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Abstract
Reverse roll coating process are utilized for the purpose of applying a coating to a substrate orweb by
utilising different rollers in order to get the required coated surface. As a result of this, reverse roll
coating process have found applications in awide variety of industries, such as those dealingwith food
andmedicine, electronic components, optical and LCDdevices, and optical products. Themain
objective of this paper is to develop themathematical formulation for the coating of thinfilm for an
incompressible isothermal viscoelastic fluid between two reversely rotating rolls. Through the use of
an appropriate dimensionless parameter, Non-dimensional nonlinear ordinary differential equations
(ODEs) are derived fromgoverning partial differential equations (PDEs). LAT (lubrication
approximation theory) simplifies the dimensionless equations offluidmotion. The expressions for
velocity offlow, pressure gradient andflow rate is obtained analytically by using regular perturbation
method, while numeric solution of somemechanical parameters such as power input, coating
thickness, roll separation force and separation points are calculated. The numerical validation of the
analytical solution of the fundamentalmodel of nonlinear constitutive flow laws is done in theMaple
environment using the numeric techniquewhich is based onfinite differencemethod. The influence
of numerous non-Newtonian parameters such as velocities ratio andWeissenberg number on velocity
profiles, pressure gradient, power input, roll separation force, separation points and coating thickness
of a non-Newtonian Johnson–Segalman (JS)fluid are explored via graphically and in tabular form.
The outcomes demonstrate that on increasing theWeisenberg number and velocities ratio, the coating
thickness onweb is decreases. For the numerous values of velocities ratio, it is important to note that
separation points shifted towards the nip region. In addition, the non-Newtonain parameter have
signifcant impact on power input and roll separating force. Themaximumcoating thickness that is
1.0927 has been observed at the value of separation poin 0.9620.Hence, these factorsmay help in an
efficient coating process and improve the substrate life.
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RECEIVED

3May 2022

REVISED

18August 2022

ACCEPTED FOR PUBLICATION

20 September 2022

PUBLISHED

12October 2022

© 2022 IOPPublishing Ltd

https://doi.org/10.1088/1402-4896/ac9354
https://orcid.org/0000-0003-4755-8370
https://orcid.org/0000-0003-4755-8370
https://orcid.org/0000-0002-5463-4581
https://orcid.org/0000-0002-5463-4581
mailto:yrhou@mail.xjtu.edu.cn
mailto:poom.kum@kmutt.ac.th
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/ac9354&domain=pdf&date_stamp=2022-10-12
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/ac9354&domain=pdf&date_stamp=2022-10-12


Uf
m

s( ) Peripheral velocity of forwarding roll

R m( ) The radius of each roll

k U

U
r

f
= Velocities ratio

⎛
⎝

⎞
⎠

kg

m3
r

Fluid density

H0 Half of the nip separation

H mr ( ) The thickness of the coating on reverse roll

H mf ( ) The thickness of the coating on the forwarding roll

H

H

f

r
u = Coating thickness

H

Hr

0¡ = Ratio of the half of the nip separation to the coating thickness on the reverse roll

l Dimensionless flow rate

1. Introduction

Fluid and different types of polymer coatings are utilized on surfaces in various industries for instance, themetal
and fabric sheets through protective, decorative and enhancingmaterials, paper board and papermaking,
cellulosicfilm, printing, books andmagazines, x-rayfilms, plastic films,magnetic tapes for audio, video and
computer use etc Basically, the procedure inwhich afluid or anymaterial layer is sequentially applied on a
moving sheet is known as coating. Themoving sheet is termed as web/substrate that is to be coated. Several
methods are established for coating. Some frequently used systems are reverse roll coating, forward roll coating,
metering roll coating, roll over web coating, kiss roll coating, extrusion coating, withdrawal coating, blade
coating and free coating.

