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Temporally Correlated Narrowband Biphoton Interference

Based on Mach-Zehnder Interferometer

Da Zhang, Irfan Ahmed, Lin Hao, Yin Cai, Changbiao Li, Yigi Zhang,

and Yanpeng Zhang*

Since early 1990s, Mach—Zehnder interferometer has been used to investigate
the interference of biphoton wave packets. Due to subpicosecond time
coherence of biphoton generated by spontaneous parametric downconversion
process, some physical processes are ignored in the interferometer, most
likely the biphoton time-domain interference. Here, the two-photon
interference phenomenon based on the Mach-Zehnder interferometer is
theoretically studied, where the correlated photon pairs are produced by the
four-wave mixing in atomic system. In particular, the quantum interference
effect to effectively control the coherent time of two-photon by adjusting the
input delay is used. In the damped Rabi oscillation regime, two-photon
bunching and antibunching effects are observed. In addition, in the
group-delay regime, the interference between biphoton precursor, slow-light
wave packets and also in between the precursor and the slow-light wave
packets is observed, which had never been reported before. These results may
have potential applications in the fields of biphoton shaping and quantum

has been understood as a phenomenon
that occurs when two indistinguishable
wave packets are input to two input chan-
nels of the beam splitter (BS). So far, the
observation of two-photon interference
effects have been regarded as a basic step
toward the photonic quantum informa-
tion technology because of its diverse
applications in quantum information,
such as quantum key distribution,*!
quantum repeaters,®! and quantum
computing.”~) Among those, the degree
of freedom (DoF) of HOM interference
mainly includes path,31% polarization,!!!]
energy-time,'”” and frequency.’¥ On
the other hand, the physical system ob-
serving the interference effect of HOM
has also rapidly expanded from spon-

information processing.

1. Introduction

Quantum interference and entanglement using a pair of cor-
related photons have played an important role in fundamen-
tal investigations of quantum mechanics!!! and the exploration
of quantum information technology.”’ Since, the observation of
Hong-Ou-Mandel (HOM) interference experiment in 1987, it
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taneous parametric downconversion
(SPDC) to quantum dots,' trapped
ions,®)  nitrogen-vacancy  centers,1°
silicon-vacancy centers,l'’] and surface
plasmons.[18

The core of two-photon quantum interference is the indistin-
guishable two-photon probability amplitudes in quantum mea-
surement. In other words, the interference can be observed
even if the photons are distinguishable when they arrive the
BS. The key idea is to hide distinguishable information before
measurement.'>2% For example, in the HOM experiment, if pho-
tons in one input channel reaches the BS earlier than the pho-
ton in the other channel, then we can distinguish the r—r and t-t
paths by the timing information, and there is no interference. If
an extra path is introduced to hide the trigger information, we
can restore the interference again by choosing the appropriate
delay." The same principles can be applied to the interference
experiments of polarization.'"! The overlap of two-photon wave
packets is no longer a necessary condition for two-photon inter-
ference. Thus, some interesting phenomena appeared, such as
quantum interference and entanglement of photons that do not
overlap in time,/?!] the entanglement exchange between two pho-
ton pairs that do not coexist.l?]

As early as 30 years ago, the Mach-Zehnder interferom-
eter (MZI) has been utilized to investigate two-photon wave
packet interference phenomena.?*?*l No input delay remains
one of the most common means of doing s0,/1*%! which plays
an important role in quantum metrology. In principle, using
quantum resources, the uncertainty in measuring an optical
phase ¢ with an interferometer is likely to dramatically improve
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Figure 1. The schematic diagram of two-photon interference. a) MZI. BS, beam splitter; D, single-photon detector. b) Two-photon coincidence counting

demonstration in Cs channel. ) The energy level diagram of FWM process.

on the standard quantum limit and reach up the Heisenberg
limit.26-28]

