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Abstract—In this paper, we investigate the problem of estimating
the directions-of-arrival (DOAs) and ranges of multiple narrow-
band near-field sources in unknown spatially nonuniform noise
(spatially inhomogeneous temporary white noise) environment,
which is usually encountered in many practical applications of
sensor array processing. A new subspace-based localization of near-
field sources (SLONS) is proposed by exploiting the advantages of
a symmetric uniform linear sensor array and using Toeplitzation of
the array correlations. Firstly three Toeplitz correlation matrices
are constructed by using the anti-diagonal elements of the array co-
variance matrix, where the nonuniform variances of additive noises
are reduced to a uniform one, and then the location parameters (i.e.,
the DOAs and ranges) of near-field sources can be estimated by
using the MUSIC-like method, while a new pair-matching scheme
is developed to associate the estimated DOAs and ranges. Addi-
tionally, an alternating iterative scheme is considered to improve
the estimation accuracy of the location parameters by utilizing
the oblique projection operator, where the “saturation behavior”
caused by finite number of snapshots is overcome effectively. Fur-
thermore, the closed-form stochastic Cramér-Rao lower bound
(CRB) is also derived explicitly for the near-field sources in the
additive unknown nonuniform noises. Finally, the effectiveness of
the proposed method and the theoretical analysis are substantiated
through numerical examples.

Index Terms—Near-field, oblique projector, source localization,
symmetric uniform linear array, unknown spatially nonuniform
noises.

I. INTRODUCTION

LOCALIZATION of near-field sources is important in many
practical application scenarios of sensor array processing
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such as sonar, collision avoidance radar, electronic surveil-
lance, seismology, speech enhancement, and biomedical imag-
ing (e.g., [1]–[13] and references therein), where the near-field
source is characterized by two independent location parameters
(i.e., the directions-of-arrival (DOAs) and the ranges), and the
correct pair-matching (i.e., association) of the estimated DOAs
and ranges is required, while the far-field source is only param-
eterized by the DOA. In past decades, the localization of near-
field sources was extensively studied (e.g., [14]–[34]). Among
them, many maximum likelihood methods and subspace-based
methods were proposed by using the second-order statistics
(SOS) for spatially and temporally white Gaussian noises with
the uniform variance or arbitrary noises with known statis-
tics [14]–[32], while some subspace-based methods were pre-
sented by using the higher-order statistics (HOS) for spatially
and temporally white or colored Gaussian noises [33], [34].
However, the homogeneous noise assumption is often invalid
and the noise covariance matrix is usually unavailable in some
applications (see, e.g., [35]–[42], [105]–[107]), which causes
most subspace-based methods for the far-field sources (see,
e.g., [43]–[47], [108]–[114]) to be severely degraded, and hence
a variety of DOA estimation methods were developed for the
far-field sources in the unknown colored noise [48]–[55] or
unknown nonuniform noises [56]–[75]. Similarly in the pres-
ence of unknown nonuniform noises, most of the aforemen-
tioned SOS-based localization methods for the near-field sources
will seriously deteriorate [14]–[32], while the HOS-based lo-
calization methods [33], [34] only apply to the non-Gaussian
near-field sources. To the best of our knowledge, the local-
ization of near-field sources in unknown spatially nonuniform
noise environment has not been well studied in the literature
of array processing. By using the multiple signal classification
(MUSIC) [44], the two-dimensional (2D) MUSIC-whitened
noise (MUSIC-WN) and the 2D MUSIC-smooth sparse arrays
(MUSIC-SSA) were suggested in [76], where the noise-only
array data or well-separated subarrays is required to whiten or
eliminate the effect of additive noises, but a signal-free environ-
ment is not always available in practice and this requirement may
restrict the practical applications (cf. [60], [54]). In addition, the
far-field sources and the near-field sources usually coexist (see,
e.g., [28] and references therein for details), and recently some
HOS-based methods were proposed to localize the far-field and
near-field sources in the presence of the additive white or colored
Gaussian noises [77]–[84].
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Therefore, in this paper, we deal with the localization of
multiple near-field sources impinging on the symmetric uniform
linear sensor array in the unknown spatially additive nonuni-
form noises (spatially inhomogeneous temporary white Gaus-
sian noises), where the estimated DOAs should be associated
with the corresponding estimated ranges of the same source.
Based on our preliminary study [85], a new subspace-based
localization of near-field sources (SLONS) is proposed by using
the anti-diagonal correlation elements of the array covariance
matrix, which can be interpreted as the received “signals” for
a virtual ULA and contain only one noise variance or no noise
variance. First by constructing two Toeplitz correlation matrices
with the correlation elements along the major anti-diagonal or
that along the 2nd upper diagonal off the major anti-diagonal
of the array covariance matrix to eliminate the effects of un-
known additive nonuniform noises, two auxiliary parameters
related to the DOAs and ranges of near-field sources can be
estimated separately from these two resulting matrices by using
the MUSIC-like method [44]. As a result, we can obtain two sets
of the estimated electric angles, which are functions of the lo-
cation parameters (i.e., the DOAs and ranges). Then by forming
another Toeplitz correlation matrix with the correlation elements
along the 1st upper diagonal off the major anti-diagonal of the
array covariance matrix, a pair-matching scheme is developed to
associate two sets of the estimated electric angles by searching
for the minimum value of the cost function, which is formed with
the noise subspace of the resulting Toeplitz matrix, and conse-
quently the estimated DOA and range of the same source can be
obtained. Obviously unlike the pairing scheme presented in [23]
for the near-field sources, which requires some constraints on
the electric angles of sources, this new pair-matching scheme
can applied to more general sources. Additionally an alternating
iterative scheme is presented to improve the estimation accuracy
of the location parameters by utilizing the oblique projection op-
erator [86], where the “saturation behavior” (i.e., the estimated
DOAs and ranges may have high elevated error floors, which
do not decrease with the increasing signal-to-noise ratio (SNR))
caused by finite number of snapshots is overcome effectively.
Furthermore, the stochastic Cramér-Rao lower bound (CRB) for
the near-field sources in unknown nonuniform noises is derived
explicitly. Finally, the effectiveness of the proposed method and
the theoretical analysis are verified through numerical examples,
and simulation results show that the proposed method achieves
a remarkable estimation performance. Compared with the previ-
ous conference paper [85], the detailed theoretical derivation of
the CRB is presented for the near-field sources in the unknown
nonuniform noises, and the computational complexity of the
proposed SLONS is also analyzed.

