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1 | INTRODUCTION

In recent decades, the mixed Stokes/Darcy model and Navier-Stokes/Darcy model, which
simulate the coupling of incompressible and porous media flow, have attracted extensive
theoretical and numerical attention due to their important applications in the real world
[1-5,7,9,12-16,18,24,27-29,31,34-39]. There are many articles that have studied the time-discrete
algorithm of the coupled problem [6,20,22,23,30,33,40]. However, one of the difficulties in solving
the coupled problem is the coupling of two different physical processes in two adjacent domains. Cur-
rently, partitioned methods are commonly used to solve this problem and allow the physical processes
in each subdomain to be solved using existing algorithms that have been optimized [10,11,19,21,32].
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In [19], it was shown that by adding appropriate stabilization terms to both the Stokes and the ground-
water flow equations, so the Crank-Nicolson Leapfrog scheme results in a second order partitioned
method as well as unconditionally stable. In [26], a conservative, second order, unconditionally stable
artificial compression method for the Navier-Stokes has been proposed, it uncouples the pressure and
velocity and requires no artificial pressure boundary conditions. However, as far as the authors know,
CNLF scheme and artificial compression method are not combined to solve the linear Stokes/Darcy
model, let alone the nonlinear Navier-Stokes/Darcy model, which not only is unconditionally stable,
but also can decouple velocity and pressure to improve the calculation efficiency.

The rest of this article is arranged as follows. In Section 2, we provide a brief introduction to the
time-dependent Stokes/Darcy model and Navier-Stokes/Darcy equation. We give the second order,
unconditionally stable artificial compression method and the corresponding theoretical derivation for
Stokes/Darcy model in Section 3. Finally, The numerical tests show the method is unconditional
stability and second order accuracy.

2 | THE TIME-DEPENDENT MODEL

The fluid velocity u = u(x, 7) and pressure p = p(x, 1) are defined in €y, the fluid motion is governed
by the time-dependent Navier-Stokes equation

w+u-Vu-V- (T, (u,p)=filx,1), inQ x(0,T),
V-u=0, in Q@ x (0,7), ey
u(x,0) = ul(x), in Q,

where
T,(u,p) = —pl + 2vD(w), D(u) = %(Vu + V),

are the stress tensor and the deformation rate tensor, v > 0 denotes the kinetic viscosity and f is the
external force.
We also have the linear Stokes equation
u; — V- (Ty(u,p) =filx,1), inQrx(0,7),
V-u=0, in Qr x (0,7), 2)
u(x,0) = u’(x), in Q.

The porous medium hydraulic head ¢ = ¢(x, r) and velocity u, = u,(x, t) in region Q, satisfy

u, = —KVe, in Q, x (0,7),
Soi +V - uy = fo. inQ, x (0.7), 3)
P, 0) = ¢°, in Q,,

where K denotes the hydraulic conductivity in €2, which is a positive symmetric tensor and is allowed
to vary in space, Sy represents the specific mass storativity coefficient and f; is a source term.

The first equation is the Darcy’s law and the second equation is the saturated flow model. Here
b=z+2
and g thg gravitational constant.

Combining the two equations in (3), we get the equation for the piezometric head ¢, which we will

refer to it simply as the Darcy equation:

, Where p), represents the dynamic pressure, z the height from a reference level, p the density
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Sop: = V- (KVe) = fo(x,1), in&, x(0,7). “)

Note that € and €, are two disjoint, connected and bounded domains occupied by fluid flow and
porous media flow, and assume that they lie across an interface I' = ﬁf N ﬁ,,.

The above equations (1) or (2) and (4) are completed and coupled together by the following
boundary conditions:

u=0 onIyx(0,7) and ¢=0 onI,x(0,7), (&)

here, we denote I'y = 0€r N 02 and I, = 0€2, N 9Q.
We also need the interface conditions on I':

u-ns —KV¢-n, =0, onI'x (0,7),
—[Tv(u,p) - n¢] - np =g, onI'x(0,7),
= [Tv(u,p) -n]-7; = Mu -t;, onI'x(0,7),
v/ trace(I)
where 7;,i = 1, ... ,d—1, are the orthonormal tangential unit vectors along I', aps is an experimentally

determined parameter and II represents the permeability, which has the following relation with the
hydraulic conductivity, K = %. n, and ny are the unit outward normal vectors on 0£2, and 0€2y,
respectively.

Now let us introduce some Hilbert spaces:

Hy = {ve H'(Q) : v|r, =0},
H,={y € H'(Q) : ylr, =0},

Or =L(2)(Qf)= {qELz(Qf) : i qzo}.
f

From now on, we always use (-, -)p and || - ||p to denote the L? inner product and the corresponding
norm on any given domain D. Furthermore, define the H! norm on domain D by || - |1 p.