Roll coating is a system inwhich the substrate is enfolded around one roll and the fluid is fed to the nip
through a second roll. The suspended fluid from the nip region splits up into two streams. Thefluid adhering to
the substrate generates the coated layer and the stream at the exposed roll is eliminated or recycled. Usually, the
rolling elements permit the apparent application of liquid coating onto thewebwith a good degree of control
over the coating layer thickness [1–3]. To obtain the fluid layer, numerous of factors are substantial including
nature of surface, rheology of liquid, coating thickness, speed of web and coating uniformity etc [4, 5]. The
significant factor for thickness and consistency of sheet isfluid flow. The thickness of coating layer usually hinges
on the gap among the rolls with their speeds.Mostly, the radii of two rolls are smaller than the nip distance
between both rotating rolls. Theweb and the rollsmove in conflicting direction for reverse roll coating
nevertheless both rolls at the nipmove in same direction for forward roll coating [6–8].

Usually, the thickness anduniformity of the liquid sheet is required in coating.Themainproblemwith roll
coatingdevices is the inceptionof surface instabilities that are necessary to eliminate for obtaining the smooth surface
layer as observedby several researchers [9, 10] forNewtonianfluids.Thenumerical approach throughfinite elements
methodwas establishedbyChandio andWebster [11] for the analysis of transient instabilities in case of reverse roll
coating. Theynoticed that the increase in foil speed increases theflow instabilities rather than the roll speed.The
reverse roll coating forflow instabilities comprisingon cascading and ribbingwaspresentedbyCoyle et al [12]. They
adopted thefinite elementmethod for experimental outcomes to clarify the essentialfluidproperties.HinterMaier
andWhite et al [13] adopted the lubrication technique for analysis ofwaterflowamong two rolls and attained the
outcomes thosewere compatible by their ownexperimentalfindings. The lubrication approximationwas employed
byHoandHolland et al [14] andGreener andMiddleman et al [15] for the theoretical analysis of reverse roll coating.
Theydisregarded thepresence of free surfaces, surface tension anddynamics of contact lines.

The innovative work based on roll coatingwas established byGreener andMiddleman [16]. They developed
amathematicalmodel through the hypothesis of small roll curvature and considered that both the roll and sheet
movewith similar speed. They employed lubrication approximation and obtained both the numerical and
analytical solutions forNewtonian and non-Newtonian fluids. The reverse roll coatingwas also addressed by
Hao andHaber [8]. They employedGaleriken finite elementmethod for solution. Shiode et al [17] employed
VOF to examine the reverse roll coating forflow simulations of dynamicwetting lines and concluded that the
wetting lines reaches the nip as the speed ratio rises. Belblidia et al [18] established amodel for reverse roll
coating throughTaylor-Galerkin pressure correction algorithm formaximumvelocity. Themodernization of
the effort is inspired by the necessity in coating industry to coat steadily, rapidly andwith undeviating thin sheets
by enhancing the coater functioning conditions and coating rheology. Hao andHaber [8] developed the
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Galeriken finite element technique for the analysis of coating flowof rotating reverse rolls. Zahid et al [19]
investigated the second-gradematerials for roll coating. They utilized the lubrication approximation theory
(LAT) and obtained the numerical and graphical results for engineering parameters such as coating thickness,
roller power input, pressure distribution, stress, split location, strength and temperature rise. Ali et al [20]
analyzed the incompressible and non-isothermal viscoplasticfluid in the presence ofmagnetohydrodynamic
(MHD) effects for reverse roll coating. They employed LAT for simplification of governing equations and
analytic expressions for various engineering quantities have been obtained. The theoretical analysis of reverse
roll coating forWilliamson fluidwas established byAli et al [21]. The dimensionless governing equationswere
simplified through lubrication approximation. The perturbation techniquewas adopted to attain the analytic
solution and concluded that the entailedmaterial parameters allow amechanism to control the pressure
distribution, flow rate, coating thickness, power input and separation force. The non-Newtonian Jefferyfluid is
investigated byAli et al [22] in presence ofMHDand heat transfer for reverse roll coating. They applied the LAT
for simplification of governing equations and initiate that the coating thickness at the sheet reduces as the
velocity ratios increases. Recently, Shahzad et al [23] proposed a theoretical analysis of non-isothermal couple
stressfluid for reverse roll coating in presence of slip effects. They established the solution of governing
equations by simplifying through LAT and employed shooting technique to obtain the solution. They found the
decreasing tendency offlow rate for deviation of slip parameter.Mughees et al [24] investigated flow
characteristics of couple stressfluid in blade coating using LAT. LAT is also employed byKanwal et al [25] for
analysis of blade coating process using simplified Phan‐Thien‐Tanner fluidmodel.

