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nonnegative definite.

Dynamics research of recurrent neural networks is very meaningful in both theoretical importance and
practical significance. Recently, the study on the critical dynamics behaviors of such networks has
drawn especial attention because of its application requirements. In this paper, new criteria are found
to ascertain the global convergence and asymptotic stability of recurrent neural networks under the
generally P-critical conditions, i.e., a discriminant matrix M(L,I')+P is nonnegative definite, where
M(L,I') is a matrix related with the network and P is an arbitrary nonnegative definite matrix. The
analysis results given in this paper improve substantially upon the existing relevant convergence and
stability results in literature, including both the non-critical conclusions, i.e., the dynamics analysis
under the conditions that M(L,I') is positive definite, and the special critical discuss when M(L,I") is

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Recurrent neural networks (RNNs) are mainly used to model
dynamic process associated with control process, perform
associative memory and solve optimization problems. The crucial
foundation of the RNNs consists in their dynamical properties,
such as the global convergence, asymptotic stability and expo-
nential stability, therefore, the analysis of such dynamical
behaviors is a first and necessary step for any practical design
and application of RNNs. In recent years, considerable efforts have
been devoted to the analysis on the stability of RNNs without and
with delay (see, e.g. [2,6-9,13,17] and the references therein). For
a given recurrent neural network, if we define

T
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where both D and I are positive definite diagonal matrices, and W
is the weight matrix of the network, then by generalizing these
existing stability results of RNNs, it should be noticed that most of
them are on the exponential stability analysis under the
conditions that for some positive definite diagonal matrix I,
M(A,I') is positive definite, where A =diag{l,4s,...,An} with
each /; > 0 being the Lipschitz constant of g; and G=(g1,82,...,.8n)"
is the activation mapping of the network. On the other hand,
[18,16] have proved that a RNN will be globally exponentially
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unstable if there is a positive definite diagonal matrix I', such that
M(V,I') is negative definite, where V=diag{ry,r,...,/n} with each
;>0 being the inversely Lipschitz constant of g, i.e,
|gi(t)—gi(s)| > ri|t—s| for all s,t e RN. By the definitions of Lipschitz
constant and inversely Lipschitz constant, we have r; < 4; and, in
the sense of nonnegative definition, the inequality relation:
M(A, ) <M(V,I') holds. Since M(A,I')>0 is sufficient for the
globally exponential stability of RNNs, and M(V,I') > 0 is neces-
sary for RNNs to have globally stable dynamics, the questions
then arise: what kinds of asymptotic behavior of RNNs will hold
when M(A,I') <0 and M(V,I') > 0? The dynamics analysis of RNNs
under such conditions is referred to as the critical dynamics
analysis. Because a RNN is globally exponential stability when
M(A,T) > 0, recently, almost all of the critical dynamics investiga-
tions of RNNS are related to the special critical condition that
M(A,I') > 0. While, it should be remarked that it is by no means
easy to conduct a meaningful critical dynamics analysis since
such analysis is much more difficult than the dynamics analysis
under the non-critical condition that M(A,I') > 0.

Up to now, there are only a few critical stability and
convergence analysis of RNNs in the sense that M(A,I") is
nonnegative definite. For RNN with hyperbolic tangent activation
function, in [14,2,3], the globally asymptotical stability and
globally exponential stability of the unique equilibrium point of
the network under some specific conditions of M(A,I') >0 have
been conducted. The authors of [26] have gotten the globally
exponential stability of RNN with projection operator under the
condition that I—W is nonnegative definite (which is a special
case of M(A,I') > 0). In [16], the authors have proved that a RNN
with Sigmoidal activation mapping has a globally attractive
equilibrium state, and when W is quasi-symmetric (i.e., there
exists a positive definite diagonal matrix D, such that DW is
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symmetric), then RNN with nearest point projection activation
mapping is global convergence on a region defined by the
network. The quasi-symmetric requirement of W in [16] has been
removed in [19,20]. For all that, there are still many important
dynamics questions of RNNs unsettled under the critical condi-
tions. For example, with what additional requirement will the
Sigmoidal RNNs be globally exponential stability when
M(A,I')>0? For a RNN with general projection mapping, does
there exist some convergence results when M(A,I') < 0? Further,
for neural network with general activation mapping, what
asymptotic behaviors of it will be under the critical conditions
that M(A,I') <0 and M(V,I") > 0? All these are under our current
investigation.

