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In this paper, we present a fully discrete analysis of an H(div)-conforming DG method with semi-implicit
time-marching for the evolutionary incompressible Navier—Stokes equations. We use a semi-implicit
time-discrete scheme in which the convection velocity is treated explicitly for the convection term. A
stability analysis and a priori error estimates are given, in which the constants are independent of the
negative powers of the viscosity. For inf-sup stable H(div)-conforming finite element pairs BDMy /Pj_1
and RTy /Py, the rate of convergence k + 1/2 is proved for the L? error of the velocity in the case of
v < Ch, where k is the degree of the polynomials in the velocity approximation. In particular, for the inf-
sup stable finite element pair RT} /Py, the convergence rate of the pressure is also k + 1/2 when v < Ch.
The numerical experiments verify the analytical results.

Keywords:  semirobust; H(div)-conforming DG method; semi-implicit time-marching; evolutionary
Navier—Stokes equations.

1. Introduction

In the paper, we study fully discrete approximations to the evolutionary incompressible Navier—Stokes
equations, with H(div)-conforming DG method in space and the semi-implicit Euler method in time.
The use of the semi-implicit scheme is a popular approach, which avoids solving a nonlinear problem at
each discrete time. We derive the error bound of the velocity, where the constants in the error bound of
kinetic energy and dissipative energy are independent of the Reynolds number. These kinds of bounds
are called semirobust or quasi-robust in the literature.

For semirobust analysis of the velocity, some works have been done recently. The H'!-conforming
mixed finite element method with grad-div stabilization has been analyzed in De Frutos et al. (2016,
2018), in which a rate of convergence k is proved for the L? error of the velocity. The local projection
stabilization method has been widely studied. With inf-sup and non-inf-sup stable mixed finite elements,
the rates of convergence k and k + 1/2 are proved for the L? error of the velocity, in Arndt e al. (2015)
and de Frutos et al. (2019), respectively. In addition, for continuous internal penalty (CIP) methods,
an error bound of order k + 1/2 is obtained by using equal-order finite element pairs (Burman &
Ferndndez, 2007). Unfortunately, they are not pressure-robust, that is to say, the error bounds of the
velocity depend on the pressure. For divergence-free H'-conforming finite element method, the error
bound of the velocity is pressure-robust and semirobust; however, it is sub-optimal with convergence
rate of k (Schroeder & Lube, 2017). An optimal estimate of order k£ + 1 is given in Evans & Hughes
(2013) for isogeometric finite element method, but it is not semirobust.

In this paper, we consider H(div)-conforming DG method for the evolutionary incompressible
Navier-Stokes equations. H(div)-conforming DG method provides exact divergence-free velocity,
which of course is also pressure-robust. In the method, the natural upwind stabilization is included
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as a convection stabilization. In addition, the fact that less stability is required leads to less numerical
dissipation. So, it is a very promising approach for high Reynolds number flow (Schroeder & Lube,
2018; Schroeder et al., 2019; Lube & Schroeder, 2020). We particularly focus on numerical analysis of
H(div)-conforming DG method for the evolutionary incompressible Navier—Stokes equations. H(div)-
conforming DG methods with the central flux have been analyzed for the incompressible Euler
equations. However, numerical experiments suggest that the analysis is not sharp for the upwind flux
(Guzman et al., 2017). H(div)-conforming DG methods for the space semidiscrete Navier—Stokes
equations is presented in Schroeder er al. (2018), which basically follow the ideas from Guzman et al.
(2017). The L? error of the velocity is pressure-robust and semirobust, but it has a rate of convergence k

(Schroeder et al., 2018).
In this paper, we focus on the numerical analysis of the fully discrete H(div)-conforming DG

method for the evolutionary incompressible Navier—Stokes equations with semi-implicit time-marching
strategy. First, we focus on semirobust analysis of the velocity error bound at high Reynolds number. By
introducing the Raviart-Thomas (RT) interpolation operator, we apply some specific techniques to the
convection term and prove that the L? error of the velocity is semirobust, and has a rate of convergence
k + 1/2 in the case of v < Ch, which shows the same convergence rate as the CIP method (Burman
& Fernandez, 2007). Secondly, following the ideas of Ahmed ez al. (2017) and de Frutos et al. (2019),
we give the error bound of the L? norm of a discrete in time primitive of the pressure, which is not
of the stronger discrete in time L? norm of the pressure. For the inf-sup stable finite element pair, the
convergence rate of the pressure is also obtained. In particular, for the inf-sup stable finite element pair

RT, /P, the convergence rate of the pressure is k 4 1/2 in the case of v < Ch.
The outline of the paper is as follows. In Section 2, the weak form of the continuous Navier—Stokes

equations is presented. In Section 3, we introduce H(div)-conforming and inf-sup stable finite element
method for the evolutionary Navier—Stokes equations. In Section 4, we give the existence and uniqueness
of solutions and stability analysis. In Section 5, by introducing H(div) interpolation operator, we prove
that when the condition v < Ch is satisfied, the error bound of the velocity, which is pressure-robust
and semirobust, has a rate of convergence k 4+ 1/2. In Section 6, the convergence rate of the pressure
is obtained. In Section 7, we provide a comment on alternative time discretizations, full-implicit and
implicit-explicit (IMEX) time-marching schemes. Finally, Section 8 presents numerical experiments to
verify the analytical results.

2. Navier-Stokes problem

Throughout the paper, for D € R? (d € {2,3}), we use the Sobolev spaces W (D) for scalar-valued
functions with associated norms ||-||Wm4p(D) and seminorms |-|Wm,p(D) form > 0 and p > 1. In the case
m = 0, WO (D) = [P(D), and when p = 2, W"2(D) = H™(D). Spaces for vector- and tensor-valued
functions are indicated with bold letters. In addition, for the Bochner space I”(0,T;Y)(1 < p < 00),
where Y is a Banach space, the abbreviation LP(Y) = LP(0,T;Y) is frequently used. ||v|| LP(0.T:Y)
represents a discrete approximation of [[v|l;» 7.y)-

Let 2 C RY be a bounded polygonal or polyhedral domain with Lipschitz boundary 9£2. We
consider the evolutionary incompressible Navier—Stokes equations

ou—vAu+ wu-Viu+Vp =f (0,T] x £2,
V-u=0 0,T] x £2,

2.1
u=20 (0,T] x 082,

u(0,x) = uy(x) 2,
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where u is the velocity field, p the kinematic pressure, v > 0 the kinematic viscosity, &, a given initial
velocity and f represents the external body force. Introduce

X=HM9LQ=L&gﬁ=heLR9yéqM=oy

The weak formulation of (2.1) takes the form: find (u,p) : (0,T] — (X, Q), satisfying

Qu,v) +va@,v) +cw,u,v) +bv,p) =F@) VrelkX,
b(u,q) =0 Vg € Q.

