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Dynamics research of recurrent neural networks is very meaningful in both theoretical importance and
practical signiﬁcance. Recently, the study on the critical dynamics behaviors of such networks has
drawn especial attention because of its application requirements. In this paper, new criteria are found
to ascertain the global convergence and asymptotic stability of recurrent neural networks under the
generally P-critical conditions, i.e., a discriminant matrix MðL, GÞ þ P is nonnegative deﬁnite, where
MðL, GÞ is a matrix related with the network and P is an arbitrary nonnegative deﬁnite matrix. The
analysis results given in this paper improve substantially upon the existing relevant convergence and
stability results in literature, including both the non-critical conclusions, i.e., the dynamics analysis
under the conditions that MðL, GÞ is positive deﬁnite, and the special critical discuss when MðL, GÞ is
nonnegative deﬁnite.
& 2010 Elsevier B.V. All rights reserved.
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1. Introduction
Recurrent neural networks (RNNs) are mainly used to model
dynamic process associated with control process, perform
associative memory and solve optimization problems. The crucial
foundation of the RNNs consists in their dynamical properties,
such as the global convergence, asymptotic stability and exponential stability, therefore, the analysis of such dynamical
behaviors is a ﬁrst and necessary step for any practical design
and application of RNNs. In recent years, considerable efforts have
been devoted to the analysis on the stability of RNNs without and
with delay (see, e.g. [2,6–9,13,17] and the references therein). For
a given recurrent neural network, if we deﬁne
MðD, GÞ ¼ D1 G

GW þW T G
2

,

where both D and G are positive deﬁnite diagonal matrices, and W
is the weight matrix of the network, then by generalizing these
existing stability results of RNNs, it should be noticed that most of
them are on the exponential stability analysis under the
conditions that for some positive deﬁnite diagonal matrix G,
MðL, GÞ is positive deﬁnite, where L ¼ diagfl1 , l2 , . . . , lN g with
each li 40 being the Lipschitz constant of gi and G ¼(g1,g2,y,gN)T
is the activation mapping of the network. On the other hand,
[18,16] have proved that a RNN will be globally exponentially
$
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unstable if there is a positive deﬁnite diagonal matrix G, such that
MðV, GÞ is negative deﬁnite, where V ¼diag{r1,r2,y,rN} with each
ri 40 being the inversely Lipschitz constant of gi, i.e.,
jgi ðtÞgi ðsÞj Zri jtsj for all s,t A RN . By the deﬁnitions of Lipschitz
constant and inversely Lipschitz constant, we have ri r li and, in
the sense of nonnegative deﬁnition, the inequality relation:
MðL, GÞ rMðV, GÞ holds. Since MðL, GÞ 4 0 is sufﬁcient for the
globally exponential stability of RNNs, and MðV, GÞ Z0 is necessary for RNNs to have globally stable dynamics, the questions
then arise: what kinds of asymptotic behavior of RNNs will hold
when MðL, GÞ r 0 and MðV, GÞ Z0? The dynamics analysis of RNNs
under such conditions is referred to as the critical dynamics
analysis. Because a RNN is globally exponential stability when
MðL, GÞ 40, recently, almost all of the critical dynamics investigations of RNNS are related to the special critical condition that
MðL, GÞ Z0. While, it should be remarked that it is by no means
easy to conduct a meaningful critical dynamics analysis since
such analysis is much more difﬁcult than the dynamics analysis
under the non-critical condition that MðL, GÞ 40.
Up to now, there are only a few critical stability and
convergence analysis of RNNs in the sense that MðL, GÞ is
nonnegative deﬁnite. For RNN with hyperbolic tangent activation
function, in [14,2,3], the globally asymptotical stability and
globally exponential stability of the unique equilibrium point of
the network under some speciﬁc conditions of MðL, GÞ Z 0 have
been conducted. The authors of [26] have gotten the globally
exponential stability of RNN with projection operator under the
condition that I W is nonnegative deﬁnite (which is a special
case of MðL, GÞ Z0). In [16], the authors have proved that a RNN
with Sigmoidal activation mapping has a globally attractive
equilibrium state, and when W is quasi-symmetric (i.e., there
exists a positive deﬁnite diagonal matrix D, such that DW is
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symmetric), then RNN with nearest point projection activation
mapping is global convergence on a region deﬁned by the
network. The quasi-symmetric requirement of W in [16] has been
removed in [19,20]. For all that, there are still many important
dynamics questions of RNNs unsettled under the critical conditions. For example, with what additional requirement will the
Sigmoidal RNNs be globally exponential stability when
MðL, GÞ Z0? For a RNN with general projection mapping, does
there exist some convergence results when MðL, GÞ o 0? Further,
for neural network with general activation mapping, what
asymptotic behaviors of it will be under the critical conditions
that MðL, GÞ r 0 and MðV, GÞ Z 0? All these are under our current
investigation.
In the current paper, we devote to answer the question that
what dynamics behavior will happen for a RNN with general
projection mapping when MðL, GÞ o0. By using Lyapunov functional method and topological degree theory, it is shown that a
RNN with general projection mapping is globally convergent
under the condition that MðL, GÞ þ P Z 0 (here P is an arbitrary
nonnegative deﬁnite matrix) if the nonlinear norm deﬁned by the
network is bounded. The dynamics analysis of RNNs under such a
condition is called as the P-critical dynamics analysis. The P-critical
convergence and asymptotical stability of both static and local
ﬁeld RNNs (which are two fundamental modeling approaches in
RNNs research) are established. The results obtained here extend,
to a large extent, most of the existing noncritical conclusions and
the latest critical results given by [16,26,20]. Furthermore, they
provide a wider application range of RNNs and can be applied
directly to many concrete RNN models.

