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ARTICLE INFO ABSTRACT
Keywords: In this paper, the fully discrete finite element approximation for parabolic optimal control problems with
Optimal control problem pointwise control constraints is studied. We use standard piecewise linear finite elements for the space

Parabolic equation
Finite element method
Crank-Nicolson

discretization of the state, and Crank-Nicolson scheme for time discretization. For control discretization we
consider piecewise linear finite elements approximation and variational discretization. We derive a priori error
estimates for state, adjoint state and control. Finally, some numerical examples are provided to confirm our
theoretical results.

1. Introduction

The optimal control of partial differential equations has a wide range of applications in engineering. More specifically, heat treatment in cancer
treatment, optimal temperature control of concrete dams, optimization of oil production processes, temperature control, material processing and
forming, chemical reaction, shape design, fluid control, and applications in aerospace, all involve solving optimal control problems described by
partial differential equations. Therefore, it is particularly important to investigate efficient numerical methods for solving such problems. At present,
many numerical methods can be used to solve these problems, such as finite element method, finite difference method, spectral method, etc.
(see [2-6]).

To the best of our knowledge, the first contribution to the convergence analysis of elliptic optimal control problems was given in [7]. The
authors studied the finite element discretizations of elliptic optimal control problems with pointwise inequality constraints on the control variables,
and obtained the error estimates for the approximation of the optimal control and optimal state. In [8], a variational discretization method was
proposed, which does not use explicit discretization of control variables but discretizes control variables implicitly by using the first-order optimality
conditions and the discretization of the state and adjoint equations. Some superconvergence results of mixed finite element approximation for elliptic
optimal control problems were obtained in [9,10,13]. The superconvergence of the finite element approximation for linear and semi-linear elliptic
optimal control problems can be found in [18] and [12], respectively. A priori error estimates of the RTO mixed finite element approximation for
elliptic optimal control problems were established in [14]. The superconvergence of the linear and semi-linear elliptic optimal control problems
with integral constraints has also been obtained [11,14].

Parabolic optimal control problems can often be described in environmental modelling, low-temperature superconducting laser energy blasting,
petroleum reservoir simulations, and many other fields. The a priori error analysis for the finite element discretization of parabolic optimal control
problems without control constraints was done in [2]. The a priori error estimate for space-time finite element discretizations of parabolic optimal
control problems was derived in [3]. The Ritz-Galerkin approximation for parabolic optimal control problems was studied in [1]. The a posteriori
error estimation of spectral method for parabolic optimal control problems was established in [6]. The Crank-Nicolson linear finite volume element
method was considered for parabolic optimal control problems in [16]. In [23], the authors considered the Crank-Nicolson scheme for optimal
control problems without control constraints. The superconvergence of the fully discrete finite element approximations for linear and semi-linear
parabolic optimal control problems can be found in [19] and [20], respectively. The space-time finite element discretizations of time-optimal control
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problems was studied in [15]. The superconvergence of fully discrete finite element for parabolic optimal control problems with integral constraints
was obtained in [17]. Meidner and Vexler [22] considered a Petrov-Galerkin Crank-Nicolson scheme for parabolic optimal control problems where
the controls are only time dependent. The temporal discretization is based on a Petrov-Galerkin variant of the Crank-Nicolson scheme, whereas
the spatial discretization employs usual conforming finite elements. With a suitable postprocessing step on the dual partition, a second order
convergence is obtained for the discrete control. Motivated by the work [22], the paper [26] considered the Crank-Nicolson time stepping and
variational discretization for the similar problem as in [22]. The state equation is treated with a Petrov-Galerkin scheme using a piecewise constant
ansatz for the state and piecewise linear continuous test functions. This results in variants of the Crank-Nicolson scheme for the state and the adjoint
state. A second order convergence is obtained for the discrete control and the postprocessed state on the dual partition. Compared to the variational
framework in [22] and [26], our result is based on the standard Crank-Nicolson difference scheme and provides a priori error estimate for such
scheme. Thus, we need higher regularity requirements for the state and adjoint state.

In this paper, we study the fully discretization based on the Crank-Nicolson time discretization and linear finite element spatial discretization
for parabolic optimal control problems. For the discretization of the state equation, we use standard piecewise linear finite elements in space and
the Crank-Nicolson scheme in time. The discrete control variable is obtained by piecewise linear finite element or the projection of the discretized
adjoint state on the set of admissible controls. For both cases, we derive an a priori error estimate for the state and control and then use numerical
experiments to verify our theoretical results.

We consider the following optimal control problem:

. _ 1 2 a 2
Join S0 =3 1y =34 W20 7,020y T3 14 W20 7020 1.1
subject to
y,—Ay=f+Bu, xe€Q,te(0,T],

y=0, xel,te(0,T], (1.2)
¥(,0)=yp, x€Q,

where Q ¢ R"(n =2,3) is a bounded convex polygon or polyhedron and T is the boundary of Q. a >0, T > 0. We set the control space U =
L*(0,T; L*(Q)). Let B be a continuous linear operator from L2(0,T; L>(Q)) to L*(0,T; L*(Q)), U, be a set defined by
Uyg={u:ueU,u, <u(x,t) <uy,aein Qx(0,T)},

where u, <u, are two constants.