In the current paper, we devote to answer the question that
what dynamics behavior will happen for a RNN with general
projection mapping when M(A,I") < 0. By using Lyapunov func-
tional method and topological degree theory, it is shown that a
RNN with general projection mapping is globally convergent
under the condition that M(A,I')+P >0 (here P is an arbitrary
nonnegative definite matrix) if the nonlinear norm defined by the
network is bounded. The dynamics analysis of RNNs under such a
condition is called as the P-critical dynamics analysis. The P-critical
convergence and asymptotical stability of both static and local
field RNNs (which are two fundamental modeling approaches in
RNNs research) are established. The results obtained here extend,
to a large extent, most of the existing noncritical conclusions and
the latest critical results given by [16,26,20]. Furthermore, they
provide a wider application range of RNNs and can be applied
directly to many concrete RNN models.

2. Model description and preliminaries
Static RNNs and local field RNNs typically represent two

fundamental modeling approaches in current neural network
research [25], which are, respectively, modeled by

r% = —Xx+G(Wx+q), x(0)=xgeRN 1)
and

dy N
T = YTWem+a. yO)=yoeR (2)

where x=(x1, Xa,...,xy)" is the neural state vector, y=(y1,y-,..., Yn)"
is the local field vector, W = (wj)y,.y is the synaptic weight
matrix, T is a positive constant, q is a fixed external bias vector
and G : RN RN is the nonlinear activation mapping.

We now recall some notion and notations (taking system (1) as
an example). A constant vector x* is said to be an equilibrium
state of system (1), if x* is a zero point of the mapping
Fe(x) = —x+G(Wx+q), VxeRN. x* is said to be stable if any
trajectory of system (1) can stay within a small neighborhood of
x* whenever the initial state xq is close to x*, and it is said to be
attractive if there is a neighborhood A(x*), called the attraction
basin of x*, such that any trajectory of system (1) initialized from a
state in A(x*) will approach to x* as time goes to infinity. x* is said
to be globally asymptotically stable on A(x*) if it is both stable and
attractive, with the attraction basin A(x*). System (1) is said to be
globally convergent on @ if for every initial point xg € @, x(txo)
converges to an equilibrium state of system (1) (the limit of x(t,xo)
may not be the same for different xo).

For the nonlinear activation mapping G : RN - R", denote the
range and the fixed-point-set of G, respectively, by R(G) and F(G).
G is said to be diagonally nonlinear if G is defined compo-
nentwisely by G(x)=(g1(x1).82(x2),....en(xy))", where each g; is a
one-dimensional nonlinear function; G is said to be a projection

mapping if G-G =G, or equivalently, R(G) = F(G); G is said to be a
diagonal projection if it is diagonally nonlinear, and each
component function g; is a one-dimensional projection; G is said
to be a nearest point projection if there is a bounded, closed and
convex subset QRN such that G(x)=argmin,, olx—zl. Ob-
viously, nearest point projection is a special kind of projection
mapping, but the inverse is not necessarily true. In the present
investigation, we assume g; is Lipschitz continuous. L; the
minimum Lipschitz constant of g;, is defined as follows:

Lo sup EO-EOL 3

tseRit#s \t—S\

Without loss of generality, through out this paper, we assume that
each L; > 0 and let L=diag{L,,L5,...,Ln}.