Numerous of researchers have examined non-Newtonian fluids as thesefluids are extensively used in
industries, scientific and engineering procedures such as crude oil extraction, geothermal and thermal insulation
and aerodynamics. These fluids have composite rheological features. Distinct fluidmodels were inspected by
researchers in accordance of certainmaterial attributes such as Cassonfluid, second-grade, third-grade,
Oldroyd-B, couple stress and Jeffery fluid etc The under-considerationmodel is Jhonson-Segalman (JS)fluid
model. The JSfluid entitles a non-monotonic association among the shear stress and shear rate in a shearflow
formiscellaneousmaterial parameters. It is a prime viscoelastic fluidmodel that can simulate shear thinning
fluids. JSfluid enables non-affine deformations [26] and established by various researchers to illustrate the spurt
phenomenon [27–29]. Spurt acquaint significant raise in volume to a negligible increase in driving pressure
gradient. Three distinct JSfluid flowswere investigated by Rao andRajagopal [30]. The peristaltic transport of JS
fluidwithMHDwas analyzed by Elshahed andHaroun [31] and employed the perturbationmethod to acquire
the solution. JSfluidmodel was established byHayat andAli [32] by consideringmagnetic field in a circular tube.
Asymmetric duct was considered byHayat et al [33] for analysis of peristaltic flowof Jhonson-Segalman fluid.
Peristalticflowof JS fluidwas inspected byNadeem andAkbar [34] under consideration of heat transfer. They
obtained the solution through perturbation and homotopy analysismethod. The JSfluid in a tapering
asymmetric canal is inspected byKothandapni et al [35] that is caused by peristaltic stream train on inconsistent
walls. They utilized perturbation technique to attain the solution of axial velocity, axial pressure gradient and
stream function. The JSfluidmodel is established byAshraf et al [36] for evaluation of peristaltic-cilia flow inside
human fallopian tube for development of embryo. Recently, Kanwal et al [37]proposed JSfluidmodel for the
analysis of blade coating and utilized LAT for simplification of governing equations. They adopted perturbation
method for attaining the solution and concluded that the load decreases asWeissenberg number increases
however coating thickness increases in comparison of viscous case.

According to literature review, there is no contribution of theoretical investigation of reverse roll coating for
Jhonson-Segalman fluidmodel. The purpose of the contemporarywork is to establish amathematicalmodel for
theflow systemof JSfluid in reverse roll coating and to investigate the effects of emerging parameters onfluid
velocity, pressure gradient, coating thickness, pressure profile, roll separation force, power input and separation
points.

2. Problem formulation

A two-dimensional, steady, incompressible flowof Jhonson-Segalman fluid is considered among two rolls that
are rotating in the opposite directions as depicted infigure 1.

Where

• Peripheral velocities of rolls are supposed asUf andU .r

• The radius of each roll is R.

• Uf andUr implies the forward and reverse rolls velocity respectively.
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• k U

U
r

f
= is ratio of velocities of both rolls that is uniform.

• H2 0 is gap among both rolls (nip region).

• x-axis is considered along flowmovement however y-axis is taken transverse to the flowdirection.

2.1. Basic equations
For an incompressible JSfluidwith no body forces, the basic equations are as follows [38].

Vdiv 0, 1( )=

d

dt

V
div 2( )s r=

For Jhonson-Segalman fluid, s is defined as [37]

PI T, 3( )s = - +

T D S2 , 4( )m= +

where

⎡
⎣

⎤
⎦

m a a
d

dt
D S S W D S W D

S
2 , 5t( ) ( ) ( )h = + - + - +

and

D L L
1

2
, 6t[ ] ( )= +

W L L
1

2
, 7t[ ] ( )= -

gradL V, 8( )=

where
V=Velocity
ρ=Density offluid
σ=Cauchy stress tensor
p=Pressure profile
D=Velocity gradient (symmetric part)
W=Velocity gradient (skew-symmetric part)
I= Identity tensor
S=Extra stress tensor
μ and η=Viscosities
a= Slip parameter
m=Relaxation time
If we take a 1,= the presentmodel renovates toOldroyd-B fluidmodel. For 0m = and a 1,= JSfluid

model converts toMaxwellfluid, and by considering m 0= it transforms intoClassical Navier–Stokesfluid
model.