The weak formulation of the time-dependent Stokes/Darcy model (2) and (4) reads as follows: find
u:[0,T] > Hs, ¢ :[0,T] > Hyandp : [0,T] — QO satisfying

(u;, v)r +ar(u, v) + b(v,p) + c(v, ) = (f1, V), Vv € Hy,
b(u7 CI) = 09 Vf] € Qf’ (6)
gSO(d)t’ W)p + ap(¢7 W) - C(“? W) = g(f27 V/)p’ VW EH 5

where

d—
af(u,V)=v(]D)(u),D(V))f+Z / 4wz T)ds,

t(K

ap(d, y) = g(KVe, Vy)y,
b(v,p) = =@,V - V),

c(v,¢) = g/¢v -npds.
r

In fact, The weak formulation of the unsteady Navier-Stokes/Darcy model (1) and (4) is given as
follows: findu : [0,T] = Hf, ¢ : [0,T] = Hy, and p : [0,T] — O satisfying
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(u, v)r +ar(u,v) + ar(u,u;v) + b(v,p) + c(v, ) = (f1,v)r, VveH,
b(u,q) =0, Vg € O, @)
8S0(Pr, w)p + ap(, w) — c(u, ) = g(f2, W)y, Vy € H),

where
arc(u,u;v) = ((w- Vyu- v

In addition, we have the equivalence of the weak problems and the model problems, if we assume:

fHEeELXQ), f el Q) KelL®®,)™, (8)
and there exist two constants Ayax > 0, Amin > 0 such that
0 < Amin|¥)? < Kx - x < dnae|x]>, VX € Q,. 9)

For the purpose of later analysis, we recall the trace inequality and Poincaré inequality:

1 1
Vllz2@py < colVllplVIiEp, Vv €D,

Ivllp < cillVvllp, Vv e D,
IV - ully < Vd||Vully, d=2or3.

Here and hereafter, we always use ¢; and C; (i € N) to denote positive constants which are not
dependent on the data of the problem.
There are continuity and coercivity of the bilinear forms:

ar(u,v) < Ciljul[yzl[vll1 s,

ar(w,u) > vlull3,,

ap(h, W) < ghmax |l pllw 1 ps (10)
ap(}. @) > giminllPlIT -

For the trilinear term ay .(u; u, v), it’s easy to get, for the constant M = M(Q)
ar(u,v;v) =0,
arc(a, v;w) < M||Vallf|[Vv|l [Vl

The property of the interface coupling term c(-, -) plays a key role in our analysis:

lc(u, @) < Collull1£llpllips (11)

in the special case of a flat interface I" (see details in [17]).

le(u, §)| < gCsllullgivyllllp, 12)

where [[ull3,,, = [[ull? + IV - ul}?.

Let’s first discretize in space using the finite element method (FEM). For any given small parameter
h > 0, we construct the regular triangulations 7, 7p, and T, of Q, Q; and Q,, such that the mesh
aligns with I'. In addition, Hg,, O, and Hp, are selected as finite element subspaces of Hy, Oy, and
H,, respectively. And the space pair (Hy,, Op,) satisfies the discrete LBB condition:

5 V.
inf (gn iy S

> (13)
3€v, el 1gnlly 1Valliy
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Assume that Hpg,, Op,, and Hp, satisfy approximation properties:
inf [lu—wylly < CH*H a0,
Jn = wlly < il

inf |ju—u, < Ch’||ul|gys s
uheHm” wlliy < CR|[all g1

lél;fl ll$ — dnll, < Chs+l||¢||H~v+l(gp), (14)
h h

ph

3 - A
hlél;fl l||d> Gullip < CR 1Pl

ph

. 1
inf ||p = pally < CH || @l ()-
Pr€p

Furthermore, suppose that the following inverse inequality holds:

IVvillp < Ch~ ' vallp,  ¥vi, € D.

Hence, the semi-discretized formulation of the time-dependent Stokes/Darcy model: For V v, € Hp,
qn € Op, and y;, € Hpy,, given wy(x, 0), pp(x,0), and ¢p(x,0), find uy, : [0,T] - Hg, ¢y, = [0,T] —
Hppand p @ [0,T] = Qp, such that

(s, Vi)r + ap(ap, vi) + bV, pi) + c(Vi, dr) = (fi, i)y,
b(uy, qn) =0, (15)
8S0(Pni» wi)p + ap(n, wi) — c(up, yr.) = g2, wi)p.

The semi-discretized formulation of the time-dependent Navier-Stokes/Darcy model:

W, i)y + ap(uy, vi) + ag (g, u; vi) + b(Vi, pr) + (Vi 1) = (F1, Vi)y,
b(uy, qn) = 0, (16)
8So(Dns> wilp + ap(bp, win) — c(ay, wi) = g(fa, wi)p-

3 | CNLF-STABLE ARTIFICIAL COMPRESSION METHOD

The regular CNLF scheme is conditional on the time step, which is usually related to the mesh size &
and the specific mass storativity coefficient Sy. However, the time step condition is sensitive to values
of Syp. In some cases, this may be computationally limited. Therefore, it is necessary to propose the
scheme of unconditional stability.