mapping if G 3G ¼ G, or equivalently, RðGÞ D FðGÞ; G is said to be a
diagonal projection if it is diagonally nonlinear, and each
component function gi is a one-dimensional projection; G is said
to be a nearest point projection if there is a bounded, closed and
convex subset O  RN such that GðxÞ ¼ argminz A O JxzJ. Obviously, nearest point projection is a special kind of projection
mapping, but the inverse is not necessarily true. In the present
investigation, we assume gi is Lipschitz continuous. Li, the
minimum Lipschitz constant of gi, is deﬁned as follows:
Li ¼

sup
t,s A R,t a s

jgi ðtÞgi ðsÞj
:
jtsj

Without loss of generality, through out this paper, we assume that
each Li 40 and let L¼diag{L1,L2,y,LN}.
In what follows, we will give the deﬁnition of the nonlinear
norm, which is similar to that of the matrix norm. Suppose that
T : C DRN -Y D RN is a nonlinear mapping, A is a nonsingular
N  N matrix, and x~ A C is a given vector. Deﬁne
~ CÞ ¼
LJJ ðT,A, x,

Static RNNs and local ﬁeld RNNs typically represent two
fundamental modeling approaches in current neural network
research [25], which are, respectively, modeled by

t

dx
¼ x þGðWx þ qÞ,
dt

xð0Þ ¼ x0 A RN

ð1Þ

yð0Þ ¼ y0 A RN

ð2Þ

and

t

dy
¼ y þ WGðyÞ þ q,
dt

where x ¼(x1, x2,y,xN)T is the neural state vector, y¼ (y1,y2,y, yN)T
is the local ﬁeld vector, W ¼ ðoij ÞNN is the synaptic weight
matrix, t is a positive constant, q is a ﬁxed external bias vector
and G : RN -RN is the nonlinear activation mapping.
We now recall some notion and notations (taking system (1) as
an example). A constant vector xn is said to be an equilibrium
state of system (1), if xn is a zero point of the mapping
Fe ðxÞ :¼ x þ GðWx þ qÞ, 8x A RN . xn is said to be stable if any
trajectory of system (1) can stay within a small neighborhood of
xn whenever the initial state x0 is close to xn, and it is said to be
attractive if there is a neighborhood Dðx Þ, called the attraction
basin of xn, such that any trajectory of system (1) initialized from a
state in Dðx Þ will approach to xn as time goes to inﬁnity. xn is said
to be globally asymptotically stable on Dðx Þ if it is both stable and
attractive, with the attraction basin Dðx Þ. System (1) is said to be
globally convergent on Y if for every initial point x0 A Y, x(t,x0)
converges to an equilibrium state of system (1) (the limit of x(t,x0)
may not be the same for different x0).
For the nonlinear activation mapping G : RN -RN , denote the
range and the ﬁxed-point-set of G, respectively, by R(G) and F(G).
G is said to be diagonally nonlinear if G is deﬁned componentwisely by G(x) ¼(g1(x1),g2(x2),y,gN(xN))T, where each gi is a
one-dimensional nonlinear function; G is said to be a projection