The rest of the paper is organized as follows. In section 2, we define the fully discrete finite-element approximation of parabolic optimal control
problems and provide useful error estimates. In section 3, we present a priori error estimates for the finite element approximation and variational
discretization of the optimal control problem. In section 4, we provide numerical examples to verify our theoretical results.

2. Optimal control problem
For m>0 and 1 < p < oo, we use the standard Sobolev space W™?(Q) with norm || - ||, , and semi-norm | - |,, , given by

lolz,= > I1D%Il;, and [vlp = 3 DI}, YveW™ (Q).

|a|<m |lal=m

We denote by WO'"’” (Q) the closure of C;°(Q) in W™”(Q). For p =2, we denote H"(Q) = wml(Q), L*(Q) = W%%(Q) and HMNQ) = WO’"*Z(Q).
We denote by L"(0,T; W™P(Q)) the Banach space of all L" integrable functions from [0,7] to W™P(Q) with the norm

T

1

o llzrorwme@y= (/ ol dt)r for 1<r<oco,
0

and standard modification for r = co. We denote the L*(Q)-inner product by (-, -).
Let

a(y,v):/Vy~VU dx, vy, ve H(Q),
Q

(fl’f2)=/f1f2 dx, V fi.f € L*(Q).
Q

Thus, a weak formulation for problem (1.1) is

in L1y= 2 a 2
Bin 3 1y =ya W7oy 73 140720

(3 w) +ayw) = (f + Bu,w), ¥ we H\(Q). 1€(0,T], 21
y-, 0=y, x€EQ.
Assumption 2.1 ([22]). We assume that f,y, € H'(0,T; L*(Q)), f(0), y4(T) € H; (), and Ay, € H, ().

Lemma 2.1 ([2]). For given f, y, € L*(0,T; L*(Q)), y, € Hé (Q) and a > 0, there exists a unique solution (y,u) for problem (2.1).

The pair (y,u) is the solution to the problem (2.1) if and only if there is an adjoint state p such that the triplet (y,u, p) satisfies the following
optimality conditions:
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W) +a(y,w)=(f + Bu,w), VweH)Q), 1e(,T],
¥, 0) =y, x€Q,

- +alp.9) = -y4.9), Vg€ H&(Q), 1€ (0,77,
p(-, T)=0, xe€Q,

(au+ B*p,v—u)>0, YveU,, t€(0,T],

where B* denotes the adjoint operator of B.
The optimality condition (2.4) can be equivalently formulated using the pointwise projection

Py, i U—>Uy, Py, (0)(x 1) =max{u,, min{uy, v(x,n}}.

The resulting optimality condition reads
1
=P, (--B" .
u=ry, ( p pw))
It is well known that for v € L*(0, T; W'?(Q)) the projection Py, possesses the following property

I V(Py,,)® Il oy <l VOO ll o) -

Lemma 2.2 ([22]). Let (y,u, p) be the solution of the optimal control problem (2.1)-(2.4). Then there holds the regularity:

ue LX0,T; W (@) n H'(0,T; L*(Q)),
y.p € L*0.T; HX(Q) n Hy(Q) n H'(0,T; L*(Q)),

for any s < co when n=2 and s <6 when n=3.

Furthermore, if Assumption 2.1 is valid, we have the improved regularity for the state and adjoint state, i.e.,

y,p€ H'(0,T; H*(Q)) n H*(0,T; L*(Q))

and the stability estimates

v 202 + 1 Ay Lo 12)

<CU VA 2 + 11 VAO) Nl 2 + I V() Il 120
+ 1 S Marorc2@) + IV llaor @)

I per 1207220 + 1 AP L1 0.7 1202

<CUlylgror.z@) + 1 va LTy + 1 VI 2 + | Vya(D) 1l 2(q)-

(2.2)

(2.3)
2.4

(2.5)

(2.6)

Proof. The proof follows the idea of [22]. From [24, Proposition 2.1] we conclude that y,p € L*(0,T; H*(Q) n H,(Q)) n H'(0,T; L*(Q)). The embed-
ding H%(Q) & W¥(Q) and (2.6) imply the result for u. Furthermore, if Assumption 2.1 is valid, we have that the right-hand side of the adjoint
equation fulfills y — y, € H'(0,T; L*(Q)), and since L*(0,T; H*(Q) N 1-1(; Q)N HY0,T; L3(Q)) = C(0,T; H(; (Q)), we have that y(T) — y,(T) € H(} Q).
We conclude that p € H'(0,T; H*(Q)) n H*(0,T; L*(Q)) (see [24, Proposition 2.1]). By property (2.6), this implies u(0) € H'(Q). Consequently, we

obtain that y e H'(0,T; H%(Q)) n H*(0,T; L*(Q)) (see [24, Proposition 2.1]). []

Assumption 2.2. In the following analysis we require an additional regularity for y, p such that y, p € H3(0,T; L*(Q))n H>(0,T; H*(Q)). This regular-
ity can be achieved if we remove the pointwise control constraints, or the controls are purely time dependent or spatial dependent, i.e., Bu = u(t)g(x)

or Bu=u(x)g(t) for some given g(x) or g(z).

Let 7}, be a family of quasi-uniform partitions of Q into disjoint regular simplexes K, such that Q =u KeT, K. The finite element space V}, is defined

as follows:

Vi={veC@QnH}(Q) | vlg €P(K), VK ET,},

where P;(K) is the standard space of all polynomial functions with degrees not greater than 1 on K.

