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Abstract

Raman-enhanced polarization beats (REPBs) with broadband noisy light are investigated using chaotic field, phase-

diffusion, and Gaussian-amplitude models. The polarization beat signal is shown to be particularly sensitive to the

statistical properties of the Markovian stochastic light fields with arbitrary bandwidth. Different stochastic models of

the laser field only affect the sixth- and fourth-order coherence functions. The interferometric contrast ratio is equally

sensitive to the amplitude and phase fluctuations of the Markovian stochastic fields. The constant background of the

beat signal originates from the amplitude fluctuation. The Gaussian-amplitude field shows fluctuations larger than the

chaotic field, which again exhibits fluctuations much larger than for the phase-diffusion field with pure phase fluctu-

ations caused by spontaneous emission. It is also found that the beat signal oscillates not only temporally but also

spatially, and the temporal period corresponds to the Raman frequency shift of 655:7 cm�1. The overall accuracy of

using REPB to measure the Raman resonant frequency is determined by the relaxation rates of the Raman mode and

the molecular-reorientational grating. It is worth mentioning that the asymmetric behaviors of the polarization beat

signals due to the unbalanced dispersion effects between two arms of interferometer do not affect the overall accuracy in

case using REPB to measure the Raman resonant frequency, and different colors are optimally correlated at different

values of the interferometric delay. � 2002 Elsevier Science B.V. All rights reserved.

PACS: 42.65.Dr; 42.65.Hw

1. Introduction

The atomic response to Markovian stochastic optical fields is now largely well understood [1–10]. When
the laser field is sufficiently intense that many photon interactions occur, the laser spectral bandwidth or
spectral shape, obtained from the second-order correlation function, is inadequate to characterize the field.
Rather than using higher-order correlation functions explicitly, three different Markovian fields are
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considered in these studies: (a) the chaotic field, (b) the phase-diffusion field, and (c) the Gaussian-am-
plitude field. The chaotic field undergoes both amplitude and phase fluctuations and corresponds to a
multimode laser field with a large number of uncorrelated modes, or a single-mode laser emitting light
below threshold. Since a chaotic field does not possess any intensity stabilization mechanism, the field can
take on any value in a two-dimensional region of the complex plane centered about the origin. The phase-
diffusion field undergoes only phase fluctuations and corresponds to an intensity-stabilized single-mode
laser field. The phase of the laser field, however, has no natural stabilizing mechanism. The Gaussian-
amplitude field undergoes only amplitude fluctuations. Although pure amplitude fluctuations cannot be
produced by a nonadiabatic process, we do consider the Gaussian-amplitude field for two reasons. First,
because it allows us to isolate those effects due solely to amplitude fluctuations and second, because it is an
example of a field which undergoes stronger amplitude (intensity) fluctuations than a chaotic field. By
comparing the results for the chaotic and the Gaussian-amplitude fields we can determine the effect of
increasing amplitude fluctuations [1–5].
This paper addresses the role of noise in the incident fields on the nature of the wave-mixing signal-

particularly in the time domain. This important topic has been already treated extensively in the literature
including the introduction of a new diagrammatic technique (called factorized time correlator diagrams)
[11–14]. They have treated the higher order noise correlators when circular Gaussian statistics apply. There
should be two classes of such two component beams. In one class the components are derived from separate
lasers and their mixed (cross) correlators should vanish. In the second case the two components are derived
from a single laser source whose spectral output is doubly peaked. This can be created from a single dye
laser in which two different dyes in solution together are amplified [11–13]. The present paper deals only
with the first class. That is to say, we are considering only the class of two-color beams in which each color
is derived from a separate broadband laser source. The doubled peaked beams 1 and 2 (Fig. 1) are paired
and correlated, but each of the peaks is uncorrelated. Beam3, having one of the peaks (from a same
broadband laser source) found in beams 1 and 2 is dependent and correlated to beams 1 and 2. In any case
the literature has already explored both theoretically and experimentally the use of such multicolor noisy
light in four-wave mixing (FWM). Interestingly, that work only treats the second class of multicolored
beams (a single laser source for the multipeaked ‘‘tailored’’ light) in self-diffraction geometry [11–14]. Also
that work did not treat the Raman-enhanced polarization beats (REPB) with phase-conjugation geometry
using three types of noisy models and furthermore its beam 3 was not noisy (it was ‘‘monochromatic’’).
The chaotic field, the Brownian-motion phase-diffusion field, and the Gaussian-amplitude field are

considered in parallel with a discussion on REPB. We develop an unified theory which involves sixth-order
coherence-function to study the influence of partial-coherence properties of light field on polarization
beats. Polarization beats, which originate from the interference between the macroscopic polarizations,
have attracted a lot of attention recently [15–22]. It is closely related to quantum beats, Raman quantum
beats [16], or coherent Raman spectroscopy (CRS). CRS has become a powerful tool for studying the
vibrational or rotational mode of a molecule. The most commonly used coherent Raman spectroscopy is
coherent anti-Stokes Raman scattering (CARS) and Raman-induced Kerr effect spectroscopy. Recently

Fig. 1. Schematic diagram of the geometry of REPB.
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Raman-enhanced nondegenerate four-wave mixing (RENFWM) has attracted much attention [23–26].
RENFWM is a third-order nonlinear phenomenon with phase-conjugation geometry. It over conventional
CARS possesses the advantages of nonresonant background suppression, excellent spatial resolution even
for the case of small Raman shifts, free choice of interaction volume, and simple optical alignment.
Furthermore, since the phase matching condition is not critical in RENFWM, it possesses a large
frequency bandwidth and is therefore suitable for studying subpicosecond relaxation processes which have
broad resonant linewidth. Fu et al. has performed time-delayed RENFWM with incoherent light to
measure the vibrational dephasing time [24]. They also found an enhancement of the ratio between the
resonant and nonresonant RENFWM signal intensities as the time delay was increased when the laser had
broadband linewidth [25]. One of the relevant problems is the FWM with broadband noisy light, which
was proposed by Morita et al. [27] to achieve an ultrafast temporal resolution of relaxation processes. Since
they assumed that laser linewidth is much longer than transverse relaxation rate, their theory cannot be
used to study the effect of the light bandwidth on the Bragg reflection signal. Asaka et al. [28] considered
the finite linewidth effect. However, the constant background contribution has been ignored in their
analysis. Our higher-order correlation on polarization beats includes the finite light bandwidth effect,
constant background contribution, light field fluctuations and controllable unbalance dispersive effects
[11,14]. These are of vital importance in the REPB.

2. Basic theory

REPB is a third-order nonlinear polarization beat phenomenon. The basic geometry is shown in Fig. 1.
Beams 1 and 2 consist of two central circular frequency components x1 and x3, a small angle exists between
them. Beam 3 with central circular frequency x3 is almost propagating along the opposite direction of beam
1. In a Kerr medium, the nonlinear interaction of beams 1 and 2 with the medium gives rise to two mo-
lecular-reorientational gratings, i.e., x1 and x3 will induce their own static gratings G1 and G2, respec-
tively. The FWM signal is the result of the diffraction of beam 3 by G1 and G2.
Now, if jx1 � x3j is near the Raman resonant frequency XR, a large angle moving grating and two small

angle moving gratings formed by the interference of beams 2, 3 and beams 1, 2, respectively, will excite the
Raman-active vibrational mode of the medium and enhance the FWM signal.The beat signal (beam 4) is
along the opposite direction of beam 2 approximately.
The complex electric fields of beam 1, Ep1, and beam 2, Ep2, can be written as

Ep1 ¼ E1ð~rr; tÞ þ E2ð~rr; tÞ ¼ A1ð~rr; tÞ expð�ix1tÞ þ A2ð~rr; tÞ expð�ix3tÞ

¼ e1u1ðtÞ exp i ~kk1 �~rr
�h

� x1t
�i

þ e2u3ðtÞ exp i ~kk2 �~rr
�h

� x3t
�i

; ð1Þ

Ep2 ¼ E0
1ð~rr; tÞ þ E0

2ð~rr; tÞ ¼ A0
1ð~rr; tÞ expð�ix1tÞ þ A0

2ð~rr; tÞ expð�ix3tÞ

¼ e01u1ðt � s þ dsÞ exp i ~kk01 �~rr
�h

� x1t þ x1s � x1ds
�i

þ e02u3ðt � sÞ exp i ~kk02 �~rr
�h

� x3t þ x3s
�i

: ð2Þ

Here, ei,~kkiðe0i;~kk0iÞ are the constant field amplitude and the wave vector of frequency components x1 and x3

in beam 1 (beam 2), respectively. uiðtÞ is a dimensionless statistical factor that contains phase and amplitude
fluctuations. We assume that the x1 (x3) component of Ep1 and Ep2 comes from a single laser source and s is
the time delay of beam 2 with respect to beam 1. ds denotes the difference between two autocorrelation
processes in the zero time delay (ds > 0). On the other hand, the complex electric fields of beam 3 can be
written as
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Ep3 ¼ A3ð~rr; tÞ expð�ix3tÞ ¼ e3u3ðtÞ exp i ~kk3 �~rr
�h