2.2)

Here, the multilinear forms are given by
a(u,v) :/ Vu:Vvdx, c(u,u,v) :/ u-Vyu-vdx,
Q Q

b(u,q) = - / q(V -u) dx.
Q
We introduce the space of weakly divergence-free velocities
V={reX:bkr,q =0, VgeQ}

3. H(div)-conforming DG finite element method

Let 7, be a shape-regular and quasi-uniform simplicial mesh of §2, and mesh size iy denotes the
diameter of the element T € 7,,. The skeleton F;, denotes the set of all facets. 7, = .7-";; U .7-"}3 where F, ;l
and F, 2 are the subset of interior facets and boundary facets, respectively. Then, we define the jump [-] »
and average { - } operator across interior facets I’ € F, ;l by

+ —
Blr=0" -9 oe=""0""

For boundary facets F' € ]—'}? , we set
[[¢]]F = {¢}F = ¢

Define the broken gradient V,: H ! (’72) — Lz(.Q) by (V,w)|r = V(wl|r) and the broken Sobolev
space H" (7)) = {w € L*(2): wlp € H(T),V T € 7,}. We introduce the following space:

H,(div; 2) = {w €LX(2):V-we LX), w-nl, = 0} .

We introduce H(div)-conforming velocity space and pressure space,

X, C Hy(div;2), 0, CLi(2)=0.
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For simplicial mesh, we consider RT elements and Brezzi—-Douglas—Marini (BDM) elements (Boffi
et al., 2013). For real application, BDM elements are computationally more efficient compared with
RT elements since they have less degrees of freedom for the same velocity approximation (Boffi ez al.,
2013).

The global spaces X, and Q,, say RT, /P, or BDM, /P,_; pair (k > 1), form a discretely inf-sup
stable FE pair (Schroeder & Lube, 2018). That is, there exists 8 > 0, independent of the mesh size 4,
such that

b(v,,
inf s _blwa) > B, (3.1)
ane0\ 0} y,ex,\ (o) [1Valll Nlapll 2
where ||| - |||, is defined in (3.6). The global spaces X, and Q,, are divergence-conforming, namely
VX, C O, (3.2)

3.1 Numerical scheme

Now, we consider the approximation of (2.2) with the semi-implicit Euler method in time and H(div)-

conforming DG method in space. Given u, an approximation to u in X, find (u} ™', p}*") € X, x Q,,

such that

'l —
(%,Vh) + Uah (u2+1,vh) + bh(vh’plh1+l) + Cp (uz, uZ—H,vh) = (f”+l,vh) ,Vvh € X/’l’
by q) =0, Vg, €0
(3.3)
where
a, (uZH,vh) = thzﬂ Vv, dx — z ({th’h1+l}nF i + ([[uZH]] AV ing)
§2 FeFy, F
o
- (h—ﬂuZ“]] : [[vhﬂ) ] ds, (34)
F
1 1 1 1
by, (”ZJr "Ih) = —/Q qh(vh u” )dx’ by, ("h,PZJr ) = _/QII’ZJr (V) vy) dx,
and
cn(wou o) = [ St as = 2 [ g 1) o
FeF} d
1
+ > /F§|(u,2 ) | [l v,] ds. (3.5)

FeF}

The penalty parameter o > 0 in (3.4) has to be sufficiently large such that the coercivity of a, is
guaranteed (Di Pietro & Ern, 2012, Lemma 4.12). In conjunction with the viscous term a;,, the following
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norm is used:

2 2 o 2
Ivalll, = Vsl + z h_”[[vhHHLz(F)' (3.6)
FeFy, F

In addition, we notice that the above appearance of traces of velocity normal derivatives dictates that
the involved velocities at least belong to H2" (7,,) for some & > 0. In order to facilitate numerical

analysis, we introduce a larger space,
3
X(hy=X,®[XNH2™(T,)].

Then, we define a stronger norm in the space X (h)

2 2 2
|H"H|e,n = |||V|||e + Z hpllVyy - nT||L2(8T)'

TeT)
Notice that [|| - |||, and ||| - [[|, ;, norms are uniformly equivalent on X, namely
Clivill, g = Wvill, < vl Yvy, € X, (3.7

with C independent of 4; cf. (Di Pietro & Ern, 2012, Lemma 4.20) for scalar-valued functions. Assume
that o > 0 is sufficiently large. Then, there exist constants C; > 0 and C > 0, independent of 4, such

that

2

Collvalll; < an(vpovi). Vv, €X, (3.8)

and
ay(w.v3) < Clwllegllvall. ¥ 00.9,) € X(h) x X, (3.9)

We introduce the discrete divergence-free space

Viy=1{vi € X, :b(pq;) =0, Vg, € 0y}

Moreover, we introduce the jump seminorm

1
|vh|124h,upw = Z /F §|(uh ) nF)||[[vh]]|2 ds (3.10)

FeF,
and the space Pil (T,
PL(T) = v, € LX) :v,lp € (P(T) VYT €T,

where [ > 0 is an integer.
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Let P'w denote the Lz—projection of w onto Pld(7;,), then there exists C, independent of 4, such that,
for0 <j<s<I+ 1,1 < p < oo, there holds (Di Pietro & Droniou, 2020, Theorem 1.45):

lw — le|Wj,,,(T) < Chiy ' Wlyspry» VT € TpVw € WW(T). (3.11)

The space Pél (7,,) satisfies the discrete trace inequality (Di Pietro & Ern, 2012, Remark 1.47)

_1
vallizory < Cohy > Will2ry: VT € Ty Vwy € PL(T). (3.12)

Let0 < m < €£and 1 < p,g < 00, the space Pé(ﬂ,) satisfies the local inverse inequality (Ern &
Guermond, 2004, Lemma 1.138)

1_1

m—L+d( - —-
Wllwerry < Cinvhr (-3) Walwmacry. YT € T Vv, € Py(Ty). (3.13)
Furthermore, there is C independent of £, such that (Di Pietro & Ern, 2012, Corollary 5.4)
vall2 < Clalll,. Yy, € Py(Ty. (3.14)

In the following numerical analysis, RT interpolation operator Iﬁt (Wang & Ye, 2007; Boffi et al.,
2013) plays a crucial role

/ W — It w) -np, ds = 0,¥p, € P,(dT),
or (3.15)
/T(W - Ilgtw) Pi_1dx=0,Vp,_; € (Pk—l(T))d'

LeEmma 3.1 (Boffi ef al., 2013, Proposition 2.5.2) Let I]}{t be the interpolation operator H 1(2) - RT,
and 7, be the L2—0rthogonal projection on V - RT,. Then, we have, for allg € H 1 (£2),

V. (Ihg) =7,V - q.
LeEmMA 3.2 Let T be an n-simplicial (triangular or tetrahedral) element. Then, we have
BDM(T) = RTX(T) C (P,(T))*,
where

RT)(T) = {q € RT(T) |V - q = 0},
BDMY(T) = {g € BDM,(T) |V - q = 0}.