sup
~ AC
x a x,x

~
JATxAT xJ
:
~
JAxAxJ

ð4Þ

~ CÞ is a nonnegative function determined by ﬁve
Clearly, LJJ ðT,A, x,
~ J  J and C. Most important of all, LJJ ðT,A, x,
~ CÞ
parameters: T, A, x,
can be regarded as a nonlinear generalization of the matrix norm
J  J and called as the nonlinear norm. This is because, by deﬁning
~ ¼ AC, one can get
F¼ATA  1, y ¼Ax, y~ ¼ Ax~ and C
~ CÞ ¼
LJJ ðT,A, x,
¼

2. Model description and preliminaries

ð3Þ

~
JATxAT xJ
~
JAxA
xJ
~ AC
x a x,x
sup

~
~
JATA1 ðAxÞATA1 ðAxÞJ
JFyF yJ
¼ sup
:
~
~
JAxAxJ
~ JyyJ
~ AC
x a x,x
~ AC
y a y,y
sup

~ CÞ ¼ JBJ. Additionally,
Obviously, for any given matrix B, LJJ ðB,I, x,
~ CÞ ¼ bLJJ ðT,A, x,
~ CÞ.
for any constant b 4 0, we have LJJ ðbT,A, x,

3. P-critical global convergence results
In this section, under the P-critical condition that MðL, GÞ þ
P Z0, where P is an arbitrary nonnegative deﬁnite matrix, the
global convergence and asymptotic stability theorem and corollaries for projection RNNs of both systems (1) and (2) will be
established. We consider the networks of form (1) ﬁrst.
Suppose that the nonlinear activation mapping G is continuous
and R(G) is bounded, closed and convex. For any v A RðGÞ, deﬁne
T(v)¼G(Wv+ q), then by Brouwer’s ﬁxed point theorem, T has at
least one ﬁxed point vn, namely, Fe 1(0), the equilibrium state set
of (1) is not empty.
Since for any N  N positive deﬁnite matrix A, there exists an
orthogonal matrix K (KTK ¼I) such that K T AK ¼ diagfl1 , l2 , . . . , lN g
(here li 4 0 is the eigenvalue of A), so if we deﬁne B ¼ K
1=2

1=2

1=2

diagfl1 , l2 , . . . , lN gK T , then it is clear that B ¼BT, B2 ¼A and B
is invertible. Such a matrix B is denoted by Deco(A), i.e.,
B¼Deco(A).
Theorem 3.1. Let G : RN -Y be a diagonal projection and each gi be
monotonically increasing and continuous, Y be a bounded, closed
and convex subset of RN . If there is a positive deﬁnite diagonal matrix
G and a nonnegative deﬁnite matrix P, such that MðL, GÞ þ P Z 0, and
for a v A Fe1 ð0Þ, LJJ2 ðT,Q ,v , YÞ r 1 (here Q ¼ DecoðL1 G þ PÞ), then
RNN system (1) is globally convergent on Y when Fe 1(0) is
disconnected. Furthermore, when vn is the unique equilibrium point
of (1), then vn is globally asymptotically stable on Y.
Proof. For any trajectory x(t) of (1) starting from x0 A Y, it follows
from Lemma 1 in [19] that xðtÞ A Y. Let y0 ¼Wx0 + q, y(t) ¼Wx(t)+q,
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GðWv þ qÞÞS/xðtÞv ,ðL1 G þ PÞðxðtÞv ÞS
¼ /Q ðGðWxðtÞ þ qÞGðWv þqÞÞ,Q ðGðWxðtÞ þ qÞGðWv þ qÞÞS
/Q ðxðtÞv Þ,Q ðxðtÞv ÞS

z(t)¼G(y(t)) and u(t) ¼z(t) x(t). Deﬁne
VðxðtÞÞ ¼ xT ðtÞðL1 G þPÞxðtÞ2xT ðtÞðL1 G þ PÞv ,
then we have