To obtain an optimal error estimate, we introduce the following projection operators. We define the Ritz projection R, : H (; Q) -V, as:

(VRuu,Vo,) = (Vu,Vup), Y v, €V,

and the L? projection P, : L*(Q) — V), as:

(Puu,vp) = ,vp), Vv, €V

We also define the d Lagrange interpolation I, : C(Q) — V,, as:
(I;v)(p;) = v(p;) for each node p; of 7j,.
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It is well known that the Ritz projection satisfies [21]

| w—Ryw |l 20y < Ch* || w || gy -

For a given integer N, let Ar=T/N be the uniform time step size and the nodes are denoted by t, =nAt, 0 <n < N. Let v’ = v(x,;) and
d,v’ = (' — v'~1)/At. We define a discrete time-dependent norm as

N
o'+
ol = (X 861 =5 i )

We present the Crank-Nicolson linear finite-element method for the former system: Find (Y}, P,',U})) € Vj, X V}, X U,y , such that for all w, €
Visan € Vi, VE Upyg s

[STE

Y" — Yn—l Y" 4+ Yn—l fn + BU" +fn—1 + BUn—l
h h h h h h
(L) () = . ). @.7)

Y (x)=R,yy, x€Q, Yw,€V,n=12-N.

pr _Pn—l pr +Pn—| Y” _yn +Yn—| _yn—]
h h h h h d h d
—( N .4qp) +a( 5 Jan) = ( 5 .an)s (2.8)
PV(x)=0, x€Q, Vg,€V,n=12-,N.
ur+ur! Py P! ur+upr!
(a h 5 h «_h - h o, Zh - h )20, Vo€Ugpn=12-,N. (2.9)

In the following we denote Y, P, and U, as fully discrete finite element approximations of y, p and u, respectively. Here, U, , is an appropri-
ate approximation of U,,. We set U, , =V}, nU,, for piecewise linear discretization of the control problem and U,,, = U,, for its variational
discretization.

3. Error estimates for the optimal control problems
Throughout this section we will assume the solutions y, p possess the regularity y,p € H3(0,T; L>(Q) n H?(0,T; H*(Q)). For such a regularity we

need smooth right-hand sides and additional compatibility relations.
First, we define some intermediate variables. For any v € U,,, let (y(v), p(v)) be the solution to the following equations:

»;(v), w) + a(y(v),w)=(f + Bo,w), Ywe H(; Q), te(0,T], (3.1)
y)(,0)=yp, x€Q.
—(p(v),9) +alp(V), ) = Y() - y4.9), VqE H(; (), 1€(0,T], (3.2)

p)(-,T)=0, x€eQ.

For any v € U, let (y,(v), p,(v)) be the solution to the following equations:

Wpe(0), wp) + a(yp V), wp) = (f + Bo,wy,), Y wy, €Vy, t€(0,T], 3.3)
yp(0)(-,0) =Ry, Xx€EQ.
—(Pp (), qp) + a(py (V). q) = Wy (V) = V4.a), ¥ g, €V, t€(0,T], (3.4)

pp(0)(T)=0, xeQ.

For any v € U, the pair (%, (v), pj(v)) for n=1,2,---, N satisfies the following system:

Y () -y L(v) Vi) + ¥ ) n 4 o=l n=1
(hAith’wh)_,’_a( h 2h ’wh)=(f + Bv +J; + Bv ,Wh)’

W)X =Ry, XEQ, Yw, €V, n=12,,N. (3.5)

JHOES IO P+ () Vi) =¥+ ) — !
_(%’qh)_{_a( h 2h ’qh)=( h d 2h d ’qh)’

py=0, x€Q, Vg€V, n=12-N. (3.6)

For the following error estimate, we introduce the Gronwall lemma [24] and discrete Gronwall inequality [25].

Lemma 3.1 (Gronwall lemma). Let f be a non-negative function and let g and ¢ be continuous functions on [t,, T]. If ¢ satisfies
1
e <g)+ / f@e(mdr, Vielt,T],
fo
then

t t
¢(I)Sg(l)+/f(5)g(S)eXp(/ S(@dryds, Vitel(,T)
to s
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If g is non-decreasing, then

(p(t)Sg(f)exp(/f(T)dTL VieltT].

Lemma 3.2 (Discrete Gronwall lemma). Let k, B, a,,b,, c,, o, be non-negative numbers for integers n > 1 and let the inequality

N+1 N+1 N+1
g +k ) b, <B+k Y c,+k Y aa, for N20

hold. If ka, <1 foralln=1,2,---,N + 1, then

N+l N+l N+1
ans+k Y b, <(B+k Y ¢,
n=1 n=1
If the inequality

N+1 N+1 N+1
ans+k Y b,<B+k Y c,+k Y aa, forN>0

is given, then it holds

N+1 N+1 N+1

ans +k Z b, <(B+k Z ¢,)exp(k Z a,) for N>0.
n=1 n=1

n=1
Theorem 3.1. Let y(u) € L>(0, T; H*(Q)) be the solution to problem (3.1), satisfying y,(u) € L*(0,T; H*(Q)) and y;(u) € V,, be the solution to problem (3.3).
Subsequently, we have

I 7w) = 3 0) 135, < COIR (1 y@) 132 + / 1 5,@) 13,2 1)-
0

Proof. From (3.1) and (3.3), we obtain

(W) = yp (W), wy) + a(yw) — yu (), wy,) =0.