� x3t
�i

: ð3Þ

Here, x3, e3, and ~kk3 are the frequency, the field amplitude and the wave vector of the field, respectively.
Different colors correlate at different delay times because they have been delayed in the dispersed beam

relative to the undispersed beam. This is analogous to the stretching of short pulses by transmission
through a dispersive medium (chirp). In fact, identical physical processes are responsible for chirp in co-
herent short pulses and the correlation functions of broadband fields. Considering the situation in which
the double frequencies noisy field derived from separate lasers with a finite bandwidth is split into twin
replicas; then one of twin fields, Ep2, is transmitted through a dispersive medium so that it is no longer
identical to the other Ep1. Two autocorrelations corresponding to static gratings G1 and G2, respectively,
are differently stretched in s because each color component between beams 1 and 2 is maximally correlated
at different time delay times, whereas in beam 1 or beam 2 all color components are maximally correlated at
the same delay time. The phases of chirped correlation functions exhibit a time dependence that is similar to
the time-dependent phases of chirped coherent short pulses. Unchirped (transform-limited) correlation
functions and short pulses have phases that are independent of time. An important practical distinction
between short pulses and noisy-light correlation functions is that the chirping of correlation functions in
double-frequency noisy-light interferometry can occur only after the double-frequency noisy field is split
into beams 1 and 2, and then only if there is a difference between the dispersion in the paths traveled by
beams 1 and 2, but a short pulse is chirped as it propagates through any dispersive medium between the
source and the sample. That is to say, ultrashort pulses of equivalent bandwidth are not immune to such
dispersive effects (even when balanced) because the transform limited light pulse is in fact temporally
broadened (it is chirped) and this has drastic effects on its time resolution (the auto-correlation). In this
sense the REPB with double-frequency noisy light has an advantage [11].
The order parameters Q1 and Q2 of two static gratings induced by beams 1 and 2 satisfy the following

equations [23–26]:

dQ1

dt
þ cQ1 ¼ vcE1ð~rr; tÞ E0

1ð~rr; tÞ
h i	

; ð4Þ

dQ2

dt
þ cQ2 ¼ vcE2ð~rr; tÞ E0

2ð~rr; tÞ
h i	

: ð5Þ

Here c and v are the relaxation rate and the nonlinear susceptibility of the two static gratings, respec-
tively.
We consider a large angle moving grating (the order parameter QR1) and two small angle moving gratings

(the order parameters QR2, QR3) formed by the interference of beams 2, 3 and beams 1, 2, respectively. The
order parameters QR1, QR2, QR3 satisfy the following equations:

dQR1

dt
þ ðcR � iDÞQR1 ¼

iaR
4�h

A0
1ð~rr; tÞ

h i	
A3ð~rr; tÞ; ð6Þ

dQR2

dt
þ ðcR � iDÞQR2 ¼

iaR
4�h

A1ð~rr; tÞ A0
2ð~rr; tÞ

h i	
; ð7Þ

dQR3

dt
þ ðcR � iDÞQR3 ¼

iaR
4�h

A0
1ð~rr; tÞ

h i	
A2ð~rr; tÞ: ð8Þ

Here D ¼ jx1 � x3j � XR is the frequency detuning; XR and cR are the resonant frequency and the relax-
ation rate of the Raman mode, respectively. aR is a parameter denoting the strength of the Raman inter-
action.
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The induced five third-order nonlinear polarizations which are responsible for the FWM signals are

P1 ¼ Q1ð~rr; tÞE3ð~rr; tÞ

¼ vce1 e01
� �	

e3 exp i ~kk1
�hn

�~kk01 þ~kk3
�
�~rr � x3t � x1ðs � dsÞ

io


Z 1

0

u1ðt � t0Þu	1ðt � t0 � s þ dsÞu3ðtÞ expð�ct0Þdt0; ð9Þ

P2 ¼ Q2ð~rr; tÞE3ð~rr; tÞ

¼ vce2 e02
� �	

e3 exp i ~kk2
�hn

�~kk02 þ~kk3
�
�~rr � x3t � x3s

io Z 1

0

u3ðt � t0Þu	3ðt � t0 � sÞu3ðtÞ expð�ct0Þdt0;

ð10Þ

PR1 ¼
1

2
NaRQR1ð~rr; tÞE1ð~rr; tÞ exp½iðx1 � x3Þt � ix1ðs � dsÞ

¼ ivRcRe1 e01
� �	

e3 exp i ~kk1
�hn

�~kk01 þ~kk3
�
�~rr � x3t � x1ðs � dsÞ

io


Z 1

0

u1ðtÞu	1ðt � t0 � s þ dsÞu3ðt � t0Þ exp½�ðcR � iDÞdt0; ð11Þ

PR2 ¼
1

2
NaRQR2ð~rr; tÞE3ð~rr; tÞ exp½iðx3 � x1Þt � ix3s

¼ ivRcRe1 e02
� �	

e3 exp i ~kk1
�hn

�~kk02 þ~kk3
�
�~rr � x1t � x3s

io


Z 1

0

u1ðt � t0Þu	3ðt � t0 � sÞu3ðtÞ exp½�ðcR � iDÞdt0; ð12Þ

PR3 ¼
1

2
NaRQR3ð~rr; tÞE3ð~rr; tÞ exp½iðx1 � x3Þt � ix1ðs � dsÞ

¼ ivRcR e01
� �	

e2e3 exp i ~kk2
�hn

�~kk01 þ~kk3
�
�~rr � ð2x3 � x1Þt � x1ðs � dsÞ

io


Z 1

0

u	1ðt � t0 � s þ dsÞu3ðt � t0Þu3ðtÞ exp½�ðcR � iDÞdt0; ð13Þ

with vR ¼ Na2R=8�hcR and N the density of molecules.

3. The chaotic field

We have the total third-order polarization P ð3Þ ¼ P1 þ P2 þ PR1 þ PR2 þ PR3. For the macroscopic system
where phase matching takes place this signal must be drawn from the P ð3Þ developed on one chromophore
multiplied by the ðP ð3ÞÞ	 that is developed on another chromophore which must be located elsewhere in
space (with summation over all such pairs) [11–14]. In general, the signal is homodyne (quadrature) de-
tected. This means that the signal at the detector is derived from the squared modulus of the sum of all of
the fields that are generated from the huge number of polarized chromophores in the interaction volume.
The sum over chromophores leads to the phase-matching condition at the signal level and its square
modulus (the signal) is fully dominated by the bichromophoric cross terms. Thus the quadrature detected
signal is effectively built from the products of all polarization fields derived from all pairs of chromophores.
This bichromophoric model is particularly important to the noisy light spectroscopies where the stochastic
averaging at the signal level must be carried out [12,13]. The FWM signal is proportional to the average of
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the absolute square of P ð3Þ over the random variable of the stochastic process, so that the signal
IðD; sÞ / hjP ð3Þj2i contains 5
 5 ¼ 25 different terms in the sixth-, fourth- and second-order coherence
function of uiðtÞ in phase conjugation geometry. The ultrafast modulation spectroscopy (UMS) in self-
diffraction geometry is also related to the sixth-order coherence function of the incident fields [15]. We first
assumed that the laser sources are chaotic fields. A chaotic field, which is used to describe a multimode laser
source, is characterized by the fluctuation of both the amplitude and the phase of the field. The random
functions uiðtÞ of the complex noisy fields are taken to obey complex Gaussian statistics with its sixth- and
fourth-order coherence function satisfying [1,5]

huiðt1Þuiðt2Þuiðt3Þu	i ðt4Þu	i ðt5Þu	i ðt6Þi
¼ huiðt1Þu	i ðt4Þihuiðt2Þuiðt3Þu	i ðt5Þu	i ðt6Þi þ huiðt1Þu	i ðt5Þihuiðt2Þuiðt3Þu	i ðt4Þu	i ðt6Þi
þ huiðt1Þu	i ðt6Þi 
 huiðt2Þuiðt3Þu	i ðt4Þu	i ðt5Þi; i ¼ 1; 3 ð14Þ

and

huiðt1Þuiðt2Þu	i ðt3Þu	i ðt4Þi ¼ huiðt1Þu	i ðt3Þihuiðt2Þu	i ðt4Þi þ huiðt1Þu	i ðt4Þihuiðt2Þu	i ðt3Þi: ð15Þ

All higher order coherence functions can be expressed in terms of products of second-order coherence
functions. Thus any given 2n order coherence function may be decomposed into the sum of n! terms, each
consisting of the products of n second-order coherence function.
Furthermore assuming that laser sources have Lorentzian line shape, then we have

huiðt1Þu	i ðt2Þi ¼ expð�aijt1 � t2jÞ: ð16Þ
Here ai ¼ 1

2
dxi, dxi is the linewidth of the laser with frequency xi.

