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Dynamics research of recurrent neural networks is very meaningful in both theoretical importance and

practical significance. Recently, the study on the critical dynamics behaviors of such networks has

drawn especial attention because of its application requirements. In this paper, new criteria are found

to ascertain the global convergence and asymptotic stability of recurrent neural networks under the

MðL,GÞ is a matrix related with the network and P is an arbitrary nonnegative definite matrix. The

analysis results given in this paper improve substantially upon the existing relevant convergence and

stability results in literature, including both the non-critical conclusions, i.e., the dynamics analysis

under the conditions that MðL,GÞ is positive definite, and the special critical discuss when MðL,GÞ is

nonnegative definite.

& 2010 Elsevier B.V. All rights reserved.
1. Introduction

Recurrent neural networks (RNNs) are mainly used to model
dynamic process associated with control process, perform
associative memory and solve optimization problems. The crucial
foundation of the RNNs consists in their dynamical properties,
such as the global convergence, asymptotic stability and expo-
nential stability, therefore, the analysis of such dynamical
behaviors is a first and necessary step for any practical design
and application of RNNs. In recent years, considerable efforts have
been devoted to the analysis on the stability of RNNs without and
with delay (see, e.g. [2,6–9,13,17] and the references therein). For
a given recurrent neural network, if we define

MðD,GÞ ¼D�1G�
GWþWTG

2
,

where both D and G are positive definite diagonal matrices, and W

is the weight matrix of the network, then by generalizing these
existing stability results of RNNs, it should be noticed that most of
them are on the exponential stability analysis under the
conditions that for some positive definite diagonal matrix G,
MðL,GÞ is positive definite, where L¼ diagfl1,l2, . . . ,lNg with
each li40 being the Lipschitz constant of gi and G¼(g1,g2,y,gN)T

is the activation mapping of the network. On the other hand,
[18,16] have proved that a RNN will be globally exponentially
ll rights reserved.
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unstable if there is a positive definite diagonal matrix G, such that
MðV ,GÞ is negative definite, where V¼diag{r1,r2,y,rN} with each
ri40 being the inversely Lipschitz constant of gi, i.e.,
jgiðtÞ�giðsÞjZrijt�sj for all s,tARN . By the definitions of Lipschitz
constant and inversely Lipschitz constant, we have rirli and, in
the sense of nonnegative definition, the inequality relation:
MðL,GÞrMðV ,GÞ holds. Since MðL,GÞ40 is sufficient for the
globally exponential stability of RNNs, and MðV ,GÞZ0 is neces-
sary for RNNs to have globally stable dynamics, the questions
then arise: what kinds of asymptotic behavior of RNNs will hold
when MðL,GÞr0 and MðV ,GÞZ0? The dynamics analysis of RNNs
under such conditions is referred to as the critical dynamics

analysis. Because a RNN is globally exponential stability when
MðL,GÞ40, recently, almost all of the critical dynamics investiga-
tions of RNNS are related to the special critical condition that
MðL,GÞZ0. While, it should be remarked that it is by no means
easy to conduct a meaningful critical dynamics analysis since
such analysis is much more difficult than the dynamics analysis
under the non-critical condition that MðL,GÞ40.

Up to now, there are only a few critical stability and
convergence analysis of RNNs in the sense that MðL,GÞ is
nonnegative definite. For RNN with hyperbolic tangent activation
function, in [14,2,3], the globally asymptotical stability and
globally exponential stability of the unique equilibrium point of
the network under some specific conditions of MðL,GÞZ0 have
been conducted. The authors of [26] have gotten the globally
exponential stability of RNN with projection operator under the
condition that I�W is nonnegative definite (which is a special
case of MðL,GÞZ0). In [16], the authors have proved that a RNN
with Sigmoidal activation mapping has a globally attractive
equilibrium state, and when W is quasi-symmetric (i.e., there
exists a positive definite diagonal matrix D, such that DW is

www.elsevier.com/locate/neucom
dx.doi.org/10.1016/j.neucom.2010.04.008
mailto:qiaochen@mail.xjtu.edu.cn
mailto:zbxu@mail.xjtu.edu.cn
mailto:zbxu@mail.xjtu.edu.cn
dx.doi.org/10.1016/j.neucom.2010.04.008