Glossary of Notation: The following notations are used
through this paper. Im, Om×n, 0m×1, and δn,t stand for the
m×m identity matrix, the m× n null matrix, the m× 1 null
vector, and the Kronecker delta, el, ēl, and ẽl, stand for the
(M + 1)× 1, M × 1, and (2M + 1)× 1 unit vector with a
unity element at the lth, lth, and (M + 1 + l)th location and
zeros elsewhere, and E{·}, {·}∗, (·)T , and (·)H represent the
statistical expectation, the complex conjugate, the transposi-
tion, and the Hermitian transposition, respectively. Additionally,

Fig. 1. The localization of near-field sources with a symmetric uniform linear
sensor array.

diag(·), tr{·}, rank{·}, and R(·) denote the diagonal matrix
operator, the trace operator, the rank and the range space of
the bracketed matrix, respectively, while ⊗, �, and ⊕ signify
the Kronecker product, the Hadamard-Schur product, and the
direct sum operator. Furthermore vec(·) is a matrix operation to
stack the columns of the bracketed matrix one under the other
beginning with the leftmost column, O[·] indicates the order
of magnitude, span{·} denotes the columns space spanned by
the column vectors of the bracketed matrix, and x̂ means the
estimate of x.

II. DATA MODEL AND ASSUMPTIONS

As depicted in Fig. 1, we consider a symmetric uniform linear
sensor array consisting of 2M + 1 sensors and K narrowband
noncoherent signals {sk(n)} impinging on this array from
the near-field sources with the unknown location parameters
{θk, rk}, where θk is the DOA of the source signal sk(n)
measured at the reference sensor relative to the normal of array,
rk is the corresponding range between the signal source and the
reference sensor and given by rk ∈ (0.62(D3/λ)1/2, 2D2/λ)
[14], whileD is the aperture of array given byD = 2Md herein
(cf. [4]), d is the sensor spacing, and λ is the wavelength.
The received noisy signal xm(n) at the mth sensor can be
approximated as

xm(n) =
K∑
k=1

sk(n)e
jτmk + wm(n) (1)

for m = −M, . . . ,−1, 0, 1, . . . ,M , where wm(n) is the addi-
tive noise, and τmk is the phase delay due to the time delay
between the reference sensor and the mth sensor for the signal
sk(n) from the kth near-field source, which is given by (cf. [14])

τmk =
2π

λ

(√
r2k + (md)2 − 2mdrk sin θk − rk

)
. (2)

Further, τmk in (2) can be approximated with the second-order
Taylor expansion as [14], [23]

τmk ≈ mψk +m2φk (3)

where ψk and φk are called as the electric angles (include the
DOAs and ranges) defined by

ψk � −2πd

λ
sin θk (4)
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φk � πd2

λrk
cos2 θk. (5)

Then the received data {xm(n)} can be rewritten compactly by
using vector-matrix notation as

x(n) = As(n) +w(n) (6)

wherex(n), s(n), andw(n) are the vectors of the received data,
the incident signals and the additive noises given by x(n) �
[x−M (n), . . . , x−1(n), x0(n), x1(n), . . . ,xM (n)]T , s(n) �
[s1(n), s2(n), . . . , sK(n)]T , and w(n) � [w−M (n), . . . ,
w−1(n), w0(n), w1(n), . . . , wM (n)]T , while A is the array
response matrix defined by A � [a(θ1, r1),a(θ2, r2), . . . ,a
(θK , rK)], and a(θk, rk) is the array steering vectors
which can be expressed as a(θk, rk) � [e−jMψkejM

2φk ,
. . . , e−jψkejφk , 1, ejψkejφk , . . . , ejMψkejM

2φk ]T .
Here we make the basic assumptions as follows.
A1) The array is calibrated and the array response matrix A

has full rank and is unambiguous.
A2) Without loss of generality, the incident signals {sk(n)}

from the K near-field sources are temporally complex
white Gaussian random processes with zero-mean and
the variance given by E{sk(n)s∗k(t)} = rskδn,t and
E{sk(n)sk(t)} = 0, ∀n, t.

A3) For the simplicity of theoretical performance analysis,
the additive noises {wi(n)} are temporally and spatially
complex Gaussian random processes with zero-mean,
and the covariance matrix of unknown additive noises is
given by

Q � E{w(n)wH(n)}
= diag(σ2

−M , . . . , σ
2
−1, σ

2
0 , σ

2
1 , . . . , σ

2
M ) (7)

where σ2
m is the noise power at the mth sensor.

Moreover, the covariance matrices E{w(n)wT (t)} =
O(2M+1)×(2M+1), ∀n, t. Additionally the additive
noises {wm(n)} are independent to the incident signals
{sk(n)}, i.e., E{s(n)wH(n)} = E{s(n)wT (n)} =
OK×(2M+1).

A4) The number of near-field sources K is known, and K
satisfies the relationK < M (cf. Remark C for details).

A5) The sensor spacing d satisfies the relation d ≤ λ/4 for
avoiding the estimation ambiguity.

In the following, we concentrate on the estimation of location
parameters {θk}Kk=1 and {rk}Kk=1 of multiple near-field sources
from the finite noisy array data {x(n)}Nn=1, where the basic idea
is firstly to transfer the nonuniform noise into an uniform one
and then to estimate the location parameters from the reformed
data model under the virtual uniform noise environment.

Remark A: Various localization techniques have been devel-
oped in many application fields (see [6], [7] and references
therein), where the time-of-arrival (TOA), the time-difference-
of-arrival (TDOA), the received signal strength (RSS), and the
DOA are commonly used measurements for source localization
(e.g., [87]–[90]). Basically the TOA, TDOA, and RSS provide
the distance information between the source and the sensors,
while the DOA gives the source bearing relative to the sensors.
Perhaps the TDOA is the most widely used technique for passive

localization [90], it measures the difference in time between
the source signal received by a pair of spatially separated sen-
sors (i.e., two receivers), where the sensors are required to be
synchronized to a common time reference. By multiplying the
TDOA with a known propagation speed, the range difference
between the source and two sensors can be obtained. As a result,
the source location is given by the intersection of at least two
hyperbolas, where a hyperbola is defined by the range difference
between the source and two sensors. Obviously it will be rather
difficult and complicated to localize multiple sources by using
the TDOA technique, though the TDOA localization was studied
for one source in far-field and near-field [89]. In this paper,
we consider the localization of multiple near-field source by
estimating their DOAs and ranges. �

III. NEW SUBSPACE-BASED LOCALIZATION OF NEAR-FIELD

SOURCES–SLONS

Here we develop a method called SLONS for estimating the
DOAs and ranges of multiple near-field sources by exploiting the
special configuration of a symmetric uniform linear array. The
proposed SLONS includes three stages: 1) estimate the location
parameters (i.e., DOAs and ranges) of the near-fields sources, 2)
associate the estimated DOAs and ranges, and 3) performance
improvement against finite snapshots.