In most quantum optics experiments, the temporal co-
herence of the biphoton source generated by SPDC is on
the order of subpicosecond, which is much shorter than
the response time of the current photodetectors. Therefore,
the biphoton interference in time-domain is neglected. In-
stead of SPDC, the photon pairs produced by four-wave mix-
ing (FWM) in atomic medium have long temporal corre-
lated nature.?*33 Similarly, the HOM effect has been experi-
mentally observed between the narrowband biphoton.'?l Fur-
thermore, based on the double-A atomic configuration, many
interesting schemes have been experimentally implemented,
such as frequency-induced phase-tunable polarization-entangled
biphoton,* hyper-entanglement,*>% testing the Bell inequal-
ity on frequency-bin entangled photon pairsi®’). However, nar-
rowband biphoton interference based on MZI has not been
reported, especially in group-delay regime.*®3% Therefore, in
this paper, we shall comprehensively study the quantum inter-
ference of narrowband biphoton based on the MZI, including
the damped Rabi oscillation wave packets and the group-delay
wave packets.

The paper is organized as follows. In Section 2, we review
the general formalism of the biphoton wave packet generated
from the FWM in the Heisenberg picture. We study the biphoton
wave packet interference in a conventional MZI in Section 3 em-
ploying damped Rabi oscillation and group-delay regimes. In the
damped Rabi oscillation regime, the two-photon wave packet in-
terference exhibits completely different physical properties, such
as time-domain and path wave packets, are interdependent or in-
dependent of each other under different quantum measurement
protocols. Two-photon bunching and antibunching effects are ob-
served by adjusting the input delay. In the group-delay regime, we
observed the interference between biphoton precursor, slow-light
wave packets and between the precursor and the slow-light wave
packets, which had never been reported before. Finally, we draw
the conclusion and outlook in Section 4.
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2. Spontaneous Parametric Four-Wave Mixing

In Figure 1a, we present the schematic to study two-photon in-
terference effect. It contains two parts: two-photon source, which
produces correlated photon pairs via FWM, and the MZI. The
measurement protocol also includes two types, R,s as shown in
Figure 1a and R as shown in Figure 1D, respectively. We first
consider the generation of the narrowband biphoton in a double-
A cold atomic system with length L (see Figure 1c). The cold
atoms are identical and prepared in ground state |1). A weak
pump laser with angular frequency w, (Rabi frequency Q,) and a
strong coupling field with angular frequency w, (Rabi frequency
Q,) are set to counter-propagate through the medium. The weak
pump beam is applied to the atomic transition |1) — |3) with
a detuning A, = @;; — ®,, and a strong coupling laser is reso-
nant on the transition |2) — |3). w; is the transition frequency
between levels |i) and |j). Paired Stokes and anti-Stokes photons
are spontaneously produced from the FWM process in the low-
gain limit. Here, we shall follow the degenerated photon pairs
with pump detuning A, = A,;, where A, is the hyperfine split-
ting between |1) and |2). Thus, the central-frequency difference
between the Stokes and anti-Stokes photons is zero. The phase-
matching condition allows the generation of backward propagat-
ing paired photons in a right-angle geometry.

The single-transverse-mode anti-Stokes and Stokes fields are
taken as quantized

E .
E‘(;S—) (Z, t) = / dmasaas(z' was)el(ikmkw“m
V2arx

ES

V2r

Bt = = [ dod o)t ()

Here E,,, = \/2hw,,, /ce A, @, (@) is the central frequency

of the anti-Stokes (Stokes) photon, ¢ is the speed of light in vac-
uum, ¢, is the vacuum permittivity, and A is the single-mode
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cross-sectional area. k; (j = s, as) are wave numbers and 4, are the

annihilation operators at the output surface associated with k;.

Assuming that the coupling and pump fields are undepleted in
the FWM process and working in the Heisenberg picture, the op-
erator 4,(z, wj) is governed by the coupled propagation equations
under the slowly varying envelope approximation

dat(z, o) R .
dz - Ksa’as(z' was) (gs + 17 > a (Z’ ws)
di,(z, w,) ko \ . 5
dZ - us s (Z CD) gas 1 2 aas(z’ a]us) ( )