In what follows, we will give the definition of the nonlinear
norm, which is similar to that of the matrix norm. Suppose that
T:?P<RVN->Y<RN is a nonlinear mapping, A is a nonsingular
N x N matrix, and % € ¥ is a given vector. Define
L. (TAXY¥)= . :;lxll 'P%. 4)
Clearly, L.(T,AX,¥) is a nonnegative function determined by five
parameters: T, A, X, Il - I and ¥. Most important of all, L. (T,A,%, ¥)
can be regarded as a nonlinear generalization of the matrix norm
II- I and called as the nonlinear norm. This is because, by defining
F=ATA" ', y=Ax, y =A% and ¥ =AY, one can get

- IATX—ATXI
Liw(TAX¥Y)= sup —r————=—
! H( ) X £ )?,Xpe ' IAX—AX |l

IATA™" (Ax)—ATA"' (A%)Il _
TAX—AXII =

IFy—Fyll
VEGye lly—yll

N x#Xxe ¥V
Obviously, for any given matrix B, L. (B,I,X,¥) = IIBIl. Additionally,
for any constant > 0, we have L, (fT,AX,¥)= L. (T,AZX,P).

3. P-critical global convergence results

In this section, under the P-critical condition that M(L,I")+
P >0, where P is an arbitrary nonnegative definite matrix, the
global convergence and asymptotic stability theorem and cor-
ollaries for projection RNNs of both systems (1) and (2) will be
established. We consider the networks of form (1) first.

Suppose that the nonlinear activation mapping G is continuous
and R(G) is bounded, closed and convex. For any v € R(G), define
T(v)=G(Wv+q), then by Brouwer’s fixed point theorem, T has at
least one fixed point v*, namely, F, '(0), the equilibrium state set
of (1) is not empty.

Since for any N x N positive definite matrix A, there exists an
orthogonal matrix K (K'K=I) such that KTAK = diag{/1,2, . ..,An}
(here ;>0 is the eigenvalue of A), so if we define B=K
diag(2}/%,23/2, ..., 2)*}K7, then it is clear that B=B", B>=A and B
is invertible. Such a matrix B is denoted by Deco(A), i.e.,
B=Deco(A).

Theorem 3.1. Let G : RN — @ be a diagonal projection and each g; be
monotonically increasing and continuous, @ be a bounded, closed
and convex subset of RN. If there is a positive definite diagonal matrix
I' and a nonnegative definite matrix P, such that M(L,I")+P > 0, and
for a v e F;1(0), Ly.1,(T,Q,v*,0) < 1 (here Q = Deco(L~'I"+P)), then
RNN system (1) is globally convergent on © when F;1(0) is
disconnected. Furthermore, when v* is the unique equilibrium point
of (1), then v* is globally asymptotically stable on ©.

Proof. For any trajectory x(t) of (1) starting from xq € @, it follows
from Lemma 1 in [19] that x(t) € ©. Let yo=Wxo+q, y(t)=Wx(t)+q,
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z(t)=G(y(t)) and u(t)=z(t)—x(t). Define
Vx(t)) = xT ()L T +P)x(t)—2xT ()L~ T +P)v*,
then we have

LdVE®)

i - 24x(0),(L71 T +P)(2(t)—x(t)) > =2 (L1 T+ P)v*,z(t)—x(t) >

=2((L'T+Px(t),ut)> =2 (L' T+PW*,u(t)>.
Define
-1
By = (o (30
N
+7T 6,‘
Z; Yo

- Y Oy ¥ 0L X0 | +7Vixo),

—IT'W+ WTF)> x(t)—2tx"(HI'q

Yi(t)

&(5) ds—r{%(y(t)—x(t»TF(ym—x(r))