We first consider the situation when the linewidths of the laser sources in beams 1, 2 and 3 are
broadband (i.e., a1; a3 � c; cR). The composite noisy beam 1 (beam 2) is treated as one whose spectrum
is simply a sum of two Lorentzians. In this limit, after performing the tedious integration we obtain
for:
(i) s > ds

IðD; sÞ / 1
�

þ g21 þ g22
� v2RcRða1 þ a3Þ
ða1 þ a3Þ2 þ D2

� vRvcRc
D½ð5a1 þ a3Þða1 þ a3Þ þ D2

a1 ða1 þ a3Þ2 þ D2
h i2 þ v2c

2a1a3
a1g

2
1g

2
2

�
þ a3

�

þ v2Rc2Rða1 þ a3Þ
a1 ða1 þ a3Þ2 þ D2
h i

8<
: � 2vRvcRD

ða1 þ a3Þ2 þ D2
þ v2

9=
; expð�2a1js � dsjÞ

þ g22
v2Rc2Rða1 þ a3Þ

a3½ða1 þ a3Þ2 þ D2

(
þ v2g21

)
expð�2a3jsjÞ þ 4g1g2 expð�a1js � dsj � a3jsjÞ


 v2

2

2
4

8<
: � vvRcRD

2 ða1 þ a3Þ2 þ D2
h i

3
5 cos½D~kk �~rr � ðx1 � x3Þs þ x1ds

� vvRcRða1 þ a3Þ
2½ða1 þ a3Þ2 þ D2

sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i9=
;; ð17Þ
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(ii) 0 < s < ds

IðD; sÞ / 1
�

þ g21 þ g22
� v2RcRða1 þ a3Þ
ða1 þ a3Þ2 þ D2

� 4vRvcRcD

a1 a1 þ a3ð Þ2
þ v2c
2a1a3

ða1g21g22 þ a3Þ þ v2 expð�2a1js � dsjÞ

þ 2v2g21g
2
2 expð�2a3jsjÞ þ

v2Rc2R
a1ða1 þ a3Þ

expð�2cRjs � dsjÞ

þ v2

2
g1g2 expð�a1js � dsj � a3jsjÞ cos D~kk �~rr

h
� ðx1 � x3Þs þ x1ds

i

þ vRvcRc
1

cða1 þ a3Þ
expð

�
� a1js � dsj � a3jsjÞ þ

1

2a3ða1 þ a3Þ
expð � a3js � dsj � a3jsjÞ

�


 sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds þ Djs � dsj
i
; ð18Þ

and (iii) s < 0, although the beat signal modulation is complicated in general, at the tail of the signal (i.e.,
jsj � a�1

1 , jsj � a�1
3 ) we have

IðD; sÞ / 1
�

þ g21 þ g22
� v2RcRða1 þ a3Þ
ða1 þ a3Þ2 þ D2

� vRvcRc
D ð5a1 þ a3Þða1 þ a3Þ þ D2
� �

a1 ða1 þ a3Þ2 þ D2
h i2 þ v2c

2a1a3
a1g

2
1g

2
2

�
þ a3

�

þ 3v2g21g
2
2c
2

2a23
expð�2cjsjÞ þ 2v2Rc2R

ða1 þ a3Þ2
½ð1þ a3Þ expð�2cRjsjÞ

þ ð1þ a1Þg22 expð�2cRjs � dsjÞ þ expð�cRjs � dsj � cjsjÞ


 4g1g2vvRccR
a3ða1 þ a3Þ4

ða1
n

þ a3Þð2cR þ cÞD cos D~kk �~rr
h

� ðx1 � x3Þs þ x1ds þ Djs � dsj
i

� ða1
h

þ 2a3Þða1 þ a3Þ2 þ a1D
2
i
sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds þ Djs � dsj
io

: ð19Þ

Here, g1 ¼ e2=e1, g2 ¼ e02=e
0
1 and D~kk ¼ ð~kk1 �~kk01Þ � ð~kk2 �~kk02Þ.

Relation (17) consists of six terms. The sixth term depending on the u1ðtÞ or u3ðtÞ fourth- and second-
order coherence functions is the cross-correlation intensity between five third-order nonlinear polariza-
tions, and gives rise to the modulation of the beat signal. The interferometric contrast ratio mainly
determined the modulation term is equally sensitive to the amplitude and phase fluctuations of the chaotic
fields. The other terms (the s-independent terms and the decay terms) depending on the sixth-, fourth- or
second-order coherence functions of u1ðtÞ or u3ðtÞ are a sum of the auto-correlation intensity between five
third-order nonlinear polarizations. Different stochastic models of the laser field affect only the sixth- and
fourth-order coherence functions. The constant terms in relations (17)–(19), which are independent of the
relative time-delay between beam 1 and beam 2, mainly originate from the amplitude fluctuation of the
chaotic fields. The fourth and fifth terms in relation (17), which are shown to be particularly sensitive to
the amplitude fluctuation of the chaotic fields, indicate an exponential decay of the beat signal as jsj
increases. On the other hand, REPB is different for s > ds, 0 < s < ds and s < 0 in general. However, as
jsj ! 1, Eq. (17) is identical to Eqs. (18) or (19). Physically, when jsj ! 1, beams 1 and 2 are mutually
incoherent, therefore whether s is positive or negative does not affect the REPB.
Eq. (17) indicates that when s > ds, the temporal behavior of the beat signal intensity reflects mainly the

characteristic of the lasers, i.e., the frequency x3 � x1 and the damping rate a1 þ a3 of the modulation are
determined by the incident laser beams. If we employ REPB to measure the modulation frequency
xd ¼ x3 � x1, the accuracy can be improved by measuring as many cycles of the modulation as possible.
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Since the amplitude of the modulation decays with a time constant ða1 þ a3Þ�1 as jsj increases, the maxi-
mum domain of time delay jsj should equal approximately 2ða1 þ a3Þ�1. We obtain the theoretical limit of
the uncertainty of the modulation frequency measurement Dxd which is Dxd � pða1 þ a3Þ, i.e., in the
modulation frequency measurement the theoretical limit of the accuracy is related to the decay time con-
stant of the beat signal modulation amplitude. In this case, the precision of using REPB to measure the
Raman resonant frequency is determined by how well x3 � x1 can be tuned to XR. When 0 < s < ds, Eq.
(18) reflects not only the characteristic of the lasers, but also a molecule vibrational property. When s < 0,
Eq. (19) indicates that beat signal modulates with a frequency ðx3 � x1Þ � D ¼ XR and a damping rate
cR þ c as s is varied. We can obtain the resonant frequencies of the Raman vibrational mode with an
accuracy given by pðcR þ cÞ approximately, which is mainly determined by a molecule vibrational property.
To illustrate, Fig. 2 shows the interferograms of the beat signal intensity versus relative time delay

for three different values of the reduced offset imbalance ds. It is noticed that as ds increases, the peak-
to-background contrast ratio of the interferograms diminishes. Interestingly, the phase of the fringe
beating also changes sensitively to produce a variety of interferograms including asymmetric ones. ds
expresses the unbalance dispersion effects between the two arms. A simple realistic example is an in-
terferometer having an effective thickness of quartz or glass that differs significantly (many mm to a few
cm) between its two arms. Changing the thickness in one arm will control the degree of imbalance in
the dispersion effects [11,14]. Physically, ds corresponds to the separation of the peaks of the fourth and
fifth terms of Eq. (17), i.e. the separation between the x1 only interferogram and the x3 only inter-
ferogram [22].
Eqs. (17)–(19) indicate that beat signal oscillates not only temporally but also spatially with a period

2p=Dk along the direction D~kk, which is almost perpendicular to the propagation direction of the beat signal.
Here Dk � 2pjk1 � k3jh=k3k1, h is the angle between beam 1 and beam 2. Physically, the polarization-beat
model assumes that the pump beams are plane waves. Therefore FWM signals of two static gratings, which

propagate along ~kk1 �~kk01 þ~kk3 and ~kk2 �~kk02 þ~kk3, respectively, are plane waves also. Since FWM signals
propagate along slightly different direction, the interference between them leads to the spatial oscillation.
Fig. 3 presents the theoretical curve of the normalized polarization beat signal intensity versus transverse
distance r with fixed time delay and frequency detuning. The beat signal oscillates spatially with a period
2p=Dk ¼ k1k3=jk1 � k3jh � 0:6 mm, i.e., the spacing between the spatial interference fringes is 0:6 mm. To
observe the spatial modulation of the beat signal the dimension of the detector should be smaller than
0:6 mm, which is not interested in our experiment.

