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In this paper, for a two-grid decoupling finite element scheme for the mixed Navier-Stokes/Darcy model with
Beavers-Joseph-Saffman’s interface condition, we establish the optimal error estimate for the approximate
solution. Our analysis shows that the fine grid decoupled problems, that is the Navier-Stokes equations and
the Darcy equation, can be solved simultaneously and achieve the optimal convergence order.

1. Introduction

Because of the important applications in real world applications,
the mixed Stokes/Darcy and Navier-Stokes/Darcy model received much
attention in both theoretical and numerical aspect in last decades.

Many numerical methods have been studied for such mixed mod-
els, including coupled finite element methods [2,6,8,22], discontin-
uous Galerkin methods [12,17,21], domain decomposition methods
[7,9,10,14] and Lagrange multiplier methods [13,18]. Besides these nu-
merical methods, the authors in [20] proposed a decoupling scheme for
the Stokes/Darcy model with Beavers-Joesph-Saffman’s interface con-
dition (BJS) based on two-grid finite element, which can decouple the
coupled model in fine mesh level and the two decoupled problems can
be numerically solved in parallel. Although the numerical experiments
do suggest an optimal error order of the approximation in H' norm in
this pioneer work, the numerical analysis only gets a half order lower
error order with respect to the fluid velocity and the pressure. Later
on, the authors of [5] extend such decoupling scheme to the Navier-
Stokes/Darcy equations. Although their numerical experiments show
the scheme can reach the optimal convergence order, the error esti-
mation of the fluid velocity and the pressure is still half order lower
than expectation. In [24], we got the optimal error order of a modified
two-level decoupling scheme for the Stokes/Darcy model with BJS in-

terface condition at the cost of changing the parallel implementation
in fine mesh level to a serial implementation. In [16], by using a spe-
cial auxiliary elliptic problem, the author got an optimal H'! norm error
estimation for the fluid velocity in the two-grid decoupling scheme pro-
posed in [20] for the Stokes/Darcy model with BJS interface condition.

In this paper, we will propose a two-grid parallel decoupling scheme
with coarse mesh correction for the coupled Navier-Stokes/Darcy model
with BJS interface condition and try to show the optimal error order of
the approximation in L? and H' norm, which has been confirmed by
numerous numerical experiments.

The rest of this paper is arranged as follows. In section 2, we give a
brief introduction to the Navier-Stokes/Darcy model with BJS interface
condition. In section 3, we present the two-grid decoupling scheme.
In section 4, we try to establish the optimal error estimations for the
scheme.

2. Mixed Navier-Stokes/Darcy model with BJS interface condition

Let us consider the following mixed model of the Navier-Stokes
equations and the Darcy equation for coupling a fluid flow and a
porous media flow in a bounded smooth domain Q c R?, d = 2,3. Here
Q=Q,UT'uQ, where Q and Q, are two disjoint, connected and
smooth domains occupied by fluid flow and porous media flow and
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Fig. 1. A global domain Q consisting of a fluid flow region Q, and a porous
media flow region Q, separated by an interface I'.

I'= ﬁf nﬁp is the interface. We denote I'y = 0Q /\I', ', = 0Q,\I" and we
also denote by n, and n, the unit outward normal vectors on 9Q, and
0Q/, respectively. Furthermore, I, consists of two disjoint parts I',; and
T,,. We assume |T';|, |T',;| > 0. See Fig. 1 for a sketch.

Let us denote by [u,,p,] the velocity field and the pressure of the
fluid flow in Q, and ¢, the piezometric head in Q,. The partial dif-
ferential equations modeling the fluid flow and the porous media flow
are

=V (T, (us,pp)+u;-Vuy=g,, inQ,
V~uf =0, il'le,
-V-KV¢,=g, inQ,,

2.1

where
1
Ty, ps)==pl+2vD@)), Diup)=(Vup+ V' up),

are the stress tensor and the deformation rate tensor, v > 0 is the kinetic
viscosity and K is the permeability in Q,, which is a positive definite
symmetric tensor that is allowed to vary in space. The third equation
of (2.1) that describes the porous media flow motion is the Darcy’s law
for the piezometric head ¢,. For more details of these equations, we
refer readers to [12] and [20]. In the rest of this paper, we always
use boldface characters to denote vector valued functions or spaces of
vector valued functions.