Then, a direct calculation is that

dE1(x(t))
e

2< (“71#“” —(ITW+ WTF)>x(t),u(t)>72Fq,u(t)>

+ (LT z(t),u(t) > — < Tz(t), (L' =W)u(t) >
=X)L =W)u(t) > + (Ty(t),u(t)
+2( LT HPx(t),ut)> =2 (LT +Pyw*,ut)>
= =24 Ty®,u(t)> + < Tx(t),u(t)> + L1 Tx(0),u(t) >
—24Tx(),Wu(t)y + (L' Tz(t),u(t)>
— Tz, (LT =W) - u(t) ) — < Ix(t), L =W)u(t) »
+(Tyt),ut)> + 2L~ +Px(t),u(t) >
2L +PyvH,u(t) )
=— (T YO—xO))u(t)y — <L~ Tx(t),u(t))
+ (Tx(®—2(t), (L =W)u(t) > + (L' Tz(t),u(t)y
+2{ (LT +P)x(t),u(t)> =2 (LT +Pyv*,u(t) )
==L Y®—x(®),u(t) ) + {T(2O)—x(0), W(z(t)—x(t)) >
+2(LIT+Pyx(t),u(t)> =2 (L~ +Pyw*,u(t) >
= — LY —x(0)),u®)> + {2(t)—x(O),TW+WT D) z(t)—x(t) »

+2 (LT +Pyx(t),u(t) > —2 (LT +Pyv*,u(t)

T
=~ <ro-xou) -0 (@ ren) -
+uT (LT +Pyu(t)+2 (LT +Px(t),u(t) >
27T+ Py u(t) ). (5)

Since L' T +P-(I'W+WT'T)/2 >0, so we have

EOD <y -xep.uo) +uT T+ Pyt

+2CLT+Px(t),u(t)> =2 (LT +Pw s u(t) ). (6)

On the other hand, from the assumption that v* is one fixed
point of the mapping T(v) := G(Wv+q), we have v*=G(Wv*+q),
and then

ul(OL T +Pyu(t)+ 2 (L' T+ P)x(t),u(t)> =2 (L~ T +Pyv*,u(t) >

= (u(t), (L' T+Pyu(t)y +2 (L' T +P)x(t),u(t)>
2L T +Pyv*u®)>

= {z(t)+x@t), LT +Pu(t) > =2<v* (L' T+Pu(t) >

= {@Z(t)=Vv*)+ x()—V*),(L T +Pu(t)>

= {(@t)—V*)+X(O)—V*),(L~ T +P)(2(t)—v)—X()—V*))

= (@) —GWV* + )+ (x(6)—v*),(L7' T+ P)(z(t)
—GWV* +q)—x(t)—v")) >

= {z(t)—GWV* +q),(L"' T +P)(z(t)—-G(WV* +q)) >
—<X(O—V* (L T+ P)x(H)—v*) >

= (GWx(t)+q)—GWv* +q),(L"' T +P)(G(Wx(t) +q)

—GWr* +q)) ) —<X()—v* (LT T+ P)(X()—v*)
= (QGWx(t)+q)—GWV* +q)),Q(GWx(t) + q)—GWv* +q)) >
— QX —-v"),Qx()—-Vv*)>
= IQ(G(WX(t) + @) —G(WV* +q))I15—11Q(x(t)—v*)lI3. (7)

Furthermore, on noting that L;.;,(T,Q,v*,©) < 1, one can get that
1QTx—QTv* I,
Ly, (T,Qv*,0)= su _
11, (T, Q. ) X#V*})E@ 10—,
1QG(Wx+q)—QGWv* +g)ll, <1
1Qx—Qu*ll, -
this, combined with (6) and (7), implies that

% < —(TYO-xX(0),u(t)>

sup
X#V*Xe O

N
=— Y &GViO—Xi(O)] x [GWi()—Xi(D)]. ®

i=1

In addition, since x(t)e ® =R(G) and G is a projection, then
x(t) e F(G) and (8) implies

dE; (x(t N
O < 3 Giyir—x(0) * [0S O] ©
i=1

Since g; is monotonically increasing with Lipschitz constant L;, it
is easy to verify that whether y;(t)>x;(t) or y;(t) <x(t), the
following inequality always holds:

i) —xi(D)] x [ZWi())—ZiXi(O)] = L (€i(i(6)—&i(Xi()))?
= L7 (&((Wx(D)+q))—&i(xi(1)).
(10)