Fig. 2. The beat signal intensity versus relative time delay. The parameters are x1 ¼ 3200 ps�1, x3 ¼ 3324 ps�1, Dk ¼ 0, g1 ¼ g2 ¼ 1,

D ¼ 0, v=vR ¼ 1, cR ¼ 0:05 ps�1, c ¼ 0:2 ps�1, a1 ¼ 10:8 ps�1, a3 ¼ 11:6 ps�1; while ds ¼ 0 fs for dotted line, ds ¼ 43 fs for dashed line

and ds ¼ 100 fs for solid line.
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We then consider the situation when the linewidths of the laser sources in beams 1, 2 and 3 are narrow
band (i.e., a1; a3 � c; cR and cRjsj; cjsj � 1). In this limit, after performing the tedious integration we
obtain

IðD; sÞ / 1
�

þ 2g21 þ g22
� v2Rc2R
c2R þ D2

� 2vRvcRD

c2R þ D2
þ v2 1

�
þ 2g21g

2
2

�
þ v2Rc2R

c2R þ D2

 
� 2vRvcRD

c2R þ D2
þ v2

!


 expð�2a1js � dsjÞ þ g22
v2Rc2R

c2R þ D2

 
þ 4g21v

2

!
expð�2a3jsjÞ þ 4 expð�a1js � dsj � a3jsjÞ


 v2
"(

þ vvRcRD
a3

ccR þ c2 þ D2

 
þ 1

c2R þ D2

!#
cos D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i

þ g1g2vvRcR
a3ðcR þ cÞ

cðcR þ cÞ2 þ D2

"
� cR

c2R þ D2

#
sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i)

: ð20Þ

This case when the pump beams have a narrow-band linewidth is similar to Eq. (17).

4. The Raman echo

It is interesting to understand the underlying physics in REPB with incoherent lights. Much attention
has been paid to the study of various ultrafast phenomena by using incoherent light sources recently [11–
14,22,27]. The REPB with incoherent lights is related to the three-pulse Raman echoes [23–25]. It is different
from the conventional true Raman echo which is a seventh order process or the Raman pseudo-echo which
is a fifth order process [29,30]. We now consider the case when the laser sources have a broadband line-
width, then

expð�aijt1 � t2jÞ �
2

ai
dðt1 � t2Þ; i ¼ 1; 3: ð21Þ

Fig. 3. Theoretical curve of the normalized polarization beat signal intensity versus transverse distance r. Parameters are a1 ¼ 2:7 ps�1,
a3 ¼ 2:9 ps�1, s ¼ 0 ps, ds ¼ 83 fs, h ¼ 2:62
 10�2 rad, k1 ¼ 589 nm, k3 ¼ 567 nm, v=vR ¼ 1, cR ¼ 0:05 ps�1, c ¼ 0:2 ps�1,

g1 ¼ g2 ¼ 1, and D ¼ 0.
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When we substitute Eqs. (14)–(16) and (21) into IðD; sÞ / hjP ð3Þj2i, we obtain, for:
(i) s > ds

IðD; sÞ / v2RcR
1þ g21 þ g22
� �

a1 þ a3

�
þ g21cR

a1ðcR þ a3Þ

�
� 4vRvcRcD

a1 ðcR þ c þ a1 þ a3Þ2 þ D2
h i

þ v2c
1

2a1

�
þ g21g

2
2ð3c þ a3Þ

2a3ðc þ a3Þ

�
þ v2 expð�2a1js � dsjÞ

þ g21g
2
2v

2 c3 þ 5c2a3 þ 5ca23 þ 2a23
a3ðc þ a3Þðc þ 2a3Þ

expð�2a3jsjÞ þ 2g1g2 expð�a1js � dsj � a3jsjÞ


 2v2ðc þ a3Þ
c þ 2a3

"(
� vvRcRcD

cðcR þ a1 þ a3Þ2 þ cD2
� 2vvRcRcD

a3ðcR þ c þ a1 þ a3Þ2 þ a3D
2

#


 cos½D~kk �~rr � ðx1 � x3Þs þ x1ds � vvRcRcðcR þ a1 þ a3Þ
cðcR þ a1 þ a3Þ2 þ cD2

þ 2vvRcRcðc þ cR þ a1 þ a3Þ
a3ðcR þ c þ a1 þ a3Þ2 þ a3D

2

" #


 sin D~kk �~rr � ðx1 � x3Þs þ x1ds
h i)

; ð22Þ

(ii) 0 < s < ds

IðD; sÞ / v2RcR
1þ g21 þ g22
� �

a1 þ a3

�
þ g21cR

a1ðcR þ a3Þ

�
� 4vRvcRcD

a1 ðcR þ c þ a1 þ a3Þ2 þ D2
h i

þ v2c
1

2a1

�
þ g21g

2
2ð3c þ a3Þ

2a3ðc þ a3Þ

�
þ v2 expð�2a1js � dsjÞ þ g21g

2
2v

2 5c þ 2

2a3
expð�2a3jsjÞ

þ 2v2Rc2R
a1a3

expð�2cRjs � dsjÞ þ 2v2g1g2 expð�a1js � dsj � a3jsjÞ cos D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i

� 4g1g2vRvcRc
a3 þ 2c
ca1a3

expð�a3js � dsj � a3jsjÞ sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds þ Djs � dsj
i
;

ð23Þ

and (iii) s < 0

IðD; sÞ / v2RcR
1þ g21 þ g22
� �

a1 þ a3

�
þ g21cR

a1ðcR þ a3Þ

�
� 4vRvcRcD

a1 ðcR þ c þ a1 þ a3Þ2 þ D2
h i þ v2c

1

2a1

�
þ g21g

2
2ð3c þ a3Þ

2a3ðc þ a3Þ

�

þ 2v2g21g
2
2c
2

a23
expð�2cjsjÞ þ 2v2Rc2R

a1a3
expð
�

� 2cRjs � dsjÞ þ g22 expð � 2cRjsjÞ
�

þ expð�cRjs � dsj � cjsjÞ 8g1g2
a3ða1 þ a3Þ

cos D~kk �~rr
hn

� ðx1 � x3Þs þ x1ds þ Djs � dsj
i

� vRvcRc sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds þ Djs � dsj
io

: ð24Þ

Eqs. (22)–(24) are analogous to (17)–(19), respectively. The total polarization [see Eqs. (9)–(13)], which
involves the integration of t0 from 0 to 1, is the accumulation of the polarization induced at a different
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time. We consider the case that the pump beams 1, 2 and 3 have a broadband linewidth so that it can be
modeled as a sequence of short, phase-incoherent subpulses of duration sc, where sc is the laser coherence
time [27]. Although grating can be induced by any pair of subpulses in beams 1, 2, 3 only those pairs that
are phase correlated in beams 1 and 2 give rise to the s dependence of the FWM signal. Therefore, the
requirement for the existence of a s-dependent FWM signal for s > 0 is that the phase correlated subpulses
in beams 1 and 2 are overlapped temporally. Since beams 1 and 2 are mutually coherent, the temporal
behavior of the REPB signal for s > 0 should coincide with the case when the pump beams are nearly
monochromatic.