A. Direction-of-Arrival Estimation of Near-Field Sources

From (6), we obtain the array covariance matrix R as

R � E{x(n)xH(n)} = ARsA
H +Q (8)

where Rs � E{s(n)sH(n)} = diag(rs1 , rs2 , . . . , rsK ) with
rsk � E{sk(n)s∗k(n)}, and the anti-diagonal correlation ele-
ment of R is given by (cf. [23])

Ri(p) � E{xp(n)x∗−p−i(n)}
= rTisbi(p) + σ2

0.5iδp,−p−i (9)

for i = −2M, . . . ,−1, 0, 1, . . . , 2M and p = −M + i2, . . . ,
−1, 0, 1, . . . ,M − i1, where i1 = 0.5(|i|+ i), i2 = 0.5(|i| −
i), bi(p) � [ej2pγi1 , ej2pγi2 , . . . , ej2pγiK ]T , ris � [rs1e

jiγi1 ,
rs2e

jiγi2 , · · · , rsKejiγiK ]T , γik = ψk − iφk, and σ2
0.5i = 0

when i is odd. Herein we easily have

ψk = γ0k (10)

φk =
1

2
(γ0k − γ2k). (11)

Obviously {Ri(p)} can be interpreted as the received “signals”
for a virtual array of 2M + 1− |i| sensors illuminated by K
“signals” {rskejiγik}, and {Ri(p)} differ only by a phase factor
γik. Hence the auxiliary parameter γik can be estimated by using
the phase delays of {Ri(p)}.

By setting i = 0 (i.e., i1 = i2 = 0), we have p = −M,−M +
1, . . . ,−1, 0, 1, . . . ,M − 1,M . Therefore, by using the 2M +
1 correlations {R0(p)}Mp=−M along the major cross-diagonal of
R (i.e., i = 0), we can form an (M + 1)× (M + 1) Toeplitz
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matrix T 0 as

T 0 =

⎡
⎢⎢⎢⎣
R0(0), R0(−1), · · · , R0(−M)
R0(1), R0(0), · · · , R0(−M + 1)

...
...

. . .
...

R0(M), R0(M − 1), . . . , R0(0)

⎤
⎥⎥⎥⎦ (12)

where its (l, t)th element can be represented as

(T 0)l,t = R0(l − t) (13)

for l, t = 1, 2, . . . ,M + 1, in which the tth column c0t of T 0 is
given by

c0t � [(T 0)1,t, (T 0)2,t, . . . , (T 0)M+1,t]
T . (14)

By substituting (9) into (14), after some simple manipulations,
we have

c0t = [R0(1− t), R0(2− t), . . . , R0(M + 1− t)]T

= [b0(1− t), b0(2− t), . . . , b0(M + 1− t)]T r0 s

+ [0T(t−1)×1, σ
2
0 ,0

T
(M+1−t)×1]

T

= A0D
1−t
0 r0 s + σ2

0et (15)

where the Kronecker delta δl−t,−l+t = 1 for l − t = −l + t
(i.e., l = t) is used, and D0 = diag(ej2γ01 , ej2γ02 , . . . , ej2γ0K ),
while A0 � [b0(0), b0(1), . . . , b0(M)]T with the dimension
(M + 1)×K. Then from (13)–(15), the Teoplitz correlation
matrix T 0 in (12) can be rewritten as

T 0 = [c01, c02, . . . , c0,M+1]

= A0[Rsb0(0),Rsb
∗
0(1), . . . ,Rsb

∗
0(M)] + σ2

0IM+1

= A0RsA
H
0 + σ2

0IM+1. (16)

Clearly the nonuniform noise matrix Q in (8) is transformed
to a uniform one σ2

0IM+1 in (16), and we can see that the matrix
A0 is a Vandermonde matrix with full rank, while the eigenvalue
decomposition (EVD) of the matrix T 0 in (16) is given by

T 0 = U 0 sΛ0 sU
H
0 s +U0nΛ0nU

H
0n (17)

where Λ0 s and Λ0n are the diagonal matrices consisting of the
K largest and theM + 1−K smallest eigenvalues respectively,
while the (M + 1)×K signal subspace matrix U 0 s and the
(M + 1)× (M + 1−K) noise subspace matrix U0n consist
of the corresponding eigenvectors, respectively. The columns
of the Vandermonde matrix A0 and the columns of the signal
subspace matrixU 0 s span the same subspace, i.e., span{A0} =
span{U 0 s}. As a result, we have

UH
0nA0 = O(M+1)×K . (18)

Therefore by using the relation (18), we can easily get the
estimates of the auxiliary parameters {γ0k}Kk=1 (i.e., the DOAs
{θk}Kk=1) with the conventional MUSIC method [44]. Further-
more, when the number of snapshots is finite, the auxiliary
parameters {γ0k}Kk=1 can be estimated by minimizing the fol-
lowing MUSIC-like cost function (cf. [44])

f0(γ0k) = aH0 (γ0k)Û0nÛ
H

0na0(γ0k) (19)

where a0(γ0k) denotes the kth column of A0 given by
a0(γ0k) = [1, ej2γ0k , . . . , ej2Mγ0k ]T . Then from (4) and (10),
we can find that the DOAs of the near-field sources can be
estimate from the auxiliary parameter {γ0k}Kk=1 (see details in
Section III-C).

B. Range Estimation of Near-Field Sources

Similarly by setting i = 2 (i.e., i1 = 2, i2 = 0, and p =
−M,−M + 1, . . . ,−1, 0, 1, . . . ,M − 3,M − 2) and by using
the 2M − 1 correlations {R2(p)}M−2

p=−M along the 2nd upper
diagonal off the major cross-diagonal ofR, we can form another
M ×M Toeplitz matrix T 2 as

T 2 =

⎡
⎢⎢⎢⎣

R2(−1), R2(−2), · · · , R2(−M)
R2(0), R2(−1), · · · , R2(−M + 1)

...
...

. . .
...

R2(M − 2), R2(M − 3), · · · , R2(−1)

⎤
⎥⎥⎥⎦

= A2RsA
H
2 + σ2

MIM (20)

where the (l, t)th element of T 2 can be represented as

(T 2)l,t = R2(l − t− 1) (21)

for l, t = 1, 2, . . . ,M , and A2 � [b2(0), b2(1), . . . , b2(M −
1)]T . Obviously the nonuniform noise matrix Q in (8) is trans-
formed to a uniform one σ2

1IM in (20), and the matrix A2 is a
Vandermonde matrix, which has full rank. Hence the EVD of
the matrix T 2 in (20) is given by

T 2 = U 2 sΛ2 sU
H
2 s +U2nΛ2nU

H
2n (22)

whereΛ2 s andΛ2n are the diagonal matrices consisting of theK
largest and theM −K smallest eigenvalues respectively, while
the M ×K signal subspace matrix U 2 s and the M × (M −
K) noise subspace matrix U2n consists of the corresponding
eigenvectors, respectively. Then we easily have

UH
2nA2 = OM×K . (23)

When the number of snapshots is finite, the auxiliary param-
eters {γ2k}Kk=1 can be estimated by minimizing the following
MUSIC-like cost function (cf. [44])

f2(γ2k) = aH2 (γ2k)Û2nÛ
H

2na2(γ2k) (24)

where a2(γ2k) denotes the kth column of A2 given by
a2(γ2k) = [1, ej2γ2k , . . . , ej2Mγ2k ]T .