Using the Ritz projection, we have

(W) — Ry y, ), wy) + (Ryy; (W) — yp, (W), wy) + a(Ry y(u) — yp, (), wy,) = 0. 3.7

Setting e= R, y(u) — y,(w), taking w,, = R, y(u) — y,(u) in (3.7) and using the definition of R, and Young’s inequality, we obtain

IIeII + Vel

colle IILZ(Q) +¢o Il v @) = Ryy @) 13

L2(Q) LZ(Q)— L@ "
From the properties of R,, we have that
4
Ll + Ve g <o le g +erht 13 g, 3.8)
Integratmg (3.8) from 0 to ¢ and using Lemma 3.1, we obtain
4
el + / I Ve I, g di <o hexpleyT) / 30 1y (3.9)

Using (3.9) and the definition of R;,, we deduce that

Il y() = yy(w) |IL2(9)<|Iy(u) Ry, y(u) IILZ(Q)+|I Ry y() =y, () IILZ(Q)

SCRH 1 y@) 135, +CTA* / 15, 13,2, dt- O

Theorem 3.2. Assume that h and At are both sufficiently small, y(u) is the solution of (3.1), and y,(u) is the solution of (3.3), satisfying y;,,,(w) €
L%(0,T; L*(Q)). The solution sequence { VAOY of (3.5) satisfies the following error estimate

Iy @)(t,) = V@) |2, < CTY(AD' / I ¥ @) 12 - (3.10)

Proof. We prove (3.10) using the mathematical induction method. First, (3.10) holds true for n = 0. We assume that (3.10) is true for n=k — 1. We
must prove (3.10) for n=k.
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It follows (3.3) with =7, and r =7,_, that

Y @)(t,) + yp, W)t ,_1) Y@, + y,(W(E,—1)
( . Jwy) +a . )
n n n—1 n—1
=(f + Bu +/; + Bu ,Wh)‘ (3.11)
From (3.11) and (3.5), we obtain
t,)+ [
(yh,(u)( n) zyh,(u)( n 1) _ dzy;',(u)v wh)
_ n—1 o

+a(yh(u)(t,,)+yh(u)(tn_21) AN yh(u)Mh) -0 (3.12)

n—1

Setting e} = y,(u)(t,) - ¥} ) and w;, = &, = e"+;" in equation (3.12), we obtain

1 n o
a7 (Neh g =€ g ) +a(2.25)

Y @(1,) + ¥ @t 1) i}
<Clldyy ) = === 2 (1€ 2+l 6 2 )

<Can | / (t = o)ty = DV @1 |20y (1€ 20y + 1€ N2 )

-1

s f 1
<Cani ( / 1 3@ g 0)2 (1) 2y + ) 2y

In-1

<CENA / 910 g e+ 51 12 + 1€ 12 )

Th—1

Hence, we have

-1
” eh ||L2(Q) ” eh ”LZ(Q) +C1At ” Veh ||L2(Q)

<A / 1 @) s i+ 6811 125 + 17 1 ). (3.13)

-1

Summing (3.13) from n=1 to n =k, we obtain

A +c]ArZ INCATN

k
<C(5)(At)4/ I Ve () ”L2<9> dt+26AtZ Il e ||L2(Q) (3.14)

Based on Lemma 3.2, we get the estimates

k T

I3 1oy o181 2 172 I < XpUSTICEN A’ / 1@ 1 O (3.15)

LZ(Q)
Theorem 3.3. Assume that the conditions in Theorem 3.1 and Theorem 3.2 hold, then y" and Vi) satisfy the following error estimate:

@) = Yy 12, ) < CYAD? / 1 3@ 125 1

FCDR (130 I, + / 30 1Py ): 3.16)
0

Proof. Combining Theorem 3.1 with Theorem 3.2 yields the error estimate. []

Theorem 3.4. Under the assumption of Theorem 3.3, let p(w), p,(u) and Py @) be the solutions of (3.2), (3.4), and (3.6), respectively, and

pu), p(w) € L2(0,T; HX(Q)), ppyyy(u) € L*(0, T3 L2(Q)).
We have
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T T
2 4 2 2
Il p" () — P;‘,(“) ”LZ(Q) < C(T)(Ar) (/ 1 P ) |l 2Q) dt+ At/ 1 Ypes ) ”LZ(Q) dt)
0 0

T T
D10 By + [ 150 g 100 o + [ 15,01, ).
0 0

Proof. The proof is similar to that of Theorem 3.1, so we omit it. []

Theorem 3.5. Let @), p, W) and (Y, P be the solutions to problem (3.5)-(3.6) and (2.5)-(2.6), respectively. Then