5. The phase-diffusion field

We have assumed that the laser sources are chaotic field in the above calculation. A chaotic field, which
is used to describe a multimode laser source, is characterized by the fluctuation of both the amplitude and
the phase of the field. Another commonly used stochastic model is phase-diffusion model, which is used to
describe an amplitude-stabilized laser source. This model assumes that the amplitude of the laser field is a
constant, while its phase fluctuates as random process. If the lasers have Lorentzian line shape, the sixth-
and fourth-order coherence function is [1,5]

huiðt1Þuiðt2Þuiðt3Þu	i ðt4Þu	i ðt5Þu	i ðt6Þi ¼ exp ½ � aiðjt1 � t4j þ jt1 � t5j þ jt1 � t6j þ jt2 � t4j þ jt2 � t5j

þ jt2 � t6j þ jt3 � t4j þ jt3 � t5j þ jt3 � t6jÞ exp aiðjt1½ � t2j

þ jt1 � t3j þ jt2 � t3j þ jt4 � t5j þ jt4 � t6j þ jt5 � t6jÞ; ð25Þ

and

huiðt1Þuiðt2Þu	i ðt3Þu	i ðt4Þi ¼ exp ½ � aiðjt1 � t3j þ jt1 � t4j þ jt2 � t3j þ jt2 � t4jÞ exp½aiðjt1 � t2j þ jt3 � t4jÞ:
ð26Þ

We first consider the situation when the laser sources in beams 1, 2 and 3 are broadband (i.e.,
a1; a3 � c; cR). In this limit, after substituting Eqs. (16), (25) and (26) into IðD; sÞ / hjP ð3Þj2i, we obtain,
for:
(i) s > ds

IðD; sÞ / 1
�

þ g21 þ g22
� v2RcRða1 þ a3Þ
ða1 þ a3Þ2 þ D2

� vRvcRc
D ð5a1 þ a3Þða1 þ a3Þ þ D2
� �
2a1 ða1 þ a3Þ2 þ D2
h i2 þ v2c

2a1a3
ða1g21g22 þ a3Þ

þ v2
"

� 2vvRcRD

a1 þ a3ð Þ2 þ D2

#
expð�2a1js � dsjÞ þ g21g

2
2v

2 expð�2a3jsjÞ

þ 2g1g2 exp ð � a1js � dsj � a3jsjÞ v2
"(

� vvRcRD

ða1 þ a3Þ2 þ D2

#
cos D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i

� vvRcRða1 þ a3Þ
ða1 þ a3Þ2 þ D2

sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i)

; ð27Þ
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(ii) 0 < s < ds=2

IðD; sÞ / 1
�

þ g21 þ g22
� v2RcRða1 þ a3Þ
ða1 þ a3Þ2 þ D2

� vRvcRc
D ð5a1 þ a3Þða1 þ a3Þ þ D2
� �
2a1 ða1 þ a3Þ2 þ D2
h i2 þ v2c

2a1a3
a1g

2
1g

2
2

�
þ a3

�

þ v2
"

� 2vvRcRD

ða1 þ a3Þ2 þ D2

#
expð�2a1js � dsjÞ þ g21g

2
2v

2 expð�2a3jsjÞ

þ 2v2g1g2 expð�a1js � dsj � a3jsjÞ cos D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i

� 2vvRcRcg1g2
2

ða1 � a3Þ2 þ D2

"(
þ 2a1

c a21 � a23ð Þ

#
expð � a3js � dsj � a3jsjÞ

þ 1

ða1 � 3a3Þ2

"
� 1

cða1 � a3Þ

#
expð � a1js � dsj � a3jsjÞ

)
sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i
;

ð28Þ
(iii) ds=2 < s < ds

IðD; sÞ / 1
�

þ g21 þ g22
� v2RcRða1 þ a3Þ
ða1 þ a3Þ2 þ D2

� vRvcRc
D ð5a1 þ a3Þða1 þ a3Þ þ D2
� �
2a1 ða1 þ a3Þ2 þ D2
h i2 þ v2c

2a1a3
a1g

2
1g

2
2

�
þ a3

�

þ v2
"

� 2vvRcRD

a1 þ a3ð Þ2 þ D2

#
expð�2a1js � dsjÞ þ g21g

2
2v

2 expð�2a3jsjÞ

þ 2v2g1g2 expð�a1js � dsj � a3jsjÞ cos½D~kk �~rr � ðx1 � x3Þs þ x1ds � 2vvRcRcg1g2


 2a1
c a21 � a23ð Þ expð
"

� a3js � dsj � a3jsjÞ �
1

c a1 � a3ð Þ2 þ cD2
expð � a1js � dsj � a3jsjÞ

#


 sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i
; ð29Þ

(iv) s < 0 and a1jsj; a3jsj � 1

IðD; sÞ / 1
�

þ g21 þ g22
� v2RcRða1 þ a3Þ
ða1 þ a3Þ2 þ D2

� vRvcRc
D ð5a1 þ a3Þða1 þ a3Þ þ D2
� �
2a1 ða1 þ a3Þ2 þ D2
h i2

þ v2c
2a1a3

a1g
2
1g

2
2

�
þ a3

�
� exp½�a1jdsj � ðcR þ cÞjsj

4g1g2vvRccR ða1 þ 2a3Þða1 þ a3Þ2 þ a1D
2

h i
a3 ða1 þ a3Þ2 þ D2
h i


 sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds þ Djs � dsj
i
: ð30Þ

Eqs. (27)–(29) indicate that when s > 0, the temporal behavior of the beat signal intensity reflects mainly
the characteristic of the lasers. When s < 0, Eq. (30) is mainly determined by a molecule vibrational
property.
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We then consider the situation when the laser sources in beams 1, 2 and 3 are narrow band (i.e.,
a1; a3 � c; cR and cRjsj; cjsj � 1). In this limit, after performing the tedious integration we obtain

IðD; sÞ / 1
�

þ g21 þ g22
� v2Rc2R
c2R þ D2

� vRvcRD

c2R þ D2
þ v2 1

�
þ g21g

2
2

�
þ 2g1g2 expð�a1js � dsj � a3jsjÞ


 v2
 (

� vvRcRD

c2R þ D2

!
cos D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i

� vvRc2R
c2R þ D2

sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i)

: ð31Þ

Eq. (31) indicates that the temporal behavior of the beat signal intensity reflects mainly the characteristic of
the lasers.
After that, based on phase-diffusion model, we consider the three-pulse Raman echo when the laser

sources have a broadband linewidth. Substituting Eqs. (16), (21), (25) and (26) into IðD; sÞ / hjP ð3Þj2i,
we obtain, for:
(i) s > 0

IðD; sÞ / 1
�

þ g21 þ g22
� v2RcR
a1 þ a3

� 4vRvcRcD

a1 ðcR þ c þ a1 þ a3Þ2 þ D2
h iþ v2c

2a1a3
a1g

2
1g

2
2

�
þ a3

�

þ 2g1g2v
2 expð�a1js � dsj � a3jsjÞ cos D~kk �~rr

h
� ðx1 � x3Þs þ x1ds

i
; ð32Þ

and (ii) s < 0

IðD; sÞ / 1
�

þ g21 þ g22
� v2RcR
a1 þ a3

� 4vRvcRcD

a1 ðcR þ c þ a1 þ a3Þ2 þ D2
h iþ v2c

2a1a3
a1g

2
1g

2
2

�
þ a3

�

þ 2g1g2v
2 expð�a1js � dsj � a3jsjÞ cos D~kk �~rr

h
� ðx1 � x3Þs þ x1ds

i
� exp½�a1jdsj

� ðcR þ cÞjsj 8g1g2vvRccR
a23

sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds þ Djs � dsj
i
: ð33Þ

Eqs. (32) and (33) are analogous to Eqs. (31) and (30), respectively.
Eqs. (27)–(33) are different from the result based on a chaotic model. Relation (27) consists of six

terms. The sixth term depending on the u1ðtÞ or u3ðtÞ fourth- and second-order coherence functions is
the cross-correlation intensity between five third-order nonlinear polarizations, and gives rise to the
modulation of the beat signal. The other terms (the s-independent terms and the decay terms) de-
pending on the sixth-, fourth- or second-order coherence functions of u1ðtÞ or u3ðtÞ are a sum of the
auto-correlation intensity between five third-order nonlinear polarizations. Different stochastic models
of the laser field affect only the sixth- and fourth-order coherence functions. Eqs. (30) and (33) are
short of the decay terms including these factors expð�2cjsjÞ and expð�2cRjsjÞ. Eqs. (31) and (32) are
also short of the decay terms including these factors expð�2a1jsjÞ and expð�2a3jsjÞ. These are shown to
be particularly insensitive to the phase fluctuation of the Markovian stochastic light fields [6–10]. The
drastic difference of the results also exists in the fourth-order coherence on ultrafast modulation
spectroscopy when these two models are employed [6]. Physically, the chaotic field has the property of
photon bunching, which can affect any multiphoton process when the higher-order correlation function
of the field plays an important role.
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6. The Gaussian-amplitude field

The Gaussian-amplitude field has a constant phase but its real amplitude undergoes Gaussian fluctua-
tions. If the lasers have Lorentzian line shape, the sixth- and fourth-order coherence function is [1,5]

huiðt1Þuiðt2Þuiðt3Þuiðt4Þuiðt5Þuiðt6Þi

¼ huiðt1Þuiðt4Þihuiðt2Þuiðt3Þuiðt5Þuiðt6Þi þ huiðt1Þuiðt5Þihuiðt2Þuiðt3Þuiðt4Þuiðt6Þi