Denote by Anin(L~'I) the smallest eigenvalue of the diagonal
matrix L~1T, then by (9) and (10), we get that

dE; (x(t N

O - S Gl @ WO+ @) - (4 0))

i=1
< —2min LT DIGWX(E) + @) —X(D)112, 11

from the fact that L; >0 and I" is positive definite, it can be
deduced that dE;(x(t))/dt <0, and the equal sign holds if and only
if G(Wx(t)+q)=x(t), i.e., x(t) e F, 1(0). Furthermore, since x(t) € © is
bounded and F; !(0) is disconnected, then by LaSalle invariance
principle [11], we know that RNN model (1) is globally convergent
on O. Furthermore, when F; '(0)={v*}, then it is easy to deduce
that v* is both attractive and stable on @ since @ is bounded, i.e.,
v* is globally asymptotically stable on ®. Thus, Theorem 3.1 is
proved. O

Corollary 3.1. Assume that @ = RN is a bounded, closed and convex
set, G: RN > @ is a diagonal projection with each g; being mono-
tonically increasing and continuous. If there exists a positive definite
diagonal matrix I' and a nonnegative definite diagonal matrix P, such
that M(L,I)+P >0, and IQLWQ "I, <1 (here Q =Deco(L-1I"+P)),
then RNN model (1) is globally convergent on @ when F; '(0) is
disconnected. Moreover, when v* is the unique equilibrium point of (1),
then v* is globally asymptotically stable on ©.

Proof. By the definition of L,I",P and Q, we know that Q is a positive
definite diagonal matrix. Let Q = diag{q1,q2, ..., gn} with each g; > 0.
For any x,v* € @, since G is a diagonal projection and each L; is the
minimum Lipschitz constant of g, it can be deduced that

IQTx—QTv* 112 = 1QG(Wx+q)—QG(Wv* + )13
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= Z(q,(g.«Wx+q>l>—g.«Wv +9)))°

D (@LWE=x"))?

2
N
Z(q,L )? (Z Wid; (-} >>>
i= Jj=1

I/\
2

=

2
N [N
=> (2 QiLiWij1(Qj(Xj—Vf)))

i=1 \j=1

= 1QLWQ 1 (Q(x—v*)I2. (12)

Clearly, when IQLWQ1Il, < 1, then by (12), it can be deduced that

1QTx—QTv* Il
Ly, (T,Q,v*,0)= su v =
11, (T, Q. )= it )1369 1Qx—Quv*lly

Corollary 3.1 is then proved from Theorem 3.1. O

Correspondingly, we have the critical global convergence and
asymptotical stability conclusions for RNN system (2).

Corollary 3.2. Suppose that G : RN — @ is a diagonal projection with
each g; being monotonically increasing and continuous, @ is a
bounded, closed and convex subset of RN, and the equilibrium state
set of (2) is disconnected. Then, under the following condition (S),
RNN system (2) is globally convergent on W(®)+q. Moreover,
when y* is the unique equilibrium state of (2), then y* is globally
asymptotically stable on W(®)+q.

(S) There is a positive definite diagonal matrix I' and a symmetric
nonnegative definite matrix P, such that M(L,I")+P >0 and either
Ly, (T,Q,v*,@)<1 for a v*eKT) (here Q=Deco(L'I'+P)), or
IQLWQ I, <1 when P is a diagonal matrix.