Although two sets of the auxiliary parameters {γ̂0k}Kk=1 and
{γ̂2k}Kk=1 are estimated separately with (19) and (24), there
is no clear one-to-one relationship between each element of
these two estimation sets. From (10) and (11), we easily get K
estimates {ψ̂1, ψ̂2, . . . , ψ̂K} of the electric angle ψk (a function
of DOA θk as shown in (4)) and K2 temporary estimates
{φ̂11, φ̂12, . . . , φ̂1K , . . . , φ̂KK} of the electric angle φk (which
is a function of DOA θk and range rk) by

ψ̂k = γ̂0k, φ̂kk′ = 0.5(γ̂0k − γ̂2k′) (25)

for k = 1, 2, . . . ,K and k′ = 1, 2, . . . ,K. In order to esti-
mate and associate the DOA and range of the same near-field
source from these two separate sets of estimates {ψ̂k}Kk=1 and
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{φ̂kk′ }Kk,k′=1, an additional procedure of pair-matching is re-
quired.

C. Parameter Pairing and Estimation of DOA and Range

Although two sets of the estimated electric angles ψ̂k and
φ̂kk′ are obtained in (25) for k = 1, 2, . . . ,K and k′ = 1, 2,
· · · ,K, they should be associated with a corresponding source to
estimate the location parameters (i.e., the DOA and range) of the
same near-field source. Now we consider a new pair-matching
scheme for the DOA and range estimation.

Herein by setting i = 1 (i.e., i1 = 1, i2 = 0, p = −M,−M +
1, . . . ,−1, 0, 1, . . . ,M − 2,M − 1) and by employing the
2M − 1 correlations {R1(p)}M−1

p=−M+1 along the 1st upper di-
agonal off the major cross-diagonal of R in (9), we can form a
new M ×M Toeplitz matrix T 1 as

T 1 =

⎡
⎢⎢⎢⎣

R1(0), R1(−1), · · · , R1(−M + 1)
R1(1), R1(0), · · · , R1(−M + 2)

...
...

. . .
...

R1(M − 1), R1(M − 2), · · · , R1(0)

⎤
⎥⎥⎥⎦

= A1R̄sA
H
1 (26)

where the (l, t)th element of T 1 can be represented as

(T 1)l,t = R1(l − t) (27)

for l, t = 1, 2, . . . ,M , A1 � [b1(0), b1(1), . . . , b1(M − 1)]T ,
and R̄s = diag(rs1e

jiγi1 , rs2e
jiγi2 ,. . . , rsKe

jiγiK ). Then the
EVD of the matrix T 1 is given by

T 1 = U 1 sΛ1 sU
H
1 s +U1nΛ1nU

H
1n (28)

where Λ1 s and Λ1n are the diagonal matrices consisting of the
K largest eigenvalues (i.e., nonzero) and the M −K smallest
eigenvalues (i.e., zeros) respectively, whileU 1 s andU1n are the
M ×K signal subspace and theM × (M −K)noise subspace,
respectively. When the number of snapshots is finite, we can
estimate {γ1k}Kk=1 by minimizing the following cost function

f1(γ1k) = aH1 (γ1k)Û1nÛ
H

1na1(γ1k) (29)

where a1k(γ1k) denotes the kth column of A1 given by
a1(γ1k) = [1, ej2γ1k , . . . , ej2Mγ1k ]T . Hence from (25) and
(29), the estimated electric phase angles ψ̂ko and φ̂kk′o can be
associated with the indices (ko, k′o) determined by

(ko, k
′
o) = arg min

(k,k′)
f1(ψ̂k, φ̂kk′) (30)

for k, k′ = 1, 2, . . . ,K.
Finally by using these paired estimates ψ̂ko and φ̂ko,k′o (i.e.,

ψ̂k and φ̂k), from (4) and (5), the DOA θk and range rk of the
incident signal sk(n) are obtained as

θ̂k = arcsin(α1ψ̂k) (31)

r̂k =
α2

φ̂k
cos2(θ̂k) =

α2

φ̂k
cos2(arcsin(α1ψ̂k)) (32)

where α1 = −λ/(2πd), and α2 = πd2/λ. As a result, the loca-
tion parameters (i.e., {θ̂k, r̂k}Kk=1) of the same near-field source
can be estimated.

D. Alternating Iterative Scheme Against Finite Snapshots

When the number of snapshots is not sufficiently large
enough, the nonzero residual cross-correlations between the
incident signals will cause the estimated matrices R̂s and R̂
(and hence the Toeplitz matrices T̂ 0, T̂ 1, and T̂ 2) be inaccurate.
Consequently the estimated DOA θ̂k and range r̂k may have high
elevated error floors, which do not decrease with the increasing
SNR (i.e., “saturation behavior”) (cf. [91]–[93]). Since the range
space of each incident signal is nonoverlapping and not orthog-
onal to that of the others, we can use the oblique projection
operator [86] to isolate one signal from the others and present
an alternating iterative scheme to improve the performance with
finite snapshots of array data.

By defining ak � a(θk, rk) and denoting the reduced sig-
nal vector without sk(n) and the corresponding reduced array
response matrix without column ak as s̄k(n) and Āk, where
R(A) = R(ak)⊕R(Āk), we can obtain

R̂s =

[
r̂sk , ρ̂T

ρ̂∗, ˆ̄Rk

]
(33)

R̂ = r̂skaka
H
k + akρ̂

T Ā
H
k + Ākρ̂

∗aHk + Āk
ˆ̄RkĀ

H
k

+ R̂e (34)

where R̂e = AR̂sw + R̂
H

swA
H + Q̂, ρ̂ = (1/N)

∑N
n=1 sk(n)

·s̄k(n), ˆ̄Rk = (1/N)
∑N

n=1 s̄k(n)s̄
H
k (n), while ˆ̄Rsw = (1/N)

·∑N
n=1 s(n)w

H(n), and the oblique projector EĀk |ak
which

projects onto the space R(Āk) along a direction parallel to the
space R(ak) is given by (cf. [86], [91])

EĀk |ak
� Āk(Ā

H
k Π⊥

ak
Āk)

−1Ā
H
k Π⊥

ak
(35)

where Π⊥
ak

� I2M+1 − ak(a
H
k ak)

−1aHk , EĀk|ak
Āk = Āk,

and EĀk |ak
ak = O(2M+1)×1. Because the oblique projector

with true parameters in (35) is not available, by denoting the
estimated electrical phase angles as {ψ̂(t)

k }Kk=1 and {φ̂(t)k }Kk=1,

we can get an estimated oblique projector as Ê
(t)

Āk|ak
. Then, from

(34) and (35), we get the projected correlation matrix R̂
(t)

k as

R̂
(t)

k = (I2M+1 − Ê
(t)

Āk |ak
)R̂(I2M+1 − Ê

(t)

Āk|ak
)H

≈ r̂skâkâ
H
k . (36)

Obviously R̂
(t)

k only contains the information of the signal
sk(n). Thus, by estimating the electrical phase angles as dis-
cussed in Sections III.A and updating the index as t = t+ 1, we
can obtain the renewed estimates {ψ̂(t+1)

k }Kk=1 and{φ̂(t+1)
k }Kk=1.