As problems become larger, the computation time becomes more and more important. In order
to reduce computation time, it is often to break the coupling between velocity and pressure in
various ways, such as adding a small (artificial) compression term, which is studied in this arti-
cle. This can greatly speed up the calculation and does not require pressure boundary conditions.
The method described below is a second-order artificial compression method that explicitly handles

pressure.
Let N € N, we choose a uniform distribution of discrete time levels with ¢, = mAr and
T = NAt. If T = oo then N = oco. (u'™!, pi"t!, ¢*1) denotes the approximation solution of

Wt 1)s P11 Pi(tms1))-

Pick constants a, f > 0 with a — Tl—l > 0, then for V v;, € Hp,, g; € Op and y;, € Hpy, given

(=t =t @) and (uy, i, @), find (up !, pit!, g+ satisfying:
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Algorithm 1 (CNLF-stable artificial compression method for Stokes/Darcy model).
UZH—] uzz 1 ulln+l u;ln 1
T + V- Zh T % , V.- +b , m 17
< AL Vi ; B N, Vi , (V,1 ph) (17)
um+l +u” 1
+ar <h2h, h) +c(vin o) = ( f’I,Vh)f
abt (p = pi ™ an), = b (uglqn) =0, (18)
m+1 m—1 m+1 m—1
8So <hZAth,Wh>p+ap <2,u/h> —c (uy,wn) (19)

+ AthCg { (¢m+1 ¢Z1—l,wh)p ( (¢m+l hm_l) s Vll/h)p} =g (fzm,l[/h)p .

Algorithm 2 (CNLF-stable artificial compression method for Navier-Stokes/Darcy

model).
u;ln+1 u;ln 1 u;ln+1 uz1 1
T yvEE Vol ——%—7—1].V- b (vu,py 20
< SA7 Vi f+ﬁ AL Vi f+ (Vhph) (20)
e 1, (wt +ur!
+arc uh’f,vh +§<uh f > Vi -y >1
f
m+1 m—1
+u
+ay <2h h> +o(vidy) = (flm,vh)f,
alt (pi* = pi~tan), = b (uff ) =0, Q1)
m+1 m—1 m+1 m—1
Py + ¢ ”
850 <2At p+ap fﬂﬂh —c (u), wn) (22)

+Alg2C2 {( m+1 ?_17Wh)p + (V( Z1+1 _ m l) th) } =g (f;17w11)p'

CNLF s a 3 level method. The first term (u, p, ¢7) arise from the initial conditions of the problem.
We can get (u},, p},, (,b,ll) through other higher-order schemes.

3.1 | Unconditional stability
Algorithm 1 is a time discretization of the model

(1 — pgrad divyu, — vAu + Vp = fi(x, 1),
2aAPp, +V-u=0, (23)
So: — V - (KVg) + A1g*C3(¢p + V) = fo(x, 7).

Note that 2aA#’p, is the standard artificial compression that allows the pressure to be advanced
explicitly in time. Artificial compressibility methods are closely related to pressure projection methods
(See [6,8,25]).

By adding the stabilization terms fgrad divu, and Atg® C%(qb + V¢) that acts through the momen-
tum equation to ensure unconditional stability of the continuity equation. The following theorem shows
the unconditional, long time, energy stability of the artificial compression method.
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Theorem 3.1 (unconditional stability for Algorithm 1). Pick constants a, f > 0 with
a-— zﬂ—l > 0. For any N > 1, the solutions of the Algorithm I, there holds

201N 12 N—1)12
- 2,6—1) Ar(llpy 7 + ey~ 117

1 _ 1 _
Z(Ilulhvllﬁ + )~ P + 5850(||¢th|% + Il 1) + <a

N—
Atv m m— Atg Amin m m—
5 (SPIva@y -+ u i+ ZEm v + g )

m=1

3
< S0 + D) +

2+ 3 1
22N (19 - whl + 19 - wl) + JeSoCl bl + 451

2a + 1
+ 2822 CBIR, + 1013, + (<5 ) APPAIE + 1517
At 1
+ = Lemy 2 +i my 2 )
i ;<V|lf1 21+ 5= A1)
Proof. Setting v, = w™ ! +u"!, g, = pi 4 p~Land ¢y, = ¢ + ¢! in Algorithm 1,
then gives
f(llll"’+1||f+ﬁ||V’ll P - 7(”“}: NI+ BIV - w1 + by +uy ! pit)

+ a @t gt ) et u e = ot gy,

alt|py 17 = aAdlpp = IF — by, py 4+ pih =0
and

S 1 S m— m m—
%um“np Sllgr G + A Gl I, ~ e IE)

+ a,,(¢m+1 +r gt oD — et + i = (B g + 9,
Multiply all equations by Az and add the three resulting equations, then using the coercivity

of the bilinear forms, the dual norms and Young’s inequality, we obtain

*(Ilu U+ BIV - w17+ 2082 g I + gSollg I + 282 Gl IT )

- —<||u21‘1 7 + BIV - w17 + 22 A2 Ipp~ 117 + gSoll gy 17 + 282> C Ml 117 ,)
+ Atb(u’”“ +ul pm — Atbal, ppitt + pih + Atcat! +u! @)