þ huiðt1Þuiðt6Þihuiðt2Þuiðt3Þuiðt4Þuiðt5Þi þ huiðt1Þuiðt2Þihuiðt3Þuiðt4Þuiðt5Þuiðt6Þi

þ huiðt1Þuiðt3Þihuiðt2Þuiðt4Þuiðt5Þuiðt6Þi ð34Þ

and

huiðt1Þuiðt2Þuiðt3Þuiðt4Þi ¼ huiðt1Þuiðt3Þihuiðt2Þuiðt4Þi þ huiðt1Þuiðt4Þihuiðt2Þuiðt3Þi
þ huiðt1Þuiðt2Þihuiðt3Þuiðt4Þi: ð35Þ

Based on the Gaussian-amplitude field, we first consider the case when the laser sources have a
broadband linewidth. Substituting Eqs. (16), (34) and (35) into IðD; sÞ / hjP ð3Þj2i, we obtain as follows:
(i) s > ds

IðD; sÞ / v2RcR
ða1 þ a3Þ 1þ g21 þ g22

� �
ða1 þ a3Þ2 þ D2

þ v2c
g21g

2
2ð1þ a3Þ
2a23

�
þ 1

2a1

�

þ 2v2Rc2Rða1 þ a3Þ
a1 ða1 þ a3Þ2 þ D2
h i

8<
: þ v2 � 2vRvcRD

ða1 þ a3Þ2 þ D2

9=
; expð�2a1js � dsjÞ

þ 2v2Rc2Rg22ða1 þ a3Þ
a3 ða1 þ a3Þ2 þ D2
h i

8<
: þ g21v

2 þ g21g
2
2v

2c
2a23

9=
; expð�2a3jsjÞ þ 2g1g2 expð�a1js � dsj � a3jsjÞ


 v2c
2a3

"(
þ v2 � vRvcRD

ða1 þ a3Þ2 þ D2
1

�
þ c
2a3

�#
cos D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i

� vRvcRða1 þ a3Þ
ða1 þ a3Þ2 þ D2

2

�
þ c
2a3

�
sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i)

� 4g1g2vvRcRca3
ða1 þ a3Þ a21 � a23ð Þ expð�2a1js � dsjÞ sin D~kk �~rr

h
� ðx1 � x3Þs þ x1ds þ Djs � dsj

i
; ð36Þ

(ii) 0 < s < ds=2

IðD; sÞ / v2RcR
ða1 þ a3Þ 1þ g21 þ g22

� �
ða1 þ a3Þ2 þ D2

þ v2c
g21g

2
2ð1þ a3Þ
2a23

�
þ 1

2a1

�

þ v2Rc2Rða1 þ a3Þ
a1 ða3 � a1Þ2 þ D2
h i

8<
: þ v2

9=
; expð�2a1js � dsjÞ
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þ v2Rc2Rg22ða1 þ a3Þ
a1 ða1 � a3Þ2 þ D2
h i

8<
: þ v2 þ g21g

2
2v

2c
2a3

9=
; expð�2a3jsjÞ

þ expð�2cRjs � dsjÞ v2Rc2R
a1ða1 þ a3Þ

8<
: þ 2v2Rc2R½a1 þ a3 � ða1 þ a3Þ2 þ D2

a1 ða1 þ a3Þ2 þ D2
h i

9=
;

þ g1g2
v2

2

�
þ vvRc
2a3

�
expð�a1js � dsj � a3jsjÞ cos D~kk �~rr

h
� ðx1 � x3Þs þ x1ds

i

þ g1g2vRvcRc
1

cða1 þ a3Þ
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�
� a1js � dsj � a3jsjÞ þ

2a1
c a21 � a23ð Þ expð � a3js � dsj � a3jsjÞ

�


 sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds þ Djs � dsj
i
; ð37Þ

(iii) ds=2 < s < ds

IðD; sÞ / v2RcR
ða1 þ a3Þ 1þ g21 þ g22

� �
ða1 þ a3Þ2 þ D2

þ v2c
g21g

2
2ð1þ a3Þ
2a23

�
þ 1

2a1

�
þ v2Rc2Rða1 þ a3Þ

a1 ða3 � a1Þ2 þ D2
h i

8<
: þ v2

9=
;


 expð�2a1js � dsjÞ þ v2Rc2Rg22ða1 þ a3Þ
a1 ða1 � a3Þ2 þ D2
h i

8<
: þ v2 þ g21g

2
2v

2c
2a3

9=
; expð�2a3jsjÞ

þ expð�2cRjs � dsjÞ v2Rc2R
a1ða1 þ a3Þ

8<
: þ

2v2Rc2R a1 þ a3 � ða1 þ a3Þ2 þ D2
h i
a1 ða1 þ a3Þ2 þ D2
h i

9=
;

þ g1g2
v2

2

�
þ vvRc
2a3

�
expð�a1js � dsj � a3jsjÞ cos D~kk �~rr

h
� ðx1 � x3Þs þ x1ds

i

þ g1g2vRvcRc
1

cða1 þ a3Þ
expð

�
� a1js � dsj � a3jsjÞ þ

1

2a3ða1 þ a3Þ
expð � a3js � dsj � a3jsjÞ

�


 sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds þ Djs � dsj
i
; ð38Þ

and (iv) s < 0 and a1jsj; a3jsj � 1

IðD; sÞ / v2RcR
ða1 þ a3Þ 1þ g21 þ g22

� �
ða1 þ a3Þ2 þ D2

þ v2c
g21g

2
2ð1þ a3Þ
2a23

�
þ 1

2a1

�

þ 3v2g21g
2
2c
2

2a23
expð�2cjsjÞ þ v2Rc2R

ða1 þ a3Þ2 þ D2
a3

� 
þ ða1 þ a3Þ2 � D2 þ 2a3

a1

�
expð � 2cRjsjÞ

þ g22 a1

�
þ ða1 þ a3Þ2 � D2 þ 2a1

a3

�
expð � 2cRjs � dsjÞ

!
þ expð�cRjs � dsj � cjsjÞ


 4vRvcRcg1g2

a3 ða1 þ a3Þ2 þ D2
h i ða1

n
þ a3Þð2cR þ cÞD cos D~kk �~rr

h
� ðx1 � x3Þs þ x1ds

i

� ða1
h

þ 2a3Þða1 þ a3Þ2 þ a1D
2
i
sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds þ Djs � dsj
io

: ð39Þ
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Eq. (36) indicates that when s > ds, the temporal behavior of the beat signal intensity reflects mainly the
characteristic of the lasers. When 0 < s < ds=2 and ds=2 < s < ds, Eqs. (37) and (38) reflect not only the
characteristic of the lasers, but also a material vibrational property. When s < 0, Eq. (39) is mainly de-
termined by a material vibrational property.
We then consider the situation when the laser sources in beams 1, 2 and 3 are narrow band (i.e.,

a1; a3 � c; cR and cRjsj; cjsj � 1). In this limit, after performing the tedious integration we obtain

IðD; sÞ /
v2Rc2R 1þ 3g21 þ g22

� �
c2R þ D2

þ v2 1
�

þ 3g21g
2
2

�
� 2vvRcRD

c2R þ D2
þ 2

v2Rc2R
c2R þ D2

 
þ v2 � vvRcRD

c2R þ D2
þ vvR

!


 expð�2a1js � dsjÞ þ 2
v2Rc2Rg22
c2R þ D2

 
þ 6v2g21g

2
2

!
expð�2a3jsjÞ þ 2g1g2 expð�a1js � dsj � a3jsjÞ


 2vvRcRDa3
cðcR þ cÞ2 þ cD2

"(
� 2vvRcRD

c2R þ D2
þ 3v2

#
cos D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i

þ vRvcR
2a3ðc þ cRÞ

cðcR þ cÞ2 þ cD2

"
þ 1

c
� 2cR

c2R þ D2

#
sin D~kk �~rr
h

� ðx1 � x3Þs þ x1ds
i)