I = ¥ Nl 710 < Cll = Ty,

Il P ) = Pl < ClHlu = U1
Proof. From (3.5) and (2.7), we obtain

o o L 4
Y, - y,@+Y, " -y W) U —u+U i

(di (Y, =y, ). wy,) +a( ) ’wh)z(Bf’wh)'
. . . i i—1
Setting ' =Y, — y} (u) and w;, = u _A”t in equation (3.17), we have
. . . . i i i—1 i—1 . .
. R Up—u+ U —u™ -y — i
dmn',dn') + R =(B s .
(dor's o’} +a(== a )=l 2 a )
We obtain
i _ i il _ i1
) ) 1 o i1 el Uh—u +Uh —u )
dn',dn' — o)y —an' =y =(B(————————).,d,').
(dn tn)+2m[a(rl n')y—at™',n™h] = (B( 3 ).di')
The property of continuity for B implies that
Ui _ui+Ui—l _Mi—l Ui _ui+Ui—1 _ui—l
h h i h h 2 P2
(B(——t——).d’) <CO) | T I, +6 1l din 12, -
Summing i from 1 to » and noting »° = 0, we obtain
N i _ iy el _ -1
U —u —u
h h
1" 131y < € 2 A Il = ——"——— I}, = Clllu = U II*.
i=1

Let ¢/ = P} — p/ (). Similarly, we obtain

Y- @)+ Y~y )
2

Summing i from n+ 1 to N and noting e =0, we have

2
Il

i—1 -1 i
ae e <aEe, Y+ C At @

i i i—1 i—1
Y, —y,+Y," =y, P
2 2@’

N
aE,en<CY At

i=1
we obtain

I Py = PR Il @< Clllu = w1l O3

3.1. Variational discretization

As first, we consider the variational control discretization introduced in [8], i.e., U,y = U 4.

Computers and Mathematics with Applications 144 (2023) 274-289

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

Theorem 3.6. Let (y, p,u) and (Y, P,,U,,) be the solutions of problems (2.2)-(2.4) and (2.5)-(2.7), respectively. If the assumptions of Theorem 3.4 hold,

we have
[llu = Uplll < C(h* + AF).
Proof. From (2.4) and (2.9), we obtain

wyi-l UL+URY 1 UL U
2 2 2 2 )

N
alllu=UylI1P = Y adi(
i=1

N . . : : . . i i—1
i i—1 i 4 pi=l i i—1 U +U
(e Ay C A A Rt MR
v 2 2 2 2

N i i—1 i i—1 . . i i—1
Uh+Uh Ph+Ph u+ il _Uh+Uh

- ZAI(a 3 + B*( ) ), ) ) )

i=1
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i i—1 i i1 : 1 Ui+U' 1
P +p u +u' h
+ ) Ar(B( h __h ) )
pr 2 2 2
N P+ pi 1 p +Pl 1 ui+ i1 Ul +U! 1
*
SZAt(B ( 2 2 ’ 2 2 )

Let pil(u) be the solution of (3.6) satisfying the assumption of Theorem 3.4. Using the Cauchy-Schwarz inequality, we obtain

P‘+P‘1 ppl WU+t —U!

T, = At - ,B
1= Z 2 ( g )
N i i—1 . i _ Ui 44 — -l
p, @)+ p, - (w) iy pi=l u—-U, +u= -U
:ZAt<h h _pHp B( h h ))
L 2 2 2
N A PP P +ptw Wl —UL+u Tt Ut
+ t - .B
Zf ( 2 2 ( 2 )
=J, + .

For the first term J;, using Theorem 3.4 we deduce that

N ph(“)+p'h Lu) NEts 5 W —U} +u=! —U!
SO S )
N i i i—1 i—1
u-U +u"-U
. . h h
SCZAT Il p, @) =" Nl 2l S 20
i=1
N i i i1 i~1
u-U +u'=-U
- " h h
+C Y AP @ = el —————— Il
i=1
1 -Uj +u~t —U! 1
Zm 17,0 =5 172, ) ( Zm ||—IIL2(Q))2
! Ul +u i—1 UI 1 1
i—1 2 - - 2
Zmnp @=p"50) 7 ( ZAz E 132 )
SC<h2+Az2)lllu—Uh|||.
Let
D E m@rn @ B YinT
= — an = - 5
v 2 2 2 2
we have
P, 1 pi (u)+pi_1(u) Mi _Ui +ui—1 _Ui—l
h h h h
JZ—ZA . > )
N

5'42

At(d (V@) =Y, v') + Y Ata(y',6")
i=1
N
At(d, (5, ) = Y)),v') + Y At(d (P} - pi, ), 6)

i=1

.

Il
-

N i i—1 i i—1
Y +Y, Y@ +yT W
ht'h h h
+ E At - L6
P ( 2 2 )
=R, +Ry+R;.

For terms R, and R,, noting PN — th (w)=0 and Y;? - y?, () =0, we obtain

N N
R +R, = Z At(d, (v, @) = Y. p') + Z At(d,(PL - pl, (u)). ")
i=1
(V@ =YL Pl = ph) = Y (v @ = Y= P = pll ()

i=

I
IS

By noting that R; <0, we obtain J, <0.
From the estimates of the terms T}, T,, J; and J,, we have

lllu—U,lll < Ch* +A%). O
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Combining Theorem 3.5 with Theorem 3.6 yields the following error estimation:

Theorem 3.7. Let (y, p,u) and (Y,,, P,,U,,) be the solutions of problems (2.2)-(2.4), and (2.7)-(2.9), respectively. Then, we obtain the a priori error estimate:

1Y =Y 2@ + 17" = Pyl 2@ < C(R* + k%), 0<n<N. (3.22)

Proof. Let p,(u) and y, (u) be the solutions of (3.6) and (3.5), respectively, satisfying the assumption of Theorem 3.4. Using the triangle inequality,
we have

15" =Y 2SI Y = Y1) 2 + V@) = Y 12

lp" - P;:' ||L2(Q)S|| - PZ(“) ||L2(Q) +1l PZ(“) - P;:' ||L2(Q) .
Using Theorem 3.5, we obtain

15" =Y 200 <Y = V@) ll 2y +C = Uyl

Il p" - P;T ”LZ(Q)S” p" _PZ(”) ||L2(Q) +C||lu = Uylll.