- — Atv . A8 Amin " —
— Are(ul, g7+ + g + IV w7 + g V(@ + g2

At 1 m
<7 <|lf1 ”%1,f+ 5" ||21p> (24)
v Amin

Note that the terms Atb(u™+' +w'=!, pi) — Atb(ul', ppt! + pi=1) in (24) couple the
pressure and incompressibility and are the key terms in the stability analysis. Rearrange
them into a time difference, as follows

Arb(uy ™ +uy =t pity — Aeb(uy, pit! + pih)
= Au(b(uj*, pi) = b(uj, pirh) — Aub(ui?, pii ") = byt pi).
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3712 WILEY QIN ET AL.
Denote the energy term by
1
E"3 = {”uh+1”f+”uh”f+ﬁ(||v wtE+ V- u
+gSolllg 117 + 1o 1I) + 286> G35 1T, + 11T ) (25)

+ 222 (llpi 17 + PR 1I7) + 2A:(b(ug*, pity — b(ui?, pirt' )}
Similarly, we let
O™ = et @) — cufl, ¢,
then the interface terms in (24) become
C(llm+1 + u'}f_l,qﬁ';f) _ C(u$’¢m+l + ¢$—1) — Cm+% _ Cm—%‘
Adding and subtracting %(llu;"llﬁ + IV - w7 + gSollgll; + 2472 CilIgp1IT, +
2(xAt2||pﬁ||J%), then we have

Atv

! ! - Atgh
Em+ — E™2 +7”V( m+1 +UZ l) ”J%_i_ g min

IV (&7 + ") 1l
+ At (c’"*a - C’”‘E>

N AN
S4<V|lf1 ”—1f+

Sum up the inequality from m = 1to N — 1, we find

1124 ||21,,> (26)

mm

_ Atv " e AtgAmin m — _1
o Z(—nv ) [+ SER Y (g g 1)||f,)+chz

N-1
1

> 1 my|2 8 m|2
Ei + AtCi + ?Z <v“f1 I+ sz ||_1,p> . 27)

m=1

Firstly, we consider the interface terms, applying inequality (12)
_1 1 _
|ArCY 3] < Z(IIUﬁllﬁiv,f + [luy) l”?liv,f)
+ A G 11T, + 13117 ). (28)
Then for the terms that couple the pressure and incompressibility in (25), we obtain

_ 2 _
A, pY1) = Arbu) ! p)] < ﬂ LA w2+ v - w1 2)

1 N2 N-12

+ 25— 1Al Ulpy 17 + Ly~ 115)- (29)

Thus,
_1L _1 _ 1 -
E": + AICY Z(Huh 17 + 5™ 17 + S &SoCll 1 + 113~ 117)

+ (o~ zﬁ—)m (PR 17 + Ny~ 1) (30)

Therefore, choose the appropriate parameters a and f such that « — ﬁ > 0, we get

the result. n

Theorem 3.2 (unconditional stability for Algorithm 2). Pick constants a, f > 0 with

a— zﬂ—l > 0. For any N > 1, the solutions of the Algorithm 2, there holds
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QINET AL. Wl LEY 3713
1 - 1 - 1 -
3 0+ 1 0) + Lo 1R + 0 =1) + (= 55 ) A -+ 1 1)
¥ (A ml | m=1) |12 Afgﬂmm mtl o pm=1) 112
+ 2 (S (g ) 1+ IV (& + ) 1)
m=1
3 2+ 3 1
<2 (1 + 1gI) + (2 )(||V-u}1||%+||V-u2||_%)+§gso(||¢,i||§+||¢2||,%)
2a + 1
+2828°C3 (IB4IR, + IBAIR,) + (=55 ) A% (IphIF + Ipf17)
Al (1
m |2 8 mi|2
+ Zr; <V|lf1 121, + mﬂfz ||_1,p> :

Proof. Mainly using the skew symmetrization of nonlinear terms and the proof process
similar to Theorem 3.1. =

3.2 | Error analysis

We establish the method’s error analysis over long time intervals. First we introduce the following
discrete norms:
N
2 i 2
W10, = A D I g,

m=1

2 o
HWlllZs .m0,y *= 0r<na<xN||w ”HA(QH)).

The following lemma in [17] will be used for the error analysis.

Lemma 3.1.
m+l um—l 2 At4 5
7”,« < 5o Ml 7029,y @31
N-1
m ¢m+l — ¢m—l 2 Al4 2
el A | S L
Atn;’ ¢! oar | < 50 1eullori,)y (32)
N-1
um+1 _ um—l 2 7A[4 5
m_ W —u < 1ar
Atmgl”V <u 2At ) ”f - 6 “utt“Lz(O,T;Hl(Qf))’ (33)
m_ ¢m+1 _ ¢m—1
AthHV <¢ IAL Hp ||¢[l”L2(OTHl(Q )’ (34)
N-1
" um+l _ um—] 2
Atmzl“V <u, B 2At> ”)‘ ||Vum||L2(0TL2(Q ))? (35)
N-1
2
AZ ot = < 4AP 190 o 36)
m=1 P
N-1
Atznpmﬂ " 1“ <4Ar ||p’||L2(0TL2(g )’ (37
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3714 Wl LEY QINET AL.