The above equations (2.1) are completed and coupled together by
the following boundary conditions:

u;=0 onl'y, KV¢,-n,=0 onl,, ¢,=0 onl,, (2.2)
and the interface conditions on I':
uf~nf—]KV¢p-np:O,
—[Ty(us,ps)-ngl-n; =, 2.3
=T, (us,pp)-nsl-7,=Gus-7;, i=1-,d-1
Here G; >0, i=1,---,d — 1, are constants depending on the nature

of the porous medium and determined from experimental data, ;,
i=1,--,d —1, are the orthonormal tangential unit vectors along I". The
first condition is the mass conservation, the second one is the balance
of normal force and the third one means the tangential components of
the normal stress force is proportional to the tangential components of
the fluid velocity, which is called the Beavers-Joseph-Saffman’s (BJS)
interface condition (see [3] and [23]).
Let us introduce the following Hilbert spaces

X;={v, e H'Q)) 1 vflp, =0}, Q;=L*Qp),

— 1 . —
X,=1{w, € H'Q) : y,lr,, =0},
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where [X ;, Q] is the space pair for the velocity and the pressure in the
fluid flow region Q and X, is the space for the piezometric head in the
porous medium region Q,. Furthermore, we assume

! !
gfexf, ngXp. (2.4)

Here X ’f and X 1’, are the dual spaces of X ; and X, respectively.

For simplicity, we always use (-,-),, and || - || p to denote the L? inner
product and the corresponding norm on any given domain D. Since
IT¢], ITp| > 0, we know that ||]D(~)||Qf and ||]K%V . IIQP are equivalent
norms of the usual Sobolev norms in X ; and X, due to the Korn’s and
the Poincaré inequalities.

Forany [us,ps,é,),[vs. 47w, € X, X0fp X X, let us introduce:

B(lug,pr. bl v qp, v, D) =allus, ¢l sy, D +byusupvy)
+d(ppvp)—ds(apup)+ar((uy, @, vy, w,)),

where

a(lup,¢pl. e w ) =asus,ve)+a,(@,w,),
d-1
= 2v(D@), Dw)g, + Y, Giluy 7.0y - )r] + KV, Yy, |
i=1

bf(ufswf,vf) = ((uf . V)Wfavf)g,,

de(ps,vs)=(ps, V- Vf)gf, ap(¢p,,vp) = (¢, Uy -nf)r,

ar([uf, ¢p], [U/" V/p]) = ﬁr(lf)p, Vf) - ﬁr(lll,,a uf).
Now the weak formulation of the mixed Navier-Stokes/Darcy model
with BJS interface condition reads as follows (see [5], [12], [18] and
[20] for details): for g, € X'f g, € X;, find [us,p; ] € X ;X0 x X,
such that Vv, ap. v, EX X Qf XX,

()] B(lus,ps. ¢yl 5. q7,w,D) = (gfsvf)Qf + (gp,ll/p)gp~

Thanks to [12], we know that there exists a positive constant g > 0
such that the following Ladyzhenskaya-Babuska-Brezzi (LBB) condition
holds:

d f (q f U f)

inf  sup ——————— >f.

> (2.5)
4720, v, ex, a7 llg, D@,

For the purpose of later analysis, for any bounded domain D € R?,
we recall some inequalities and identity:

1 1
||U||L2(au) <clloll?, lvll?

1
2Pl o) <clvllgrpy Yve€H (D), (2.6)
”U”LA(dD)SC”U”HI(D) VUEHI(D), 2.7)
|(w - Viu,v)p| (2.8)
1 1
2 2 1
Sellwl 101, el 1911y, Vi.0€ H' (D)

Here c is a positive constant only depending on D. Indeed, for the in-
equalities (2.6) and (2.7), we refer readers to Theorem 1.6.6 in [4] and
Theorem 5.22 in [1], respectively.