Therefore, we obtain (3.22) from Theorems 3.3, 3.4, and 3.6. [
3.2. Piecewise linear control discretization

We now consider the fully discrete case where the discreted state and adjoint are approximated by piecewise linear elements and the discrete
control is searched for in U, , =V}, N U .

To derive an a priori error estimate we make the following assumption regarding the continuous control variable: For each time interval I, we
grouped mesh 7, into three sets Thln uT, hzn U Th3n with 7, h’ LN Thf , = ¢ for i # j. The sets are defined as follows:

T, =K € T)|u(t,, x) =u, or u(t,,x) =u,V x €K},
T, =K € Tylu, <ut,,x) <uy,V x € K},

ThS,n = Th \ (Thl,n n Thz,n)

Assumption 3.1. There exists a positive constant C that is independent of Az, h, and » such that

Z |K| < Ch.

3
K eThﬁn
A similar assumption is used in [3].

Theorem 3.8. Let (y, p,u) and (Y, P,,U,) be the solutions of problems (2.2)-(2.4) and (2.7)-(2.9), respectively. If the assumptions of Theorem 3.4 hold,
we have

N RN
[Mu=Uplll < C(h275 + Ar).

Proof. From (2.4) and (2.9), we obtain

N . . i i—1 . . i i—1
ul + yi-! Uh+Uh U+ ui-! Uh+Uh
alllu=Uyll* = Y ahe( - , - )
& 2 2 2 2
N w4 i1 Y U}"1+U}"'_l
:ZAt(a 5 + B*( > ) 2 - ) )
i=1
L URUT PP g U+ U
- X Ala—t + B ), 2 )
i=1
N U;;+U;l_l i P;;+P”;‘l W ui-l T+ T ui!
_ZAt(a 5 + B¥( 5 ), > 3
i=1
N P PPN i gl iy ml UL+ U
D O R
i=1
N i i—1 : : . . i i—1
P+ P i 4 pi=l i i—1 U +U
SZAI(B*(hzh _P 21’ ’u+2u _ h2h )
i=1
N Ul +U"! Piy Pl i i L+ Lyt
— A,(a h h (b h )u +u™  fq4 d4 )
z 2 2 ’ 2 2
i=1
=T, +T,
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For the second term 7,, we derive that

. i1 . i—1 ) -
i i P,+P;1 u i Idul+1dul 1

N
U
h h %, h
T,=-Y ar +B
2 2 (== ) 2

i u-U; b WU e _ Idui+Idui_1)
~ 7 2 2

p+pt —P;; - P;;_] w4+t T+ Tyt
+ ) At(B* R -
Z ( ( 2 2 2 )
_ZAt u+u +B*(p +pz l)ui+ui—1_[dui+1dui—l
2 2 ’ 2 2
i=1
=J +J,+ 5.
Application of the Cauchy-Schwarz inequality gives
iUl L £l S R S S g 28
h h U +tu qu + 1 u
J, = At + R _
! g; (—5 2 2 > )
N i i i—1 i—1
u -U u~' =U,
b b . . . ,
<CY At S+ 5 N2 (I1u = Tyt | 2y + 1™ = Tyt 20 )
Y i, !
I
<Clllu=Uul[( XAt o = Tgud [}, ) ZArnu - 120 )]

i=1
Let ph(u) be the solution of (3.6) satisfying the assumption of Theorem 3.4. Using the Cauchy-Schwarz inequality, Theorem 3.2 and Theorem 3.5

we have
N pi Pl 1 i i—1 i i— i i—1
nt p+p W+t T+ Tyu
2 - . B( - )
2 2 2
i Pl pi-l pil(u)+pi,‘1(u) B(ui+ui—l g+ L )
&~ 2 ’ 2 2
i ph(")“’h (@) g p! 13(“"+M"‘1 Id“i+1d“i_l)
&~ 2 2 2
2 2 < l 1 i
SCH +ID[( Y Arflu' - I, ||L2(Q) )2 ZAt =" = 1ui~ ”Lz(g))z]

i=1
N 1
i i 12 2 1
+Clllu= U [(F Al = 1 g, )+ ZAruu STl
i=

(SIE

|

For the third term J;, we derive that

N S i i—1 S
ul+ul—1 N P +Pl 1 Id“""Id“‘ u1+u1—1
Jy= At(a + B R _
3 Z} ( 2 ) 2 2
N . .
. c Lyu' —u
= Ar(ad' + B*p, L——)
4 2
i=1
N
I.u l_ul—l
+ ) At(a ™" 4+ B, 5 )
i=1
N w4y Pt 4 pi-l L — i
+ZAI(0{ > + B*( > )—au' — B*p', 5 )
i=0
N . .
Iu —u
<2At‘(au’+B*p’ d )|
i=1
1 i—1
+ZA1‘ w4+ B*pi! i )‘
’ 2
t+1 i—1 Lt —ut
+ZAt +” —aut, 5 )
1+1 i—1 i i
+p ; Tgu' —u
+ ) At(B - B*p',
Z )= B'p ~——)