Denote the error equations
ey =u" —uy =" —-0")+@" —uy) =ny + 6y,
e =p" —py =@" -p")+@" —pp)=m + 6,
=" =Py =@" =) +@@" — i) =y + 0.
Here, u" € Hy, p™ € QOp, and ¢3m € H,;, are the approximate solution which are satisfied the
property (14).
Theorem 3.3 (error estimate). For any 0 < #ty = T < o0, consider the Algorithm 1, if u,
P, and ¢ satisfy the regularity conditions
u € L2(0, T; H™ () N L0, T; H Q) n H (0, T; H' (Q)),
p € L*O0,T; H(Q)) n H' (0, T; H' (),
¢ € LX0,T; H(Q,)) N L0, T; H*1(Q,)) N H*(0, T; H' (Q,)),

: a 1
and pick 7" > 0, then

a 1
2 2p-1

1 _ 1 _ -
Z(Ileﬁllf +llea "I + EgSo(IIegIIf) +lley ' 17) + ( > APl 11 + llep 117

N-1
At ” _ _
+ 5 VIV + eI + gAminlI VG +€GhIR)
m=1
< C(W* + At + A THY + AP),

where C > 0 is a constant independent of / and At.

Proof. Subtract (17)-(19) from (6) evaluated at time " to get

m+1

m—1 m+1 m—1
m l.lh —llh llh —llh m m
- __h -plv-[L——) V. b (v, p" —
<“’ 2At V”>f ﬂ( < 2At > V”>f+ (Vip" = i)

m+1 m—1
+
+ar <u"‘— “hz“h,vh> +c(vid" =) =0, (38)
—alAt (pptt = pp !, qh)f —b(u"—u},q,) =0, (39)
" ¢m+l _ d)m—l " ¢m+l + ¢m—1 " ”
gSO(d)t _%’W}l p+ap ¢ —%,Wh —c(u —“h»lllh)
— M@ (7 = ), + (V (7 =) V), | = 0. (40)
Thus, after using the definition of the error equations and rearranging, we have
031+1 _ le;l—l e'rln+l _ 0{1}1—1
—_— V-\———1].V-v b (vp, 0 41
< 2w T ,.+ﬂ 27 W)t (vin 67') @1
m+1 m—1
+ar (W‘Nk) +c(vi.05)

m+1 m—1 m+1 m—1
Mu = — Hu M = — Hu m
== —-, - v.{———],V- -b s
< ZAt Vh>f ﬂ < < 2At > Vh)f (Vh r]p )

m+1 m—1
+
—ay ('7“2"“ Vh> —c (V) + €d (V).
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A (O = 05" qn) — b (O qn) “2)

= —alr (" = p"qn), — abt (5 =y qn) + O an)

9$+1 _ Hgl—l 0$+1 + 0(/;—1 .
2So TN +a, 5 ) -c 6, wn) (43)
p

- 8@ { (0 - 05 wn), + (V (657 = 657) . V), |

1 m—1 m+1 m—1
' =My Ny + My
=—oSo 22— ¢ | +a,| 2—* | +c(yl,
g 0< AL Wi p > Wi (> Wn)
p

- A1g’C3 { (g™ =g ), + (V (3 = ng™") »VWh)p} + el (yn),

where

um+1 _ um—l um+1 _ um—]
m = — m_ _ — V. m_ - - , V.
€u (Va) <uz AL Vi . p u; AL Vi f

and

_ ¢m+l _ ¢m—l . ¢m+l + ¢m—1
el (wi) = =50 <¢:“ - ) e ¢~

+ A1g?C? { (¢! — ¢m—1’y/h)p +(V (" = ), th)p}.

Setv, = 00t + 0071, gy = 05 + 001, and yy, = 0;’“ +07~" in the equations above
and multiply all equations by Ar and add the three resulting equations to obtain

1 U m Ui - -
E(Ileu“ I7 + AUV - 05117 + 2282165117 + gSollO 115 + 242> 31165117 )
1 m— m— m— m— m—
— 5l HIF+BIV - 05717 + 228211657117 + gSolloy "Il + 278> C3N105 711,

At m m— - m— m nm— - m—
+7(af(9u+1+eu Lout + 007 + ap (05t + 0570 0 + 057
+ Ab(O0* + 63", 65) — Ab(6, 6 + 657
+ Arc(0y! + 057, 0) — Arc(6, 05" + 657"
1 m: m— m nm— m: m— - m—
= =Sl = 0 00y + BV =T, V- (0 + 05
1 m m— 11 1 m m— 11 m—
_E[gSO(n¢+1_71¢ 170¢+1+6¢+1)p+2At2g2C%{(’1¢+1_nd; 1,9¢+1+9¢ l)p
+ (VO =D VO - 057,
At m— m — m— m -
= SO+ 0+ 00 + a4 g™ 05 + 0570

— A[bOF + 05y — b, 0 + 657 )]

— Aflc(OF ™ + 07 0y — e 05 + 057 )]

_ (xAtz(pmH _pm—l, 0£1+1 + Hzl—l)f _ aAZZ(rIgH-l _ ’11’;”_13 9;))1+1 + 9;1—1)}(
+ Ared (00 + 057" + Aref (0 + 0571,
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3716 Wl LEY QINET AL.