¼ JQ ðGðWxðtÞ þ qÞGðWv þ qÞÞJ22 JQ ðxðtÞv ÞJ22 :

dVðxðtÞÞ
t
¼ 2/xðtÞ,ðL1 G þ PÞðzðtÞxðtÞÞS2/ðL1 G þ PÞv ,zðtÞxðtÞS
dt

¼ 2/ðL1 G þPÞxðtÞ,uðtÞS2/ðL1 G þPÞv ,uðtÞS:

JQTxQTv J2
JQxQv J2
JQGðWx þqÞQGðWv þqÞJ2
¼ sup
r1,
JQxQv J2
x a v ,x A Y

 1

ðL þ IÞG
ðGW þW T GÞ xðtÞ2txT ðtÞGq
E1 ðxðtÞÞ ¼ txT ðtÞ
2

Z yi ðtÞ
N
X
1
ðyðtÞxðtÞÞT GðyðtÞxðtÞÞ
xi
gi ðsÞ dst
þt
2
ðy0 Þi
i¼1

1
1
 yT ðtÞGyðtÞ xT ðtÞðIL1 ÞGxðtÞ þ tVðxðtÞÞ:
2
2

þ 2/ðL1 G þ PÞxðtÞ,uðtÞS2/ðL1 G þ PÞv ,uðtÞS


GW þ W T G
¼ /GðyðtÞxðtÞÞ,uðtÞSuT ðtÞ ðL1 G þ PÞ
uðtÞ
2

ð5Þ

Since L1 G þ PðGW þW T GÞ=2Z 0, so we have

ð6Þ

On the other hand, from the assumption that vn is one ﬁxed
point of the mapping TðvÞ :¼ GðWv þ qÞ, we have vn ¼ G(Wvn + q),
and then
uT ðtÞðL1 G þ PÞuðtÞ þ 2/ðL1 G þ PÞxðtÞ,uðtÞS2/ðL1 G þ PÞv ,uðtÞS
¼ /uðtÞ,ðL1 G þ PÞuðtÞS þ 2/ðL1 G þ PÞxðtÞ,uðtÞS
2/ðL1 G þPÞv ,uðtÞS
¼ /zðtÞ þ xðtÞ,ðL1 G þ PÞuðtÞS2/v ,ðL1 G þ PÞuðtÞS
¼ /ðzðtÞv Þ þ ðxðtÞv Þ,ðL1 G þ PÞuðtÞS
¼ /ðzðtÞv Þ þ ðxðtÞv Þ,ðL1 G þ PÞððzðtÞv ÞðxðtÞv ÞÞS
¼ /ðzðtÞGðWv þ qÞÞ þ ðxðtÞv Þ,ðL1 G þ PÞððzðtÞ
GðWv þ qÞÞðxðtÞv ÞÞS
¼ /zðtÞGðWv þqÞ,ðL1 G þ PÞðzðtÞGðWv þqÞÞS
/xðtÞv ,ðL1 G þ PÞðxðtÞv ÞS
¼ /GðWxðtÞ þ qÞGðWv þ qÞ,ðL1 G þPÞðGðWxðtÞ þ qÞ

sup

x a v ,x A Y

this, combined with (6) and (7), implies that

Then, a direct calculation is that
 1

dE1 ðxðtÞÞ
ðL þ IÞG
¼2
ðGW þ W T GÞ xðtÞ,uðtÞS2Gq,uðtÞS
dt
2
þ/L1 GzðtÞ,uðtÞS/GzðtÞ,ðL1 WÞuðtÞS
/GxðtÞ,ðL1 WÞuðtÞS þ /GyðtÞ,uðtÞS
þ2/ðL1 G þPÞxðtÞ,uðtÞS2/ðL1 G þ PÞv ,uðtÞS
¼ 2/GyðtÞ,uðtÞS þ /GxðtÞ,uðtÞS þ /L1 GxðtÞ,uðtÞS
2/GxðtÞ,WuðtÞS þ/L1 GzðtÞ,uðtÞS
/GzðtÞ,ðL1 WÞ  uðtÞS/GxðtÞ,ðL1 WÞuðtÞS
þ /GyðtÞ,uðtÞSþ 2/ðL1 G þ PÞxðtÞ,uðtÞS
2/ðL1 G þPÞv ,uðtÞS
¼ /GðyðtÞxðtÞÞ,uðtÞS/L1 GxðtÞ,uðtÞS
þ /GðxðtÞzðtÞÞ,ðL1 WÞuðtÞS þ/L1 GzðtÞ,uðtÞS
þ 2/ðL1 G þ PÞxðtÞ,uðtÞS2/ðL1 G þ PÞv ,uðtÞS
¼ /GðyðtÞxðtÞÞ,uðtÞSþ /GðzðtÞxðtÞÞ,WðzðtÞxðtÞÞS
þ2/ðL1 G þPÞxðtÞ,uðtÞS2/ðL1 G þ PÞv ,uðtÞS
¼ /GðyðtÞxðtÞÞ,uðtÞSþ /zðtÞxðtÞ,ðGW þW T GÞðzðtÞxðtÞÞS