3. A two-grid decoupling scheme

In the rest, we assume Q, and Q, are smooth domains and we de-
note

Y:X/-><Q/-><Xp, W:X/-XQ/-.

And for any given positive constant x > 0, we denote by

Y, =X XQp XX, W,=Xp,X0Qpys

the corresponding finite element spaces. In what follows, we assume
that MINI element and piecewise linear continuous element are applied
in the fluid and the porous media regions, respectively. We know that
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such finite element space pair [X > Q] satisfies the following discrete
LBB condition: there exists a positive constant independent of y, which
we still denote as f > 0, such that

dr(@rus sy

inf sup ———————— >4 (3.1)
070200, ex;, 17,10 D@/,
In addition, we assume the following local regularity
up € HAQ)), ¢,€ H*(Q,), p,eH' Q). (3.2)

In the rest, we use ¢ > 0 to denote a mesh sizes independent constant,
which may depend on certain combination of the norms of u,, p, and
&y

First of all, we present the classical finite element discretiza-
tion of the coupled model (Q): find [u PPl €Y, such that
V[vqufﬂ’l”pu] € Yﬂ

Q)

See [11], for a nonsingular solution [u PPl €Y of the problem
(Q), there is a nonsingular solution [u;,,py,. ¢, €Y, of (Q,) near
[us,ps,$,] when u is smaller than some prescribed p, > 0. Based on
this observation, the authors of [5] get the following error estimates of
the coupled scheme (Q ”):

For the above mentioned y > 0, u < 4, and the nonsingular solution
(s Drus bpul €Y, we denote forany (wy,,,rr,,,0,, 1 [V dp s Wpul €Y,

B((uysyppus bpuls s dpps Wy = (gf,Vf,,)Qf + (gp7qlp/,{)ﬂp'

1
D@, —uy)llg, + 1KV, = dp)llg, + 2, = pralla, <cns

3.3)
fluy - ufu”Qf +l¢, - ¢p”||ﬂp <cu.

Lo st s Opu L W0 d s WD = Wy ) + by (g w07,
HorWyy Uy V) +dy (V) = dp(@p wey) +ay(0,,,Wy,)
+ar((w sy, 0,1 [0 4 Wy D,

the bilinear form associated with the Frechet derivative of the Navier-
Stokes/Darcy operator corresponding to (Q,) at the nonsingular point
(s PppsPpul €Y, in Y,. We know from [11], the Fredholm alternative
and the similar procedure in [19] that there exists a y independent
constant y > 0 such that

Eufﬂ([wfu’rfﬂ’gpll]’ [Vqufw Wp,,])

sup 3.4

1
Wras vl D@ g, + 4y, o, + K2 Vi, llo,

1
2y(UID@ o, +lrpulle, + K2 Ve, o),

£M/M([vfyﬂqf/4’lljp‘u]a [w/'w’fw"pu])

sup (3.5)

1

et ¥l D@ g, + s, g, + 1K= Vi, lg,
1

> (D@ )l + 117, llg, + K2 Vo, lig,).

Furthermore, for any ;€ Xy, we have

l:,zf([wf,,"‘fwo'pu],[Vf,,anprﬂD (3.6)

= Eufﬂ([wfl‘9r/"uso'p%]q [V/,,,(I/'WWWD
thy(ly —usy Wry Uy ) bWy iy —tp, Uy,

If i, € X is closed to u,,, such that [|[D(u,, — ﬁf)IIQf is small enough,
we can get that there exists a positive constant independent of x, which
we still denote as y > 0, such that

£ﬁf([wf,p"fw0'p;¢]» sty Wpul)

sup 1 3.7)
s D@ llg, + a7, la, + K2 Vi, llo,
1
>y (D@ )lla, + 1l + 1K Vo, llg ).
Loy (Wrpsdpp Wl [Wryst 40,1
sup 7 w A fu ¥pu W' fuw Cpu (3.8)