C. Qiao, Z. Xu / Neurocomputing 73 (2010) 2783–27882784
symmetric), then RNN with nearest point projection activation
mapping is global convergence on a region defined by the
network. The quasi-symmetric requirement of W in [16] has been
removed in [19,20]. For all that, there are still many important
dynamics questions of RNNs unsettled under the critical condi-
tions. For example, with what additional requirement will the
Sigmoidal RNNs be globally exponential stability when
MðL,GÞZ0? For a RNN with general projection mapping, does
there exist some convergence results when MðL,GÞo0? Further,
for neural network with general activation mapping, what
asymptotic behaviors of it will be under the critical conditions
that MðL,GÞr0 and MðV ,GÞZ0? All these are under our current
investigation.

In the current paper, we devote to answer the question that
what dynamics behavior will happen for a RNN with general
projection mapping when MðL,GÞo0. By using Lyapunov func-
tional method and topological degree theory, it is shown that a
RNN with general projection mapping is globally convergent
under the condition that MðL,GÞþPZ0 (here P is an arbitrary
nonnegative definite matrix) if the nonlinear norm defined by the
network is bounded. The dynamics analysis of RNNs under such a
condition is called as the P-critical dynamics analysis. The P-critical
convergence and asymptotical stability of both static and local
field RNNs (which are two fundamental modeling approaches in
RNNs research) are established. The results obtained here extend,
to a large extent, most of the existing noncritical conclusions and
the latest critical results given by [16,26,20]. Furthermore, they
provide a wider application range of RNNs and can be applied
directly to many concrete RNN models.
2. Model description and preliminaries

Static RNNs and local field RNNs typically represent two
fundamental modeling approaches in current neural network
research [25], which are, respectively, modeled by

t dx

dt
¼�xþGðWxþqÞ, xð0Þ ¼ x0ARN ð1Þ

and

t dy

dt
¼�yþWGðyÞþq, yð0Þ ¼ y0ARN ð2Þ

where x¼(x1, x2,y,xN)T is the neural state vector, y¼(y1,y2,y, yN)T

is the local field vector, W ¼ ðoijÞN�N is the synaptic weight
matrix, t is a positive constant, q is a fixed external bias vector
and G : RN-RN is the nonlinear activation mapping.

We now recall some notion and notations (taking system (1) as
an example). A constant vector xn is said to be an equilibrium
state of system (1), if xn is a zero point of the mapping
FeðxÞ :¼ �xþGðWxþqÞ, 8xARN . xn is said to be stable if any
trajectory of system (1) can stay within a small neighborhood of
xn whenever the initial state x0 is close to xn, and it is said to be
attractive if there is a neighborhood Dðx�Þ, called the attraction

basin of xn, such that any trajectory of system (1) initialized from a
state in Dðx�Þ will approach to xn as time goes to infinity. xn is said
to be globally asymptotically stable on Dðx�Þ if it is both stable and
attractive, with the attraction basin Dðx�Þ. System (1) is said to be
globally convergent on Y if for every initial point x0AY, x(t,x0)
converges to an equilibrium state of system (1) (the limit of x(t,x0)
may not be the same for different x0).

For the nonlinear activation mapping G : RN-RN , denote the
range and the fixed-point-set of G, respectively, by R(G) and F(G).
G is said to be diagonally nonlinear if G is defined compo-
nentwisely by G(x)¼(g1(x1),g2(x2),y,gN(xN))T, where each gi is a
one-dimensional nonlinear function; G is said to be a projection
mapping if G3G¼ G, or equivalently, RðGÞDFðGÞ; G is said to be a
diagonal projection if it is diagonally nonlinear, and each
component function gi is a one-dimensional projection; G is said
to be a nearest point projection if there is a bounded, closed and
convex subset O�RN such that GðxÞ ¼ argminzAOJx�zJ. Ob-
viously, nearest point projection is a special kind of projection
mapping, but the inverse is not necessarily true. In the present
investigation, we assume gi is Lipschitz continuous. Li, the
minimum Lipschitz constant of gi, is defined as follows:

Li ¼ sup
t,sAR,ta s

jgiðtÞ�giðsÞj

jt�sj
: ð3Þ

Without loss of generality, through out this paper, we assume that
each Li40 and let L¼diag{L1,L2,y,LN}.