This procedure should be repeated several times until the differ-
ence between two consecutive iterations becomes smaller than
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a threshold, i.e.,

K∑
k=1

∣∣∣ψ̂(t+1)
k − ψ̂

(t)
k

∣∣∣ ≤ ε (37)

where ε is an arbitrary and positive small constant (e.g., ε =
10−4), then finally we can obtain the refined estimates θ̂k and
r̂k of the source signal sk(n) from these ψ̂(t+1)

k and φ̂(t+1)
k .

Therefore when the finite array data are available, the pro-
posed SLONS method can be implemented as follows:

1) Estimate the array covariance matrix as R̂ = (1/N)

·∑N
n=1 x(n)x

H(n).
.......................... 10(2M + 1)2N flops

2) Estimate {γ0k}Kk=1 by finding the phases of the K zeros
of the polynomial p0(z) closest to the unit circle in the

z-plane, where p0(z) � pH0 (z)Û0nÛ
H

0np0(z), p0(z) �
[1, z−1, . . . , z−M ]T , and z � ej2γ0 .
.......................... O[(2M + 1)2 + (M + 1)3] flops

3) Estimate {γ2k}Kk=1 by finding the phases of the K zeros
of the polynomial p2(z) closest to the unit circle in the

z-plane, where p2(z) � pH2 (z)Û2nÛ
H

2np2(z), p2(z) �
[1, z−1, . . . , z−(M−1)]T , and z � ej2γ2 .
.......................... O[(2M − 1)2 +M3] flops

4) Estimate and associate the electrical phase angles with
(25) and (30), and denote them as {ψ̂(t)

k }Kk=1 and

{φ̂(t)k }Kk=1, where t = 0.
.......................... 16M2 + 8M2(M −K) +O[M3]
flops

5) For k = 1, 2, . . . ,K, by calculating the oblique projector
E

(t)

Āk |ak
with (35) from {ψ̂(t)

k }Kk=1 and {φ̂(t)k }Kk=1, and the

projected matrix R̂
(t)

k with (36), estimate the renewed
electrical phase angles {ψ̂(t+1)

k }Kk=1 and {φ̂(t+1)
k }Kk=1

with (19) and (29)-(30).
.......................... 16(2M + 1)3 + (2M + 1)2(24K
−23) + 8(2M + 1)(2(K − 1)2 + 1) +O[(2M + 1)2 +
(M + 1)3] flops

6) If the condition in (37) is not satisfied, repeat Step 5 by
setting t = t+ 1; otherwise by reexpressing the estimates
{ψ̂(t+1)

k }Kk=1 and {φ̂(t+1)
k }Kk=1 as {ψ̂k}Kk=1 and {φ̂k}Kk=1,

estimate the DOAs {θ̂k}Kk=1 and ranges {r̂k}Kk=1 with (31)
and (32).

The computational complexity of each step is roughly in-
dicated in terms of the number of MATLAB flops, where a
flop is defined as a floating-point additional or multiplication
operation,1 and hence the computational complexity of the
SLONS is approximately 10(2M + 1)2N + 16(2M + 1)3Ni
if 2M + 1 � K flops, which occurs often in applications of ar-
ray processing, whereNi denotes the times of iteration (Ni ≥ 1).

Remark B: The quantitative comparisons of computational
complexities between the SLONS and some existing localization
methods for the near-field sources in the additive uniform noise

1Such as the computational complexities of X ± Y and XY (X and Y are
L×M and M ×N complex matrices, respectively) are 2LM and 8LMN ,
respectively. See more details about the calculation of the computational com-
plexity in [47] and references therein.

Fig. 2. Comparison of computational complexities in MATLAB flops versus
(a) the number of snapshots (2M + 1 = 11) and (b) the number of sensors
(N = 200) (dot-dashed line: 2D-MUSIC; “x”: WLPM; solid line: the SLONS
with 10 iterations; and dashed line: the SLONS w/o iteration).

such as the modified 2D-MUSIC [15] and the weighted linear
prediction method (WLPM) [23] are shown in Fig. 2. The
2D-MUSIC is based on the spherical wavefront model and
involves 2D spectrum peak searching, hence its computational
complexity is about 10(2M + 1)2N + (8(2M + 1)2 +
8(2M + 1))(180/Δθ)((2D2/λ− 0.62(D3/λ)1/2)/Δr) +O
[(2M + 1)3] flops, where Δθ and Δr are the angular and range
grid spacings (i.e., Δθ = 0.002◦ and Δr = 0.002λ), and the
precise peak searching necessitates fine grid spacing, but it is a
rather time-consuming task with heavy computational load. On
the contrary, the WLPM is based on the Fresnel approximation of
the spherical wavefront model, and its computational complexity
is reduced roughly to 10(2M + 1)2N +O[(2M + 1−K)3]
flops. From Fig. 2, we can see that the proposed SLONS is
computationally more efficient than the 2D-MUSIC and similar
to the WLPM. �

Remark C: The 2M + 1, 2M and 2M − 1 correlations along
three different anti-diagonals of R̂ are used to construct three
Toeplitz matrices with the dimensions (M + 1)× (M + 1),
M ×M , and M ×M , and hence the maximum resolvable
signals of the SLONS is K < M . This is roughly the same as
the WLPM [23] and other subspace-based near-field localization
methods (e.g., [24], [92], [93]), where the geometric symmetry
of the uniform linear sensor array is exploited to facilitate the
parameter estimation (cf. [94]). �

IV. STOCHASTIC CRB FOR NEAR-FIELD SOURCES IN

UNKNOWN SPATIALLY NONUNIFORM NOISE

The CRB provides a lower bound on the variance of any
unbiased estimator (see, e.g., [95]). Although the expressions
of the stochastic and deterministic CRBs were studied for
the far-field sources under the nonuniform noise assump-
tion [57], [100], [101], and some expressions of the stochastic
and deterministic CRBs were derived for the near-field sources
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in the spatially uniform noise environment [16], [23], [96]–[99],
to the best of our knowledge, the CRB for the near-field source
localization in the spatially nonuniform noises is still unavailable
so far. Therefore, we derive the closed-form stochastic CRB for
the estimated DOAs and ranges of the near-field sources in the
presence of spatially nonuniform noises herein.