Proof. cf. (Boffi et al., 2013, p. 90). O
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The RT interpolation operator satisfies the following approximation properties (Guzman et al., 2017,
p. 1737): forVT € T, and Vw € H™(T), with | <m < k + 1, there holds

||w - Il}étw”LZ(T) + hT”VW - Vhll]%tw”LZ(T) < C‘l’l’;w1 |W| H™(T)> (316)
andforVT € T, andVw € W1’°°(T), we also have the following bound:
lw — Wl ooy + hrll VW = VB Wl ooy < Chy | VW oo .- (3.17)

REMARK 1 For the L* estimate in (3.17), ||w — I]’{twll o) S ChrllVw o), the detailed proof
is similarly proceeded as in the proof of the lowest-order RT interpolation operator I}?T in Ern &

Guermond (2004); see (Ern & Guermond, 2004, Lemma 1.113 and Theorem 1.114). In fact, Theorem
1.114 in Ern & Guermond (2004) is valid with p = oo by means of Lemma 1.113 in Ern & Guermond
(2004). In addition, for the stability estimate in (3.17), ||[Vw — Vhlﬁtwll o) < ClIVWI ooy, it can be
proved by using a standard argument below.
IVw — ViliWll ooy < 1YW = VP Wl oo iy + IV Iaw — VP Wl ooy
< ClIIVWl ooy + Chp (Iw — Wl oo iy + 1w = PWll oo ()

< ClIVWllpery,

in which we use the triangle inequality, the inverse inequality, (3.11) and the L*° estimate in (3.17).

Next, we introduce two essential lemmas, which are frequently used in fully discrete numerical
analysis of the evolutionary incompressible Navier—Stokes equations.

LemMA 3.3 (Heywood & Rannacher, 1990, Lemma 5.1) Let &, B, aj, bj, N7 be non-negative numbers
such that

n n n
an—}—kij < kajaj—l—chj—i—B, for n=>0.
j=0 j=0 j=0

Suppose that kyj < 1, for all j, and set o; = (11— kyj)’l. Then,

n n n
an+k2bj§exp kZajyj chj+B , for n>0.
j=0 Jj=0 Jj=0

Lemma 3.4 (John, 2016, Lemma 7.67) Let v, 3,v, 8,,v € L? (", "1, L*(£2)), then

n+1 — 2

At

n+1 v
H 0,v —

2
LZ(Q) = At H atthLZ(thn-H ;LZ(Q))' (318)

In addition, integration by parts of different terms in ¢, is done in several places. The following
equation would help us to understand integration by parts of different terms in c;,. For u;,w;,v, € X,
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and V - u, = 0, we have

Z/ (), - np) [[Wh ) + vl {Wh}] ds

FeFy,
Z/ w, - mg) wy, - v, ds = Z/ Wy VW vy + @y Vv wy| dv, (3.19)
KeTy KeTh

where the first equal sign is due to [w, - v,,] = [w,,] - {v,} + [v,] - {w,} and the second equal sign due
to element-wise integration by parts with V - u;, = 0.

4. Existence and uniqueness of solutions and stability analysis

In this section, we derive the velocity energy estimate, in which the constants are independent of the
negative powers of the viscosity, and prove well-posedness of the fully discrete scheme (3.3).

LEmMmA 4.1 Letf € LY, T: LZ(Q)), u, € Lz(.Q), and u2 is an approximation of u,. Then, (3.3) has a
unique solution, and for all N > 0, the following stability estimate holds:

! N+1 N+1 N+1 2
5 i +c vAtZHIuhIH o = 12+ (Z Atlf" 2) .
n=1
Proof. First, taking (v, q;,) = ( "+1,p2+1) in (3.3) yields
w ™l —
h - h un+1 +vah(uz+l uz+1) +Ch(”h’“’;,+l uz+1) — (fn+1’uz+1)_ (4.1)
Due to (3.8) and (3.10), we have
1 1 12
ay () = €l
1yt +1)? (4-2)
n n rl
Ch(uh, ) = uz,upw.
Using (4.1) and (4.2), we have
1 2
(! = ™) oG N = g, (43)

uj ,upw
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Using (4.3) and Cauchy—Schwarz inequality, we can obtain

n+1 n n+1 n
iy, 0 ||Lz—||u,,||Lz)<(uh —u un+1)

Iz At Y

< "t < 1 e gt

Estimate (4.4) gives

n+1 1
ey 12 = w2 < A"l 2.

Observing that the left-hand side of (4.5) constitute a telescopic sum, we can get

N+1
j 0
max |, ],2 < A 72 + llug |2
| max ol Z; V"l z2 + el
n=
Due to
1 2 2
n+1 n+1 - n+1 n+1 n |2
( = upuy, )— > (‘”h P L A1 ””h”LZ)-
Inserting (4.7) in (4.3) yields
n+l 2

n
h,u w

”‘H + Covarut P + Arlu

;|

Observing that the first terms on both sides constitute a telescopic sum, we can obtain

N+1 N+1 N+1

L
], +Covar Y

Using Cauchy—Schwarz inequality, (4.6) and Young’s inequality, we can get

2

”LZ.

1
= Slunlz + At
1 n
“Lupw = 5 Hu H + z At up).

N+1 N+1 N+1
V4G vAtz e 112 Lapw = < lupl?, + = (Z Atllf" N2

4.4)

4.5)

(4.6)

4.7

The existence and uniqueness of the velocity solution is proved with Lax—Milgram theorem, which
can be applied since (3.3) is a linear problem. In addition, the existence and uniqueness of the pressure

solution can be proved by the inf-sup condition (3.1).

5. Semirobust analysis for the velocity

0

For the analysis of the Navier—Stokes problem, the RT interpolation operator (3.15) is used to make the

error splitting

u—u,= (u—I{{tu)— (uh—lﬁtu) =n—e,

(5.1
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REMARK 2 Whether BDM, or RT, (k > 1) elements are chosen to be the velocity space, we introduce
I{{tu to make the error splitting, respectively. Because I]’étu € BDM,?(T) = RT, E(T),VT € 7T,, due to
Lemmas 3.1 and 3.2.

First, in order to make a better analysis for the convective term, we give an important lemma.

LEMMA 5.1 Assume u”" € W1’°°(.Q). There exists a C > 0, independent of A, such that

/Q [(u"-Vh)eZ“-n"“] dx < CIVH" | (™12, + llefT12).

Proof. Let (u"); denote the mean value of u” on each cell T € 7,

Jru"dx
Wy = T—r.
T
On the one hand,
" = @) gl ooy < Chpll Va0 ), (5.2)

since u" is Lipschitz continuous (Di Pietro & Ern, 2012, p. 59).
On the other hand, eZ“ = uZH — I{{tu”“, where I{{tu”“ € RT,?(T) from Lemma 3.1 and

”ZH € RT,?(T) or uZH € BDM,?(T). Because of Lemma 3.2, we have eZHlT e (P(T))4, so
((u”)T-Vh)eZH lr € (P4 (T))“. Using (3.15), we have

/ ((u")T-Vh)e;'lJrl-17’”rl dx=0, VT €7, (5.3)
T
Using (5.2) and (5.3), Holder’s inequality, inverse inequality and Cauchy—Schwarz inequality, we have