Firstly, we bound the first two terms on the right hand

[(n’"”—m’f“lﬁ.’i’” Ou ")y + BV - (gt — ), V - 00 + 0 )] (44)

3C m m 3d? m VAt m m—
2Lt g+ ’3 IVeR™ = I + 22V + o IR,
and

[gSO(ﬂm+1 m 1 0m+1 +9(rg+l)p+2At2g2C2{(’1m+l m 1 9m+1 +0(yg_1)p

+ (VO =D, Vo + 057, (45)
15g82c?  15g83c2APCE " 15g3At3C4 m e
(4/1 'OAlt + /11' ) Myt =+ t— Ve ™ = ~HlI3
min min min
gﬂl’;l([)lAt”v(am+l +0m l)”lZ7

Next, we apply the continuity of the bilinear forms, then

7((1 (nm+l + rhrln—l’glrlrﬁl gm l) +ap(77m+l + n$_1’0$+1 + 0;’1—1))

3M2Af m At m m—
==Vt + e 1>||f+ LIV O + 02 (46)

g/lmmA[
20

SgAmaXAt
4Am]n
Considering the pressure terms, we get
aAP " =" ot + 6y + aAP (- ! em+‘ +0;7"y

+

VO™ + g™l + V@™ + 657 Dli5.

< 4aAP|p™" — p"HIF + da APyt - l||f+ ||0'"“||f (47)
alA?
+ =1l "I,
and
1 m— m m m m— 6dC2At m VAI m m—
—At[bOF + 05 ) — by, O + 05 < Vl Va7 + & rorHli?

" aAt " aAt i
+2d||Vri|IF + oy 17 + =——ley"1i7.
(43)
For the interface term, using the (11), this yields
At[e(OF " + 05" np) — e, 0 + 657
At . 6CIAL .
< S IV@r a7 + NZAT (49)
/1 At Vi3 m C2 m
+ 82l Vet + 1>||p Loz,
mm
Finally, we bound the last two terms
Arell (05 +057") (50)
VAt m+1 m—1 2 ISC%AI m _ um+] — um—l 2
”V (04 +057) ”f T |“’ 201 “f
22 m+1 _ gym—1 2 2 m+1 _ ym—1 2
18ﬂ d At”V _u u “ 18M At”V _u u ” ’
2At f 2At f

85UBd| SUOWILOD BAIERID ajqedl|dde ay) Aq peuenob ae sapie YO ‘esn Jo sajni 1) Areiqi auljuQ A8|IAA UO (SUOTIPUCD-pUe-SWLBY/W0D AB|1m A eiq 1Bl Juo//:Sdny) SuonIpuoD pue swid 1 8Y) 89S *[20zZ/T0/0g] uo Ariqiauljuo A8 ‘Aisiealun Buojoeir uerx Ag zz0EZ WnuU/Zo0T OT/I0p/wod A8 [1m Areiqijeuljuoy/sdny woij papeojumod ‘S ‘€202 '927Z860T



QIN ET AL. Wl LEY 3717
and
Arey (05" +657) 1)
g/lmmAt il oameivnz . 208SEAAAL) o gmtl — gl 2
< V(6, 0 _
e o L TV |
208 A2 At m mtl g gm=1 12 20g3C2AL m m—
+g$”v(¢ _¢ 2¢ )' + g/{S'l Il +1_¢ 1”12)
2083CAR
gﬂif;”V(d)m+l _ (bm_l)”[z)-

Similar to Theorem 3.1, we denote the 6 energy term

m+l

2 1 m m m m
Ey * = (165 17 + 167 + AU - 05 IF + 1V - 0217
+gSo(ll05+ 115 + 07 17) + 2428 C3(llog 11, + 107115 ,)
+ a0 17 + 1165'117) + 24105, 65) — b0, 057},

and define

C — (9m+1 9:;)—6’(9’” 0m+l)
then the interface terms become

m+

-1
O + 057", 0) — (0. 05 + 057 = -C, °.

Therefore, after absorbing all the resulting 6 terms into the left-hand side of the energy
inequality, we group together the remaining terms and sum the inequality over m =

L.,N-1
Nl Noloo L A

E, * —E; + At <C9 * - c;) + TZ (VIV (05" +607") 117 + AminllV (057" + 657" ) 117)
m=1