1
et D@, llg, + 47,0, + K2 Vil

1
2r(ID@s)lla, +rpullo, + K2 Ve, lig)-
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We refer readers to Lemma 3.3 and Theorem 3.1 in Chapter IV of [11]
for detail proof of (3.7) and (3.8) as long as DG/, - ﬁf)”gf is small.
From now on, we always assume [u rPp Pl €Y is a nonsingular
solution to the problem (Q) and u < g such that [u s Prus Ppul €Y, 18
a nonsingular solution to (Q ”) near [u;,pr, $,] satisfying the estimation
(3.3).
In the rest, we also denote

LWy 1 0 gD = Lo (W10, 0L 101004 7, OD.

Since [us,,ps . $p ] €Y, is a nonsingular solution to (), lugy.ps,l €
X, X Qy, is a nonsingular solution to the Navier-Stokes equations in
(0] M) with the given piezometric head ¢ o € Xpu- Thus the bilinear form
£{l"f f Wyt s ar,D) also satisfies the following inf-sup conditions
like (3.4)-(3.5):

£114Vfi([wfwrfu]’ [vfl,{,qu])

sup (3.9

wreardew, 1D@s o, +14s.lla,
2r(ID@ s )lo, +lIrpylle,)-
£,]4fo([”qu/,4],[wf,u"fu])
sup (3.10)
wreardew, D@ lo, +14s,lla,

2r(IDw s )llo, +lIrpulla,)-

Now we state the following two-grid decoupling algorithm.
Two-grid decoupling algorithm

1. Solve (Qy) with a coarse mesh size H < p to get [u p,pry.dpul €

Yy.
2. For h < H < py, find [u/", p/?, ¢P"] € Y), such that V[v . q,p. wp,] €
Y,
L3S (" p "L e g ) + 0y (@7 ) (3.11)
= bf(ufH»ufH,vfh) - ar([uf}-[»(ﬁpy], [vfhﬂllph])
+(gf,vf;,)g/ +(8p Wpn)a,-
3. Find (@', p/H ¢pH) € Yy such that Vv, y. 4, 4. ¥,u] € Yy
Lo (@ 5 M a1 vy (3.12)

= (gfvfo)Qf + (gp’WpH)Qp - af(u/.h:fo)
—b @ " o) —d (0 v+ d (g T
—a,(¢'" W) — ar (W, " [0 v D).

Update [u/", p/", ¢P"] as

h h h 3 ~ ~ Iy
W) pl) =/ pT " )+ (@1 T e,

Remark 1. Thanks to (3.9)-(3.10) and the identity (3.6), we can show
that Viw ey, rrp] €W

£l],\]fi ([weprppls WppsapnD

sup (3.13)
w1 )EW, ”ID(vfh)”Qf + ||llfh||9/
2y(UID@ p)lla, +1rsnlle,)s
C%‘Z([vfh,CIfh],[wfh»rfh]) (3.14)
sup .
[ ned 1 1EW ”]D(vfh)”Qf + ”qfhllﬁf

2y(UID@ p)lla, +1rsnlle,)s

by the same procedure in [19]. Now, in the second step, once
[urgPra> ol € Yy is obtained in the first step, (3.11) is actually
equivalent to the following two decoupled equations: V(v ,.q,,] €
Wh’ th (S Xph
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ey @ ™ [ apn])
= (gfﬂ"fh)gf +bUpg Uy, Vsp) — Ar(Gp,Usp)s

and

@)@ W) = (8 Wpr)a, + ArWpnsUpp)-

These two equations are uniquely solvable because of the inf-sup
conditions stated above and X ph— coercive of a,(,-). In addition, if
D@ —usillg , is small enough, the (3.7) is valid if we replace i,
with u/?. Then (3.12) is uniquely solvable. Therefore, for sufficiently
small 4 < H < y,, the above two-grid algorithm admits a unique solu-
tion [u])'. p}/. /1 €Y.