/ (un.vh)ez+l.nn+l dx — Z ((ul’l _ (un>T)'Vh)eZ+l'nn+l dx
2 TeT, T

12 +12
< ClIVE" |l oo (" 72 + lleg ™ 1172)-

O

Now, we present an error estimate for the convection term that allows for semirobust estimates for
the velocity.
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LEMMA 5.2 There exists C > 0, independent of 4 such that for all 0 < n < N, the following estimate
holds:

n n+1 n+l n+1 _n+1
Ch(u ,Uu h )—Ch(uh,uh eh )
1 2 12 1 12 2 12
= C{IIVM"+ oo 101172 + IV oo 10" 17 + IV oo ("1 + RNV 122)
1 2 1 1 1
+ IV [ o llepll7s + 11V | oo [l ||L2 + V" || o €™ Ile

+ " oo B ™7, + h||Vn”+1||§2>}.
Proof. First, by using (3.5) and [u] = 0 for VF € F., we have

_ n +1 n+1 n+1 _n+l1
I_ch(u,u e, )—ch(uh,uh .y )

= [ [yt = vt e o= 3 [ @ mp - 1)
$ Fe]—',';

+ Z/ |(uh nF)l[[u”H n+lﬂ[[en+l]]ds
FeF;

= Il +12 +I3
5.4

By using u"+! —uft! = y"+! — /! we make error splitting for I,, I, and I, respectively, as shown

below.

1, :/A’2 [(u"-V)u"H-eZH _ (uZ-V)u"+1-eZ+1+(u;l’-V)u"H-eZH (] -V, )u ntl, Z-H]dx

— /S; I:((un _ uZ)‘v)ul’H—l.eZ-'rl:I dx+ A (uz.vh)nn-i-l n+1 dx — / uh Vh) n+1 ez-‘rl dx

=1, +1,+1, 5, (5.5)

P 3 RIS UL W TR T
FeF} F FeFi

212’1 +12’2, (56)
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and

L= 3 [ Sl npil e Tas = 3 [ i mee et as

FeF, FeF}
=L, — e/ (5.7)
uj ,upw
Notice that
I;+1,,=0 (5.8)
and
11’2_‘_12’1 =/ (un.vh) n+l n+1dx Z /(uh nF)[[nn-‘rlﬂ{erH‘]
@ FeF
= _/ (wpeV)ept g™ de + > /(uh np) el "y ds. (5.9)
FeF}
Now, using the above identities (5.4)—(5.9), we can get
1={ / [(@ —up vyt o= [ (w9, )eg o ax)
Q Q
Z /(”h nple i ds + > / (] - ) [ ][] ds
FeF] FeF]
- Z / _|(uh nF)me +1]][[e +1]] ds} _Ivnl+1fac
Fe]-"
For the first and second integral terms in I, first by writing u”" — uj} = 5" — e} and uj =

e; +u" — 75", respectively, and then applying Holder’s inequality, Cauchy—Schwarz inequality, inverse
inequality and Lemma 5.1, we have

Ivol =/_Q [(ﬂ”-V)u”“-eZH — (eZ-V)u"+l.eZ+l]dx_/Q (eh Vh) n+1, n+ldx

_/ (u V)n—H n+ldx+/ (n V)n-i—l n—de
2

1 1 1 +1
< CIVE" Ml " 1172 + ClIIVE" o "7 + CUVE" o €17

+ CIVH | € 12, + CIVE™ |l 12 (5.10)
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For the face term,

1
Ifac = Z /F(uz '"F)[[ez+lﬂ{ﬂn+l}ds+ Z/FE'”Z 'nF|[[77n+1H[[eZ+lﬂdS

Fe]—'}; FeF,

1
=3 [ i nelle 1R s

FeF}
1
<> / |G )™ P ds + o / |y - ) || [0 '] 1P ds
JF JF
FeFy FeF;,
=Ifacl +Ifac2’ (5.11)
where we apply Cauchy—Schwarz inequality to the first two terms on the right-hand side of the equal
sign to cancel out the third term.

For the facet term I;,,|, we apply uj, = e}, + I{{tu”, Holder’s inequality, Cauchy—Schwarz inequality
and |18 4" ;0 < Cllu" || y1.00 from (3.17) to obtain

IEDS /F|<ez’-nF>||{n”+‘}|2ds+ D /F|<1ﬁtu"-nF>||{n"+‘}|2ds

Fe]—',i Fe]—',‘;

1 2 1 112
<" e D lepl7ag + 10 s D 1™ M2,
Fe]-',‘; Fe]-',’;

+ g e D 10"
FeFi

< CIVa" i lef 172 + CRIVE oo (™2, + RV 2)

+ Cll" oo B " 7 + RIVE™ 7). (5.12)

where by applying a continuous trace inequality and quasi-uniformity of the mesh, we have

Do e <2 D0 I gy < € D0 G I gy + b IV 1 )
FeF} TeT), TeT

< COH M ™3 + rIVe™ ). (5.13)
Similarly, for the facet term I a2 it can be inferred that

ol < CIVE" o llefl72 + ChIVE" oo ™ "7, + RV 17)

+ Cll" oo B "7, + BRIV 7). (5.14)
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Therefore, by (5.12) and (5.14), we have

el < CIVE" | llef 72 + ChIVE" oo ™ "7, + RV H7)
+ Clla"lyroe B "2, + RV 7). (5.15)

By combining (5.10) and (5.15), we can finish the proof. [l
THEOREM 5.3 Letu,(0) = Iﬁtuo, and assume the following regularities for the solution (u, p) of (2.2)
dou e L?(0,T;H(2)), du e L*(0,T;L*(£2)),
due >0, T;H (2)), pel?0,T;H (2)), (5.16)

uel®0,T;H (2), uel?(0,T;W->(f2)).

Then, with r,, = min {r, k 4 1} and a constant C independent of & and v~ !, when time step is sufficiently
small, o, At < 1,Vn=1,...,N+ 1, we have the following error estimate:

2 N+1 N+1 o N+1
N+1 2
et +var S g2 = exp(mZ 1_—2%)(% > gn),
n=1 n=1 n=1

where
a, = C(+ [|Ve" | oo + [VU" | e + IV&" ),V n=1,...,N, s 17
ayyy = CU+ Ve | oo + 1VE | 10), o
and
2 2
Gn = |0 (un B I{étu") ‘LZ +a ”Iﬁt (8,m) L2 (=1, mL2(2))
NV oo 0" 7 4 1V o I 122 + IVE oo (0" (172 + 2V 172)
0 e I 12 A+ IV + vl
+ (AD VUl 20 1881 1t g2 ) + AD? IV oo 10" 1. (5.18)

Proof. Due to the consistency property, we take arbitrary (vh, qh) € X;, x Q,, as test functions in (2.2)
and subtract (3.3) from (2.2). One obtains the following error equation in the space V:

+1
gt _ w," —u, i ntl _ontl + ntl ntl
tu Ar ,vh Uah u uh ,vh Cp u ,u ,Vh

—¢ (uZ,uZ'H,vh) =0, Vv, eV, (5.19)
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Next, taking v, = eZH in (5.19) yields

un+1 —u"
n+1 h h _n+l1 n+1 _n+l n+1 _n+l
ou — 7 .€, +va, (17 ,e), ) —vay, (eh N7 )
+ ¢, (u”“,u"“,eﬁ“) -, (uZ,uZ“,eZH) =0. (5.20)

