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We address the optimal configuration of a partial Mueller matrix polarimeter used to determine the
ellipsometric parameters in the presence of additive Gaussian noise and signal-dependent shot noise. The
numerical results show that, for the PSG/PSA consisting of a variable retarder and a fixed polarizer, the
detection process immune to these two types of noise can be optimally composed by 121.2° retardation
with a pair of azimuths +71.34° and a 144.48° retardation with a pair of azimuths +31.56° for four
Mueller matrix elements measurement. Compared with the existing configurations, the configuration
presented in this paper can effectively decrease the measurement variance and thus statistically improve
the measurement precision of the ellipsometric parameters.
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1. Introduction

Mueller matrix polarimeter (MMP) can measure all the 16 ele-
ments of Mueller matrix of the sample that provide the parameters
related to optical properties. As such, MMP has widely used in accu-
rate determination of dielectric function, optical properties and
geometric characteristics of thin films [ 1-8]. A typical MMP consists
of a complete polarization state generator (PSG) and a polarization
state analyzer (PSA), which can determine the polarization alter-
ing properties of a sample both in reflection and in transmission.
A PSA/PSG generally consists of a polarizer and an active birefrin-
gent optical component either modulated by azimuthal rotation
or by an externally applied electric field, such as rotating (wave-
plate/bi-prism) retarders, electro-optical modulation, photoelastic
modulators, and liquid crystal retarders [9-13].

The practical detection process invariably has noises that dis-
turb the measurement and reduce the accuracy of the reconstructed
Mueller matrix. Two types of noise are frequently encountered
and considered statistically: Gaussian additive noise, representa-
tive of sensor noise, and Poisson shot noise that results from the
quantum fluctuations of the useful or ambient light flux [14-16].
In the design of MMP, optimizing the instrument matrices of PSG
and PSA is an effective way to minimize the estimation variance.
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The retardations and azimuths of retarders relative to instrument
matrices are optimized by using the specified metrics such as con-
dition number (CN) or equally weighted variance (EWV) [17-26].
However, the noise variances in the measured Mueller matrix for
such optimized MMPs are still sensitive to the Poisson noise. Anna
et al. optimized the instrument matrices by minimizing total vari-
ance of all the 16 elements in the measured Mueller matrix for
both Gaussian noise and Poisson noise and demonstrated an ideal
instrument matrix model [15]. The MMP corresponds to such ideal
instrument matrix is insensitive to both Gaussian additive noise
and Poisson shot noise. Mu et al. proposed a method that mini-
mizing the Euclidean distance between the practical instrument
matrices and the ideal one for determining the optimum configu-
ration of Full-Stokes polarimeter architecture with the immunity
to both Poisson and Gaussian noise, which can be also used to
determine the optimum configuration of PSG/PSA in MMP [27].
Under certain circumstances, some elements in the Mueller matrix
of anisotropic optical materials are zeros that makes the Mueller
matrix be block diagonal, the ellipsometric parameters can be
determined by only 4 nonzero elements of the Mueller matrix. Thus,
the optimal instrument matrix presented by Anna et al. and the
relevant configurations determined by Mu et al. could no longer be
optimal for the measurement of ellipsometric parameters [28,29].
Li et al. minimized the summation variance of the partial elements
in the block diagonal Mueller matrix by using the method proposed
by Anna et al. and demonstrated another ideal instrument matrix
model [30].In applications, it is needed to determine practical MMP
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configuration that can generate the ideal instrument matrix for the
measurement of block diagonal Mueller matrix used to determine
the ellipsometric parameters. However, as far as we know, no such
practical configuration has been developed and reported.

In this paper, we address the issue of determining the practical
configuration of the MMP for measuring the ellipsometric parame-
ters of anisotropic optical materials with immunity to both Poisson
shot noise and additive Gaussian noise. A typical configuration of
MMP is optimized by a cost function that accounted for Manhattan
distance between the rows of the generated instrument matrices
and those of the optimal ones. The performances of our optimized
configuration and the existing ones are compared, and the results
demonstrate that the configuration proposed in this paper can lead
to lower total variance of the Mueller matrix elements related to
the ellipsometric parameters.