=R, +Ry+ Ry +Ry.
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With the abbreviation d, := au’ + B*p’ we obtain (see, e.g. [3])
(d;, Lyu' —u')= Z (dp. Igu' =) 2k
KeT),

= z (d; Ly = u') 2k
KETh}.i

since there hold I,u' =u' on Thl, andd;=0on T, hzj due to au’ + B*p' =0. For every K € Th3, there is a point xx with d,(xg) = 0. Thus, we get (see, e.g.
[3D
| e Lt =) 2y | <K 10 sl L = s
=K |1_% Il d; = diCe) s Nl Lot =6 e
<CR VK 1'5 1 Vi s | Vi) sy -
Using the Assumption 3.1, we have

-2

| (o L' =) [ SCRE Y K151V, s Il Vi) sy

KGTI?J'
-2
<SCR( Y, 1K) 75 1V, lsoll Vat) Nl s
KeTh%[
3_2
SChS |1V sl Vu@) s -
We obtain

N
3-2
Ry SCH5 Y At Vd, |l sl V) Il 5.

i=1

N
52
R, <Ch™5 ZAI I1Vdii Nps@ll Vu—) s -
i=1

For the third term R;, we derive that

N

witl 4 =1 ) [dui —u
R,=C ) At(a —au',
N . : .
uitl +Ml—1 . Id“I —u
< CZAI I Gf —au' ||L2(g)|| Y ||L2(Q)
i=0

Tixl

N
) S
< CZAI a [ Nluy 2 dt ll Lgu' —u' |l 12
i=0
L

1
i+1 1

N
22 i i 2
(/ it 2y 407 (%At gl =i 1)
1, =

™=

Il
=]

3
<cmi(

i
i

T N

1 1
2 2 2 i P2 2
<Caf (/nu,, 1220 1) (,-Zém gt = 15 )
J =

For the fourth term R,, we have

T N

1 1
2 2 2 i i2 2
Ry < CAt (/||p,, 20 41) > (2 At g =u' 117, )%
0 i=0

We obtain

2

3—
J3<Ch75 |1V 20 7.5l Ve | 20705 @)

R ‘ 5 [ Co )
z i i
+ CAt (/ ” Uy ”LZ(Q) dt) z ( At ” Idu —u ||L2(Q) )2
0 i=0

5 P 5 R S
+CAt (/||p,, P2 @0) 2 (2 AT gl = I3, )7
0 i=0

For each m=0,1,..., N, we get (see, e.g. [3])
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| Lqu(ty) = ulty) 1P = Y I Tgut,) = uty) |12

L2(K)
KeT,
— _ 2
= X I gutty) = ulty) 175,
KeT)
= 2 M gutty) —ulty) 175,
Ker?
2
+ 2 I Lgutty) = ulty) 17, -
e

Since there holds I,u(t,,) = u(t,,) on Thlm, the first term can be estimated as

2 M Hgutty) = utty) 117, =0.

1
KETh,m

Since u(t,,) = —iB* p(t,,) on all cells K € Thzm, the second term can be estimated as

4 2
2 M Hguty) —ut,) I3, 0 S CRY Y 1 V2ul,) I3
KeT? KeT?
4 2
<SCHHIVZplt) 113, -

Using the Holder inequality and Assumption 3.1, the third term can be estimated as

Tu(t ! K75 Lu( 1) 112
2 M gutty) =utn) 75 € 2 TK 175 Tgulty) = ulty) I )

3 3
KeTh‘m KeTh‘m

2 1-2 2
<SCR 0 TR Vul,) 1 g
KeT?

_2
SCR( Y K1) TSI Vut,) 13,

KeT?
3-2 2
<SOR3 1 Vulty) -
We obtain
N
3-2
ZA: Il Tyu(t) —u(t) < Ch75 max ||Vu(t)||2s(m+Ch4 max ||v2 P72
1
Combining 7,7, and (3.23) we get
T
1

2 2 7

[[lu—uyl|l < C(h" + At )+CAt /”p" ||L2(Q) )2
T
2 2 5
+hiTE | Vd ||L2(0T Lol VHO) ||L2(0T Loy FCAP ([ Mg 12, )
0
3_1
2 2 2
+ChZ7s lmax [[Vu)l A(Q)+Ch max [|V=p(t; )”L2(9) O
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(3.23)

Theorem 3.9. Let (y, p,u) and (Yy,, P,,U,) be the solutions of problems (2.2)-(2.4) and (2.7)-(2.9), respectively. Then we have the following a priori error

estimate

3_1
15" =Y 2@ + 17" = Py 2@ C(A2T5 + A7), 0<n<N.

Proof. Let p(u) and y} (u) be the solutions of (3.6) and (3.5), respectively, satisfying the assumption of Theorem 3.4. Using the triangle inequality,

we have

1Y =Y 2=V = ya@) 2 + 1 7, = Y, 120

17" = Py Nl 2 <N P" = @) Nl 2y + 1 R0 = Pl 12 -
Using Theorem 3.5, we obtain

Iy = Yhn ”LZ(Q)S” V' = y;‘l(u) ||L2(Q) +Cll|lu—Uplll,

Il p" — P;T ”LZ(Q)SH " _PZ(”) ”LZ(Q) +C|||u— Uh|||-

Therefore, the result follows from Theorem 3.3 and Theorem 3.8. []
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Table 1

The L? error estimates of the control, state, and adjoint states.