We expand the left argument of the first term of (5.20) in the form

n+1 n
u —u
n+1 h h
o,u -
At
Ih un+l _ Ih u’
_ n+1 h . n+1 h . n+1 Rt Rt
=ou — 0" + o " - ————
At
h n+1 _ gh n n+l _ n
Ipu Iu U uy,
At At

=3 (un—H _ Iﬁtun+l) + a1 ut —

h n+1 _ yh .n n+l _ _n
frt Ru" e, h
At At

(5.21)

Using (5.21), one can obtain the error equation

(]
2At
(oot~ o))+ (-

1 n+l n+l n+l 1 1 n+l
+¢ (u”,u"Jr .e) ) - (uz,uh .ep ) - (u" —u"t gt .ep ) (5.22)

2
n+1 n
2 + ‘eh — ey

n+1
ert!|

2
o 16hl:) + vy e

h n+l _ yh n
Lu Lu

n+1 n+l ,n+l
,e + va (17 ,e )
AL h h h

We estimate all terms on the right-hand side of (5.22). The first term on the right-hand side of (5.22)
is bounded by using Cauchy—Schwarz inequality

IA

(3 @ — 1)€Y < (o, (@t =t ) |

n+1
“h ’ 12

n+1 2
eh .
12

IA

I3, (! = 1) |7 + |

For the estimate of the second term, we use the Cauchy—Schwarz inequality, Lemma 3.4 and the
commutation of temporal derivative and RT projection

h on+1__jh ,n
hoont+1 _ R A atd
(atIRtu At 2 €p

h n+1__gh .n
n+l _ I Tt

n+1
At €

h
= 8l1 Rtl h

L2

n+1
€

12
< C(an'"? |8, Iy ||L2(z",t"+1;L2(Q)) ’

n+1
€

2
< CAt|| I, (9,u) ”Lz(t",t""'l;Lz(Q)) + 2

220z Iudy Lz uo 3senb Aq | 66E€19/89S L /2/2 /o101 e /eulewl/wod dno-olwapede//:sdny WOy papeojumoq



H(div)-CONFORMING DG METHOD FOR NAVIER-STOKES EQUATIONS 1583

Then, the triangle inequality and Lemma 3.4 are applied to get

@™ — w7, <2 Adu™" — @ — "2, + 240382,

<2(A0°)9,u|? +2(A0% [ u" 2, (5.23)

L2 (1 L2 )

So, for the sixth term on the right-hand side of (5.22), we have
¢ (un — "t ! ezﬂ)

1 12 1 1 2
< Ve oo lle™ 7y 4 1VE" oo @™ — w7

< Ve o 1€ 12, 4 20403 | VH | oo 19,01

”LZ Lz(t" Ml LZ(Q))

+ 2(A02 |V | oo 19,12, (5.24)

By the boundedness of a;, and Young’s inequality, we have

1 1 12 1
va (1€ "1) < Colllg™ e + =2 ey 1

From Lemma 5.2, we have

ch (u”,u’“'1 eZ“) ch (uh,uZJrl eZ“)
< c{nw"“nponn"niz + IV oo 1" 12, 4 1V e (™12 + B2V
+ IV o Nl + 1Va" o e 17 + Ve [ oo llel T 17
" oo G ™ 12 + B2 |
Inserting the above estimates in the right-hand side of (5.22), and using (3.8), one gets

n+1 2

1
|, + <Ml

241

= el +c[

F IV o 172 + 1V [ oo 1™ + 1V ] e Q™ + 2V 12)

2

2
( ntl _ Iﬁtu"H) HL2 + At Hlﬁt (Bnu)

L2(m,m+ L2 (2))

_ 2
+ e e B T + RV ) + ol I

+ (A3 V| oo 10,0l

2 +1 +12
2 2y OO IVE 0" M

+ C[nwn“npo lefll?, + (4 Ve oo lley ™7, + 1V g Nl I ]
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Summing over all discrete times, and by ||e2 ||12‘2 = 0, we can get

N+1

e[, + a3 el

N+1 2
h
< CAt E |: 0, (un —IRtu") L
n=1

1V o 0" 12 A 1V e 0112 + IVH" oo (10" 122 + RV 122)

2

+ At |, (9,u)

2 (l"’l,l” ;L2 (_Q))

+ " e B 12, + BV 1) + vl 12

+ (AN VU | oo 10,0 || + (Ar)zuw"nm||a,u"||§2}

L2 L2 (2))

N+1
+Car >[IV Iollef ™ 12 + (1 + IV o)l + 170" % |

n=1

So, we can have

N+1
ey, +var z e 2

N+1 N+1
<CAt Y G,+ At Z o, llepll?,

n=1 n=

Thus, when o, At < 1,Vn=1,...,N + 1, the discrete Gronwall Lemma 3.3 can be applied and one
gets

N+1
et} +var'S ey

n=1
N+1 o N+1
< exp| At Z] —aa | €At le G,
n= n=

CoOROLLARY 5.4 Under the assumptions of the previous Theorem 5.3, with r, = min{r,k+ 1} and a
constant C independent of /# and v, we have the following estimate:

O

N+1

LAy e —upli,

n=1

H S N+1

< h2’“_2(A(u)Bl(u) +C (u)) + (AD*AW)D(w), (5.25)
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and when v < Ch, then we have

N+1
HuN+1 ul+! ,+ uAtZ @ — w2 4
n=1
< et (A(u)Bz(u) £ Gw) + (A0°A@WD@). (526

where

N+1 @,
A Cexpl ar S %
@) = eXp( 2 1= At )

n=1

2
By(u) = h? ” ou ||£2(OJN+1;HVu @) + (VT + (h2 + h)”u”LI(WLOO)) ”u”iOO(Hru),

2
By () = h [0 | o2 g w01 ) + (T (= Dl g1 ey ) 1l g
Cy(w) = C(* + vT) [ Foo ggru

Cy@) = Ch+T) |l oo ggru
2
D(u) = ”3t””L2(0 N+LH (2)) + H8tu ||£4(0’tN+1;L2(9)) ||u||£2(0’tN+1;W1v°C(Q))

3 2
+ (At)z || 8tt”“[42(0’[N+1;L2(_Q)) ”u”,CZ(O,tN‘*'l;W]*OO(.Q))’

and o, is defined by (5.17).

Proof. The application of the triangle inequality and the norm equivalence (3.7) of ||| - [[|, and || - [[|,
on X, gives

H N N+1

+VAI Z @ — Il .

