Mrffiffi
N

p
� �4

þMr
ffiffiffiffi
N

p þN

2

� �

� �2
dp

dx
þM2 k� 1ð Þ

� �
Br kþ 1ð Þcosh Mrffiffiffiffi

N
p
� �

�4r �
ffiffiffiffi
N

p
e
Mrffiffi
N

p
� �4
4

þMr e
Mrffiffi
N

p
� �2

þ
ffiffiffiffi
N

p

4

 !
M2 k� 1ð Þ � 2 dp

dx

� �2
Br

2
6666666666666666666666666666666666664

3
7777777777777777777777777777777777775

(33)

Also

Nu ¼ dh
dy

���
�r

���� (34)
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or

Nu ¼ 1

32 e
Mrffiffi
N

p
� �2

M3rsinh Mrffiffiffi
N

p
� �2

cosh Mrffiffiffi
N

p
� �2

�
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(35)

Table 4. Effect of nip gap b ¼ H0
Hr

on coating thickness.

k ¼ 0:1,
k ¼ 0:6745
b ¼ H0

Hr

t ¼ Hf

Hr

M ¼ 0:3,
k ¼ 0:5449
b ¼ H0

Hr

t ¼ Hf

Hr

k1 ¼ 8,
k ¼ 0:6731
b ¼ H0

Hr

t ¼ Hf

Hr

0.1 0.2349 0.1 0.2089 0.1 0.2346

0.2 0.3698 0.2 0.3179 0.2 0.3692

0.3 0.5047 0.3 0.4269 0.3 0.5038

0.4 0.6396 0.4 0.5359 0.4 0.6384

0.5 0.7745 0.5 0.6449 0.5 0.7731

0.6 0.9094 0.6 0.7538 0.6 0.9077

0.7 1.0443 0.7 0.8628 0.7 1.0423

0.8 1.1792 0.8 0.9718 0.8 1.1769

0.9 1.3141 0.9 1.0808 0.9 1.3115
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Table 5. Effect of k on flow rate k0, separation
points x0, coating thickness t0 (Newtonian case).

k k0 x0 t0

0.1 0.5516 0.6719 1.0928

0.2 0.4903 0.6718 1.0825

0.3 0.4290 0.6717 1.0722

0.4 0.3677 0.6716 1.0618

0.5 0.3064 0.6715 1.0515

0.6 0.2451 0.6714 1.0411

0.7 0.1838 0.6713 1.0308

0.8 0.1226 0.6708 1.0206

0.9 0.0612 0.6693 1.0101

Figure 2. Impact of k on velocity distribution at x ¼ 0.

Ali et al. 15



Figure 3. Impact of k on velocity distribution at x ¼ 0:75.

Figure 4. Impact of M on velocity distribution at x ¼ 0.



Figure 5. Impact of M on velocity distribution at x ¼ 0:75.

Figure 6. Impact of k1 on velocity distribution at x ¼ 0.



Figure 7. Impact of k1 on velocity distribution at x ¼ 0:75.

Figure 8. Impact of k on pressure gradient.



Figure 9. Impact of M on pressure gradient.

Figure 10. Impact of k1 on pressure gradient.



Figure 11. Impact of k on pressure distribution.

Figure 12. Impact of M on pressure distribution.



Figure 13. Impact of k1 on pressure distribution.

Figure 14. Impact of k on Temperature profile at x ¼ 0.



Figure 15. Impact of k on Temperature profile at x ¼ 0:5.

Figure 16. Impact of M on Temperature profile at x ¼ 0.



Figure 17. Impact of M on Temperature profile at x ¼ 0:5.

Figure 18. Impact of k1 on Temperature profile at x ¼ 0.



Figure 19. Impact of k1on Temperature profile at x ¼ 0:5.

Figure 20. Impact of Br on Temperature profile at x ¼ 0.



Figure 21. Impact of Br on Temperature profile at x ¼ 0:5.

Figure 22. Impact of k on coating thickness.



Figure 23. Impact of M on coating thickness.

Figure 24. Effect of velocities ratio k on Nusselt Number.



Figure 26. Effect of MHD M on Nusselt Number.

Figure 25. Effect of Jeffrey parameter k1 on Nusselt Number.
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Results and discussion

The theoretical assessment of viscoelastic (Jeffrey) fluid for reverse roll coating has
been examined. The Maple-19 has been used to obtain graphs and numerical
solutions of this work. LAT is utilized to simplify the governing equations.
Analytical solutions for velocity distribution, pressure gradient, separation force,
flow rate, power input, Nusselt number and temperature distribution are pre-
sented. The numeric results for separation points xsp, flow rate k, power input
pw, coating thickness t and roll separation force F for various velocities ratios k,
Jeffrey fluid parameter k1 and MHD parameter M are in Tables 1 to 4. One sees in
Tables 1 to 3 that the coating thickness, separation points and flow rate decrease
for increasing k, M and k1. Also, the magnitude of power input increases, whereas
k increases, the magnitude of roll separation force decreases. We found that when
k1 ! 0 and M ! 0 the Newtonian results 12 are reproduced (Table 5). For differ-
ent b ¼ H0

Hr
, setting k ¼ 0:1, M ¼ 0:3 and k1 ¼ 8, the numerical results in Table 4

were generated. It is important to remember that by increasing the nip gap, the
coating thickness t increases, on the other hand, the web coating decreases with
increased velocity ratio.