1
3¢t 1 3d/3 mel o m—1Y 112
sZ(an e e  vE A A Rt

m=1
15850C1 + 15g3C%Al‘3C§ “ m+1 m—]”2
4 Amin A onin ~fg b
1583 AR CY b
m +4 Af m+1 m—112
immAt ” ( ) ”17 (Y ” 7][7 ”f
3M2At m 5g A2 At .
+Z< IV (™! ™) 17 + 252209 (g ™) 1
L 5CAL G 6CAt 6dciAt,
* i VA lIF +2d 11Vl + —IIV%II,, — (|VnlI7
L e Vs e ]
! 24t Iy 2At i
2 m+1 _ ym—1 2 2
L 1sm At“V < uzAlu> “ + dab ! _pm_1||f
N ZOgSoc%At| gy _ &= ”2 20gamaxmnv g Y ||2
Amin 2At p Amin 2 P
20g3CiaAR . 2083 CIAP ., .
+%II¢ ¢ 1||3,+7/l |V (" =™ ) 117 )
min min
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3718 WILEY QINET AL.
Note that, using the Cauchy-Schwarz and other basic inequalities, we have
N-1 ias!
Z [l = =17 = Z [ / M|}
tm+]
/ (A1) / |Mu.|*dtdx
Q, m
< 4At||nuzll

L20,T;L(Q))°

similarly,

1 —1112 2
Z” el ’7]rin ”f S4At”’7p,t”LZ(()’T;LZ(Qf))’

1 —12 2
z,”ﬂer -1y lp S4At”’7¢J||L2(0,T;L2(Qp))’

N-1
ZHV(I’]"IH 1)”)‘ < 4At||vnﬂf”L2(0TL2(Q )?

m=1

—1y(12 2
Z||V(’7m+l ng 1)”[7S4At”V"(ﬁ,t”LZ(O,T;Lz(Qp))’

vam’"*‘ +nHIIF < 2Z(||Vn'"+1||f + VA 117)

<42||Vn 17

<A NIV o 720,

Z ||V(nm+l + 77:;_1)”5 < 4(At)_l ” |V’7¢” |§/2(0,T;L2(Qp))’

2NVaRIF < AT NVl 020,

N-1
2 -1 2
2 NVaIE < Ao NV 7200

m=1
N-1

2 -1 2
Z”V"Igl”p <@l |V"I¢>|||L2(0,T;L2(Qp))-

m=1
After applying the above bounds, Lemma 3.1 and the bound from the stability proof, we
have the important inequality

1 _ 1 _ o 1 _
L0207+ 103717) + 3o (034 1037 1) + (& = 5 ) o (00207 + 10y )
& A Atgh
Vv m m— min m m—
+Z(—||V(¢9“+1+9u ) I+ SEm Y (65 + 65 1)||,2,)
m=1
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2 2 2
S C(||nu’l||L2(O,T;L2(Qf)) + ||Vnu,t||L2(07T;L2(Qf)) + ”rllﬁ,t”Lz(O,T;Lz(Qp))
4 2 2 3 2
+ At ||’1¢,t||L2(o,T;L2(Qp)) + ||V’7¢,t||L2(o,T;L2(Q,,)) + Ar ”’7[7,1‘||L2((),T;L2(Q_/~))
2 -1 2 2
+ ” |V’1ll ” |L2(0,T;L2(Qf)) + (At) || |V’1U || |L2(0,T;L2(Qf)) + ” |V’7¢7 ” |L2(0,T;L2(Qp))

2 4 2 4 2
+ ” |V’7p” |L2(Q’T;L2(Qf)) + At ”u’””LZ(O,T;LZ(Qf)) + At ”Vum“Lz(O,T;LZ(Qf))

4 2 4 2 4 2
+ At ”ull”LZ(O,T;Lz(Qf)) + At ”¢m”L2(O,T;L2(QP)) + At ”¢””L2(O,T;L2(Qp))

1 1
4 2 3 2 2 2
+ At ”¢t|lL2(0,T;L2(Qp)) + A[ ”pl”LZ(O,T;LZ(Qf))) + Eez + AtC; .

By using the approximation properties (14) and the triangle inequality, we can get the final
result. L]

Remark. The artificial compression method accelerates the computation speed but
introduces extra numerical errors and new physical flow behaviors associated with
compressibility. These include non-physical fast pressure oscillations (acoustics)
analyzed in [26].

The result of the Theorem 3.3 is not optimal, which is mainly affected by the pressure term, but
the numerical experiment proves that the optimal order can be reached.

4 | NUMERICAL EXPERIMENTS

In this section, we give some numerical tests to demonstrate the effectiveness and efficiency of the
unconditionally stable artificial compression method. We use the well-known Taylor-Hood elements
(P2-P1) for the fluid equation and the piecewise quadratics (P2) for the porous equation. Let the param-
eters « = 2.2 and f = 0.6. Furthermore, we implement the codes by using the software package
FreeFEM++.

Test 1. For the Stokes/Darcy model, let the computational domain £ be composed of r =
(0,1)x(1,2) and £, = (0, 1) x (0, 1) with the interface I' = (0, 1) X {1}. We take the exact
solution:

u = (= 1)? + y)os(1), —%x(y — D3cos(t) + (2 — z sin(zx))cos(?)),

p = (2 — msin(rx)) sin(%ﬂy)cos(t),

¢ = (2 — zsin(zx))(1 —y — cos(zy))cos(?).

All the physical parameters n, p, g, v, K, So, and aps are simply set to 1, and the initial conditions,
boundary conditions and the source terms follow from the exact solution.