N+1
< z(||nN+1 ||Lz LA z o 12, + e+ |7, + cvar P A

N+1
<2 ||17N+1||L2 +2vAt Z ™ 1112, +exp(At Y A )(CAt > gn).

n=1

The stability estimate of the RT projection yields

2 2
Zl | i, (82) ”Lz(t”—l,t”;Lz(Q)) = |1k (0,m) HLZ(OJN‘H;Lz(Q))
n=

Cla

IA

2
ot L2(0,N+1LH (2))
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In addition,
N+1 9
At Z || 8tu” HLz ||Vu"||Loo(_Q)
n=1

172

N+1 4 N+1 ) V2
< Z At || 8tlln ||L2 Z At ||u"||W1,o<>(Q)
n=1 n=1

2
= ” ou HL“(O,tN‘H;LZ(.Q)) ”“”ﬁ(o,tNH;wlm(g))

and
1/2 N+1 )
(anV 2 0t 21 22 20) 1V 102
n=
2 N+1 ) 12
< | 3n"||L2(o,zN+l;L2(m) Zl At 100 )
n=

= lJ9u; Jul

= 1™l 20, v+1:02(2)) WH L2 (0N +1whe (2))-
At last, by using (3.16), the above stability estimates and (5.16), we can finish the proof. d

6. Error analysis for the pressure

Now, based on the previous error analysis for the velocity, we give error estimates for the pressure. To
this end, we firstly give the following two lemmas, which are crucial to proving the convergence rate of
the pressure. First, we give maximum norm estimate for the discrete velocity u;,.

LEMMA 6.1 (Maximum norm estimate) Under the hypothesis of the previous corollary, the following
error estimate holds: forany 1 <n <N + 1,

llu" — uZHLOO(_Q)
< C(h”V“n”Loo(Q) + hr”_l_d/z\/A(u)B1(u) +C(w+ Ath_d/sz(u)D(u))-

In particular, for v < Ch,

llu" — uZ”LOO(Q)
< CRIIVU" || oo () + /242 JA)B, (w) + Cy(u) + Ath™2/A)D(w)).

Proof.  Using the triangle inequality, we have
" — whll ooy < " — Pu | ooy + 1P — w10 ) (6.1)
where Pfu™ denotes the L?-projection of u” onto P’;(E). Due to (3.11), we can get

" — PAu | oo o) < ChIVE" | oo ) (6.2)

220z Iudy Lz uo 3senb Aq | 66E€19/89S L /2/2 /o101 e /eulewl/wod dno-olwapede//:sdny WOy papeojumoq



H(div)-CONFORMING DG METHOD FOR NAVIER-STOKES EQUATIONS 1587

For the second term on the right-hand side of (6.1), we use the inverse inequality (3.13), which yields
k. .n n —4 pk.on n
||P u — uh”Loo(Q) < Ch™2 ||P u — uhIILz. (63)
Using again the triangle inequality, (5.25) and |u” — P*u"|| 2 < Ch [u"| gy (), We get

[Pk — w2 < llu" —ulll2 + llu" — Pru||,2

< Ch'v=! JA)B,(m) + C,(u) + At/A)D (). 64
Using (6.1)—(6.4), we can obtain
lu" — uZ”LOO(_Q)
< CRVU" | o) + W19 JA@) B, () + C, () + Ath™/2/A@w)D(w)).
O

REMARK 3 We remark that the L? projection P¥ can be also replaced by the RT interpolation operator
Iﬁt in the proof of Lemma 6.1.

Next, we present an estimate for the difference of the convective terms.

LeEMmma 6.2 For the difference of the convective terms, the following estimate holds true:

@™ ut v, — ¢, ("Z’ ”ZH’Vh)
valll,

< Cllul oo (llEr Nz 4+ RIV 2 4 1" 12)

+ CIVE" o el 2 + 10"l 2)

3
+ CIVH" e (A0 3 1l 2 o2 ) + Ao 2).

Proof. First, let us denote K = ¢, (u”“‘1 Juttl vh) —¢, (u;’l, uZH, vh), then we have

K = (ch (u",u”+1,vh) - (uz,uz+l,vh) ) - ¢, (u" - u"+1,u"+1,vh)

= K] +K2
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For K, we add or subtract one term and use integration by parts to obtain

K] = Ch (u’17un+l’vh) - Ch (uZ’ uZ-H’vh)

= ‘/.Q [((u” _ uZ).V)unJrl.vhdx — (u;‘l.vh)vh,(un+1 _ uZ_H):I de

+ Z/(uh np) v, Jlu" - "+1}ds+ Z/ @) - np)| [ — uZ'H]}[[vh]]ds. (6.5)

FeFy FeF}

n+1 — nn+1

Applying Holder’s inequality and using 2"+ — u [ - eZH in (6.5), we can get

n+l _ n+1

1
Ky < V" | ool — w2 19yl 2 + el oo e 2 Vvl

1
2

=

gl | D0 Rl W | | D A2

FeF} FeFi

Bl —
l—

+lupll | D0 helley o DR | AT P

FeF} FeF}
1 1
2 2
171112 —1 2
gl | D el T D e Nl
FeF} FeF}
1 1
2 2
172 -1 2
+ gl | D2 heller 172 > hE Il
Fe]—';; Fe]—',’;

Applying trace inequality, (3.6) and [|[v[l,2 < C|||v, |||, from (3.14), we have

K,

lvalll,

1 +1 _ . n+l
=< C{IIVM”Jr ool — w2 + gl oo ll™™ — ™ Ml

o e GV g+ 0 2) + N e 2}

< Clul oo Nler Mz + BRIV 2 4+ 1" 2)

+ CIVE" o lleqll 2 + 1107 12)-
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So, applying Holder’s inequality, ||v,[l,» < Cl||v,|l|, and (5.23) yields

3
W < C|Vu" | ((At)2 9,0l 2 11229y + Atllatu”“IILz).
hille

Then, the proof is finished by collecting the above estimates. (]

Now, we end this section with an a priori error estimate for the pressure. First, we make error
splitting as follows:

p=py=P—Pwp) = (P —Pp) =1,—¢,
where P p denotes the L?-projection of p onto 0.

THEOREM 6.3 Assume that Ar < Ch%/? and Ty = # (r, = @ when v < Ch), and under the

assumptions of Theorem 5.3, then the following error estimate holds:

N+1
1a: > @" = ppll2
n=1
N+1
n n 1/2
=cf(1+ar Z; K@) | max el + 7" o] oo 0002
n=
N+1
+ A K@) RIVn gz + 1"z + 10" i)
n=1
N+1 172
1/2 1/241/2 n__ o2
+T H n”‘ L2(0N L2 (92) VT (UAt 21 e uh”'e,ﬁ)
n=

3/2

+ At H at”HEZ(o,zN+1;L2(Q)) ||”||z:2(o,zN+l;W1s°°(rz)) + (An Han" ||L2(o,rN+1;H1 )
2

+(4n ” Oy “L2(0,1N+1;L2(9)) ”u”ll2(0,tN+1;W1’°°(9)) }

where K(u") = K, (u") (K") = K,(") when v < Ch), K, (u") and K, (u") given by (6.8) and (6.9),
respectively.

Proof. First, we have

1
bh(vh,e;+ )

Ih un+1 _ Ih u en+l — e
_ n+1 h . n+1 h  n+1 Rt Rt h h
= (al (u — It ) ,vh) + (BTIRtu i ve— R ~Ar .