2. Theory
2.1. Instrument matrix

The linear equation of MMP is
Vi=[AeW]'Vy (1)

where V; and V) are 16 dimensional vectors corresponding to
the 16 measurement intensities and 16 elements of the measured
Mueller matrix of the sample, respectively. T denotes the transpose
of the matrix, ® denotes the Kronecker product. The instrument
matrices W and A represent 4 Stokes vectors that characterize the
different polarization states of the PSG and PSA, respectively. In par-
ticular, the polarization states of PSG and PSA are identical, which
means A=W [15,17,19]. The instrument matrix A is given by

T
1 A1 A Az

1 Ay A A @)

N =

1 A3; Asx Ass
1 Ay A Ag

where the first and the second subscripts correspond to ith mea-
surement intensity and jth Stokes parameter generated by PSA or
PSG, respectively. The vector of Mueller matrix Vj; can be estimated
by [15]

Vu=[a"ea ]y (3)

The noise in each detected intensity is independent from the other
statistically, the covariance matrix I'y, of the vector V; is a diagonal
matrix, and each diagonal element equals to the variance of each
detected intensity [15]. The variance of Vy; can be characterized by
its covariance matrix Iy,

Ly, =[A" @A "] Iy, A e A7 (4)

The ellipsometric parameters of isotropic reflecting surface and
some anisotropic thin film samples can be calculated by only four
elements that indicated in the following the block diagonal Muller
matrix.

my1 Mmqp ° °
. . . °
M= (5)
J e M33 M3y
. . . .

where the symbol “e” refers to the matrix elements irrelevant to
the ellipsometric parameters, and ol.z corresponds to the variance
of the four elements (m]], mjp, M33, m34).

Fig. 1. The last three elements of each row from the 4-elements instrument matrix
inscribes a regular tetrahedron with maximum volume inside a Poincaré sphere of
unit radius.

The ellipsometric parameters ¥ and A of an isotropic reflecting
surface or anisotropic optical material can be measured by MMP. ¥
and A are defined by the complex Fresnel coefficients r, and rs (rp is
the complex Fresnel coefficient parallel to the incident plane and r
is that perpendicular to the incident plane). ¥ = tan~1 |rp /15| is the
amplitude ratio upon reflection, and A =§, — §s is the difference in
phase shift. The ellipsometric parameters ¥ and A can be obtained
from the partial Mueller matrix described in Eq. (5):

1/ 1 cos™! [—mu] , A =tan™! [%} (6)
2 myq ms3

To minimize the total variance of the four elements in Mueller

matrix, the optimal instrument matrix should satisfy the following
relation

A:argminZaiz,.Q:{1,2,11,12} (7)
ief2

If the dominant noise is Gaussian noise, the covariance matrix Iy,
is a diagonal matrix with the diagonal elements equal to the vari-
ance of Gaussian noise o2, The variance of each element of Vy; only
depend on the instrument matrix A and it is given by

a,?:az[[AAT]’l ® [AA@”],W c 2 (8)

If the dominant noise is Poisson shot noise, the variance of each
element of V), is related to the first element of V), and it can be
expressed by

o? = %[[AA e [AAT]’lh,Vi e 9)

By using Eq. (7) and Eq. (8), the ideal instrument matrix with the
immunity to both Poisson and Gaussian noise can be obtained [30]

T

1 0443 0732 0518

. 1|1 0443 -0.732 -0.518

4elems =3 | 1 _0.443 0.732 -0.518 (19
1 -0.443 -0732 0.518

The last three elements in each row of the ideal instrument matrix
are coordinates of eigenvectors of the MMP system. These normal-
ized vectors consist a tetrahedron inside a Poincaré sphere of unit
radius, which is shown in Fig. 1. It can be seen that the tetrahe-
dron are regular, which means the configurations described by the
instrument matrix of Eq. (10) are optimized and have the best noise
immunity to the Poisson shot noise and Gaussian noise [31-33].
However, the existing practical configurations cannot generate the
ideal measurement matrix so far.
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Table 1
Optimized retardations and azimuths of retarders of MMP configurations for the
measurement of 4-elements Mueller matrix.

Table 3
The reported optimized retardances and azimuths of retarders for the PSG/PSA
configurations.