Remark 2. By the same procedure in [5], if we denote [uy, pyy, $,4] €
Y, as the nonsingular solution of (Q;,) near the nonsingular solution
[us,ps.¢,] €Y, one can obtained the following error estimate of "

K2Vt~ ¢l < cH. (3.15)

Later on, we call it an optimal error estimation if we configure H and h
as h ~ H? in the choice of the coarse mesh and fine mesh finite element
subspaces in this paper.

4. Error estimations

Although numerical results in literatures do suggest an optimal error
order for [u/", p/"] € X ;,X 0 ,, by the same method in [5], we can only
get the error estimation of it that is half order lower than the optimal
order like following

3
D@y, —uwMllg, + o= p" o, <cH?. 4.1)

To get the error estimations of the final approximation [ui,h, pﬂ’, ¢’Z’ 1,
we first re-consider the error estimations of [u/",p/" ¢P"], espe-
cially the error estimation of [u/”,p/"]. In the follows, we will first
give some more rigorous estimates on the fine grid approximation

[/, p™, ¢ € Y,, actually a rigorous estimation of 1Dy, = ufh)||9/
_pfh
and lpsn—p ”Qf'

Theorem 4.1. Assume Q, and Q,, are smooth domains such that the mixed
Navier-Stokes/Darcy problem satisfies the local regularity assumption (3.2)
and h < H < p is small enough such that (3.4) holds. Let [u sy, prp, $pp] €
Y, and [u'?, p/", p?"] € Y}, be defined by the coupled Galerkin scheme (Q,,)
and the two-grid decoupling algorithm. The following error estimate holds:

L
ID(u —“fh)HQf +psn _Pfh“Qf + K2 V(,, —¢ph)||gp <cH?. (4.2)

Proof. In what follows, we will only try to establish the error estimate
of the velocity and the pressure in (4.2).
First of all, let us denote
fh

ey, =up—ul, e

The subtraction of (3.11) from (Q,) with Wpn =0 admits

h h
s :pfh_pf s eg, = bpn ="

ﬁuNfLZ ([euf,epf], [Wrnarn]) = (@pp = bpu-Vsn-np)r 4.3
+bf(ufh —Uppg,Upp — ufH,vfh).
Thanks to (2.8) and (4.1), we have

bf(ufh_ufH’ufh_ufH’vfh) 4.4

<c|D(sy - ufn)ll?,/ D@, < CHZHJD(vfh)“Q/-

To estimate the first term on the right hand side of (4.3), we intro-
duce an elliptic extension of v, - n, into the porous media region. That
is to find ®, € H'(Q,) satisfying
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-V (KV®,) =0 in Q,
KV®,-n,=v,,-n, on I

Auxiliary Probl S ’

(Auxiliary Problem) KV®,-n,=0 on I,
®,=0 on I'yy.

It is classical that

1
IK2V®,[lg, <clD@p)lg, - (4.5)

Furthermore, if the interface I' is smooth, for example I" is smooth such

that n , is continuous along it, we have for v mE€Xs,

1
K>V, 71, < cID@p)lla, - (4.6)

Now for the first term on the right hand side of (4.3), we have

[(bpn — Dpr-Vsn - n )l =1— /(¢ph —¢,)KV®, - n|
T

/ V- (= bp KVD,)|

Q

=|—/(¢ph—¢pH>lKv<1>pAn,,|=|—
0Q

14

=|- /(¢,,h — )V - (KVD)) - / KV(@pn = bpr) - VO, |
Q, Q,

_ h
_|—/]KV(¢" —¢pH)~V<Dp+/IKVe¢p~V<IJp|
Qp Qp
1 1

<1 [ KI@ = by V0, 4 1K ey g, NV,

Q)
From the definition of o in (Qy) and ¢”" in (3.11), we can easily
verify that
/]KV(qﬁ”” — o) VO, =0 YO, €X,y,
Q,

which means the projection associated with a,(,-) of ¢”" onto X pH 1S
the coarse mesh approximation ¢, .
Noticing (4.5), (4.6), (3.15) and (3.3), we have VO, € X,y

| / KV(@™ — ¢,1)- VO, |
Q

P

< inf

bpHEXpH

| / KV(@" =) - V(D, — @, )]
Q

P

1 1
< 5 ph _ 3 2 —
<IK2V@™ = dpmlla, %ng&pﬂ IK2V(@, - @,1)llg,

1 1
ScH(IK2 Ve, llg, + K2 V(dn = byl ID@p)llg,
<cH D@ ,p)llg, -

By using (4.5) and (3.3) and the above estimates, we get

(bpn = by Vsn - mpdrl < cHAID@ g, - 4.7)