+ va, (u”+1 —ult vh) +¢, (u"“, u't, vh) — ¢, (uﬁ,uﬁ“, vh) +b,(v, n;H). (6.6)
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+1
Let us denote HN+1 = At Z e, and I'INJrl = At Z n,- Then, we have the following error equation:

n=1 n=1

by, IV

N+1 i N+1 .\ Il}é u' — 1{{ w1
7 t t
- Atnzil (o (" — i) ovy) + A D" oyt — R Ry,

n=1
N+1
— (VT — el v +var Z ay(u”" —uj,v,)
n=1
N1
+AY (ch @",u",v),) — ¢, (uzfl,uz,vh) ) + by, vy, IV,
n=1

Applying the discrete inf-sup condition (3.1), Cauchy—Schwarz inequality, boundedness of q,
ledll,> = 0 and ¥} ]|,» < Cllvi |, from (3.14), we can get
b, (v ,HN+1
B e < sup 20T
vhEeXy\0 |||vh|||e

N+1
< c[ lep iz + 173 iz + Cvar > [llu” — uj,,

n=1
N+1 —1
+A’Z e (@ u",vy) — ¢ (™" vy) |
|||vh|He
N+1 h
I un —Iy
3t (u" —I{{tu") Blﬁtu — RtT Lz]

Next, we estimate all the terms on the right-hand side of (6.7). For the first term 7', it was already
bounded in the derivation of the velocity error bound. Using Cauchy—Schwarz inequality, we can obtain

N+1 12 N+l "
i G IR Gy
N+1 2
+T1/2 (At > 19, (" — I ||iz)

n=1
1/271/2 NE 2 v
+ Cv'2T12{ v At Zl ||z —uZH|e’t
n=

+T'/2 “ 3t’7”£2(0,zN+1;L2(9))'

IA

T [

L2(0,N+1:L2(52))

220z Iudy Lz uo 3senb Aq | 66E€19/89S L /2/2 /o101 e /eulewl/wod dno-olwapede//:sdny WOy papeojumoq



H(div)-CONFORMING DG METHOD FOR NAVIER-STOKES EQUATIONS

From Lemma 6.2, we can get

N+1
1 _
CAL 3 IVl ey~ Iz + 1"~ 2)
=1
" N+1 3
+CAL S IV (AR N 201 g2y, + A" 2)
=1
Nyl

+CAL Y Ny~ oo el 2 + RIV" 2 + 10711 2)

n=1

N+1
< CAt max |e?;2 Vu" + a7t
| max | llexll ;. ’EI(H llzoo + lleey, Nl zoo)

T

IA

N+1
+CAL Y (VU [l oo + Nty o) BRIV 2 + I 2 + 10" )
=1
Nl ,
+CAL S Vi o0 ((At)z 18,2l 2 -1 22y + At||8[u"||Lz).

n=1
By Lemma 6.1, r, > # and Ar < Ch%/2, we have

—1
Ve |l oo + Nl oo

< V" e + CU" iy () + VA@B, @) + C, () + VA®u)D(w))
=K, @").

In particular, when v < Ch, r, > d%l and Ar < Ch4/?, we similarly have

IV | oo + )™ ] oo
< IVE" [l oo + CU" ooy + VA@B, @) + Cy @) + VA@)D))
= Kz(un).

In addition,

N+1
3
At Z ||Vu”||Loo ((At)z ”8ttu"L2(t”’1,t";L2(9)) + At||8tu”||Lz)

n=1

N+1 , V2 /v ) 172
<o Zatawry) (S atwting)
n=1

n=1
1/2

N+1
2
+ (AN [, ||L2(o,tN+1;L2(9)) (Z At |[va" HL"Q(-Q))

n=1
< At |9u ”£2(0,1N+1;L2(9)) lleell 22 0,1, w12 ()

2
+ (4n H 0, ||L2(0,zN+1;L2(.(2)) ||u||£2(0,tN+l;W1*°o(S2))'
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(6.8)

(6.9)

(6.10)
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Now, defining K(1") = K, (") (K") = K,(u") when v < Ch), we can have

N+1
T, < CAt max |[€7}];2 K"
4 = | max llexll ngl (")

N+1
+CAL > K@) IV Nz + "2 + 1" i)
n=1
+CAr |[o,u ”52 0.N+1L(2)) ||u||[;2(0,tN+1;W1,oo(Q))

2
+C(A) Hanu| L2(0,N+1:L2(£2)) ”””m(o,wﬂ;wlm(m)-

Using Lemma 3.4, the commutation of temporal derivative and RT projection, the stability estimate of
the RT projection yields

3 2N-i-l n
Ty < (An?/ Z:I ||aztIRtu”LZ(t”*l,t";Lz(Q))
n—=
= (A2 |13, (3,m) ||L2(0,tN“;L2(-Q))
< CANY* ol

0N +LH (2))°
By applying the triangle inequality and inserting the above inequalities in (6.7), we obtain

N+1

At g(p” -

N+1 TN+1
= ||Hh 2 + ”Hh ll2

12
N+1

n n 172
< C{(l FACS K )) Lmax el + T2 [00] a0 0012

n=1

N+1
+A: Y K@) RNV 2 + 10" 2 4 1" )
n=1
172

+7'% [n

1/271/2 Nt 2
T At u' —u”
£2(0’1N+1;L2(Q)) +v v ngl H| hme,ﬁ

3/2
+A4t ” du ’|[,2(0,tN+1;L2(_Q)) ||u”£2(0,tN+';W‘~°°(_rz)) + (Ap¥/ H o,u ||L2(0,tN+1;H1(_Q))
2
+(A?) ” Oyt ||L2(0,,N+1;L2(9)) |Iu||L2(OJN+];W1,oo(Q)) .
0

REMARK 4 For estimating the pressure, we need to use the two error bounds max |le}|l;2 and
1<n<N+1

N+1

vAr Y |[lu — uZ|H§ ; in the error analysis for the velocity. Assume the solution (u,p) of (2.2) is
n=1 ’

sufficiently smooth. From Theorem 6.3, when polynomials of degree k, and k, are used to approximate

the velocity and pressure, respectively, then we have

N+1

ALY (" =P

n=1

< C (u, . d,u,p. T) (u%hku 4 pkcty et At) . (61D

12

220z Iudy Lz uo 3senb Aq | 66E€19/89S L /2/2 /o101 e /eulewl/wod dno-olwapede//:sdny WOy papeojumoq



H(div)-CONFORMING DG METHOD FOR NAVIER-STOKES EQUATIONS 1593

Corollary 5.4 shows that whether RT}, /P, or BDM, /P,_, elements are used for the velocity—pressure
approximation, the L? error bound of the velocity has a rate of convergence k+1/2 in the case of v < Ch.
Theorem 6.3 shows that for the RT, /P,, the convergence rate of the pressure is k + 1/2 when v < Ch,
while an optimal convergence rate k is obtained for the BDM, /P, _;.

7. Extension to full-implicit and IMEX time-marching schemes

For the time integration, we also consider the full-implicit and IMEX Euler methods in time,
respectively. For the L? error of the velocity, we will comment on whether the current analysis still
works for the full-implicit and IMEX Euler methods.