Under the data model assumptions, the Fisher informa-
tion matrix (FIM) for a parameter vector α is given by
(e.g., [95], [100]–[102])

(FIM)k,l = Ntr

{
∂R

∂αk
R−1 ∂R

∂αl
R−1

}
(38)

for k, l = 1, 2, . . . , 3K + 2M + 1, where α � [ζT ,ρT ,σT ]T ,
ζ � [θ1, θ2, . . . , θK , r1, r2, . . . , rK ]T , ρ � [rs1 , rs2 , . . . ,
rsK ]T , and σ � [σ2

1 , σ
2
2 , . . . , σ

2
2M+1]

T . To focus only on the
desired ζ-block of the CRB = FIM−1, which is denoted by
CRB(ζ), we can obtain a closed-form expression of the CRB
for the estimated DOAs and ranges of the near-field sources as
the following theorem.

Theorem 1: The 2K × 2K stochastic CRB for the location
parameters of the near-field sources under unknown spatially
nonuniform noise environment is given by

CRB(ζ) =
1

N

(
F −HK−1HT

)−1
(39)

where

F = 2Re
{
(D̃

H
Π⊥
Ã
D̃)� (J ⊗ (RsÃ

H
R̃

−1
ÃRs)

T )
}
(40)

H = 2Re
{
(D̃

H
Π⊥
Ã
)� (1⊗ (R̃

−1
ÃRs)

T )
}

(41)

K = 2Re
{
Π⊥
Ã
� R̃

−T}−Π⊥
Ã
� (Π⊥

Ã
)T (42)

while R̃ � Q−1/2RQ−1/2, Ã � Q−1/2A, D̃ = Q−1/2D,

Π⊥
Ã
� I2M+1 − Ã(Ã

H
Ã)−1Ã

H
, 1 � [1, 1]T , J � 11T , and

D � [dθ1 ,dθ2 , . . . ,dθK ,dr1 ,dr2 , . . . , drK ], in which dθk �
∂a(θk, rk)/∂θk and drk � ∂a(θk, rk)/∂rk.

Proof: See Appendix. �

V. NUMERICAL EXAMPLES

Here we evaluate the effectiveness of the proposed SLONS
through numerical examples. The uniform linear sensor array
consists of 2M + 1 = 11 sensors with element spacing d =
λ/4, while the complex incident signals {sk(n)} are generated
by

sk(n) = srk(n) + jsik(n) (43)

where the real part srk(n) and the imaginary part sik(n) are two
different random processes given by Matlab Random Number
Generator function “randn”. The SNR is defined as

SNR = 10 log10
1

2M + 1

M∑
m=−M

σ2
m

rs
(44)

where the incident signals have the same power, i.e., rs1 = · · · =
rsK = rs. The 2D-MUSIC [15] and the WLPM [23] are carried

Fig. 3. RMSE of the estimated DOAs and ranges versus the SNR (“x”: WLPM;
dot-dashed line: 2D-MUSIC; dashed line: the SLONS w/o iteration; solid line:
the SLONS; dotted line: CRB) in Example 1.

out, and the stochastic CRB derived in (39) is calculated for
performance comparison. The angular and range grid spacings
Δθ and Δr are fixed at Δθ = 0.09◦ and Δr = 0.09λ for the
2D-MUSIC, the iteration threshold in (37) is set at ε = 10−6.
The results are all based on 1000 independent trials (i.e., N̄ =
1, 000).

Example 1–Performance versus SNR: There are three near-
field sources with equal power located at (−11◦, 2.9λ),
(21◦, 3.0λ), and (47◦, 3.3λ). The number of snapshots is N =
500, and the SNR is varied from −10dB to 40 dB, where the
covariance matrix of additive noises is given by

Q = σndiag(2, 2, 0.7, 1, 1.5, 5, 3, 3.6, 4, 2, 3). (45)

The averaged empirical root mean-squared-errors (RMSEs)
of the estimated location parameters in terms of the SNR are
plotted in Figs. 3(a) and 3(b). The 2D-MUSIC [15] utilizes all
(2M + 1)2 correlations of R̂, and it is rather time-consuming
but its performance is restricted by the angular/range grid spac-
ing, while the WLPM [23] uses the 2M + 1, 2M and 2M
correlations along three anti-diagonals of R̂ with a rather low
computational cost, but it is rather complicated to determine the
optimal weighting matrix. Moreover, the structure properties of
the array covariance matrices of the incident signals and the
additive noise are required in the 2D-MUSIC and the WLPM,
but the structure properties are only valid for large number of
snapshots. When the number of snapshots is not sufficiently
large enough, the erroneous estimated correlations will cause the
linear prediction (LP) model to be invalid, and correspondingly
the WLPM suffers severely “saturation behavior” regardless
of the SNR as shown in Fig. 3, where the estimated DOAs
and ranges have high elevate error floors and will not decrease
with the increasing SNR. The 2D-MUSIC has relatively good
performance at low and moderate SNRs, but the estimation
errors of the DOAs and ranges no longer decrease at high SNR
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due to the limited searching grids of the 2D spectrum. Although
the saturation behavior of the 2D-MUSIC could be alleviated
by a refined searching grid, the amount of computational load
will increase dramatically. In this paper, since the range space
of each incident signal is nonoverlapping and not orthogonal to
that of the others, the oblique projection operator (see, e.g., [86])
is used to isolate one signal from the others, and an alternating
iterative scheme is presented to improve the performance with
finite snapshots of array data, where the location parameters (i.e.,
two electric angles) of one source are estimated in one iteration,
and the mutual influence between the multiple near-field sources
are eliminated. As shown in Figs. 3(a) and 3(b), we can find
that the SLONS has a good tradeoff between the computational
complexity and the estimation performance compared with the
2D-MUSIC [15] and is superior to the WLPM [23], where
its empirical RMSEs of the estimated DOAs and ranges are
very close to the CRBs at moderate and high SNRs, and the
“saturation behavior” is overcome effectively. Unfortunately,
the SLONS performs poorly at relatively low SNR because
only some (but not all) correlations are used compared with
the 2D-MUSIC.

Example 2–Performance versus Number of Snapshots: The
simulation conditions are similar to those in Example 1, except
that the SNR is fixed at 20 dB and the number of snapshots varies
from 100 to 10,000.

Figs. 4(a) and 4(b) show the averaged empirical RMSEs of
the estimated DOAs and ranges with respect to the number of
snapshots. Since the WLPM uses the similar correlations along
three anti-diagonals of the array covariance matrix, its perfor-
mance is similar to the SLONS without iteration, and although
the RMSEs of the estimated DOAs and ranges decrease with the
increasing number of snapshots, these RMSEs cannot reach the
corresponding CRBs due to “saturation behavior”. Additionally
as described in Example 1, owing to the limited searching grips
of the 2D spectrum, the RMSEs of the 2D-MUSIC deviate from
the CRBs even for larger number of snapshots. As shown in
Figs. 4(a) and 4(b), when the number of snapshots is not
large, the estimates initial values of the electric angles used
for the iteration may have a large deviation, and the iteration
may not converge, hence the SLONS will have relatively lager
estimation error. However when the number of snapshots is
larger, the SLONS with iteration outperforms the WLPM for
both the estimation of DOAs and ranges, where the “saturation
behavior” is alleviated.