Now, combination of (4.4) and (4.7) with (4.3) and the usage of
(3.13) with (W7 ppl = [euf,epf] lead to

D@y —uMllg, +lps = p" g, <cH?.

This concludes the proof of this theorem. []

Now let us turn to the error estimate of the final approximation
fh fh ,ph
(wy Py &y -
Thanks to (3.3) and the results in Theorem 4.1, we can check that

ID@"" ~usp)lla, <c(H +h).
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If H >0 is small enough, from (3.6), we have

Lyrn(WrmrmVpul: (Wep . r,0,m1)

sup ;
wrmarm oV D@, ppllg, +a7mlla, + 1K Vg,
1
27D o, +rrulle, + 1K2 Vo, plig)-
Due to the above inequality, we can introduce the following projection
from Y), onto Yy: for given y), =[v ;. q/p, ¥ n] €Y, find
Py itn = [PL o0 i PY G P Cowon] € Yo,

which we simply denote as Py y, = [P}V, P)f[qfh, ng/ph] €Yy and
Opxn=Up=Pylxp= [Q';IUfthinfh,Qle/fh], such that V[w .7y,
o,ul €Yy

Lon(@ g7 1120, [0% 0 4. Q% a1 Q% w1 = 0. (4.8)

Then we can rewrite (3.12) as

£ufh([ﬁfH,[7fH,<£pH]’[Uch]fhsV/phD
=& Plvna, + (@ Phwma, —ar @/ Py
—b /" w" Phve) —d (0 PR ) +d (P u’™)
—a, @ Py, — ap (!, ¢, [PL v 1 POy ).

Notice that

af(ufh,vfh) + bf(ufh,ufh,vfh) + d/([)fhsl’fh) - df(‘]fh,ufh)
+a, (7" wn) + ar (" ¢, [0 o )
= Lon (" " P [0 i) = by @M v ),

we have the final approximation [ug', pg’, qb’)’: 1 €Y, satisfies

hfh 4 ph
Lorn(l) pl) . [0 1 e Wpn ) (4.9)
= (&7 Phvsna, + (8 Pgwp,,)gp +b, @™ ut Phv,,)
+Lyrn ([, ", 1, 10% 0 14, O d s O wpn D)
Now let us consider the following linearized approximation of the
problem (Q,,): find [ﬁfh,ﬁfh,éph] €Y, such that V[v s, q,4,¥,,] €Y

£ufh(['_lfh7ﬁfh,(f;ph],[vchth,ll/ph]) (4.10)

ufh’ufh

=(gf7vfh)Qf +(gpiylph)ﬂp +bs( JUsp).

With the same definition of e, as defined in the proof of Theorem 4.1,
the problem (Q},) can be rewritten as

Loyrn(Wsp,ppps Ppn) [0 rns s WonD) (4.11)
= (gfﬂf'fh)gf + (gp’ylph)ﬂp + bf(ufh,ufh,vfh) - bf(euf,euf,vfh).