Figure 1.Geometry of the reverse roll coating.
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2.2. Governing equations andmathematicalmodelling
The velocity profile for the present situation is.

u x y v x yV , , , , 9[ ( ) ( )] ( )=

On account of equation (1), the component forms of equations (1) to (5) can be expressed as
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These are the boundary conditions that will be considered for the problemunder consideration[15]
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3.Dimensionless form

Introducing the suitable dimensionless parameters
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By using the above substitutions in equations (11) to (15), we get
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Re UH0= r

m
Reynolds number.

H

L
0Î = Ratio of height and length.

We mU

H0
= Weissenberg number.

We beginwith the LAT, which occurs in the reverse-roll coating process’s nip region, where themost critical
dynamic events occur. There is a small distance between the roll surfaces, which are nearly parallel and shift to

either side for a short distance. Then it is reasonable to take up that u v<< and .
x y
<<¶

¶
¶
¶

Thefluidmoves in the

x-direction and the y-direction has no velocity. In consideration of this assumptions, the systemof equations
from (18) to (22) can be simplified as
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One can notice from equation (24) that p p y .( )¹ By substituting equations (25) and (27) into
equation (26), we obtain
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By replacing equation (28) into (23), we get

⎜ ⎟
⎛
⎝

⎞
⎠

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

dp

dx

u

y y We a1 1
. 29

u

y

u

y

2

2
2 2 ( )
( )
( )

( )h m
m
+

=
¶
¶

+
¶
¶ + -

h
m

¶
¶

¶
¶

By employing binomial expansion for smallWe ,2 equation (29) takes the form
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The dimensionless boundary conditions for subjected to the problem are [15]
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4. Solution of the problem

It is of the utmost importance to be familiar withmethods that can approximate the answers to different kinds of
mathematical issues. This is due to the fact that the vastmajority ofmathematical problems do not have answers
that can be stated explicitly. Asymptotic analysis is a powerful tool that, when combinedwith the perturbation
technique, can be utilised to obtain approximations of solutions to difficult problems. Thismethod can also be
utilised alone. It is essential tomake advantage of the structure of the problemwhen dealingwith issues that
include a parameter that is either extremely large or extremely small in order to produce themost accurate
approximation. Thesemethods are extremely helpful when dealingwith converging and diverging geometries,
such as coating flowproblems [39, 40]. Due to the fact that equation (30) is a nonlinear differential equation,
finding a solution in closed form can be challenging. Therefore, the solution of nonlinear differential equation
given in equation (30) is obtained analytically by using regular perturbation technique forWe 12 << (as a
parameter for perturbation) and expanding the velocity u, pressure p, pressure gradient ,

dp

dx
and dimensionless

film thickness in the power series ofWe2
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0 and 0l are zeroth order solution and signifies theNewtonian case [15]. u ,
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first order terms and contributes the non-Newtonian effects. By replacing equations (32) and (33) into
equation (30) and comparing alike powers ofWe ,2 we acquire
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Forfirst order We :2 1( )