: ð40Þ

Eq. (40) is analogous to (36), which indicates that the temporal behavior of the beat signal intensity reflects
mainly the characteristic of the lasers.
Relation (36) consists of six terms. The fifth and sixth terms depending on the u1ðtÞ or u3ðtÞ fourth-

and second-order coherence functions are the cross-correlation intensity between five third-order non-
linear polarizations, and gives rise to the modulation of the beat signal. The interferometric contrast
ratio mainly determined the modulation term is equally sensitive to the amplitude and phase fluctua-
tions of the Markovian stochastic light fields. The other term depending on the sixth-, fourth- or
second-order coherence functions of u1ðtÞ or u3ðtÞ is a sum of the auto-correlation intensity between five
third-order nonlinear polarizations. Different stochastic models of the laser field affect only the sixth-
and fourth-order coherence functions. The constant terms in relations (36)–(40), which are independent
of the relative time-delay between beams 1 and 2, mainly originate from the amplitude fluctuation of
the Gaussian-amplitude field. The third and fourth terms in relation (36), which are shown to be
particularly sensitive to the amplitude fluctuation of the Gaussian-amplitude field, indicate an expo-
nential decay of the beat signal as jsj increases. The s-independent terms of Eq. (36) is identical to
those of Eqs. (37)–(39). Physically, when jsj ! 1, beams 1 and 2 are mutually incoherent, therefore
whether s is positive or negative does not affect the REPB. Eqs. (36)–(40) also indicate that beat signal
oscillates not only temporally but also spatially along the direction D~kk, which is almost perpendicular to
the propagation direction of the beat signal. Three three-dimensional plots of the beat signal intensity
Iðs;DÞ versus time delay s and frequency detuning D, Iðs; rÞ versus time delay s and transverse distance
r and IðD; rÞ versus frequency detuning D and transverse distance r, respectively, have larger constant
background caused by the intensity fluctuation of the Gaussian-amplitude field in Figs. 4(a)–(c). At
zero relative time delay (s ¼ 0 and ds ¼ 0), the twin beams originating from the same source enjoy
perfect overlap at the sample of their corresponding noise patterns in Figs. 4(a) and (b). This gives
maximum interferometric contrast. As jsj is increased, the interferometric contrast diminishes on the
time scale that reflects material memory, usually much longer than the correlation time of the light. As
ds is increased, the contrast ratio is seen to diminish and the symmetry of the interferogram is de-
stroyed in Figs. 4(a) and (b).
It is important to note that these three types of fields can have the same spectral density and thus the

same second-order coherence function. The fundamental differences in the statistics of these fields are
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manifest only in the higher-order coherence functions [1–10]. The term ‘‘higher order’’ refers to all orders
larger than the second. In this paper, different stochastic models of the laser field only affect the sixth- and
fourth-order coherence functions. Figs. 5(a) and (b) present the beat signal intensity versus relative time
delay using laser linewidths 1 and 4 nm, respectively. The three curves in the figures represent the chaotic
field (dotted line), phase-diffusion field (dashed line), and Gaussian-amplitude field (solid line), respectively.
For beat pattern concision, the same constant intensity was subtracted from three signals. (Here we only
interested the relative compare value in three of them. The intensity goes negative for some calculations.

Fig. 4. Three three-dimensional plots of the beat signal intensity Iðs;DÞ versus time delay s and frequency detuning D; Iðs; rÞ versus
time delay s and transverse distance r and IðD; rÞ versus frequency detuning D and transverse distance r, respectively. The parameters

are x1 ¼ 3200 ps�1, x3 ¼ 3324 ps�1, ds ¼ 83 fs, a1 ¼ 10:8 ps�1, a3 ¼ 11:6 ps�1, h ¼ 2:62
 10�2 rad, v=vR ¼ 1, cR ¼ 0:05 ps�1,

c ¼ 0:2 ps�1, g1 ¼ g2 ¼ 1; while Dk ¼ 0 mm�1 for (a), Dk ¼ 10:83 mm�1, D ¼ 0 for (b) and Dk ¼ 10:83 mm�1, s ¼ 0 ps for (c).
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Actually that cannot happen to the total intensity.) The peak-to-background contrast ratio of the chaotic
field is much larger than that of the phase-diffusion field or the Gaussian-amplitude field. Furthermore, the
contrast ratio of the phase-diffusion field is slightly larger than that of the Gaussian-amplitude field. The
physical explanation for this is that the signal contrast ratio is equally sensitive to the amplitude and phase
fluctuations of the Markovian stochastic fields.The polarization beat signal is shown to be particularly
sensitive to the statistical properties of the Markovian stochastic light fields with arbitrary bandwidth. This
is quite different from the fourth-order partial-coherence effects in the formation of integrated-intensity
gratings with pulsed light sources [31]. Their results proved to be insensitive to the specific radiation models.
Figs. 6(a) and (b) show the interferogram of the beat signal intensity versus time delay and the spectrum of
the beat signal intensity versus frequency detuning. The constant background of the beat signal for a
Gaussian-amplitude field or a chaotic field is much larger than that of the signal for a phase-diffusion field
in Figs. 6(a) and (b). The physical explanation for this is that the Gaussian-amplitude field undergoes
stronger intensity fluctuations than a chaotic field. On the other hand, the intensity (amplitude) fluctuations
of the Gaussian-amplitude field or the chaotic field are always much larger than the pure phase fluctuations
of the phase-diffusion field.

(a)

(b)

Fig. 5. The beat signal intensity versus relative time delay. The three curves represent the chaotic field (dotted line), phase-diffusion

field (dashed line), and Gaussian-amplitude field (solid line). The parameters are x1 ¼ 3200 ps�1, x3 ¼ 3324 ps�1, Dk ¼ 0, ds ¼ 0 fs,

g1 ¼ g2 ¼ 1, D ¼ 0, v=vR ¼ 1, cR ¼ 0:05 ps�1, c ¼ 0:2 ps�1; while a1 ¼ 2:7 ps�1, a3 ¼ 2:9 ps�1 for (a) and a1 ¼ 10:8 ps�1,

a3 ¼ 11:6 ps�1 for (b).
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Now, we discuss the difference between REPB and UMS with self-diffraction geometry from a physical
viewpoint. The frequency and wave vector of the UMS are xs1 ¼ 2x1 � x1, xs2 ¼ 2x2 � x2 and
~kks1 ¼ 2~kk01 �~kk1, ~kks2 ¼ 2~kk02 �~kk2, respectively, which means that a photon is absorbed from each of the two
mutually correlated pump beams. On the other hand, the frequency and wave vector of the FWM signal of
the REPB are xs1 ¼ x1 � x1 þ x3, xs2 ¼ x3 � x3 þ x3, and, ~kks1 ¼~kk1 �~kk01 þ~kk3, ~kks2 ¼~kk2 �~kk02 þ~kk3, respec-
tively, therefore photons are absorbed from and emitted to the mutually correlated beams 1 and 2, re-
spectively. This difference between the REPB and UMS has profound influence on the field-correlation
effects. We note that the roles of two composite beams are interchangeable in the UMS, this inter-
changeable feature also makes the second-order coherence function theory failure in the UMS. In virtue of
huðt1Þuðt2Þi ¼ 0, the absolute square of the stochastic average of the polarization jhP ð3Þij2 cannot be used to
describe the temporal behavior of the UMS [17–22]. Our higher-order theory is of vital importance in the
UMS [6–10].
The main purpose of the above discussion is that we reveal an important fact that the amplitude and

phase fluctuations play a critical role in the temporal behavior of REPB signal. Furthermore, the different
roles of the phase fluctuation and amplitude fluctuation have been pointed out in the time domain and
frequency domain. This is quite different from the time delayed FWM with incoherent light in a two-level
system [27]. For the latter case, the phase fluctuation of the light field is crucial. But the amplitude and

(a)

(b)

Fig. 6. The interferogram of the beat signal intensity versus time delay and the spectrum of the beat signal intensity versus frequency

detuning. The three curves represent the chaotic field (dotted line), phase-diffusion field (dashed line), and Gaussian-amplitude field

(solid line). The parameters are x1 ¼ 3200 ps�1, x3 ¼ 3324 ps�1, Dk ¼ 0, ds ¼ 0 fs, g1 ¼ g2 ¼ 1, v=vR ¼ 1, cR ¼ 0:05 ps�1,
c ¼ 0:2 ps�1; while D ¼ 0, a1 ¼ 10:8 ps�1, a3 ¼ 11:6 ps�1 for (a) and s ¼ 0 fs, a1 ¼ 2:7 ps�1, a3 ¼ 2:9 ps�1 for (b).
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phase fluctuations of the Markovian stochastic light fields are equally crucial in the REPB. On the other
hand, because of huiðtÞi ¼ 0 and hu	i ðtÞi ¼ 0, the absolute square of the stochastic average of the polar-
ization jhP ð3Þij2, which involves second-order coherence function of uiðtÞ, cannot be used to describe the
temporal behavior of the REPB. The sixth-order theory reduces to the second-order theory in the case that
the laser pulse width is much longer than the laser coherence time [31]. The second-order coherence
function theory is valid when we are only interested in the s-dependent part of the beating signal [17–22].
Therefore, the sixth-order coherence function theory is of vital importance in REPB. The application of
these results to the REPB experiment yielded a better fit to the data than an expression involving only
second-order coherence [6–10,31]. In this paper, we present experimental results for the material response in
REPB with phase-conjugation geometry using broadband chaotic fields. At present, it is difficult to achieve
the polarization beat experiment by the phase-diffusion field or the Gaussian-amplitude field. Therefore, it
is more difficult to get a clear picture of physical origins of the effects in each type of fluctuating field in the
experiment.