In what follows, we will give the definition of the nonlinear
norm, which is similar to that of the matrix norm. Suppose that
T : CDRN-YDRN is a nonlinear mapping, A is a nonsingular
N�N matrix, and ~xAC is a given vector. Define

LJ�JðT ,A, ~x,CÞ ¼ sup
xa ~x ,xAC

JATx�AT ~xJ

JAx�A ~xJ
: ð4Þ

Clearly, LJ�JðT,A, ~x,CÞ is a nonnegative function determined by five
parameters: T, A, ~x, J � J and C. Most important of all, LJ�JðT ,A, ~x,CÞ
can be regarded as a nonlinear generalization of the matrix norm
J � J and called as the nonlinear norm. This is because, by defining
F¼ATA�1, y¼Ax, ~y ¼ A ~x and ~C ¼ AC, one can get

LJ�JðT ,A, ~x,CÞ ¼ sup
xa ~x ,xAC

JATx�AT ~xJ

JAx�A ~xJ

¼ sup
xa ~x ,xAC

JATA�1
ðAxÞ�ATA�1

ðA ~xÞJ

JAx�A ~xJ
¼ sup

ya ~y ,yA ~C

JFy�F ~yJ

Jy� ~yJ
:

Obviously, for any given matrix B, LJ�JðB,I, ~x,CÞ ¼ JBJ. Additionally,
for any constant b40, we have LJ�JðbT ,A, ~x,CÞ ¼ bLJ�JðT,A, ~x,CÞ.
3. P-critical global convergence results

In this section, under the P-critical condition that MðL,GÞþ
PZ0, where P is an arbitrary nonnegative definite matrix, the
global convergence and asymptotic stability theorem and cor-
ollaries for projection RNNs of both systems (1) and (2) will be
established. We consider the networks of form (1) first.

Suppose that the nonlinear activation mapping G is continuous
and R(G) is bounded, closed and convex. For any vARðGÞ, define
T(v)¼G(Wv+q), then by Brouwer’s fixed point theorem, T has at
least one fixed point vn, namely, Fe

�1(0), the equilibrium state set
of (1) is not empty.

Since for any N�N positive definite matrix A, there exists an

orthogonal matrix K (KTK¼ I) such that KT AK ¼ diagfl1,l2, . . . ,lNg

(here li40 is the eigenvalue of A), so if we define B¼ K

diagfl1=2
1 ,l1=2

2 , . . . ,l1=2
N gK

T , then it is clear that B¼BT, B2
¼A and B

is invertible. Such a matrix B is denoted by Deco(A), i.e.,
B¼Deco(A).

Theorem 3.1. Let G : RN-Y be a diagonal projection and each gi be

monotonically increasing and continuous, Y be a bounded, closed

and convex subset ofRN . If there is a positive definite diagonal matrix

G and a nonnegative definite matrix P, such that MðL,GÞþPZ0, and

for a v�AF�1
e ð0Þ, LJ�J2

ðT ,Q ,v�,YÞr1 (here Q ¼DecoðL�1GþPÞ), then

RNN system (1) is globally convergent on Y when Fe
�1(0) is

disconnected. Furthermore, when vn is the unique equilibrium point

of (1), then vn is globally asymptotically stable on Y.

Proof. For any trajectory x(t) of (1) starting from x0AY, it follows
from Lemma 1 in [19] that xðtÞAY. Let y0¼Wx0+q, y(t)¼Wx(t)+q,
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z(t)¼G(y(t)) and u(t)¼z(t)�x(t). Define

VðxðtÞÞ ¼ xT ðtÞðL�1GþPÞxðtÞ�2xT ðtÞðL�1GþPÞv�,

then we have

t dVðxðtÞÞ

dt
¼ 2/xðtÞ,ðL�1GþPÞðzðtÞ�xðtÞÞS�2/ðL�1GþPÞv�,zðtÞ�xðtÞS

¼ 2/ðL�1GþPÞxðtÞ,uðtÞS�2/ðL�1GþPÞv�,uðtÞS:

Define

E1ðxðtÞÞ ¼ txT ðtÞ
ðL�1þ IÞG

2
�ðGWþWTGÞ

� �
xðtÞ�2txT ðtÞGq

þt
XN

i ¼ 1

xi

Z yiðtÞ

ðy0Þi

giðsÞds�t 1

2
ðyðtÞ�xðtÞÞTGðyðtÞ�xðtÞÞ

�

�
1

2
yT ðtÞGyðtÞ�

1

2
xT ðtÞðI�L�1ÞGxðtÞ

�
þtVðxðtÞÞ:

Then, a direct calculation is that

dE1ðxðtÞÞ

dt
¼ 2

ðL�1þ IÞG
2

�ðGWþWTGÞ
� �

xðtÞ,uðtÞS�2Gq,uðtÞS
�
þ/L�1GzðtÞ,uðtÞS�/GzðtÞ,ðL�1�WÞuðtÞS

�/GxðtÞ,ðL�1�WÞuðtÞSþ/GyðtÞ,uðtÞS

þ2/ðL�1GþPÞxðtÞ,uðtÞS�2/ðL�1GþPÞv�,uðtÞS

¼�2/GyðtÞ,uðtÞSþ/GxðtÞ,uðtÞSþ/L�1GxðtÞ,uðtÞS

�2/GxðtÞ,WuðtÞSþ/L�1GzðtÞ,uðtÞS

�/GzðtÞ,ðL�1�WÞ � uðtÞS�/GxðtÞ,ðL�1�WÞuðtÞS

þ/GyðtÞ,uðtÞSþ2/ðL�1GþPÞxðtÞ,uðtÞS

�2/ðL�1GþPÞv�,uðtÞS

¼�/GðyðtÞ�xðtÞÞ,uðtÞS�/L�1GxðtÞ,uðtÞS

þ/GðxðtÞ�zðtÞÞ,ðL�1�WÞuðtÞSþ/L�1GzðtÞ,uðtÞS

þ2/ðL�1GþPÞxðtÞ,uðtÞS�2/ðL�1GþPÞv�,uðtÞS
¼�/GðyðtÞ�xðtÞÞ,uðtÞSþ/GðzðtÞ�xðtÞÞ,WðzðtÞ�xðtÞÞS

þ2/ðL�1GþPÞxðtÞ,uðtÞS�2/ðL�1GþPÞv�,uðtÞS
¼�/GðyðtÞ�xðtÞÞ,uðtÞSþ/zðtÞ�xðtÞ,ðGWþWTGÞðzðtÞ�xðtÞÞS