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

dp

dx

d u

dy

du

dy

d u

dy
3 , 371

2
1

2
0

2 2
0

2
( )b= +

u at y

u at y

0 ,

0 . 38
1

1 ( )
s

s
= = -
= =

The zeroth order solution for equations (35) and (36) can be obtained as

u y
dp

dx
k y k

1

2

1

2
1

1

2
1 . 390

2 2 0[ ] ( ) ( ) ( )s
s

= - - + + -
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The dimensionless flow rate for zeroth order is [15]

u y dy
1

2
, 400 0( ) ( )òl =

s

s

-

By utilizing equations (39) and (40), we obtain

dp

dx

k3 1 2

2
. 410 0

3

[( ) ] ( )s l
s

= -
- +

The zeroth order pressure can be attained by integrating equation (41)with p 00 = as x  -¥
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To acquire the coating thickness and pressure distribution, k0( )l is needed therefore Swift-Stieber boundary
condition is applied on pressure. It is assumed that the pressure and pressure gradient vanishes at the transition

point x xt= (where lubrication type flowprovides way to a transverse flow). By considering 0
dp

dx
0 = in

equation (41), we obtain.

x

k
1

2

2

1
, 43t

t
2

0 ( )s
l

= + =
-

we replace x by xt in equation (42) and determine xt in terms of 0l through equation (43) and substituting it
into the subsequent equation gained from equation (42), the transcendental equation in 0l is attained. To tackle
the complexity of this equation for evaluating ,0l theNewton-raphson technique is appliedwith accuracy of
10 10- and predetermining various values of k.

It is similar to the zeroth order solution to have a solution offirst order. By employing equation (35) into
equation (39) and using boundary conditions of (38), we get.
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The dimensionless flow rate forfirst order is

u y dy
1

2
, 451 1( ) ( )òl =

s

s

-

From equations (42) and (43), we obtain

dp

dx

p k p kp p3 4 5 10 5 20

20
, 461

3 5 2

3

( ) ( )b s b s b s b s l
s

=
+ + + -

where p .
dp

dx
0=
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The expression for the first order pressure can be attained by integrating equation (46)with p 01 =
as x . -¥

It is appealed that at the transition point x x ,t= Consequently, both pressure and its gradient vanish, and

the lubricating type flow is transformed into a transverse type flow. By 0
dp

dx
1 = in equation (45), we get

⎡
⎣⎢

⎤
⎦⎥

k
k k k

3 2
7 18 4

18 18 7
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2 2
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0
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b s l s
s l s s
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s
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+ - +

The following is the definition of the simple second ordermaterial balance relationship for l [15]

U H U H H U2 , 48f f r r f0 ( )l- =

and itmay also result in the formation

H

H
k2 , 49

f

r

( )u gl= = +

where
H

H

f

r
u = signifies the coating thickness. Hf and Hr represents the fluid sheet thickness on the forward and

reverse rolls respectively. H

Hr

0g = indicates half of the nip region H0 to enteringfluid sheet Hr from the reverse

roll therefore it is essential to identify k .( )l Weapply the Swift–Stieber boundary conditions to the pressure to
determine the k( )l equation. In sight of the Swift–Stieber boundary condition for pressure, interchanging x
with xt in the resulting pressure equation and then plugging the value of l into it all over the place in terms of xt

from equation (47), the transcendental equation in xt is achieved. TheNewton-Raphsonmethod, which is a
numericalmethod, is used to obtain results for theλ, which are presented in tables 3–4.

Up tofirst order, the perturbation solution is

⎧

⎨
⎪

⎩
⎪

u u We u

We

dp

dx

dp

dx
We

dp

dx

,

,

.

50

0
2

1

0
2

0 2 1

( )l l l
= +
= +

= +

5.Operating variables

When the pressure, pressure gradient, and velocity profile have been obtained, the required engineering
parameters can be determined.

5.1. Separating force
The dimensionless separating force F of the rolls is [19]

F
FH

URW
p x dx, 51

x
0

0

t¯
( ) ( )òm

= =
-¥

where F̄ signifies the non-dimensional roll separating force per unit widthW .

5.2. Power input
The power transmitted through the roll to the fluid can be calculated by the integral [19]

p
P

WU
S x dx, 1 , 52w

x

xy
0

2

t¯
( ) ( )òm

= =
-¥

where pw indicates the dimensional power. The dimensionless shear stress is

⎜ ⎟

⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

53S
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¶
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¶
¶

6.Numerical solution

In this section, we offer a numerical solution for comparing equation (30), whichwas solved in the preceding
section using the perturbation technique. Equation (30) is complex equation, it is difficult to solve this problem
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analytically, thuswemust use a numerical technique to estimate the entiremodel. Here equation (30) is tackled
via built-inmaple command dsolve-numeric which is based onfinite difference approachwith Richardson
extrapolation and is an appropriate, accuratemethod that can be used here.