Figures 2 to 7 present the dimensionless velocity profiles for several k, M and k1
at position x¼ 0.0 and 0.75. The velocity in the Figure 2 has been sketched at the
nip region x ¼ 0ð Þ for the various values of velocities ratio k in the domain
0:1; 0:9½ �. The velocity profile has been found to decrease when the values of k
are increased. The highest velocity was observed on the revere roll surface. Then it
begins to decreases when moving in the direction of the forward roll and reaches to
zero while y2 �0:002; 0:916½ �, beyond this domain, depending on the value of k, the
flow in the reverse way can observed towards the web of coating. It is noted from
Figure 3 that at different positions in the procedure of reverse roll coating, when
moving in the direction of the separation point, the domain of y, where the velocity
reaches to zero increases, after this domain depending upon the values of k, the
magnitude of the velocity increases when travelling in the direction of the upper
roll and reaches to its maximum value on the surface of the roll. Here it is noted
that compatibility with the model’s predictions is reasonably appropriate for small
k, whereas for larger k compared to unity, deviation increases. The Figures 4 to 7
shows the velocity outcomes for the numerous values ofM and k1 at distinct points
x ¼ 0; 0:75ð Þ in the process of reverse roll coating. It has been seen from these
graphs that the fluid velocity reduces by increasing M and k1.

The graphical results for pressure gradient dp
dx versus the axial coordinate x for

the involved parameter k (velocities ratio) M (MHD parameter) and k1 (Jeffrey
parameter) from 0:1 to 0:9 have been presented in Figures 8 to 10. It has been
observed from these figures that the pressure gradients magnitude decreases for the
increasing values of k, M and k1. The dimensionless graphical depictions of pres-
sure distributions for the numerous values of k, M and k1 are drawn in Figures 11
to 13. From Figures 11 to 13, it is witnessed that the pressure distributions mag-
nitude increases by increasing the values of involved parameters like k, M and k1.

28 Journal of Plastic Film & Sheeting 0(0)



100	 Journal of Plastic Film & Sheeting 38(1)

It is witnessed from Figure 11 that the highest value of the pressure distributions

magnitude occurs in the interval 0:1; 0:2ð Þ. Similar trend can be observed from

Figures 12 and 14.
The influence of different parameters such asM, k1, k and Brickman number Br

on non-dimension temperature profile have been sketched in Figures 14 to 21 at

different positions during reverse roll coating process. Figures 14 and 15 are drawn

at x ¼ 0 and x ¼ 0:75 for increasing values of k whereas the M, k1 and Br are kept

fixed. From Figures 16 to 19 it has been observed that for increasing value of M

and k1 the temperature profile decreases. Whereas the converse behavior has been

observed for the increasing value of k and Br.
The Figures 22 and 23 presents the graphical presentations of coating thickness

for numerous values of parameters k and M. One can witness that the thickness of

coating is decreasing function of k and M. The effect of the velocities ratio, Jeffrey

parameter and MHD on the Nusselt numbers are explored in Figures 24 to 26. The

values of Nusselt numbers are maximum for Jeffrey parameter and MHD, whereas

opposite behaviors has been observed for velocities ratio.

Conclusions

The theoretical assessment of coating process during reverse roll for an incom-

pressible, MHD, non-isothermal Jeffrey fluid is presented. The analytical solutions

for velocity profile, temperature distribution and pressure gradients are found. The

flow rate, coating thickness, separation points, pressure distributions, power input

and force of roll separation are tabulated in numerical form.
The key deductions from this analysis are as follows:
• The maximum coating thickness 1:3141 was for velocities ratio k ¼ 0:1, and

the minimum coating thickness 1.0344 was at k ¼ 0:9.
• The coating thickness to the maximum can be as high as 1:3142 versus the

separation point is 0:99998 for k1 ¼ 1, and the minimum coating thickness

1:3113 has been observed for k1 ¼ 9.
• For increasing relaxation time divided by retardation time (k1), the magnitude

of roll separation force and power input decrease.
• The velocities of the flow and pressure gradient decrease as k1 increases.
• The highest velocity occurs on the reverse roll surface.
• At the nip point, the absolute pressure gradient is maximum.
• Jeffrey fluid parameter (k1) plays an important role in controlling the pressure

gradients.
• The pressure distribution increases as k1 and k increases
• The temperature profile decreases with M and k1, and increases with k and

Br.
• k1 provides an economical way to control the velocity, flow rate and web

coating thickness.
• If k1 ! 0; M ! 0 the Newtonian results 12 (Table 5) are reproduced.
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Future scope

Engineers and scientists of related industries from all over the world are welcomed to val-

idate our results in a real environment on an experimental basis. Our study mainly empha-

sized the theoretical analysis of viscoelastic materials.
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Appendix

Notation

Br Brickman number
Cp

J
Kg:K

� �
specific Heat capacity

J ampere
m2

� �
current density

Hf mð Þ the thickness of the coating on the forwarding roll
Hr mð Þ the thickness of the coating on reverse roll
H0 half of the nip separation
k Ur

Uf
velocities ratio

R mð Þ the radius of each roll
T extra stress tensor
Uf

m
s

� �
peripheral velocity of forwarding roll

Ur
m
s

� �
peripheral velocity of the reverse roll

bH0

Hr
ratio of the half of the nip separation to the coating thickness on the
reverse roll
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k dimensionless flow rate
k1 sð Þ Jeffrey fluid parameter

q kg
m3

� �
fluid density

t Hf

Hr
coating thickness
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