Proof. For any trajectory y(t) of (2) starting from yg e W(©)+q,
let yo= Wxo+q with xg € ® and x(t) be the solution of (1) with
initial value x(0)=x,, then by the uniqueness of solution of
differential equations, it is easy to verify that y(t) = Wx(t)+q and
there exists an equilibrium state of (1), denoted by v™*, such that
y*=Wv*+q. Thus, by [25], the convergence of y(t) to an
equilibrium state of (2) can be shown by studying the asymptotic
behavior of x(t). Then, the conclusion of Corollary 3.2 readily
follows from Theorem 3.1 and Corollary 3.1. O

Remark 3.1. The results achieved above exploit new global
convergence and asymptotical stability of both static RNNs and
local field RNNs, and can generalize or extend most of the known
non-critical as well as critical dynamics results (e.g., the non-
critical results summarized in [18], the critical analysis of
[16,26,19,20]). In addition, on noting that the nearest point
projection is a special case of the general projection mapping, the
convergence and stability conclusions established in Theorem 3.1
and Corollaries 3.1 and 3.2 can be directly applied to RNNs with
nearest point projection.

Applying the obtained generic dynamics analysis results of
RNNs directly to the linear variational inequality problem (LVIP)
[24,13], and several typical recurrent neural network models,
such as the brain-state-in-a-box/domain recurrent neural net-
works (BSB RNNs) [12,23], the BCOp-type RNNs [1,8] and the
cellular neural networks (CNNs) [4,15], we can get some useful
solutions for solving LVIP and some new criteria for convergence
as well as stability of the BSB RNNs, BCOp-type RNNs and the
CNNs. The new results achieved for solving LVIP can extend the
existing results in [24,10,13], and the conclusions for the three

RNN models mention above can unify and improve further the
results related in [4,5,12,18,21,22,23,24,26].

4. Illustrative examples

In this section, we provide an illustrative example to
demonstrate the validity of the critical convergence and stability
results formulated in the previous section.

Example 4.1. Consider the following RNN:

dxé t(t) = —X1(6) +81(2%1 (D) +X2(6) + 4(v/2—1)),

dxz(t) = —X2 (D) +82(—2x1 () 4+ 2X2(H) +X3(D) +6),

dx;t(t) = —x3() 4+ 83(—2X2 () 4+ 2X3(t) + X4(£)—6),

dX;t(t) —X4(t) +84(—2X3() +2x4(D) +x5(D) +6), "
O s (t) 85~ 2040+ 2%5(0)+16(0) +6),

dx;t(t) —Xg(t) +86(—2x5(t) +2x6(£)—5),

where each gi(s) = 1(Is+1|—Is—1]) (i=1,2,...,6).

In this example, L;=1,
x*=(1,1,-1,1,1,-1)".

For any positive definite diagonal matrix I', it is easy to
verify that L-'I’'—(I'W+WT'T)/2 is not positive definite, and
further, not nonnegative definite. That is, all of the non-
critical and critical conclusions in literature (see, e.g., [18,16,20])
cannot be used here. But we will show Theorem 3.1 established in
Section 3 can be applied to this example. By choosing I' =
diag{2,1,1/2,1/4,1/8,1/16} and P=diag{2,1,1/2,1/4,1/8,1/16}, we
have L 1I'— (FW+WTF)/2+P>O and Q=Deco(L"'T'+P)=
dlag{z f,l, ,2,—ﬁ} Letting T(v)=G(Wv+q) for any ve® =
[-1,11, one can get that F(T)={(1,1,—1,1,1,—1)"}. For any
v* € F(T), we want to show that

1QG(Wv +q)—Qu*ll,
IQv—Qu*il,

On noting that for any ve®, ZE=1W2,<VR+Q221, so by the

definition of g,, we have gz(zﬁz 1 WV +q3) = 1. Similarly, one

can easily get that g3(3f_, WaVk+qs)=—1, g4(5_, wayvk

the unique equilibrium state is

Ly, (T,Q,v*,0) =

V#£EVEVE O

<1 (14)

6 7 8 9 10
time

Fig. 1. Transient behaviors of RNN in system (13) with a random initial point
Xo € 0.
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time

Fig. 2. Transient behaviors of RNN in system (15) with random initial points yo € W(©)+q.