We validate our numerical solution results by comparing them to the perturbationmethod results before
moving on to the results and discussion. To this purpose, figure 2 is created, which depicts the velocity curve
produced by numerical and analytical solutions. Numerical outcomes are shownby solid lines, whereas
perturbed results are represented by dashed lines. This graph shows that both solutions have a strong
association. This develops trust in both analytic and numerical solutions, as well as the outcomes projected by
them. This clearly validates the validity of our numericalmethod.

The numerical calculations for velocity profile at different position during reverse roll coating process are
performed for various involvedmaterial parameters such velocities ratio k andWeissenberg numberWe.
Numerical results were highlighted through graphs and tables. All these numeric computations have been

carried out atfixed value of pressure gradient
dp

dx
=−0.3 and 0.5.b =

The graphical solutions for velocity are shown infigures 3–6. The goal of this research is to use a numerical
method to investigate the response of u to changes in k andWe at various positions throughout the reverse roll
coating procedure. It has been noticed that as k andwe grow, fluid velocity decreases. Tables 1 and 2 show that
the velocity reduces as one canmoves away from theweb at x=0.

7. Results and discussion

Themajor objective of this effort is to investigate the non-Newtonian JS fluid during reverse roll coating process
theoretically and then validate results numerically. After changing to dimensionless form and employing
appropriate dimensionless variables, the governing equations were solved using the analyticalmethodology
perturbationmethod. The outcomes are graphically shown together with a discussion of the effects of various
emergent characteristics on the flow system. Figures 7–10 illustrate the results of the non-dimensional velocity
profiles at various points in the roll coating process for the different values of velocities ratio k andWeissenberg
numberWe.Figures 11–14 show graphical representations of the pressure gradient and pressure distributions,
whilefigures 15 and 16 show the relationship between the velocities ratio of the rolls, theWeissenberg number,
and the coating thickness.

The variation in the non-dimensional velocity profile curves at the nip area is depicted infigure 7, whereas
figure 8 are sketched at x 0.5,= for the increasing values of k in the selected domain of [0.1, 0.9] by fixing
We 0.5= and 0.5.b = Where k is the ratio of the velocities of the reverse roll to those of the forward roll. It can
be examined that velocity distribution declines by increasing the value of k.Themaximumvelocity was
measured at the backward roller’s roll surface, then it began to decrease as itmoved towards the forward roll,
eventually reaching zerowhen y belonged to a specific domain. Based on the value of k, it is possible to observe a
reverse flow in the direction of the coatingweb after this domain. Figure 8 shows that themagnitude of the
velocity increases as it approaches the separation point at various points in the reverse-roll coating process,

Figure 2.Compression between perturbation and numeric solution.
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beyond the domain for y,where the velocity becomes zero, depending on the value of the k, and reaches its
maximum speed at the roll’s surface. Furthermore, it is discovered that for small k, the agreement with the
model’s predictions is quite good; however, as k approaches unity, the variances increase [15].

Figures 9–10 demonstrate the velocity distribution for numerous values of theWeissenberg numberWe at
various locations (x 0,= x 0.5= ) of the reverse roll coating process. TheWe is a dimensionless number that is
used to assessflowvelocity characteristics. It is worth noting that increasing the value of theWe reduces the
velocity profile. It ismathematically described as the ratio of viscous to the elastic forces. So for higher values of
theWe, viscous force becomes dominant that is higher viscous force causes a declination inflow velocity. One
Canwitnessed from figures 3–6 and 7–10 that, for small perturbation parameter We,wehave a good agreement
between all the two results.