By using (2.8) and the error estimate of ey, in Theorem 4.1, we have

2 4
|bf(euf’eufsvfh)| < CH]D(euf)”Qf ||]D(th)||gf <cH ||]D(th)||gf-

Comparing the above two equations (4.11) and (4.10) and using (3.7),
we can easily get

1 _
D@ s =arla, +prn=Prnlla, + K2 V(dyn = dpullg, < cH*. (4.12)

Based on this estimation, we try to compare the final approximation

h h h . _ _ -
i, ,Pil ,¢[])_,] with [@/, prj. §p,] rather than [uy,. prp, dpsl-

Let us denote

[u

_ _ oo _ hoo 7 h
eufzufh_uf9 epf=Pfh_Pfs e¢p=¢ph_¢p'

By using (4.2), (4.12) and the triangle inequality, we have

L
D@yl +112,, lla, + K2 Ve, g, <cH. (4.13)
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Due to (4.10), we have

Loon(u! p"", "), 10% v 1. 0% 411 O wpn))
=Lyn(@sp, byrp, quh]’ [O% v hs QI;Iths Qtlzll/ph])
—Lurn((@y,+8,, 2y 110040 Oy s Oy W)
=(g;,.0Y th)gf +(8p» Qz V/ph)ﬂp + bf(ufhﬂlfh, OYvsn)
~Lurn((@y, 8y, 11040 11 Oy Oy Wy

Therefore we can rewrite (4.9) as

Lol pl) O [0 e W) (4.14)
=(gs, th)gf + (gps W,;h)gp + bf(ufhﬂlfh, Usp)
—Lurn((8y,+8, 84 1[040 40 Oy g Oy )-
Then we have

- ‘h _ h 1 h
Lon@py =l 5w =0l ®on = D0 L0 ey Wpn) (4.15)
= Lom((@y,. 2,84 1.10% 1 Oy s O Won))s

and it is obvious that V(v y,q, . ¥,y 1 € Yy
_ ho n oz h
Lopn(ip, =il 5=l pn = V0L G W D = 0. (4.16)

Thanks to (3.7) and (4.13), we can easily get

_ h _ h 1o - h
DG g, = wy g, + 15,0 = Pl la, + 1K2 V(@ = D5l < cH.

(4.17)
To give the L? error estimations of &y, — u{j’ and ¢,, — ’Z’, we

will use the Aubin-Nitche technique. We first make the following usual
assumption:

(A) for any given f € L*Q 1) and fp € LZ(QP), the solution of the
following problem
Loyrn(psapnsWpnls (W ppo 1 g 0001 = (F th)gf + (prI/ph)Qp,
VIVrndrn Wonl €Yo
satisfies
”wfh”HZ(Qf) + ”r/'h”Hl(Qf) + ”‘Uh”[-ﬂ(gp) < C(||ff||gf + ”fp”.Qp)
Here the H? norm is in the piecewise sense.
Now by taking f,=v,, =, —u.", f,=w,, =&, — ¢"" and q,, =
p=Vrn=Urn =Wy Jp=Wpn = Ppn = Py arn
Pra —pg’ and being aware of (4.16), we get V[w p,r g, 0,51 € Yy
_ h z h
e P e
_ . h oz h
=£ufh([ufh - u?, sPrh —Pil ,¢,,h - ¢I;I]a [th,rfh,o'ph])
_ . hoz h
= Loy —ull ppn—pl) b — 01,
(Wen—Wig T pp =T rH0p —0pp])
_ h
<clDgy - ujll, D@ 5 = w il
_ ‘h
+ellBpn =l lla, ID@ g —wppllg,
L h 1
+cllK2V(d,, — B Mg, K2 V(o,, = opm)lia,
_ ‘h i
+elD@ g —ullg, K2 Vo, = op)ll,
LR h
+clK2V(d,, — B Mg, D@y —w,p)llg,
_ h _ h 1 7 h
<Dy, —ujlla, + 157 — Pl lla, + K2 Vi, — &5l

