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A Mathematical Theory of Communication’

C. E, Shannon

INTRODUCTION

HE recent development of various methods of modulation such as PCM and PPM which exchange band-

width for signal-to-noise ratio has intensified the interest in a general theory of communication. A basis for
such a theory is contained in the important papers of Nyquist' und Hartley® on this subject. In the present puper
we will extend the theory to include @ number of new factors, in particular the effect of noise in the channel,
and the savings possible due 1o the statistical structure of the original message and due to the nature of the final
destination of the information

The fund. | problem of is that of reproducing at one point cither exactly or approxi-
mately a message selected at another point. Frequently the messages have meaning, that is they refer to or are
correlated according 1o some system with certain physical or conceprual entities. These semantic aspects of com
munication are irelevant to the engineering problem, The significant aspect is that the actual message is one
selected from a set of possible messages, The system must be designed to operate for each possible sclection, not
Just the one which will actwally be chosen since this is unknown at the time of design.

IF the number of messages in the set is finite then this number or any monotonic function of this number can
be regurded as a measure of the information produced when one message is chosen from the set, all choices being
equally likely. As was pointed out by Hartley the most natural choice is the logarithmic function, Although this
definition must be geaeralized considerably when we consider the influence of the statistics of the message and
when we have a continuous range of messages, we will in all cases use an essentially logarithmic measure.

The logarithmic measure is more convenient for various reasons:

1. 1tis practically more useful. Parameters of engineecing importance such as time, bandwidth, number of
relays, etc., tend to vary linearly with the logarithm of the number of possibilities. For example, adding one
relay to a group doubles the number of possible states of the relays. It adds | 10 the base 2 logarithm of this
number. Doubling the time roughly squares the number of possible messages, or doubles the logarithm,
e,

[

Ttis nearer to our intuitive foeling as to the proper measure. This is closely related to (1) since we intuitively
measuses entities by linear comparison with common standards. One feels, for example, that two punched
cards should have twice the capacity of one for information storage, and two identical channels twice the
capicity of one for transmitting information,

w

It is mathematically more suitable, Many of the limiting operations are simple in terms of the Jogarithm ’
but would require clumsy restarement in terms of the number of possibilities,

The choice of a logarithmic base corresponds to the choice of a unit for measuring information. If the hase 2
is used the resulting units may be calked binary digits, or more bricfly bits, a word suggested by J, W. Tukey. A
device with two stable positions, such as a relay or a flip-flop circuit, can store one bit of information. N such
devices can store N bits, since the tota) number of possible states is 2% and logy 2¥ = N, If the base 10 is used
the units may be called decimal digits, Since

log, M = log,o Mg, 2
= 332l0g oM,
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Pr(X =1)=1/2, codeword C(1)=0 -~

Pr(X =2)=1/4, codeword C(2)=10
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56l BEHIEE X={1, 2, 3, 4, 5}, #EZ90.25, 0.25,
0.2,0.15,0.15, D=2

Codeword
length Codeword X Probability
2 01 1 0.25 0.3 0.45.__,0.55
2 10 2 0.25 0.25 %U 457
2 11 3 0.2 [}.2% 0.25
3 000 4 0.15 0.2
3 001 5 0.15

H=1.5842, L = 2.3bit
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* Four Symbols: ilal.‘!!]b”‘ﬂcﬂ‘]."d”

* pmf: p’ =[0.5000.0.2143.0.1703.0.1154]

« 1st order conditional pmf:

0.6250 03750 03750 0.3750
01875 03125 018
Q1= 0.1250 01875 031
0.0625 01250 0,121

o d ' - ,
2" order pmf: Pl 1. Ty = plla_ngi ] for)

Ex. p("ab™)y= p("a")g("b"/"a")y=0.5%0.1875=0.0938
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Codeword

Symbol Probahility lenath

L oy I m
" (3. 506000 “ |
“h" (0.2143 10 ] 2

§] '

“c" 0.1703 | oS00 “nore 3

- [l [].2857
“d 01154 ’ “000 3

Bit rate & = 17857 Lnwopy #} = L7707
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™
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03125 ' -11"
00038 R o1
0K ' P 1T
00670 —— [T Jandel 0 1011

3 K 0 —
00636 T 1010
00625 ' ] .ﬁ_l* 011"
(00532 I* 1257 -1+T1|1' ool
00433 —L A0t . 001
00402 — T Ol
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00319 —. S " “on101”
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oo —L4 “ 100001
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