Figures 11 and 12 show graphs of pressure gradient versus axial coordinate k. Figure 11 depicts the plots for
various values of k while keeping theWe constant throughout the computation, while figure 12 displays the
plots for several values of k whilemaintaining theWe constant. This graphic outcomes reveals the existence of

Figure 3.Effect of k on velocity at x 0,= when We 0.1.=

Figure 4.Effect of k on velocity at x 0.5,= when We 0.1.=
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three separate zones, which are denoted as ‘upstream,’ ‘nip region,’ and ‘downstream’ respectively. Theflow is
resisted in the entrance and exit areas by the pressure gradient, but in the nip region it is assisted by the pressure
gradient, which is due to the drag flow caused by the coater and substrate. Also,figure 11 show that the
symmetric profiles around the nip area x 0= can be determined. The absolute of the pressure gradient is

Figure 5.Effect of We on velocity at x 0,= when k 0.1.=

Figure 6.Effect of We on velocity at x 0.5,= when k 0.1.=

Table 1. Impact of k on velocity profile at k=0.

y uk 0.1= uk 0.2= uk 0.3= uk 0.4=

−1 1 1 1 1

−0.8 0.94 0.93 0.92 0.91

−0.6 0.87 0.85 0.83 0.81

−0.4 0.79 0.76 0.73 0.70

−0.2 0.70 0.66 0.62 0.57

0 0.59 0.54 0.49 0.44

0.2 0.48 0.42 0.35 0.29

0.4 0.35 0.28 0.21 0.14
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greatest in the nip region, increasing symmetrically until it reaches itsmaximumvalue, then decreasing
exponentially until it hits zero at detachment points. One can perceive that for a certain value of k, the pressure
gradient decreases. Furthermore, it can be seen from figure 12 that the absolute value of pressure gradient
increases with increasingWe. It is further witnessed that themagnitude for pressure gradient ofNewtonian fluid
in the nip area is smaller than that of Johnson-Segalman fluid.

Figure 7.Effect of velocities ratio on velocity at x 0.=

Figure 8.Effect of velocities ratio on velocity at x 0.5.=

Table 2. Impact of We on velocity profile at x=0.

y uWe 0.1= uWe 0.2= uWe 0.3= uWe 0.4=

−1 1 1 1 1

−0.8 0.9421 0.9404 0.9387 0.9372

−0.6 0.8724 0.8691 0.8661 0.8632

−0.4 0.7910 0.7864 0.7822 0.7782

−0.2 0.6979 0.6924 0.6873 0.6825

0 0.5932 0.5871 0.5816 0.5765

0.2 0.4771 0.4709 0.4653 0.6503

0.4 0.3496 0.3439 0.3388 0.3343
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The graphical outcomes for the pressure distributions are presented infigures 13 and 14 for the various
values of k andWe respectively. Figure 13 shows that as onemoves toward the negative x-axis, the pressure rises
until it reaches itsmaximumnear the roller’s nip, and then begins to decline until the entry point of the sheet
thickness is gotten. The pressure distribution is observed to decrease as the velocities ratio is increased. The
pressure profiles versus x for variousWe are shown infigure 14.Due to the imposed boundary condition at the
far upstream, all pressure profiles start at 0 in general. From this discussion, it is seen that at the attachment point
the pressure is zero due to the imposed boundary condition, then it starts increasing whilemoving towards the
nip region. Pressure gets itsmaximumvalues right before the nip region as shown in the figures, which is also
true froma physical point of view. Then it starts decreasing and becomes zero at the separation point. This
observation is very true from the physics of the problem thatwe need to havemaximumpressure just right
before the nip region in order to passfluid flow through the narrow gap between two rolls rotating in opposite
directions.When comparing the profiles ofNewtonian and non-Newtonian viscoelastic fluids for variousWe,
the Johnson-Segalmanmodel predicts a greatermagnitude of pressure than theNewtonianmodel.

Figures 15 and 16 show a graphical representation of the coating thickness versus the ratio of half of the nip
region to the incoming fluidfilm for various k andWe. It can be noticed that the coating thickness decreases as

Figure 9.Effect of We on velocity at x 0.=

Figure 10.Effect of We on velocity at x 0.5.=
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the k andWe increase. This observation is also confirms through tables 3 and 4where the volumetricflow rate
and exit coating thickness are tabulated for various values of k andWe.