dE1 ðxðtÞÞ
r /GðyðtÞxðtÞÞ,uðtÞSþ uT ðtÞðL1 G þ PÞuðtÞ
dt
þ2/ðL1 G þPÞxðtÞ,uðtÞS2/ðL1 G þ PÞv ,uðtÞS:

ð7Þ

Furthermore, on noting that LJJ2 ðT,Q ,v , YÞ r1, one can get that
LJJ2 ðT,Q ,v , YÞ ¼

Deﬁne

þ uT ðtÞðL1 G þPÞuðtÞ þ2/ðL1 G þ PÞxðtÞ,uðtÞS
2/ðL1 G þPÞv ,uðtÞS:
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dE1 ðxðtÞÞ
r /GðyðtÞxðtÞÞ,uðtÞS
dt
N
X
xi ½yi ðtÞxi ðtÞ  ½gi ðyi ðtÞÞxi ðtÞ:
¼

ð8Þ

i¼1

In addition, since xðtÞ A Y ¼ RðGÞ and G is a projection, then
xðtÞ A FðGÞ and (8) implies
N
X
dE1 ðxðtÞÞ
r
xi ½yi ðtÞxi ðtÞ  ½gi ðyi ðtÞÞgi ðxi ðtÞÞ:
dt
i¼1

ð9Þ

Since gi is monotonically increasing with Lipschitz constant Li, it
is easy to verify that whether yi ðtÞ Z xi ðtÞ or yi ðtÞ o xi ðtÞ, the
following inequality always holds:
2
½yi ðtÞxi ðtÞ  ½gi ðyi ðtÞÞgi ðxi ðtÞÞ ZL1
i ðgi ðyi ðtÞÞgi ðxi ðtÞÞÞ
2
¼ L1
i ðgi ððWxðtÞ þ qÞi Þgi ðxi ðtÞÞÞ :

ð10Þ
Denote by lmin ðL1 GÞ the smallest eigenvalue of the diagonal
matrix L1 G, then by (9) and (10), we get that
N
X
dE1 ðxðtÞÞ
2
r
xi L1
i ðgi ððWxðtÞ þ qÞi Þgi ðxi ðtÞÞÞ
dt
i¼1

rlmin ðL1 GÞJGðWxðtÞ þ qÞxðtÞJ22 ,

ð11Þ

from the fact that Li 4 0 and G is positive deﬁnite, it can be
deduced that dE1 ðxðtÞÞ=dt r 0, and the equal sign holds if and only
if G(Wx(t) +q) ¼x(t), i.e., xðtÞ A Fe1 ð0Þ. Furthermore, since xðtÞ A Y is
bounded and Fe 1(0) is disconnected, then by LaSalle invariance
principle [11], we know that RNN model (1) is globally convergent
on Y. Furthermore, when Fe 1(0) ¼{vn}, then it is easy to deduce
that vn is both attractive and stable on Y since Y is bounded, i.e.,
vn is globally asymptotically stable on Y. Thus, Theorem 3.1 is
proved. &
Corollary 3.1. Assume that Y D RN is a bounded, closed and convex
set, G : RN -Y is a diagonal projection with each gi being monotonically increasing and continuous. If there exists a positive deﬁnite
diagonal matrix G and a nonnegative deﬁnite diagonal matrix P, such
that MðL, GÞ þ P Z 0, and JQLWQ 1 J2 r 1 (here Q ¼ DecoðL1 G þ PÞ),
then RNN model (1) is globally convergent on Y when Fe 1(0) is
disconnected. Moreover, when vn is the unique equilibrium point of (1),
then vn is globally asymptotically stable on Y.
Proof. By the deﬁnition of L, G,P and Q, we know that Q is a positive
deﬁnite diagonal matrix. Let Q ¼ diagfq1 ,q2 , . . . ,qN g with each qi 4 0.
For any x,v A Y, since G is a diagonal projection and each Li is the
minimum Lipschitz constant of gi, it can be deduced that
JQTxQTv J22 ¼ JQGðWx þqÞQGðWv þ qÞJ22
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¼
r

N
X

i¼1
N
X

ðqi Li ðWðxx ÞÞi Þ2

i¼1

¼

N
X

0
ðqi Li Þ2 @

i¼1

¼

RNN models mention above can unify and improve further the
results related in [4,5,12,18,21,22,23,24,26].