In Equation (2), k, and «,, are the parametric coupling coef-
ficients and are determined by the third-order susceptibilities
7%, where k, = iy" E E/2cand Kk, = i;(tg)Ep E./2c, while g, and
g, are (complex) gains for Stokes and anti-Stokes beams, re-
spectively. These complex gains are determined from the lin-
ear susceptibilities y;, where g, = iw, ' /2c and g, = iw,, x,,/2c.
8ky =k, — k. +k,, —k, is the phase-mismatching term in vac-
uum. Since the pump is far from resonance and much weaker
than the coupling field, the quantum atomic noise may likely
be suppressed while the atomic population can be maintained
primarily in the ground state. Thus, the influence of quantum
Langevin noise fluctuation in coincidence counting regime is
neglected.??40-42] In the two-photon level, the quantum Langevin
noise introduces unpaired photons, which are not of interest
here. On the other hand, the validity of neglecting Langevin
noises in the two-photon correlation in a cascade amplifier has
been discussed in ref. [43]. The nonlinear and linear susceptibil-
ities are given in ref. [44]. It is to be noted that «,, g, «,, g,,, and
Sk, are functions of w.

The solution of Equation (2) may be written as a linear combi-
nation of the following boundary conditions

[2,(0, @), &7 (0, 0')] = [8,

(0, @) = (@ (L, w)ay,

(L w), &7 (L &')] = 6(w — @)

(8,(0, w)a; (L) =1 ©)
Briefly, the photons pairs are initially generated from the quan-
tum fluctuations and vacuum. The solution of Equation (2) at the
output surface has the following form

! (L o) = Qq (0, ®) + Quqy (L, @)
045(0, @) = Q87 (0, ) + Qi (L, @) “)
where
B Gy L+dL
_ Kas
Q‘Sl - (qz 83 oy L _ Dtds el )
2k Kas
(eﬂzL _ e/llL)
Q"”l = (112*@3 el — D2+43 e’lZL)
2K 2K s
(e}tzL _ e/llL)
Q‘SZ = (qz—’h eMl — D+43 e’{ZL)

2 ’(S k‘MS
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Kas

Here, 4, =(-qy—43)/2, 4, = (9 +%)/2, G =8 + & % =

8.5 — 8 + 16ky, and q; = 1/ + 4k k. In the limit of low para-

as™s*

metric gain,** that is, g3 ~ ¢2, Equation (4) reduces to

B K, (1 —e™%

L
8,.(0,w) = p ) a0, w) + e 2" a, (L, w)
2

1—e®t
al (L w) = e""af (0, ) — Lll=eP),

) 5
Py (L ) ®)

as

The second-order intensity correlation function can be written as

GO = (B BB EY) = Bz, 7)* + R, (©)
where 7, = t, — 1,/c, 1; is the optical path from the output surface
of the medium to the detector, ; is the trigger time. For simplicity,
we choose r, = r,.. In general, the function B(z,, 7,,) is referred as
the two-photon amplitude, or biphoton wave packet. It has the

form

K,s(1 — e7%h)

B(T) :Blei(“)c+"’p)fas/da)g’AZL as p e*iw‘r (7)
2

where z =t —t, and B, = —h/w,@,/(nce,A). In the medium,
the Stokes wave number is k; ~ w,/c(1 + y,/2) =k, + Ak,, and
the anti-Stokes wave number is kg = @, /c(1+ x,/2) =k, +
Ak,,. For the Stokes field, the Raman gain is small because
of y,~ 0, Ak’ can be approximated as Ak, Then g, = iAk, —
IAk? + ik, = i5k, A, = i(Ak, + Ak,,)/2 — i6k/2, and 4, = i(Ak, +
Ak,)/2 +i6k/2. 6k is the phase mismatching in the medium.
Based on above analysis, Equation (7) becomes

as

B(T) =BlLe—i(k5+kus)L/Zei(wEJraJp)rm/dwe—iwrk_
D(5kL) (8)

where ® (kL) = sinc(SkL/2)e'Fs1+kas)L/2 is the longitudinal detun-
ing function, which carries the phase mismatch information in
the longitudinal direction over the entire medium.

Working in the damped Rabi oscillation regime,?>*#/] the
biphoton wavepackets are mainly determined by the third-order
nonlinear susceptibility. In such a case, the longitudinal detun-
ing function @ is approximated to 1. The two-photon amplitude
has the form
B(z,) = B,e'@rt®)%s sin(Q 7 /2)e 7" O(7) 9)
B, has absorbed all constants and slowly varying terms. y, rep-
resents the effective dephasing rate.*l The heaviside step func-
tion is defined here as ®(r) = 1 for r > 0, and O(z) = 0 for = < 0.
In Equation (5), the term R.R, results from accidental coin-
cidence between uncorrelated photons as the photon pairs are
stochastically produced in time and space. They have the form
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Figure 2. The two-photon coincidence counting in the a) damped Rabi oscillation regime and b) group-delay regime.