Example 3–Convergence Behavior: The simulation condi-
tions are similar to those in above examples, and the aver-
aged convergence behaviors of the proposed alternating iterative
scheme are plotted in Fig. 5 for different SNR and number of
snapshots.

From Fig. 5, we can see that the alternating iterative scheme
converges within roughly 20 times of iterations and the “satura-
tion behavior” can be resolved for small number of snapshots,
while the convergence can be obtained in a few iterations and
the performance is improved remarkably for sufficiently large
number of snapshots. However, the convergence analysis of
the alternating iterative scheme is rather complicated, and the

Fig. 4. RMSE of the estimated DOAs and ranges versus the number of
snapshots (“x”: WLPM; dot-dashed line: 2D-MUSIC; dashed line: the SLONS
w/o iteration; solid line: the SLONS; dotted line: CRB) in Example 2.

Fig. 5. Averaged convergence behaviors of the alternating iterative scheme
for several SNRs and numbers of snapshots in Example 3.

convergence depends on the initialization of {ψ̂(0)
k }Kk=1 and

{φ̂(0)k }Kk=1.
Example 4—Performance versus Angular Separation: In this

example, two near-field sources are located at (11◦, 2.9λ) and
(11◦ +Δθ, 2.9λ), where Δθ is varied from 0.5◦ to 19.5◦ with
Δθ = 1◦, and the SNR is fixed at 15 dB, and the number of
snapshots is set at N = 500.

Fig. 6 displays the averaged empirical RMSEs of the estimated
DOAs and ranges against the angular separation. We can find
that the proposed SLONS generally outperforms the WLPM and
the 2D-MUSIC for the closely-spaced sources, and the RMSEs
of the location parameters do not decrease monotonically with
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Fig. 6. RMSEs of (a) the estimated DOAs versus the angular separation and (b)
the estimated ranges versus the angular separation for Example 4 (“x”: WLPM;
dot-dashed line: 2D-MUSIC; dashed line: the SLONS w/o iteration; solid line:
the SLONS; dotted line: CRB) (SNR = 15dB, N = 500, (11◦, 2.9λ), and
(11◦ +Δθ, 2.9λ)).

Fig. 7. RMSEs of (a) the estimated DOAs versus the range separation and (b)
the estimated ranges versus the range separation for Example 4 (“x”: WLPM;
dot-dashed line: 2D-MUSIC; dashed line: the SLONS w/o iteration; solid line:
the SLONS; dotted line: CRB) (SNR = 15dB, N = 500, (11◦, 2.9λ), and
(11◦ +Δθ, 2.9λ+Δλ)).

the increasing angular separation. It is also worth mentioning
that the proposed SLONS is computationally more efficient
than the 2D-MUSIC, though its performance of the DOA es-
timation is worse than the 2D-MUSIC for some large angular
separations.

Example 5—Performance versus Range Separation: The sim-
ulation conditions are similar to those in Example 4, while two
near-field sources are located at (11◦, 2.9λ) and (11◦, 2.9λ+
Δλ), where Δλ is varied from 0λ to 1.5λ with Δλ = 0.1λ.

Fig. 7 demonstrates the averaged empirical RMSEs of the
estimated location parameters in terms of the range separation.
When the source range increases, the electric angle φk in (5)
will become very small, and the estimation performance of φk
will be an ill-posed problem [23]. Hence the range estimation
performance will become wore from (32), while the DOA es-
timation performance is almost constant, where the estimation
performance is mainly dominated by the number of snapshots
and SNR. Obviously the estimation performance of the proposed
SLONS is effectively improved by using the iteration, and the
SLONS is superior to the WLPM for both DOA and range es-
timation. Additionally the SLONS has similar DOA estimation
performance but poor range estimation performance compared
with the 2D-MUSIC in this empirical scenario.

It should be noted that the empirical RMSEs of the DOA
and range estimates do not decrease monotonically as the range
separation increases. Furthermore the SLONS can be extended
to the multiple far-field sources in presence of unknown nonuni-
form noises, where the source location is characterized only by
the DOA.

VI. CONCLUSION

A new subspace-based method called SLONS was proposed
for localization of multiple near-field sources impinging on a
symmetric uniform linear sensor array in the unknown spatially
additive nonuniform noises. A new pari-matching scheme was
developed, and an oblique projector based alternating iterative
scheme was presented to combat the “saturation behavior” due to
finite number of snapshots. Further the closed-form stochastic
CRB was derived for the localization of near-field sources in
unknown nonuniform noises explicitly. The simulation results
showed that the proposed method has remarkable estimation
performance.

APPENDIX PROOF OF THEOREM 1

The derivation of the CRB will use the following readily-
checked facts (see, e.g., [104])

tr{XY } = vecH(XH)vec(Y ) (A1)

vec{XY Z} = (ZT ⊗X)vec(Y ) (A2)

which hold for any conformable matrices X,Y , and Z. By
using (A1) and (A2), the matrix FIM associated with the data
model in (6) can be expressed as (cf. [101], [102])

FIM = N

(
dy

dαT

)H
(R−T ⊗R−1)

(
dy

dαT

)
(A3)

where y = vec{R} = (A∗ ⊗A)vec(Rs) + vec(Q). By defin-
ing the following two matrices as

G � (R−T/2 ⊗R−1/2)
dy

dζT
(A4)

Δ � (R−T/2 ⊗R−1/2)

[
dy

dρT
,
dy

dσT

]
(A5)
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from (A3), we can obtain

1

N
FIM =

[
GH

ΔH

]
[G,Δ] (A6)

and hence the CRB for the parameter ζ consisting of the DOAs
and ranges of near-field sources under unknown nonuniform
noise environment is given by (cf. [101], [102])

CRB(ζ) =
1

N
FIM−1 =

1

N
(GHΠ⊥

ΔG)−1 (A7)

where Π⊥
Δ = I −ΠΔ, and ΠΔ � Δ(ΔHΔ)−1ΔH , while

ΠΔ and Π⊥
Δ stand for the orthogonal projection matrices onto

the range space of Δ and its orthogonal complement, respec-
tively, and the inversion of partitioned matrices [103] is used
implicitly. Further by partitioning the matrix Δ in (A5) into two
submatrices as

Δ = [V ,U ] (A8)

where

V � (R−T/2 ⊗R−1/2)
dy

dρT
(A9)

U � (R−T/2 ⊗R−1/2)
dy

dσT
. (A10)

Since the matricesΔ and [V ,Π⊥
VU ] have the same range space,

Π⊥
Δ in (A7) is easily given by (cf. [101], [102])

Π⊥
Δ = Π⊥

V −Π⊥
VU(UHΠ⊥

VU)−1UHΠ⊥
V . (A11)