+qa) =1, 85( % _ 1 WsVi+q5) =1 and gs(X5 _; WerVk+qs) = — 1.
Thus, . 5
IQG(Wv +q)—Qu*l3 =4 <g1 <Z wlkvk+q1> —v’{)
k=1
=4(1-g1(2v1 +Vv2 +4(V2-1)))%.
On the other hand,
1QU—Qu*i3 = 4(1—v1 )2 +2(1-v2)? = 2(1—v) +~2(1-v2))? /2.

If for any ve®=[-1,11°, 0<2(1-g;2vi+Vv2+4(~2-1)))
<(2(1-v1)++2(1-v,))/~/2 always holds, then L, ,(T,Q,v*,0)
< 1. Which equals to prove g2t +w+4+v2-3) > JLZH— 1w, where
-2<t<0 and O0<w<?2. For the three cases that 2t+
W+4v2-3>1, —-1<2t+w+4v2-3<1 and 2t+w+4/2—
3 <1, it is easy to verify that g;2t+w+4v2-3)> Lt+1wis
always true. According to Theorem 3.1, system (13) is globally
asymptotically stable on ©. Fig. 1 depicts the time responses of
state variables of the system with random initial point starting
from ©, which confirm that the proposed condition in Theorem
3.1 ensures the globally asymptotical stability of the RNNs.

Example 4.2. Consider a RNN defined by

d
y(;t(t) = —y1(0+1.521(71(1)—82(¥2(t) -2,
dy;t(t) = —Y2()+g1(Y1(0) +1.582(¥2()—g3(¥3(£) +5, (15)
dy;;t) =—y3(0)+ &)+ 1 5g3 3 (t))—4,
where g{s) (i=1,2,3) is defined as
1, s>1,
gi(H=45 -1<s<1, (16)
-1, s<-1.

Obviously, this example takes the form of local field model,
with

15 -1 0
W= 1 15 -1
0 1 15

and g=(—2, 5, —4)". In this case, L;=1 (i=1,2,3) and the equilibrium
state set of the system is {(—4.5,6.5,—4.5)"). For any positive

definite diagonal matrix I, M(L,[)=L'I'—(I'W+WT'T)/2 is not
nonnegative definite. By choosing I'=1 and P=0.5I, one has
L'r—(I'W+WTTI)/2+P >0, and, similarly as the proof in Example
4.1, we have L;.,(T,Q,v*,0) <1 for v* e F(T) = {(—1,1,—1)T} (here
Q =Deco(L-'I'+P) = +/1.5I and ® =[-1,1]%). Thus, by Corollary 3.2,
it follows that the unique equilibrium state of RNN (15), say,
y*=(—4.5,6.5,—4.5)", is asymptotically stable on W(@)+q. All
simulation results show that the trajectories starting from ¥ =
W(®)+q are within the region ¥, and convergent to y*. The
transient behaviors of y(t) with random initial points starting from
W(®)+q are depicted in Fig. 2.

5. Conclusion

Two basic dynamics behaviors: global convergence and
asymptotical stability of both static and local field RNNs have
been studied under the P-critical condition. It has been proved
that when the nonlinear norm determined by the network is
bounded, then RNN with general projection mapping possesses
convergent and stable properties in the sense that, a discriminant
matrix M(L,I')+P is nonnegative definite, where M(L,I") is a
matrix related with the network, P is an arbitrary nonnegative
definite matrix. Compared with the known dynamics analysis,
our results extend the latest critical analysis results and general-
ize most of the non-critical conclusions developed in literature.
The theory obtained here can be directly applied to some typical
RNNs and problems, such as the brain-state-in-a-box/domain
recurrent neural networks, the cellular neural networks, the
BCOp-type RNNs as well as solving linear variational inequality
problem. The significance of the results obtained here not only
lies in providing some farther cognizance on the essentially
dynamical behavior of RNNs, but also in enlarging the application
field of them.
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