R, = hw, ./ (weCA) [ de(i, ), Pe~7)?. Considering the gener-
ation of backward propagating paired photons in a right-angle
geometry, the coincidence counting has the form

R, = W,[1 — cos(Q,|z])]e %! + RR,, (10)

where W, is a constant. Figure 2a is the numerical simulation
of two-photon coincidence counting in the damped Rabi oscil-
lation regime. The parameters we selected are L = 2.5cm, y, =
27 X 1.53MHz, Qp =27 x1.97MHz, Q, =27 X 33.3MHz, and
OD = 10. The two-photon correlation exhibits damped Rabi os-
cillations of period 2z /Q.. The observed antibunching-like effect
at 7 = 0 is due to the destructive interference between two types
of biphoton generation.[2944647)

In the group-delay regime, nonlinear response of biphoton is
washed out due to the electromagnetically induced transparency
slow light. Since Stokes and anti-Stokes photons have the same
center frequency, they both experience slow light effects. The re-
sulting wave-number mismatch is modified as 6k = 2w /v, (v,
is group velocity of anti-Stokes photons through the system) and
the nonlinearity response is regarded as constant. Figure 2b is a
numerical simulation of two-photon coincidence counting in the
group-delay regime. The parameters are the same as in Figure 2a
except Q, = 27 X 8.15 MHz and OD = 150. Near the zero point,
the waveform behaves like wheat spike is a two-photon precur-
sor, which is produced by atomic radiation at the center of sys-
tem. Illustrated as an enlarged image of two-photon precursor,
its physical properties depend on the Rabi frequency of coupling
field and the OD of the atomic medium. We can see that the pre-
cursor and the slow-light wave packet have been separated, and
the coherence time reaches 1000 ns.

3. Two Photons Interference Based on MZI

In this section, the two-photon interference phenomenon is in-
vestigated based on MZI, which is composed of two lossless
BSs as shown in Figure 1a. In particular, we introduce a delay
7, = AL, /c in C, channel, where AL, is optical path-length dif-
ference between the two photons at the BS1 input stage. If we set
7, = 0, the classical biphoton NOON states are generated via the
HOM interference effect at either arm of the interferometer (C,
or C;).P Interestingly, the produced NOON state are entangled not
only in path, but also in energy-time, which can be measured in
experiments. Then, the two paths are combined at BS2, and the
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biphoton interference is measured by two different methods.
One is measured at the two output ports C, and C; by the D,
and D, detectors. The other is measured at the output port Cs
of BS2 as shown in Figure 1b. The input-output operators are
connected by the scattering matrices of the BS and the opti-
cal path-length difference and their Hermitian conjugates A, =
Ups Upain UpsAi» Where A, = (ay, as)", A, = (a5,a,)" and

n?

1 (1 i 1 0
UBS = %(l 1)/ Upath = <0 ei(p) (11)

In Equation (11), ¢ is the optical phase difference between the
C, and C; channels. The input operator A;, has the form a, =
e~ ursT[g, (0, @) + 8,(0, ®)] and &, = &,(L, ®) + 8,,(L, »).

After complex calculation, one obtains the two-photon wave
packets at the output channels as

By =% [B(Ir = 7,1) ® (1— 267 + %)

+B(lt+ 7)) @ (14267 +¢%)] (12)
Bys =1 (B(le 1) + Bllz + 7] ® (1~ ¢) (13)

Obviously, the two-photon amplitudes B,s and Bgs are composed
of two DoFs, energy—time and path (represented by phase in-
formation), which are related to each other in B,; and indepen-
dent of each other in By;. Now the physics is clear. Following
BS1, the time-domain wave packets B(|z — 7;|) and B(|z + 7,])
are generated. In B,;, the B(|z — 7;]) and B(|r + 7;|) have dif-
ferent phases inside the MZI, while they are same in Bgs. This
can be seen through the energy-time DoF that B; embodies the
quantum properties of the light field while B,; does not. On the
other hand, focusing on the time-domain correlation, we find
that the biphoton amplitude through MZI, is transformed as
the coherent superposition of B(|z — r,|) and B(|z + r,|) whether
in B,s or Bss. In comparison with the two-photon amplitude
[B(r — 7;) + B(—7 + 7;)] prior to input, the biphoton coherence
time is extended by 7, after the MZI. That is, using the quan-
tum interference effect the coherence time of biphoton can be
extended by adjusting the import delay. Of course, the price is
consistent with a reduction in the coincidence counting.