Parameter/deg Cost function Eq. (11) Cost function Eq. (13)

Configuration Retardance/deg  Azimuth/deg

(121.20, 71.34)
(121.20, —71.34)
(144.48, 31.56)
(144.48, —31.56)

(120.04, 72.05)
(120.04, —72.05)
(143.27, -32.12)
(143.27,32.12)

(Retardance, Azimuth)

2.2. Cost function

In this paper, we build a cost function that similar to Ref. [27]

by considering the last three columns of A} - as figures of merit

3

(ei’ 81') = argar;‘lin ZlAiJ (0’ 8) _Ajl—elemsi,j‘ (11)
, i

The cost function is used to account for the Manhattan distance
between the rows of the instrument matrix and those of the ideal
matrix. Since the last three elements 4; ; in each row of Eq. (2) the
function of the retardation § and azimuth 6 of the retarder, optimal
retardation and azimuth to generate the ideal instrument matrix
can be obtained with Eq. (10).

3. Optimal configuration

In this section, a typical practical configuration will be optimized
by the cost function. Since the instrument matrix of PSG and PSA are
identical, we choose the PSA as the configuration to be optimized.
It consists of a rotatable retarder with variable retardation §; and
a variable azimuth 6; followed by a fixed a horizontal polarizer as
shown in Fig. 2. It should be noted that other configurations can
be also optimized by the cost function, such as the configuration
consists of two rotatable retarders with variable retardances and a
fixed polarizer. The PSA consists of variable retarder followed by a
fixed polarizer that can make the detector have the same polariza-
tion response. The ith row vector of the instrument matrix of the
configuration can be given by

Config. (121.20,148.8)  (£71.34, +31.56)

Ref. [31] 90 (~45,0.30,60)

Ref. [19] 90 PSA: (—50.56, —14.80,14.80,50.56)
PSG: (~101.51, —72.1, —36.99,41.44)

Ref. [18] 132 (£15.1, £51.7)

Ref. [27] (102.2,142.1)  (£71.9, £34.95)

optimized parameters (§;, 0;) corresponding to the ideal Mueller
matrix A .. are shown in Table 1.

In order to compare the optimal configurations obtained by the
two cost functions, we consider the measurement perturbed by
noises. The variance matrix corresponds to the measured Mueller
matrix can be determined by Eq. (8) and Eq. (9) when the mea-
surement perturbed by Gaussian additive noise and Poisson shot
noise, respectively. The only difference between Eq. (8) and Eq. (9)
is that the constant variance o2 is replaced by the first element
of the measured Mueller matrix [Vy]; /4. Noting that the variance
matrix obtained by Eq. (8) does not depend on the Mueller matrix to
be measured in presence of Gaussian additive noise, which means
that the optimal configurations have the same performance for
different Mueller matrices. Variances of Mueller matrix elements
obtained by the configurations optimized by the two cost functions
are showninTable 2. It can be seen that the total variance of the four
elements corresponding to the ideal instrument matrix optimized
by the two cost functions are both very close to the ideal value
of 16.5, while the instrument matrix of the practical configuration
obtained by the cost function proposed in this work corresponds
to the minimum total variance. Compare with the configuration
obtained by cost function of Eq. (13), the total variance of these
four elements are decreased by 1.2%.

It should be declared that the tiny reduction appeared in the
total variance of the reconstructed Mueller matrix by using the cost
function in Eq. (11) cannot serve as evidence to indicate that one
optimal configuration is preferable to another. The retardations and
azimuths obtained by the two methods are very close to each other.
The last three elements on each row of the instrument matrices

1
V; = 5 [ 1 cos?20;+ sin229,- cos §; sin240,-sin28i/2 —sin 26; sin §; ] (1&rrespond to the configurations obtained by the cost functions all

Another cost function has been presented by Mu et al. to deter-
mine the optimal configurations of Full-Stokes polarimeter. It is
used to account for the Euclidean distance between the rows of
the measurement matrix and the rows of the ideal matrix given by
[27]:

3
. 2
(6:,8;) = arggr{snm ZIAU (6.8) — A% ctemsi,| (13)
) i
Substituting the last three elements of V; into the cost functions,
the optimal parameters (4;, 8;) can be determined. This procedure

isaccomplished using code developed in MATLAB software and sev-
eral candidate parameters can be founded in Fig. 3 and Fig. 4. The

Table 2

inscribe a regular tetrahedron with maximum volume in a Poincaré
sphere of unit radius, which are shown in Fig. 5. In other words, the
optimized configurations both have the best noise immunity to the
Poisson shot noise and Gaussian noise.