ðqi ðgi ððWx þqÞi Þgi ððWv þ qÞi ÞÞÞ2

N
X
i¼1

N
X

4. Illustrative examples

12
 A
Wij q1
j ðqj ðxj vj ÞÞ

In this section, we provide an illustrative example to
demonstrate the validity of the critical convergence and stability
results formulated in the previous section.

j¼1

0
@

N
X

12
 A
qi Li Wij q1
j ðqj ðxj vj ÞÞ

j¼1

¼ JQLWQ 1 ðQ ðxv ÞÞJ22 :

ð12Þ

Clearly, when JQLWQ 1 J2 r 1, then by (12), it can be deduced that
LJJ2 ðT,Q ,v , YÞ ¼

sup
x a v ,x A Y

JQTxQTv J2
r1:
JQxQv J2

Corollary 3.1 is then proved from Theorem 3.1.

&

Correspondingly, we have the critical global convergence and
asymptotical stability conclusions for RNN system (2).
Corollary 3.2. Suppose that G : RN -Y is a diagonal projection with
each gi being monotonically increasing and continuous, Y is a
bounded, closed and convex subset of RN , and the equilibrium state
set of (2) is disconnected. Then, under the following condition (S),
RNN system (2) is globally convergent on WðYÞ þ q. Moreover,
when yn is the unique equilibrium state of (2), then yn is globally
asymptotically stable on WðYÞ þq.
(S) There is a positive deﬁnite diagonal matrix G and a symmetric
nonnegative deﬁnite matrix P, such that MðL, GÞ þP Z0 and either
LJJ2 ðT,Q ,v , YÞ r1 for a v A FðTÞ (here Q ¼ DecoðL1 G þPÞ), or
JQLWQ 1 J2 r1 when P is a diagonal matrix.
Proof. For any trajectory y(t) of (2) starting from y0 A WðYÞ þ q,
let y0 ¼ Wx0 + q with x0 A Y and x(t) be the solution of (1) with
initial value x(0) ¼x0, then by the uniqueness of solution of
differential equations, it is easy to verify that yðtÞ  WxðtÞ þq and
there exists an equilibrium state of (1), denoted by vn, such that
yn ¼Wvn +q. Thus, by [25], the convergence of y(t) to an
equilibrium state of (2) can be shown by studying the asymptotic
behavior of x(t). Then, the conclusion of Corollary 3.2 readily
follows from Theorem 3.1 and Corollary 3.1. &
Remark 3.1. The results achieved above exploit new global
convergence and asymptotical stability of both static RNNs and
local ﬁeld RNNs, and can generalize or extend most of the known
non-critical as well as critical dynamics results (e.g., the noncritical results summarized in [18], the critical analysis of
[16,26,19,20]). In addition, on noting that the nearest point
projection is a special case of the general projection mapping, the
convergence and stability conclusions established in Theorem 3.1
and Corollaries 3.1 and 3.2 can be directly applied to RNNs with
nearest point projection.
Applying the obtained generic dynamics analysis results of
RNNs directly to the linear variational inequality problem (LVIP)
[24,13], and several typical recurrent neural network models,
such as the brain-state-in-a-box/domain recurrent neural networks (BSB RNNs) [12,23], the BCOp-type RNNs [1,8] and the
cellular neural networks (CNNs) [4,15], we can get some useful
solutions for solving LVIP and some new criteria for convergence
as well as stability of the BSB RNNs, BCOp-type RNNs and the
CNNs. The new results achieved for solving LVIP can extend the
existing results in [24,10,13], and the conclusions for the three