If we assume 1, = 0, the path information carried by the two-
photon wave amplitude in B,5 degenerates to (1 + ¢2¢), which is
consistent with previously reported results.[1048]

© 2019 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 3. Interference fringes obtained for two-photon coincidence counting R4 with fixed delay.

Assuming perfect detection efficiency, the two-photon coinci-
dence counting is given as

Ris =% [[B(I7 + 7,1) + Ry, R](6 + 2 cos 2¢ — 8 cos )

+[B*(|t — 7;1) + R, R,)(6 + 2 cos 2 + 8 cos @)

+4[B(I + 7,1} B(Ir - 7,1) + R, RJ(1 — cos 2¢)]] (14)
R, =%[BZ(|T +1,0)+ Bl — 7,) + 4R_R,
+2B(|7 + 7,1)B(I7 — 7, )](1 = cos 2¢) (15)

There is no temporal interference between the uncorrelated pho-
ton pairs. Considering the related phase information of B(|r —
7,|) and B(|t + 7,]), the MZI provides a precise control for
two-photon wave packet shaping. It is worth mentioning that
the shaping effects of R,; and Rss are not the same. If we
set 7, =0 and ¢ =0, Equation (14) will degenerate to Equa-
tion (10). When 7; = 0 and ¢ = /2, Equation (15) degenerates
to Equation (10).

Figure 3 shows the numerical simulation of the coincidence
counts R,s, in which the biphoton wave packets are determined
by the nonlinear response. The parameters are the same as in
Figure 2a. In Figure 3al-a5, with a fixed delay 7; = 30 ns, the
biphoton time-domain wave packet changes from the right to the
left as the phase ¢ varies from 0 to z. This is caused by the super-
position of different energy-time and path wave packets. When
@ =0, path wave packet (phase) of B(|r + 7;]) and B(|z — 7,])
are going to be constructive and destructive interference, respec-
tively. The situation is reversed with ¢ = x. In the intermediate
transition region (0 < ¢ < z), biphoton wave packets B(|z + ,])
and B(|r — 7,|) will interfere with each other. When ¢ = z/2,
we can extract the phase information and then the time-domain
wave packet will interfere with equal amplitudes. The path
interference under a fixed input delay 7, is shown in Figure 3a6,
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the coincidence counting oscillates with phase difference in the
form of (1 + cos 2¢). Although, the oscillation period is the same
as that of Rgs, its physical essence is totally different, which has
been reported in many literature. On the other hand, the path
interference is not the subject of this paper, so it will not be
emphasized here.

Next, we fixed ¢ to study the interference of the two-photon
wave packets in time domain. As shown in Figure 4, by adjusting
the delay 7, of C arm, we can observe abundant interference phe-
nomena. The initial delay is 150 ns, which is much larger than
the two-photon coherence time (90 ns). We have not observed
interference. As we reduce the delay to 90 ns, some slight in-
terference phenomena appeared. With the further reduction of
7,, the overlap of B(|z + 7,|) and B(|z — 7,|) is getting larger and
larger, and the interference phenomenon became more obvious.
When 7, =0, B(|t + 7;|) and B(|r — 7,|) are completely coinci-
dent, and the time-domain wave packet is the same as that of
Figure 2a, which is easy to comprehend. It is worth mentioning
that B(|z + 7,]) and B(|z — 7,|) are producing constructive inter-
ference in the whole process. On the other hand, the coherence
time of biphoton increases by r; after the interference compared
to the initial coherence time of 90 ns, which is of course at the
expense of reducing the coincidence counting. The other feature
is that the coincidence count Ry exhibits the photon antibunch-
ing effect at = = 0 in Figure 4a2,a5,a9, and the photon bunching
effect is exhibited in other figures. The essential reason is that in
the damped Rabi oscillation regime, the oscillation period is 30
ns. In case of 7; = n X 30ns, (n € R), the two-photon amplitude
reaches its minimum at ¢ = 0, and their superposition is still the
smallest, so the antibunching effect is exhibited. In other delay
regions, the value of B(|z + 7,|) and B(|z — 7,|) at 7 =0 are in
the middle. Especially at r; = 15 ns, the two-photon time-domain
wave packet takes the maximum value at = = 0.