þ2/ðL�1GþPÞxðtÞ,uðtÞS�2/ðL�1GþPÞv�,uðtÞS

¼�/GðyðtÞ�xðtÞÞ,uðtÞS�uT ðtÞ ðL�1GþPÞ�
GWþWTG

2

� �
uðtÞ

þuT ðtÞðL�1GþPÞuðtÞþ2/ðL�1GþPÞxðtÞ,uðtÞS

�2/ðL�1GþPÞv�,uðtÞS: ð5Þ

Since L�1GþP�ðGWþWTGÞ=2Z0, so we have

dE1ðxðtÞÞ

dt
r�/GðyðtÞ�xðtÞÞ,uðtÞSþuT ðtÞðL�1GþPÞuðtÞ

þ2/ðL�1GþPÞxðtÞ,uðtÞS�2/ðL�1GþPÞv�,uðtÞS: ð6Þ

On the other hand, from the assumption that vn is one fixed

point of the mapping TðvÞ :¼ GðWvþqÞ, we have vn
¼G(Wvn+q),

and then

uT ðtÞðL�1GþPÞuðtÞþ2/ðL�1GþPÞxðtÞ,uðtÞS�2/ðL�1GþPÞv�,uðtÞS

¼/uðtÞ,ðL�1GþPÞuðtÞSþ2/ðL�1GþPÞxðtÞ,uðtÞS

�2/ðL�1GþPÞv�,uðtÞS

¼/zðtÞþxðtÞ,ðL�1GþPÞuðtÞS�2/v�,ðL�1GþPÞuðtÞS

¼/ðzðtÞ�v�ÞþðxðtÞ�v�Þ,ðL�1GþPÞuðtÞS

¼/ðzðtÞ�v�ÞþðxðtÞ�v�Þ,ðL�1GþPÞððzðtÞ�v�Þ�ðxðtÞ�v�ÞÞS

¼/ðzðtÞ�GðWv�þqÞÞþðxðtÞ�v�Þ,ðL�1GþPÞððzðtÞ

�GðWv�þqÞÞ�ðxðtÞ�v�ÞÞS

¼/zðtÞ�GðWv�þqÞ,ðL�1GþPÞðzðtÞ�GðWv�þqÞÞS

�/xðtÞ�v�,ðL�1GþPÞðxðtÞ�v�ÞS

¼/GðWxðtÞþqÞ�GðWv�þqÞ,ðL�1GþPÞðGðWxðtÞþqÞ
�GðWv�þqÞÞS�/xðtÞ�v�,ðL�1GþPÞðxðtÞ�v�ÞS
¼/Q ðGðWxðtÞþqÞ�GðWv�þqÞÞ,Q ðGðWxðtÞþqÞ�GðWv�þqÞÞS
�/Q ðxðtÞ�v�Þ,Q ðxðtÞ�v�ÞS

¼ JQ ðGðWxðtÞþqÞ�GðWv�þqÞÞJ2
2�JQ ðxðtÞ�v�ÞJ2

2: ð7Þ

Furthermore, on noting that LJ�J2
ðT ,Q ,v�,YÞr1, one can get that

LJ�J2
ðT,Q ,v�,YÞ ¼ sup

xav� ,xAY

JQTx�QTv�J2

JQx�Qv�J2

¼ sup
xav� ,xAY

JQGðWxþqÞ�QGðWv�þqÞJ2

JQx�Qv�J2
r1,

this, combined with (6) and (7), implies that

dE1ðxðtÞÞ

dt
r�/GðyðtÞ�xðtÞÞ,uðtÞS

¼�
XN

i ¼ 1

xi½yiðtÞ�xiðtÞ� � ½giðyiðtÞÞ�xiðtÞ�: ð8Þ

In addition, since xðtÞAY¼RðGÞ and G is a projection, then

xðtÞAFðGÞ and (8) implies

dE1ðxðtÞÞ

dt
r�

XN

i ¼ 1

xi½yiðtÞ�xiðtÞ� � ½giðyiðtÞÞ�giðxiðtÞÞ�: ð9Þ

Since gi is monotonically increasing with Lipschitz constant Li, it

is easy to verify that whether yiðtÞZxiðtÞ or yiðtÞoxiðtÞ, the

following inequality always holds:

½yiðtÞ�xiðtÞ� � ½giðyiðtÞÞ�giðxiðtÞÞ�ZL�1
i ðgiðyiðtÞÞ�giðxiðtÞÞÞ

2

¼ L�1
i ðgiððWxðtÞþqÞiÞ�giðxiðtÞÞÞ

2:

ð10Þ

Denote by lminðL
�1GÞ the smallest eigenvalue of the diagonal

matrix L�1G, then by (9) and (10), we get that

dE1ðxðtÞÞ

dt
r�

XN

i ¼ 1

xiL
�1
i ðgiððWxðtÞþqÞiÞ�giðxiðtÞÞÞ

2

r�lminðL
�1GÞJGðWxðtÞþqÞ�xðtÞJ2

2, ð11Þ

from the fact that Li40 and G is positive definite, it can be

deduced that dE1ðxðtÞÞ=dtr0, and the equal sign holds if and only

if G(Wx(t)+q)¼x(t), i.e., xðtÞAF�1
e ð0Þ. Furthermore, since xðtÞAY is

bounded and Fe
�1(0) is disconnected, then by LaSalle invariance

principle [11], we know that RNN model (1) is globally convergent

on Y. Furthermore, when Fe
�1(0)¼{vn}, then it is easy to deduce

that vn is both attractive and stable on Y since Y is bounded, i.e.,

vn is globally asymptotically stable on Y. Thus, Theorem 3.1 is

proved. &

Corollary 3.1. Assume that YDRN is a bounded, closed and convex

set, G : RN-Y is a diagonal projection with each gi being mono-

tonically increasing and continuous. If there exists a positive definite

diagonal matrix G and a nonnegative definite diagonal matrix P, such

that MðL,GÞþPZ0, and JQLWQ�1J2r1 (here Q ¼DecoðL�1GþPÞ),
then RNN model (1) is globally convergent on Y when Fe

�1(0) is

disconnected. Moreover, when vn is the unique equilibrium point of (1),
then vn is globally asymptotically stable on Y.