Table 3 highlights the numerical consequences of the existing coating thickness ,u flow rate ,l separation
point x ,t roll separation force F and power input p ,w which is developed using a k variation. Interestingly,
table 1 has been presented to demonstrate how increasing the values of velocities ratio can reduce the flow rate,
detachment point, coating thickness and roll separation force. Themagnitude of power induced in thematerial
by the rolls increases. Similar to this, table 4 demonstrates that an increase in the value of theWe (assume

k 0.1= ) increases themagnitude of power input and roll separation force, while quantities of industrial interest,
such asflow rate and coating thickness on theweb, are decreased. The smallest coating thickness was recorded at

We 0.9,= which is equal to 0.6240. It is interesting to note that roll-separating force has a direct effect on
coating thickness and the flow rate. In fact, an increase in force decreases the thickness of coated layer onto a
moving sheet. This observation is also confirms from table 4.WhenWe 0 was set, the outcomewas observed
to be the same as themiddleman [15] in theNewtonian scenario.

Figure 11.Effect of k on pressure gradient.

Figure 12.Effect of We on pressure gradient.
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Figure 13.Effect of k on pressure distribution.

Figure 14.Effect of We on pressure distribution.

Figure 15.Effect of k on coating thickness.
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8. Concluding remarks

In the present work, the LubricationApproximation Theory (LAT)was used alongwith the JS viscoelastic
rheologicalmodel, in order to obtain analytical results as well as numerical results for the process of reverse roll
coating fed froman infinite reservoir. The perturbation and numerical solutions for pressure, pressure gradient,
velocity,flow rate, coating thickness, power input and separation points has been attained. Perturbation
solutions up to o We2( ) for theflow velocity presented andwere compared to numerical solutions that were valid
for small value of the velocities ratio and theWeissenberg number. It is found that, the fluid flow velocity is the
decreasing function of velocities ratio and themaximumvelocity of thefluid is at the surface of the roll. Further

Figure 16.Effect of We on coating thickness.

Table 3. Influence of kon coating thickness, separation point, roll
separation force and power input.

k λ xt υ F Pw

0.1 0.5515 0.9620 1.0927 0.2169 −1.1360

0.2 0.4902 0.9618 1.0823 0.1929 −1.2104

0.3 0.4289 0.9616 1.0720 0.1688 −1.2733

0.4 0.3676 0.9615 1.0616 0.1448 −1.3363

0.5 0.3063 0.9614 1.0513 0.1207 −1.3992

0.6 0.2451 0.9612 1.0411 0.0967 −1.4621

0.7 0.1837 0.9609 1.0306 0.0726 −1.5250

0.8 0.1224 0.9604 1.0203 0.0486 −1.5877

0.9 0.0611 0.9588 1.0099 0.0245 −1.6496

Table 4. Influence of Weonflow rate, coating thickness, roll
separation force and power input.

We λ υ F Pw

0.1 0.3060 0.6288 0.1945 −1.0455

0.2 0.3062 0.6286 0.1946 −1.0508

0.3 0.3060 0.6284 0.1948 −1.0594

0.4 0.3057 0.6279 0.1951 −1.0708

0.5 0.3053 0.6274 0.1955 −1.0845

0.6 0.3048 0.6267 0.1961 −1.09667.

0.7 0.3043 0.6260 0.1971 −1.1157

0.8 0.3037 0.6251 0.1986 −1.1319

0.9 0.3029 0.6240 0.2010 −1.1475
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it is noted that, as theWeissenberg numberWe rises, thefluid viscosity rises, and the fluid velocity falls. In the
case of pressure and pressure gradient, they are decreasing functions of the velocities ratio, whereas, opposite
trendwas observed for the increasing values ofWe.Furthormore, when compared to theNewtonianmodel, the
coating thickness reduces as the velocities ratio andWe grow. It is observed that for small perturbation
parameterWe,we have aworthy agreement between all the two results, i.e., the perturbation, and the numerical
solutions. Finally, whenWe =0, we get the results presented byMiddlemen [15] forNewtonianfluid.
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