N control state adjoint state
[[lu—=U,lll Order Iy =Yl 20 Order 1P = Pyll 2 Order

4 478811072\ 2.0642 % 107! \

8 1.4729 x 1072

7.2354%x 1072\
1.7008 551761072 1.9035
16 4.0332x 10  1.8686

1.8878x 1072 1.9383
1.4022x 1072 1.9763 47778 x 1073 1.9823
32 1.0521x1073 1.9386  3.5198x 1073 1.9941 1.1982x 1073 1.9954
64  2.6851x10™* 19702  8.8308x10™*  1.9948  2.9981x 107*  1.9987
14.4

*

14.39 | 1

\

\

\

|

14.38 !
1

|

|

=< 14.37 \
\

|

|

\

14.36 \
|
|
\
\

14.35 |

|
|
Ko m kK — —k k- K — K — S — —% ——of

14.34 . . . . .

0 2 4 6 8 10 12
S

Fig. 1. Decay of the discrete objective functional J,,
4. Numerical example

In this section we will carry out some numerical experiments to support our theoretical results
We solve the following parabolic optimal control problem:

in Lny— 2 1 2
et 2 Iy =ya ||L2(0,T;L2(£1)) +3 lhull
Vi—Ay=f+u,

L2(0.T;L2(Q))
(x,n €QX(0,T],
¥(,0)=yp, x€EQ.

Here

Uad =

{ue L2(0,T; L*(Q)),u, <u(t,x) <uy, a.e.inQ, t€(0,T], u,,u, €R}.
Example 4.1. Let Q be a square domain (0,1) X (0,1), T = 1. The data are as follows:
uy=—1l,uy=1,
y(x,1) =exp(t) sin(zx) sin(ry),
u(x,t) = max{u,, min{u,, (T — )% sin(zx)sin(zy)} },
pCx,0) = =(T = 1)? sin(zx) sin(xy),
SO0 =y (x, 1) = Ay(x, 1) — u(x, 1),

Ya(x,1) = y(x,1) + p,(x,1) + Ap(x, ).

as the number of iterations increases.

The errors on a sequence of uniformly refined meshes are shown in Table 1. Fig. 1 shows the variation in the value of the objective function J,,
with the number of iterations s in the case for = 1/16 and Ar = 1/16. The figure shows that the value of the functional J;,, converges to its minimum

Example 4.2. Let Q be the square domain (0, 1) x (0, 1),

T = 1. The data were as follows:
u, =—-0.4,u,=04,
y(x,1) =tsin(2zx) sin2zxy),

u(x,t) = max{u,, min{u,, —(T —t)sin(2zx) sin(2xy)} },
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p(x,t) = (T —t)sin(2zx) sin(2zy),
S0 =y, (x, 1) = Ay(x, 1) — u(x, 1),

Ya(x,1) = y(x, 1) + p;(x, 1) + Ap(x, 1).

Computers and Mathematics with Applications 144 (2023) 274-289
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Fig. 2. Discretization error y,u,p.
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=
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Fig. 3. Discretization error y,u,p.

10°

We show the convergence rates of the control, state, and adjoint in Fig. 2 with piecewise linear discretization, and in Fig. 3 with variational
discretization. In Fig. 4, we plot the profile of the numerical solution, U, at t =0.5 when Ar=1/64 and h=1/64.

Example 4.3. Let Q be a cube domain (0, 1) X (0,1) x (0, 1), T = 1. The data are as follows

u,=—lu,=1,

y(x, 1) = exp(?) sin(rrx) sin(rry) sin(z z),
u(x, 1) = max{u,, min{uy, (T —t)* sin(zx) sin(zy) sin(zz)} },
p(x,1) = —(T —1)? sin(zx) sin(xy) sin(z z),

FOe, 1) =y (x, 1) = Ay(x, 1) — u(x, 1),

Ya(x,1) = y(x,1) + p,(x, 1) + Ap(x, 1).

Table 2 shows the errors and convergence order of state variable y, dual state variable p and control variable u.
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04 04

Fig. 4. The exact solution u (left) and the numerical solution U,, (right) at t=0.5.

Table 2
The L? error estimates of the control, state, and adjoint states.
N control state adjoint state
[u=Uylll Order 1y =Yl 20 Order P = Pyll 2 Order
2 13101 x 1070\ 635291071\ 23555x 1070\
4 8.0177 x 1072 0.7085 2.8584x 107! 1.1522 1.0483 x 107! 1.1680
8 2.7952 x 1072 1.5202 8.6348 x 1072 1.7270 3.1728 x 1072 1.7242

16 7.9007 x 1073 1.8230  2.2844x 1072 1.9184 83954 x 1073 1.9181

5. Conclusion

In this paper, we discuss the Crank-Nicolson finite element method for parabolic optimal control problems with pointwise inequality constraints
on the control variable. The state and adjoint state are approximated using piecewise linear functions. For control discretization, we considered
piecewise linear finite element discretization or variational discretization. The corresponding priori error estimates were obtained. Numerical
experiments verified the theoretical analysis. Furthermore, many practical remain problems to be solved, such as nonlinear optimal control and
boundary control.
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