Example 4.1. Consider the following RNN:
8
pﬃﬃﬃ
dx1 ðtÞ
>
>
>
¼ x1 ðtÞ þ g1 ð2x1 ðtÞ þ x2 ðtÞ þ 4ð 21ÞÞ,
>
>
dt
>
>
> dx ðtÞ
>
>
2
>
>
> dt ¼ x2 ðtÞ þ g2 ð2x1 ðtÞ þ2x2 ðtÞ þ x3 ðtÞ þ 6Þ,
>
>
>
>
>
dx3 ðtÞ
>
>
¼ x3 ðtÞ þ g3 ð2x2 ðtÞ þ2x3 ðtÞ þ x4 ðtÞ6Þ,
<
dt
dx4 ðtÞ
>
>
>
¼ x4 ðtÞ þ g4 ð2x3 ðtÞ þ2x4 ðtÞ þ x5 ðtÞ þ 6Þ,
>
>
dt
>
>
>
>
dx5 ðtÞ
>
>
¼ x5 ðtÞ þ g5 ð2x4 ðtÞ þ2x5 ðtÞ þ x6 ðtÞ þ 6Þ,
>
>
> dt
>
>
>
>
dx6 ðtÞ
>
>
¼ x6 ðtÞ þ g6 ð2x5 ðtÞ þ2x6 ðtÞ5Þ,
:
dt

ð13Þ

where each gi ðsÞ ¼ 12 ðjs þ 1jjs1jÞ (i¼1,2,y,6).
In this example, Li ¼1, the unique equilibrium state is
xn ¼(1,1, 1,1,1, 1)T.
For any positive deﬁnite diagonal matrix G, it is easy to
verify that L1 GðGW þ W T GÞ=2 is not positive deﬁnite, and
further, not nonnegative deﬁnite. That is, all of the noncritical and critical conclusions in literature (see, e.g., [18,16,20])
cannot be used here. But we will show Theorem 3.1 established in
Section 3 can be applied to this example. By choosing G ¼
diagf2,1,1=2,1=4,1=8,1=16g and P¼diag{2,1,1/2,1/4,1/8,1/16}, we
T
1
have p
L1
ﬃﬃﬃ GðGW þ W GÞ=2 þP Z0 and Q ¼ DecoðL G þ PÞ ¼
1 ﬃﬃ
diagf2, 2,1, p1ﬃﬃ2 , 12 , 2p
g.
Letting
T(v)¼G(Wv+
q)
for
any
vAY ¼
2
½1,16 , one can get that F(T)¼{(1,1,  1,1,1, 1)T}. For any
v A FðTÞ, we want to show that
JQGðWv þ qÞQv J2
r 1:
ð14Þ
JQvQv J2
v a v ,v A Y
P6
w v þ q2 Z 1, so by the
On noting that for any vA Y,
P6 k ¼ 1 2k k
deﬁnition of g2, we have g2 ð k ¼ 1 w2k vk þq2 Þ ¼ 1. Similarly, one
P6
P
can easily get that g3 ð k ¼ 1 w3k vk þ q3 Þ ¼ 1, g4 ð 6k ¼ 1 w4k vk

LJJ2 ðT,Q ,v , YÞ ¼

sup

1
x4 (t)
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Fig. 1. Transient behaviors of RNN in system (13) with a random initial point
x0 A Y.
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Fig. 2. Transient behaviors of RNN in system (15) with random initial points y0 A WðYÞþ q.

þq4 Þ ¼ 1, g5 ð
Thus,

P6

k¼1

w5k vk þ q5 Þ ¼ 1 and g6 ð

JQGðWv þ qÞQv J22 ¼ 4 g1

6
X

P6

w6k vk þq6 Þ ¼ 1.
!2

k¼1

!
w1k vk þ q1 v1

k¼1

pﬃﬃﬃ
¼ 4ð1g1 ð2v1 þ v2 þ4ð 21ÞÞÞ2 :
On the other hand,
pﬃﬃﬃ
JQvQv J22 Z4ð1v1 Þ2 þ2ð1v2 Þ2 Zð2ð1v1 Þ þ 2ð1v2 ÞÞ2 =2:
pﬃﬃﬃ
6
, 0 r 2ð1g1 ð2v1 þv2 þ 4ð 21ÞÞÞ
If for any
pﬃﬃﬃ vA Y ¼ ½1,1
pﬃﬃﬃ