4. Performance comparison

Two types of existing configuration are chosen to demonstrate
the advantage of the optimized configuration in Section 3. One is
obtained by minimizing the condition number (CN) of the instru-
ment matrix [19,31]. The other is presented by minimizing the
Euclidean length of the row of the inverse instrument matrix,
named equally weighted variance (EWV) [18,27]. The practical
configurations are listed in Table 3 and Config.I denotes the con-

Variance of each element in Mueller matrix for instrument matrices optimized by the two cost functions in the presence of noises. The total variance of the four Mueller

elements is also presented.

Var[M] Cost function Eq. (13) Cost function Eq. (11)
[TT.008 4441 2.000 3.649 [ [T.000 35J105 1867 3.721
4.441 19.710 8.876 16.193 5.105 26.056 9.532 18.995
2.000 8874 3.997 7.792 1.867 9.532 3.487 6.948
02/% 13.649 16.193 7.292 13.304 13.721 18.995 6.948 13.847

Total variance 16.738

16.540
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Fig. 2. Configuration of MMP consist of a variable retarder and a horizontal polarizer.
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Fig. 3. The value of cost function in Eq. (11) varies with the retardance §; and azimuth 6; for the configuration with a retarder corresponding to matrix A*
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Fig. 4. The value of cost function in Eq. (13) varies with the retardance §; and azimuth 6; for the configuration with a retarder corresponding to matrix AL ems:
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Table 4
The total variance of the eight Mueller elements obtained by different practical
configurations and the ratio of optimization (ROP) are also presented.

Configuration Ref. [31] Ref. [27] Ref. [19] Ref. [18] Config.l
Total variance 150.770 21.94 34.523 21.986 16.540
ROP 89.02% 24.61% 52.09% 24.77%

(b)

Fig. 5. The last three elements of each row from the instrument measurement
matrix inscribe a regular tetrahedron with maximum volume inside a Poincaré
sphere of unit radius (a) cost function in Eq. (11) (b) cost function in Eq. (13).

figuration obtained by the cost function in Eq. (11) for the four
elements measurement. It should be noted that the variances of
estimator correspond to Config.I does not depend on the ellipso-
metric parameters to be measured, while the variances correspond
to other configurations listed in Table 2 depend on the ellipsomet-
ric parameters of the sample. Since all possible measured Mueller
matrices can be generated by varying ¥ and A from 0°to 180°, the
minimum total variances of the four elements for these configura-
tions can be determined. Table 4 shows the total variances of the
four Mueller matrix elements obtained by the existing configura-
tions. It can be seen that Config.I corresponds to the minimum total
variance. Compare with the configurations in Ref. [31] and Ref.[19],
areduction of variance by atleast 89.2% and 52.09% can be achieved,
respectively. These results demonstrate the configuration proposed
in this work can lead to a lower estimation variance of the partial
Mueller elements related to the ellipsometric parameters, and thus
the estimation precision is considerably improved.

5. Conclusion

In summary, the optimal configuration of Mueller matrix
polarimeter for measuring the ellipsometric parameters in the
presence of additive Gaussian noise and signal-dependent shot
noise is presented. The configuration is optimized by a cost func-
tion that accounted for Manhattan distance between the rows
of the instrument matrix and those of the ideal matrix. The last
three elements on each row of the instrument matrices corre-
spond to the optimized configuration inscribe a regular tetrahedron
with maximum volume in a Poincaré sphere of unit radius. The
practical configuration can be composed by a 121.2° retardation
with a pair of azimuths +71.34° and a 144.48° retardation with a
pair of azimuths +31.56° for the four Mueller elements measure-
ment. Compared with the existing configurations, the configuration
presented in this paper effectively decreases the measurement
variance and thus statistically improve the measurement precision
of the ellipsometric parameters. The configuration proposed in this
work filled some gaps in the field of minimizing the estimation
variance for partial Mueller matrix polarimeter. The method of the
work can also apply to obtain any optimal configuration of MMP,
not limited to the measurement of block diagonal Mueller elements
discussed in this paper.
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