Proof. By the definition of L,G,P and Q, we know that Q is a positive
definite diagonal matrix. Let Q ¼ diagfq1,q2, . . . ,qNgwith each qi40.
For any x,v�AY, since G is a diagonal projection and each Li is the
minimum Lipschitz constant of gi, it can be deduced that

JQTx�QTv�J2
2 ¼ JQGðWxþqÞ�QGðWv�þqÞJ2

2
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¼
XN

i ¼ 1

ðqiðgiððWxþqÞiÞ�giððWv�þqÞiÞÞÞ
2

r
XN

i ¼ 1

ðqiLiðWðx�x�ÞÞiÞ
2

¼
XN

i ¼ 1

ðqiLiÞ
2
XN

j ¼ 1

Wijq
�1
j ðqjðxj�v�j ÞÞ

0
@

1
A2

¼
XN

i ¼ 1

XN

j ¼ 1

qiLiWijq
�1
j ðqjðxj�v�j ÞÞ

0
@

1
A

2

¼ JQLWQ�1
ðQ ðx�v�ÞÞJ2

2: ð12Þ

Clearly, when JQLWQ�1J2r1, then by (12), it can be deduced that

LJ�J2
ðT ,Q ,v�,YÞ ¼ sup

xav� ,xAY

JQTx�QTv�J2

JQx�Qv�J2
r1:

Corollary 3.1 is then proved from Theorem 3.1. &

Correspondingly, we have the critical global convergence and
asymptotical stability conclusions for RNN system (2).

Corollary 3.2. Suppose that G : RN-Y is a diagonal projection with

each gi being monotonically increasing and continuous, Y is a

bounded, closed and convex subset of RN , and the equilibrium state

set of (2) is disconnected. Then, under the following condition (S),
RNN system (2) is globally convergent on WðYÞþq. Moreover,
when yn is the unique equilibrium state of (2), then yn is globally

asymptotically stable on WðYÞþq.

(S) There is a positive definite diagonal matrix G and a symmetric

nonnegative definite matrix P, such that MðL,GÞþPZ0 and either

LJ�J2
ðT ,Q ,v�,YÞr1 for a v�AFðTÞ (here Q ¼DecoðL�1GþPÞ), or

JQLWQ�1J2r1 when P is a diagonal matrix.

Proof. For any trajectory y(t) of (2) starting from y0AWðYÞþq,
let y0¼ Wx0+q with x0AY and x(t) be the solution of (1) with
initial value x(0)¼x0, then by the uniqueness of solution of
differential equations, it is easy to verify that yðtÞ �WxðtÞþq and
there exists an equilibrium state of (1), denoted by vn, such that
yn¼Wvn+q. Thus, by [25], the convergence of y(t) to an
equilibrium state of (2) can be shown by studying the asymptotic
behavior of x(t). Then, the conclusion of Corollary 3.2 readily
follows from Theorem 3.1 and Corollary 3.1. &

Remark 3.1. The results achieved above exploit new global
convergence and asymptotical stability of both static RNNs and
local field RNNs, and can generalize or extend most of the known
non-critical as well as critical dynamics results (e.g., the non-
critical results summarized in [18], the critical analysis of
[16,26,19,20]). In addition, on noting that the nearest point
projection is a special case of the general projection mapping, the
convergence and stability conclusions established in Theorem 3.1
and Corollaries 3.1 and 3.2 can be directly applied to RNNs with
nearest point projection.