Full-implicit Euler method:

un+1 —u"
h h n+1 n+1 n+1 _ n+l _ n+1
VR R (“h »Vh) + by ) ¢ (“h Uy, "’h) = (f ’Vh) ;

n+1

bh(uh ’qh) = O

IMEX Euler method:

Wt —
h h n+1 n+ly _ n+1 n o,.n
T,vh + vah(uh ,vh) + b, (v, P ) = (f ,vh) — ch(uh,uh,vh),

bt g, =0.

For the full-implicit Euler method, it is easy to prove that the L? error bound of the velocity has a
convergence rate of k 4+ 1/2 by following the proofs of this paper. For the IMEX Euler method, we
notice that in the error analysis, the most important term to deal with is

n+l _n+l _n+l n _n  ntl
Ch(u ,u ,eh ) - Ch(uh,uh,eh )
= [ch(u"+1,u"+l,ez+l) — ¢, (u",u",eZH)] + [ch(u",u”,eZH) — ch(uz,uz,eZH)]

= @1 +@2

For ®, by using (5.24), we have

O, =¢, (u'”rl — u",u”“,eZ“) + ¢, (u",u"Jrl - u”,eZH)
+1 12 3 2
< UIVe" i + ||u”||Loo)[||e” 72+ 2CAD7 B8l 2 o o1 (2

+2(A0% 912, ]
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where for the second term of @, similar to (5.24), we have
¢ (un’un+1 _ un,ez—i-l)
< "l oo lle™ 1 + ™ e | V@™ — w12,

1,2 3 2
< e e 12, + 20A0° [0 o 112, gt )

+ 20407 " || oo 1B, 17

For ©,, we follow the proof of Lemma 5.2 word by word, and we can remark that the corresponding
term Ifuc (see (5.11)) can be written in the following form:

1
L= 2 [ noleg Wobas+ 3 [ Siuimpl e 1 s

FeF; FeF;

1
=3 [ Sl o )

Fe]—';;

The third term of (7.1) prevents the error bound of order k+ 1,2 for the facet terms, so the L? error bound
of the velocity does not have a convergence rate of k + 1/2. For the higher-order full-implicit/semi-
implicit/IMEX time-marching schemes, similar results can be obtained in the analytical framework.
From the point of view of practical application, we can refer to some recent literature (Guzman et al.,
2017; Schroeder et al., 2018; Schroeder & Lube, 2018; Schroeder et al., 2019; Lube & Schroeder,
2020) about the related performance of the H(div)-DG method with different time discrete schemes for
incompressible flows.

8. Numerical studies

In this section, we carry out numerical experiments to support our analytical results. We will concentrate
on the convergence with respect to the mesh size and test the rate of convergence. Numerical simulations
were performed at a problem defined in the domain £2 = (0, 1)? with the exact solution
sin(rx — 0.7) sin 0.2
u = cos(2mt) (rx )sin(ry +0.2) s
cos(rx — 0.7) cos(ry + 0.2)

p = cos(2mt)(sin(x) cos(y) + (cos(1) — 1) sin(1)).

The right-hand side, the Dirichlet boundary condition and the initial condition are derived from the exact
solution.

In our implementation, the penalty parameter o is equal to 10k2. As for temporal discretization,
the semi-implicit Euler scheme (3.3) was applied. We set the time interval small enough to ensure that
the spatial error dominates over the temporal error. We choose the small time step At = 5E — 4 and
the final time 7 = 1.0. All numerical examples have been run on regular triangulations with diagonals
(from bottom right to top left), with the same number of subdivisions on each coordinate direction using
the high-order finite element library NGSolve (Schoberl, 2014).
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TABLE 1  BDM, /P pair of finite element spaces, T = 1.0, behavior of errors with respect to v

v [|ze _uh”LZ IV (u _”h)”LZ ||P_Ph||L2 v '”h”LZ
109 1.05E-2 4.24E-1 8.14E~1 2.32E-15
1072 8.23E-3 4.28E-1 2.28E-2 1.89E-15
1074 1.13E-2 4.61E-1 2.07E-2 1.85E-15
10-° 1.14E-2 4.63E-1 2.07E-2 1.85E-15
10-8 1.14E-2 4.63E-1 2.07E-2 1.86E-15
10-10 1.14E-2 4.63E-1 2.07E-2 1.87E-15

TABLE 2 RT, /P pair of finite element spaces, T = 1.0, behavior of errors with respect to h

N x N ndof  |lu —u,ll;» Rate ||V(u— uh)||L2(L2(S2)) Rate  |lp —pyll2q2e) Rate
v=1

4 x4 272 5.30E-2 — 7.19E-1 — 1.43E4-0 —

8 x8 1056 1.58E-2 1.75 3.73E-1 0.95 8.24E-1 0.80
16 x 16 4160  4.25E-3 1.89 1.88E-1 0.99 4.34E-1 0.92
32 x 32 16512 1.10E-3 1.95 9.42E-2 1.00 2.21E-1 0.97
v=10"8%

4 x4 272 5.48E-2 — 7.96E-1 — 1.70E-2 —

8 x8 1056 1.70E-2 1.69 4.15E-1 0.94 5.47E-3 1.64
16 x 16 4160  4.69E-3 1.86 2.11E~1 0.98 1.54E-3 1.83
32 x 32 16512 1.23E-3 1.93 1.07E-1 0.98 4.29E-4 1.84

We use the mesh with N = 10 subdivisions in each coordinate direction to observe the variation of
the error with respect to v. We use BDM| /P, pair for the velocity and the pressure. The mesh in space
consisted of 200 mesh cells (640 velocity degrees of freedom, 200 pressure degrees of freedom). From
Table 1, we can observe that when the viscosity is small enough, the velocity and pressure errors hold
unchanged, that is to say, they are independent of the viscosity. This is consistent with our theoretical
results.

Next, we test the rates of convergence for the velocity and pressure for v = 1 and 1E — 8,
respectively. The meshes with N = 4,8, 16 and 32 subdivisions in each coordinate direction are used.
We use RT; /P, pair for the velocity and the pressure. From Table 2, we observe that both [|u — u, ;>
and [|[V(u — up)|l;2 (L2(2)) are optimal. For the pressure, the convergence rate of the pressure error in
Theorem 6.3 is similar to that of ||[p — p, || [2(L2(2)) in Table 2, so we omit it here. We observe that the
convergence rate of the pressure error increases by one order at small viscosity v = 1E — 8. We notice
that if the optimal and semirobust L? error bound of the velocity can be proved at small viscosity, the
optimal convergence rate of the pressure is easily proved from Theorem 6.3. It may be an open question
whether the optimal and semirobust L? error bound for the velocity can be proved at small viscosity.

9. Conclusions

In this paper, we present a fully discrete analysis of H(div)-conforming finite element method with
semi-implicit time-marching for the evolutionary incompressible Navier—Stokes equations. The stability
analysis and a priori error estimates are given. For inf-sup stable finite element pairs, the L? error bound
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1596 Y. HAN AND Y. HOU

of the velocity is pressure-robust, semirobust and has a convergence rate of k + 1/2 (v < Ch). In
particular, for the inf-sup stable finite element pair RT} /P, the convergence rate of the pressure is also
k 4 1/2 in the case of v < Ch.
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