inf

X(
wiHEXrH

1
D@, —weplla, + %Hlfelg(m IK2V(op = 0pm)llo,)
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Table 1
Numerical results of the two-grid decoupling scheme with h = H?.
;
H h [IDe, llo, R, lle,llq, R 1K= Vegllg, R
: = 8.4856e2  \ 2.4733e2  \ 3.8090e-2 \
é é 2.0649e-2 1.0195 2.8405e-3 1.5611 9.5124e-3 1.0008
& 2—;) 5.1691e-3 0.9990 3.5333e-4 1.5035 2.3745e-3 1.0011
_ fh _ fh Lo - ph
ScH(IDG sy, —up)llo, + 157 = Py llg, + I1TKZ VI, = ¢i)lla,) Table 2
B h _ oh Numerical results of the two-grid decoupling scheme with
X(Napy —uylla, + dp — by lla,)- h=HE.
Then by applying (4.17), we get H ok lela, R leglla, R
_ h - h L 2L 7.6971e-5 4.3344e-5
g, —up o, + 1, — & o, . \ \
’ . = = 1.9208e-5 2.0736 1.0405e-5 2.1315
_ h _ h 1oz h !
<cH(|D(@gy, - u{, Mg, +115sn _1’{1 llo, + K2 V() - o e,) 5 35 25403e6 20041  1.4637e-6  1.9430

<cH’.

Finally, combination of the above estimate with (4.12) yields

Nl i =gy e, + libpn = iy llo, < cH. (4.18)

Then we obtain the following theorem by means of triangle inequal-

ity and the classical results in (3.3).

Theorem 4.2. Under the assumptions in Theorem 4.1, there hold the fol-
lowing error estimates:

1
DG, —ujla, +lips =y lla, + 1K Vg, = ¢h)lla, (4.19)
<c(h+ HY),
lluy —ufllq, + ¢, — & llg, < cth® + H?). (4.20)

Remark 3. To balance the two error terms in (4.19), we need to choose
h~H?,
and we actually get
h h L h
DG, —uyla, +lips = pylla, + K> V(g, - ¢i)lg, <ch.
On the other hand, to balance the two error terms in (4.20), we take
3
h~H?2.
Thus we have
h h
ey —wlla, + N, = &y llg, < ch®.

In such sense, we say that we get the optimal error estimations for the
two-grid decoupling scheme.

5. Numerical experiments

In this section, we present some numerical experiments to verify
the theoretical results of the proposed two-grid decoupling scheme. Let
the computational domain Q be composed of Q r=0,1)x(1,2) and
Q,=(0,1)x (0,1) with the interface I" = (0, 1) x {1}. For simplicity, all
the physical parameters are set to 1 and I = I. We choose the following
exact solution to the mixed Navier-Stokes/Darcy model, which satisfies
the three interface conditions (see [5]).

up= (cos(%y)2 sin(%x),—cos(%x)(% sin(ry) + %y)), (x.y)€Qy,

py =% cos(Zx)(y— 1 - cos(zy)). ) EQ,,

¢, = %cos(%x), (x,y)€Q,.

Then we can get the external force term g, in Q, and the source term
g, in Q,. And we impose the boundary conditions accordingly.

The finite element spaces we used are the MINI elements, say P1b—
P1 finite element pair, for the fluid region and the linear continuous
Lagrangian element, that is P1 element, for the porous media region. In
the following two tables, we denote

h h
eu=ty—uy's ¢=pr=pyls ep=d, =y,

and

0 0 1 1 0
R}, R}, R, Rj R,

the convergence orders of ug' and d)Z’ in L? and H'! norm, the conver-
gence order in L? norm of pf{h, respectively.

We compute the errors between the exact solution and its numerical
approximation by the proposed two-grid decoupling scheme. In Table 1,
we show the errors and convergence orders with respect to the fine
mesh size 4 in H' norm for u,, ¢, and L? norm for p, with the mesh
size configuration h = H>. Table 2 presents the errors in L?> norm of

u, and ¢, with h=H % By analyzing the data in the two tables, we
can conclude that the convergence orders for the two-grid decoupling
scheme are optimal both in H! and L? norm. These are consistent with
the theoretical results obtained in Theorem 4.2.

All the computations are completed by using the open source soft-
ware package FreeFem-++ [15]. We also thank Dr. Yuhong Zhang
from Hunan Normal University, China, for his help in programing with
FreeFemt+.

Link to the Reproducible Capsule
https://codeocean.com/capsule/6782045/tree/v1
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