Now by reexpressing the parameter ζ in (38) as ζ = [θT , rT ]T ,
where θ � [θ1, θ2, . . . , θK ]T , and r � [r1, r2, . . . , rK ]T , the
matrix G in (A4) can be rewritten as

G = (R−T/2 ⊗R−1/2)

[
dy

dθT
,
dy

drT

]
= [Gθ,Gr] (A12)

where

Gθ � (R−T/2 ⊗R−1/2)
dy

dθT
(A13)

Gr � (R−T/2 ⊗R−1/2)
dy

drT
. (A14)

Then by substituting (A8)-(A14) into (A7), after some manipu-
lations, we can obtain

CRB(ζ)

=
1

N

(
F −HK−1HT

)−1

=
1

N

[
F θθ −HθK

−1HH
θ , F θr −HθK

−1HH
r

FH
θr −HrK

−1HH
θ , F rr −HrK

−1HH
r

]−1

(A15)

where

F � GHΠ⊥
VG (A16)

H � GHΠ⊥
VU (A17)

K � UHΠ⊥
VU (A18)

while

F θθ � GH
θ Π⊥

VGθ (A19)

F θr � GH
θ Π⊥

VGr (A20)

F rr � GH
r Π⊥

VGr (A21)

Hθ � GH
θ Π⊥

VU (A22)

Hr � GH
r Π⊥

VU (A23)

where the property F rθ = FH
θr is used in (A15).

Further we need to calculate the derivatives of y with respect
to {θk, rk}. First, we consider dy/dθT and dy/drT . Let pk
denote the kth column of signal covariance matrixRs, i.e.Rs =
[p1,p2, . . . ,pK ]. Thus, we have

dR

dθk
= dθkp

H
k AH +Apkdθk (A24)

dR

drk
= drkp

H
k AH +Apkdrk (A25)

Therefore, the kth column of G (i.e, Gθ and Gr) is given by

gθk = vec

(
R−1/2 dR

dθk
R−1/2

)
� vec(Zθk +ZH

θk
) (A26)

grk = vec

(
R−1/2 dR

drk
R−1/2

)
� vec(Zrk +ZH

rk
) (A27)

where

Zθk = R−1/2Apkd
H
θk
R−1/2 (A28)

Zrk = R−1/2Apkd
H
rk
R−1/2 (A29)

Then we consider dy/dρT . The derivation of this part is similar
to the far-field case (e.g., [57]). Thus by using the following
properties

Π⊥
V = Π⊥

(R−1/2A)∗⊗(R−1/2A) (A30)

Π(X⊗Y ) = I ⊗Π⊥
Y +Π⊥

X ⊗ I −Π⊥
X ⊗Π⊥

Y (A31)

From (A26)–(A31), we obtain

Π⊥
V gθk = vec

(
Π⊥
R−1/2AZ

H
θk

+ZθkΠ
⊥
R−1/2A

)
(A32)

Π⊥
V grk = vec

(
Π⊥
R−1/2AZ

H
rk

+ZrkΠ
⊥
R−1/2A

)
(A33)

where the following facts are used

Π⊥
R−1/2AZθk = O(2M+1)×(2M+1) (A34)

Π⊥
R−1/2AZrk = O(2M+1)×(2M+1) (A35)

Finally, from (A19)–(A21) along with (A1), (A26), (A27),
(A32), and (A33), the (i,k)th element of F can be obtained as

(F θθ)i,k = 2Re{tr (ZθiΠ
⊥
R−1/2AZ

H
θk

)} (A36)

(F θr)i,k = 2Re{tr (ZθiΠ
⊥
R−1/2AZ

H
rk

)} (A37)

(F rr)i,k = 2Re{tr (ZriΠ
⊥
R−1/2AZ

H
rk

)} (A38)

Furthermore, we can easily have

R−1/2Π⊥
R−1/2AR

−1/2 = Q−1/2Π⊥
Ã
Q−1/2 � Π̃

⊥
Ã (A39)
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By inserting (A28) and (A29) into (A36)–(A38) and then using
(A39) yields

(F θθ)i,k = 2Re{(dθiΠ̃
⊥
Ãdθk)(p

H
k AHR−1Api) (A40)

(F θr)i,k = 2Re{(dθiΠ̃
⊥
Ãdrk)(p

H
k AHR−1Api) (A41)

(F rr)i,k = 2Re{(driΠ̃
⊥
Ãdrk)(p

H
k AHR−1Api) (A42)

Next, we consider the matrices Hθ and Hr. From (A22)–
(A23) along with (A1), (A2), (A10), (A28), (A29), (A32), (A33),
and (A39), the (i,k)th elements of Hθ and Hr are given by

(Hθ)i,k = 2Re{ẽTmR−1Apid
H
θk
Π̃

⊥
Ãẽm} (A43)

(Hr)i,k = 2Re{ẽTmR−1Apid
H
rk
Π̃

⊥
Ãẽm} (A44)

where the fact dR/dσm = dQ/dσm = ẽmẽTm is used in (A43)
and (A44).

At last, we consider the matrix K in (A18). By using (A1),
(A2), (A10), (A30), (A31), and (A39), we can get the (i, k)th
element of K as follows

(K)i,k = 2Re{ẽTmΠ̃
⊥
ÃẽmẽTmR−1ẽm} − (ẽTmΠ̃

⊥
Ãẽm)2

(A45)

Then, by performing some direct and tedious manipulations,
we easily get

F θθ = 2Re
{
(D̃

H

θ Π⊥
Ã
D̃θ)� (RsÃ

H
R̃

−1
ÃRs)

T
}

(A46)

F θr = 2Re
{
(D̃

H

θ Π⊥
Ã
D̃r)� (RsÃ

H
R̃

−1
ÃRs)

T
}

(A47)

F rθ = 2Re
{
(D̃

H

r Π⊥
Ã
D̃θ)� (RsÃ

H
R̃

−1
ÃRs)

T
}

(A48)

F rr = 2Re
{
(D̃

H

r Π⊥
Ã
D̃r)� (RsÃ

H
R̃

−1
ÃRs)

T
}

(A49)

Hθ = 2Re
{
(D̃

H

θ Π⊥
Ã
)� (R̃

−1
ÃRs)

T
}

(A50)

Hr = 2Re
{
(D̃

H

r Π⊥
Ã
)� (R̃

−1
ÃRs)

T
}

(A51)

K = 2Re
{
Π⊥
Ã
� R̃

−T}−Π⊥
Ã
� (Π⊥

Ã
)T (A52)

where D̃ = [D̃θ, D̃r], D̃θ = Q−1/2Dθ, D̃r = Q−1/2Dr,
Dθ � [dθ1 ,dθ2 , . . . ,dθK ], and Dr � [dr1 ,dr2 , . . . , drK ].

Finally, by substituting (A46)–(A52) into (A15), we can es-
tablish CRB(ζ) in (39) immediately. �
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