rð2ð1v1 Þ þ 2ð1v2 ÞÞ= 2 always holds,
pﬃﬃﬃ then 1 LJJ2 1ðT,Q ,v , YÞ
r1. Which equals to prove g1 ð2t þ w þ4 23Þ Z pﬃﬃ2 t þ 2 w, where
2 rt
2tﬃﬃﬃþ
pr
ﬃﬃﬃ 0 and 0 rw r 2. Forpﬃﬃﬃthe three cases that p
w þ4 23 Z1, 1 r 2t þw þ 4 23 r 1 p
and
2t
þw
þ
4
2
ﬃﬃﬃ
3 r1, it is easy to verify that g1 ð2t þ wþ 4 23Þ Z p1ﬃﬃ2 t þ 12 w is
always true. According to Theorem 3.1, system (13) is globally
asymptotically stable on Y. Fig. 1 depicts the time responses of
state variables of the system with random initial point starting
from Y, which conﬁrm that the proposed condition in Theorem
3.1 ensures the globally asymptotical stability of the RNNs.
Example 4.2. Consider a RNN deﬁned by
8
dy ðtÞ
>
>
> 1 ¼ y1 ðtÞ þ 1:5g1 ðy1 ðtÞÞg2 ðy2 ðtÞÞ2,
>
>
dt
>
>
< dy ðtÞ
2
¼ y2 ðtÞ þ g1 ðy1 ðtÞÞ þ 1:5g2 ðy2 ðtÞÞg3 ðy3 ðtÞÞ þ5,
>
dt
>
>
>
>
dy3 ðtÞ
>
>
¼ y3 ðtÞ þ g2 ðy2 ðtÞÞ þ 1:5g3 ðy3 ðtÞÞ4,
:
dt
where gi(s) (i¼1,2,3) is deﬁned as
8
s 41,
>
< 1,
1 rs r 1,
gi ðsÞ ¼ s,
>
: 1, s o1:

ð15Þ

ð16Þ

Obviously, this example takes the form of local ﬁeld model,
with
0
1
1:5 1 0
B 1 1:5 1 C
W ¼@
A
0

1

1:5

and q¼( 2, 5,  4)T. In this case, Li ¼1 (i¼1,2,3) and the equilibrium
state set of the system is {( 4.5,6.5, 4.5)T}. For any positive

deﬁnite diagonal matrix G, MðL, GÞ ¼ L1 GðGW þ W T GÞ=2 is not
nonnegative deﬁnite. By choosing G ¼ I and P¼0.5I, one has
L1 GðGW þ W T GÞ=2 þ P Z 0, and, similarly as the proof in Example

4.1, we have LJJ2 ðT,Qp,vﬃﬃﬃﬃﬃﬃﬃ
, YÞ r 1 for v A FðTÞ ¼ fð1,1,1ÞT g (here
1
Q ¼ DecoðL G þ PÞ ¼ 1:5I and Y ¼ ½1,13 ). Thus, by Corollary 3.2,
it follows that the unique equilibrium state of RNN (15), say,
yn ¼( 4.5,6.5,4.5)T, is asymptotically stable on WðYÞ þ q. All
simulation results show that the trajectories starting from C :¼
WðYÞ þ q are within the region C, and convergent to yn. The
transient behaviors of y(t) with random initial points starting from
WðYÞ þ q are depicted in Fig. 2.

5. Conclusion
Two basic dynamics behaviors: global convergence and
asymptotical stability of both static and local ﬁeld RNNs have
been studied under the P-critical condition. It has been proved
that when the nonlinear norm determined by the network is
bounded, then RNN with general projection mapping possesses
convergent and stable properties in the sense that, a discriminant
matrix MðL, GÞ þ P is nonnegative deﬁnite, where MðL, GÞ is a
matrix related with the network, P is an arbitrary nonnegative
deﬁnite matrix. Compared with the known dynamics analysis,
our results extend the latest critical analysis results and generalize most of the non-critical conclusions developed in literature.
The theory obtained here can be directly applied to some typical
RNNs and problems, such as the brain-state-in-a-box/domain
recurrent neural networks, the cellular neural networks, the
BCOp-type RNNs as well as solving linear variational inequality
problem. The signiﬁcance of the results obtained here not only
lies in providing some farther cognizance on the essentially
dynamical behavior of RNNs, but also in enlarging the application
ﬁeld of them.
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