Applying the obtained generic dynamics analysis results of

RNNs directly to the linear variational inequality problem (LVIP)

[24,13], and several typical recurrent neural network models,

such as the brain-state-in-a-box/domain recurrent neural net-

works (BSB RNNs) [12,23], the BCOp-type RNNs [1,8] and the

cellular neural networks (CNNs) [4,15], we can get some useful

solutions for solving LVIP and some new criteria for convergence

as well as stability of the BSB RNNs, BCOp-type RNNs and the

CNNs. The new results achieved for solving LVIP can extend the

existing results in [24,10,13], and the conclusions for the three
RNN models mention above can unify and improve further the

results related in [4,5,12,18,21,22,23,24,26].
4. Illustrative examples

In this section, we provide an illustrative example to
demonstrate the validity of the critical convergence and stability
results formulated in the previous section.

Example 4.1. Consider the following RNN:

dx1ðtÞ

dt
¼�x1ðtÞþg1ð2x1ðtÞþx2ðtÞþ4ð

ffiffiffi
2
p
�1ÞÞ,

dx2ðtÞ

dt
¼�x2ðtÞþg2ð�2x1ðtÞþ2x2ðtÞþx3ðtÞþ6Þ,

dx3ðtÞ

dt
¼�x3ðtÞþg3ð�2x2ðtÞþ2x3ðtÞþx4ðtÞ�6Þ,

dx4ðtÞ

dt
¼�x4ðtÞþg4ð�2x3ðtÞþ2x4ðtÞþx5ðtÞþ6Þ,

dx5ðtÞ

dt
¼�x5ðtÞþg5ð�2x4ðtÞþ2x5ðtÞþx6ðtÞþ6Þ,

dx6ðtÞ

dt
¼�x6ðtÞþg6ð�2x5ðtÞþ2x6ðtÞ�5Þ,

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

ð13Þ

where each giðsÞ ¼
1
2 ðjsþ1j�js�1jÞ (i¼1,2,y,6).

In this example, Li¼1, the unique equilibrium state is
xn¼(1,1,�1,1,1,�1)T.

For any positive definite diagonal matrix G, it is easy to
verify that L�1G�ðGWþWTGÞ=2 is not positive definite, and
further, not nonnegative definite. That is, all of the non-
critical and critical conclusions in literature (see, e.g., [18,16,20])
cannot be used here. But we will show Theorem 3.1 established in
Section 3 can be applied to this example. By choosing G¼
diagf2,1,1=2,1=4,1=8,1=16g and P¼diag{2,1,1/2,1/4,1/8,1/16}, we
have L�1G�ðGWþWTGÞ=2þPZ0 and Q ¼DecoðL�1GþPÞ ¼

diagf2,
ffiffiffi
2
p

,1, 1ffiffi
2
p , 1

2 , 1
2
ffiffi
2
p g. Letting T(v)¼G(Wv+q) for any vAY¼

½�1,1�6, one can get that F(T)¼{(1,1,�1,1,1,�1)T}. For any
v�AFðTÞ, we want to show that

LJ�J2
ðT,Q ,v�,YÞ ¼ sup

vav� ,vAY

JQGðWvþqÞ�Qv�J2

JQv�Qv�J2
r1: ð14Þ

On noting that for any vAY,
P6

k ¼ 1 w2kvkþq2Z1, so by the
definition of g2, we have g2ð

P6
k ¼ 1 w2kvkþq2Þ ¼ 1. Similarly, one

can easily get that g3ð
P6

k ¼ 1 w3kvkþq3Þ ¼ �1, g4ð
P6

k ¼ 1 w4kvk
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Fig. 2. Transient behaviors of RNN in system (15) with random initial points y0 AWðYÞþq.
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þq4Þ ¼ 1, g5ð
P6

k ¼ 1 w5kvkþq5Þ ¼ 1 and g6ð
P6

k ¼ 1 w6kvkþq6Þ ¼�1.
Thus,

JQGðWvþqÞ�Qv�J2
2 ¼ 4 g1

X6

k ¼ 1

w1kvkþq1

 !
�v�1

 !2

¼ 4ð1�g1ð2v1þv2þ4ð
ffiffiffi
2
p
�1ÞÞÞ2:

On the other hand,

JQv�Qv�J2
2Z4ð1�v1Þ

2
þ2ð1�v2Þ

2
Zð2ð1�v1Þþ

ffiffiffi
2
p
ð1�v2ÞÞ

2=2:

If for any vAY¼ ½�1,1�6, 0r2ð1�g1ð2v1þv2þ4ð
ffiffiffi
2
p
�1ÞÞÞ

rð2ð1�v1Þþ
ffiffiffi
2
p
ð1�v2ÞÞ=

ffiffiffi
2
p

always holds, then LJ�J2
ðT ,Q ,v�,YÞ

r1. Which equals to prove g1ð2tþwþ4
ffiffiffi
2
p
�3ÞZ 1ffiffi

2
p tþ 1

2 w, where
�2rtr0 and 0rwr2. For the three cases that 2tþ

wþ4
ffiffiffi
2
p
�3Z1, �1r2tþwþ4

ffiffiffi
2
p
�3r1 and 2tþwþ4

ffiffiffi
2
p
�

3r�1, it is easy to verify that g1ð2tþwþ4
ffiffiffi
2
p
�3ÞZ 1ffiffi

2
p tþ 1

2 w is
always true. According to Theorem 3.1, system (13) is globally
asymptotically stable on Y. Fig. 1 depicts the time responses of
state variables of the system with random initial point starting
from Y, which confirm that the proposed condition in Theorem
3.1 ensures the globally asymptotical stability of the RNNs.

Example 4.2. Consider a RNN defined by

dy1ðtÞ

dt
¼�y1ðtÞþ1:5g1ðy1ðtÞÞ�g2ðy2ðtÞÞ�2,

dy2ðtÞ

dt
¼�y2ðtÞþg1ðy1ðtÞÞþ1:5g2ðy2ðtÞÞ�g3ðy3ðtÞÞþ5,

dy3ðtÞ

dt
¼�y3ðtÞþg2ðy2ðtÞÞþ1:5g3ðy3ðtÞÞ�4,

8>>>>>>><
>>>>>>>:

ð15Þ

where gi(s) (i¼1,2,3) is defined as

giðsÞ ¼

1, s41,

s, �1rsr1,

�1, so�1:

8><
>: ð16Þ

Obviously, this example takes the form of local field model,
with

W ¼

1:5 �1 0

1 1:5 �1

0 1 1:5

0
B@

1
CA

and q¼(�2, 5, �4)T. In this case, Li¼1 (i¼1,2,3) and the equilibrium
state set of the system is {(�4.5,6.5,�4.5)T}. For any positive
definite diagonal matrix G, MðL,GÞ ¼ L�1G�ðGWþWTGÞ=2 is not
nonnegative definite. By choosing G¼ I and P¼0.5I, one has
L�1G�ðGWþWTGÞ=2þPZ0, and, similarly as the proof in Example
4.1, we have LJ�J2

ðT ,Q ,v�,YÞr1 for v�AFðTÞ ¼ fð�1,1,�1ÞT g (here
Q ¼DecoðL�1GþPÞ ¼

ffiffiffiffiffiffiffi
1:5
p

I and Y¼ ½�1,1�3). Thus, by Corollary 3.2,
it follows that the unique equilibrium state of RNN (15), say,
yn¼(�4.5,6.5,�4.5)T, is asymptotically stable on WðYÞþq. All
simulation results show that the trajectories starting from C :¼

WðYÞþq are within the region C, and convergent to yn. The
transient behaviors of y(t) with random initial points starting from
WðYÞþq are depicted in Fig. 2.
5. Conclusion

Two basic dynamics behaviors: global convergence and
asymptotical stability of both static and local field RNNs have
been studied under the P-critical condition. It has been proved
that when the nonlinear norm determined by the network is
bounded, then RNN with general projection mapping possesses
convergent and stable properties in the sense that, a discriminant
matrix MðL,GÞþP is nonnegative definite, where MðL,GÞ is a
matrix related with the network, P is an arbitrary nonnegative
definite matrix. Compared with the known dynamics analysis,
our results extend the latest critical analysis results and general-
ize most of the non-critical conclusions developed in literature.
The theory obtained here can be directly applied to some typical
RNNs and problems, such as the brain-state-in-a-box/domain
recurrent neural networks, the cellular neural networks, the
BCOp-type RNNs as well as solving linear variational inequality
problem. The significance of the results obtained here not only
lies in providing some farther cognizance on the essentially
dynamical behavior of RNNs, but also in enlarging the application
field of them.
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