To confirm the second-order accuracy, we set 4~ = At and calculate the errors and convergence
rates for the variables u, p, and ¢ with the following discrete norms

e(u) = [|{u—wy| |L°°(0,T;L2(Qf)),
e(p) = lllp = palll=©.r:2(0))-
e(@) = l1¢ — ¢ull |Lm(o,T;L2(Q,,))-
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3720 Wl LEY QINET AL.

Let ryp 4 denote the calculated order of convergence, which is given by r = log 2(e(N)/e(2N)). Table 1
presents the second order for the Stokes velocity u, Darcy hydraulic head ¢ and first order for the
pressure p.

Now, we consider the efficiency of artificial compression algorithm, as shown in Table 2. With
the change of mesh size, the calculation times of CNLF scheme and the artificial compressed CNLF
scheme are proposed in this article. It indicates that the artificial compression algorithm takes less
time, and the time gap between the two algorithms becomes larger and larger as the mesh size becomes
smaller and smaller.

Test 2. In order to verify the unconditional stability and second order convergence of the
algorithm when parameters change in the model. The true solution is given by

u=((y- 1)2 cos(t), ? - x) cos(?)),

min

p= <2v(x+y + 1+ ;;an> cos(t),

¢ = (”(xa —00 =D+ - )+ 2Vx> cos(1).
kmin 3 4

Here, the hydraulic conductivity tensor in a porous medium flow K = ky,;, L. Firstly, we still verify
the second-order convergence of the algorithm. Here, we set the parameter Sy = 1074, kin = 1071,
and the other parameters are still equal to one, as shown in the Table 3.

Then, we set the external force terms f; = 0 and f, = 0, and consider the homogeneous bound-
ary conditions. Figures 1-4 show the changes of energy with time when Sy = kpin = 1.0 x 1074,

TABLE 1 The convergence orders at time 7 = 1 for the Test 1.

h = At e(u) Iy e(p) T e(p) ry

é 0.00968658 - 0.178708 - 0.0339505 -

# 0.00166856 2.53738 0.0518993 1.78382 0.0089169 1.92882
2 0.000338434 2.30166 0.0141453 1.87539 0.00221755 2.00757
é 9.02258e—05 1.90726 0.00389015 1.86243 0.000553375 2.00264
L 2.24514e—05 2.00674 0.00114547 1.76388 0.000138324 2.00021

2
3

TABLE 2 The calculation time of two algorithms.

— 1 1 1 1 1
h = At 8 16 32 64 128
CNLFE(S) 0.226422 1.4648 13.2021 112.065 1056.78
AC+CNLE(S) 0.222182 1.4264 12.219 103.255 944971

TABLE 3  The convergence orders at time 7 = 1 for the Test 2.

h =

At e(u) Iy e(p) T, e(p) ry
0.0444772 - 0.787235 - 0.108311 -
0.0123904 1.84384 0.215425 1.86961 0.0312734 1.79218
0.00314853 1.97647 0.0546863 1.97794 0.00803146 1.9612
0.000788867 1.99682 0.0137122 1.99572 0.0020142 1.99546
0.000197228 1.99992 0.00343742 1.99606 0.000504013 1.99867
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140 | 1
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40 .

FIGURE 1  The change in energy at parameter Sy = ki, = 1.0 X 107%.

0.25

0.2 b

Energy

0.05 4

FIGURE 2  The change in energy at parameter S, = 1.0 x 10~ and ky,;, = 1.0.

So = 1.0X 107, kpyin = 1.0, So = 1.0X 107, kipin = 1.0, and Sy = 1.0, ki = 1.0 X 1072 in the model,
respectively. It can be obtained that the energy finally approaches 0, which is consistent with the fact,
indicating the unconditional stability of the algorithm.

Test 3. Finally, a test is given to verify the convergence of the algorithm for
Navier-Stokes/Darcy model. The true solution in the Navier-Stokes/Darcy is

u = ((*(y — )? + y) cos(), —%x(y — 1)? cos(r) + (2 — 7 sin(zx)) cos(r)),
p = (2 — zmsin(xx)) sin(%ﬂy) cos(t),

¢ = (2 — zsin(zx))(1 — y — cos(xzy)) cos(t) + %[1 + (2 — zsin(zx))*1[(y — 1)* + 1] cos (1)*.
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FIGURE 3 The change in energy at parameter Sy = 1.0 x 1072 and kyy, = 1.0.
40
FIGURE 4 The change in energy at parameter Sy = 1.0 and ki, = 1.0 x 1072,
TABLE 4 The convergence orders at time T=1 for the Navier-Stokes/Darcy
h = At e(u) ry e(p) T, e() Ty
é 0.00952175 - 0.249692 - 0.0779601 -
% 0.00144726 2.7179 0.0704306 1.82588 0.0197743 1.97911
3% 0.000203285 2.83175 0.0176727 1.99468 0.00491406 2.00864
6i4 4.98674e—05 2.02734 0.00487887 1.8569 0.00122886 1.9996

The calculated region and other parameters are consistent with the first experiment. Then

we have the Table 4 which verify the second order convergence.
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