In Figure 5, we study the interference of two-photon wave
packet in the group-delay regime. The parameter settings are the
same as those in Figure 2b. Due to large optical depth, the bipho-
ton precursor and slow-light bodies have been separated, which

© 2019 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 4. Interference fringes obtained for two-photon coincidence counting Rss with fixed phase difference ¢.
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except for the biphoton shape. As shown in Figure 5a, no inter- 4
ference is observed for r; greater than the coherence time of the & _/V%M’”f’\_
two photon. When 7, is reduced to 1000 ns, the slow-light wave % 0 0
! £ -1500 0 1500 -1500 1500
packets of B(|z + 7, |) and B(|z — 7,|) are at the critical point of in- 8 7 (ns) - (ns)
terference. In other word, the coherent time of biphoton has ex- & 1 210" 1 210"
. . . [ ,|u‘
tended to 2000 ns. With further reduction of 7, the constructive 2 (a3) e E (ad) o
interference of slow-light wave packet starts to occur (Figure 5a2— § £=100ns T\MMM\ ] n=50ns
a6), and reaches its maximum value at 7; = 600 ns. Continuing 5 G 5
to reduce 7, (from 600 to 200 ns), the two-photon precursor of
B(|z — 7,|) and the slow-light wave packet of B(|z + 7,|) appear 0 0
with interference phenomenon on the right side of r = 0 (Fig- -1500 0 1500 -1500 1500
7 (ns) (ns)

ure 5a6-al0), and the opposite on the left. The magnitude is in-
creasing gradually and interference pattern in the middle transits
from the bulge to the dent. We have found that the interference
fringes are smooth in the case of slow-light wave packet interfer-
ence. When the two-photon precursor and slow-light wave pack-
ets interfere with each other, the interference pattern exhibits os-
cillation similar to that of the precursor, which suggests that the
nature of the interference mainly depends on the property of the
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Figure 6. Same as Figure 5 but 7, is less than or equal to 200 ns.

two-photon precursor. In addition, there is interference between
slow-light wave packets in this interval.

If 7, is less than or equal to 200 ns, as shown in Figure 6al-
a4, the two-photon precursor begins to interfere, and the inset is

© 2019 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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an enlarged view of the precursor wave interference. Of course,
there are interferences between the slow-light wave packets, and
between the slow-light wave packets and the precursor. It is im-
portant to note that, as the input delay decreases (from 200 to
50 ns), so is the two-photon coherent time. In other words, we
can adjust the coherence time of the biphoton at the output port
of the interferometer by adjusting the input delay 7. As 7, de-
creases, the amplitude of the slow-light wave packets gradually
increases. When 7, = Ons, B(|t + 7;|) and B(|z — 7;]) are com-
pletely coincident, and the result is the same as that in Figure 2b.

4, Conclusion

In summary, we studied the narrow-band two-photon time-
domain interference phenomenon based on MZI, assisted by the
long coherence time of two photon generated by FWM. By adjust-
ing the input delays, we observed rich two-photon interference
phenomenon, whether in the damped Rabi oscillation regime or
the group-delay regime, which has not been reported before, es-
pecially the interference between slow-light wave packets, two-
photon precursor, and interference between precursor and slow-
light wave packets. Besides, the biphoton coherent time can be
effectively regulated by import delay.

Our scheme is easy to implement in experiment. At the current
experimental level, there is no problem to prepare cold atomic
systems with large optical depth, for example, 150. Regarding
the MZI, it is more convenient to use the optical fiber MZI de-
spite the existence of certain loss. In addition, the input delay be-
fore BS1 can be regulate by adjusting the length of the fiber. It is
hoped that our results can be applied to two-photon wave packet
shaping and quantum information processing.
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