7. Experiment and result

We are interested in the temporal behavior of the REPB signal intensity with fixed frequency de-
tuning. The carbon disulfide (CS2) with 655:7-cm

�1 vibrational mode was contained in a sample cell with
thickness 9 mm. The second harmonic of a Quanta-Ray YAG laser was used to pump two dye lasers
(DL1 and DL2). Broadband sources DL1 and DL2 had linewidth 1 nm, pulse width 10 ns and output
energy 1 mJ. The first dye laser DL1 had wavelength 589 nm. The wavelength of DL2 was approxi-
mately 567 nm and could be scanned by a computer-controlled stepping motor. A beam splitter was
used to combine the central frequencies x1 and x3 components derived from broadband sources DL1
and DL2, respectively, for beams 1 and 2, which intersected in the sample with a small angle h ¼ 1:5�.
The relative time delay s between beams 1 and 2 could be varied. Beam 3, which propagated along the
direction opposite to that of beam 1, was also derived from broadband source DL2. All the incident
beams were linearly polarized in the same direction. The beat signal had the same polarization as the
incident beams, propagated along a direction almost opposite to that of beam 2. It was detected by a
photodiode.
We first performed a nondegenerate FWM experiment in which beams 1 and 2 only consisted of x1

frequency component. We measured the RENFWM spectrum with fixed time delay by scanning x3. Our
results are showed in Fig. 7, which showed an asymmetrical resonant profile due to the interference between
the Raman resonant term and the nonresonant background originating solely from the molecular reori-
entational grating [23–26]. From this spectrum x3 was tuned to the resonant frequency (i.e.,
D ¼ jx1 � x3j � XR ¼ 0). We then performed the REPB experiment with fixed frequency detuning by
measuring the beat signal intensity as a function of the relative time delay when beams 1 and 2 consist of
both frequencies x1 and x3. Fig. 8 presents the result of the polarization beat experiment. The beat signal
intensity modulates sinusoidally with period 51 fs. The modulation frequency can be obtained more directly
by making a Fourier transformation of the REPB data. Fig. 9 shows the Fourier spectrum of the REPB
data in which s is varied for a range of 5 ps. Then we obtain the modulation frequency 124 ps�1 corre-
sponding to the resonant frequency of the Raman vibrational mode 655:7 cm�1 and the standard deviation
0:107 cm�1.
We have studied the higher-order correlation effects on the REPB using three types of stochastic

models. The overall accuracy of using broadband REPB to measure the Raman resonant frequency is
also considered. Polarization beats can be employed as a spectroscopy because the modulation fre-
quency corresponds directly to the resonant frequency of the system [15]. For the Raman resonant
system, the modulation frequency is just the frequency difference of the two incident lasers when the
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lasers have narrow bandwidths. The precision of using REPB to measure the Raman resonant fre-
quency is then determined by how well x3 � x1 can be tuned to XR. However, due to the interference
between the Raman resonant signal and the nonresonant background, the Raman enhanced FWM
signal spectrum is asymmetric and the peak of the spectrum does not correspond to the exact Raman
resonant. Since there is a small uncertainty on tuning x3 � x1 to XR, there is disadvantage of using
narrow band polarization beat to measure the resonant frequency of the Raman mode [9]. On the
contrary, since the modulation frequency of the beat signal corresponds directly to the Raman resonant
frequency when the lasers have broadband linewidths, there is great advantage of using broadband
polarization beat to measure the resonant frequency of the Raman mode. In this paper, we present a
theory and experimental results for the material response in REPB with phase-conjugation geometry
using broadband chaotic fields, which can provide Raman frequencies, is another interesting way to
study the stochastic properties of light. Previous extensive noisy light based CRS often called I ð2Þ CARS
or I ð2Þ CSRS (coherent Stokes Raman scattering) yield both Raman frequencies via radiation difference

Fig. 8. The beat signal intensity versus relative time delay. The filled squares denote the experimental result; the solid curve is the

theoretical curve with x1 ¼ 3200 ps�1, x3 ¼ 3324 ps�1, Dk ¼ 0, g1 ¼ g2 ¼ 1, ds ¼ 83 fs, D ¼ 0, v=vR ¼ 1, cR ¼ 0:05 ps�1, c ¼ 0:2 ps�1,

a1 ¼ 2:7 ps�1 and a3 ¼ 2:9 ps�1.

Fig. 7. RENFWM spectrum with fixed time delay.
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oscillations (RDOs) and dephasing times in the interferometric time domains. Unlike in REPB in those
spectroscopies the presence of one monochromatic beam is essential [11–14]. Physically the REPB is
similar to the corresponding CSRS [23–25].
The temporal behavior of the REPB signal is quite asymmetric with the maximum of the signal

shifted from s ¼ 0. We attribute this asymmetry to the difference between two autocorrelation processes
in the zero time delay. To confirm this, we can measure the FWM signal when beams 1 and 2 only
consist of only one frequency component. The difference in the zero-time delay was obvious in that
figure [22]. It is due to the large difference between the wavelengths of broadband noisy light sources
DL1 and DL2 so that the dispersion of the optical components becomes important. This can be un-
derstood as follows. The correlation functions of static gratings G1 and G2 is chirped in these ex-
periments owing to unbalanced dispersion in the interferometer generated by a dispersive material (the
optical glass in the delay line) in one arm but not the other. Owing to the difference in the indices of
refraction of optical glass and air, the beam 2 is delayed by the optical glass relative to beam 1.
Therefore the interferometer must be adjusted (the path of beam 2 is made shorter) to match this delay
and thus reestablish overlap, defined as that interferometric delay setting which allows for the global
minimization of the difference in phases of all of the colors contained in beam 1 relative to the same
colors in beam 2. The difference between the dispersion of optical glass and air causes chirping of the
correlation function, so different colors are optimally correlated at different values of the interferometric
delay. The bluer color x3 correlate at later delay times (when the path of beam 2 is made shorter) and
the redder color x1 correlate at earlier delay times (when the path of beam 2 is made longer) [11,14].
Consider the case that the optical paths between 1 and 2 are equal for x3 component. Owing to the
difference between the zero time delays for the frequency components x1 and x3, the optical paths
between beams 1 and 2 will be different by cds for the x1 component. As the result, there is an extra
phase factor x1ds for the x1 frequency component. For an optical glass with refractive index n � 1:5,
the refractive index at k3 ¼ 567 nm is larger than that at k1 ¼ 589 nm by approximately 0.001. A 83 fs
delay between x1 and x3 corresponds to the propagation of beams in the glass (mainly the prism in the
optical delay line) for a distance of about 2.5 cm. It is worth mentioning that the asymmetric behaviors
of the polarization beat signals due to the unbalanced dispersion effects of the optical components
between two arms of interferometer do not affect the overall accuracy in case using REPB to measure
the energy-level difference. By contrast, ultrashort pulses of equivalent bandwidth are not immune to
such dispersive effects (even when balanced) because the transform limited light pulse is in fact

Fig. 9. The filled squares denote the Fourier spectrum of the experimental data in which s is varied for a range of 5 ps. The solid curve
is the theoretical curve with x1 ¼ 3200 ps�1 x3 ¼ 3324 ps�1, Dk ¼ 0, g1 ¼ g2 ¼ 1, ds ¼ 83 fs, D ¼ 0, v=vR ¼ 1, cR ¼ 0:05 ps�1,

c ¼ 0:2 ps�1, a1 ¼ 2:7 ps�1 and a3 ¼ 2:9 ps�1.
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temporally broadened (it is chirped) and this has drastic effects on its time resolution (the auto-cor-
relation). In this sense the REPB with broadband noisy light has an advantage [11].
In conclusion, the higher-order field correlation effects on the REPB with phase-conjugation geometry in

Raman resonant system are investigated using chaotic field, phase-diffusion, and Gaussian-amplitude
models. The polarization beat signal is shown to be particularly sensitive to the field statistics. Different
stochastic models of the laser field only affect the sixth- and fourth-order coherence function. Based on
three types of models, the cases that the pump beams have either narrow band or broadband linewidths are
considered, and it is found that the beat signal oscillates not only temporally with a period of 51 fs but also
spatially with a period of 0.6 mm. The temporal period corresponds to the Raman frequency shift of
655:7 cm�1. The overall accuracy of using REPB to measure the resonant frequency of Raman-active mode
is determined by the relaxation rates of the Raman mode and the molecular-reorientational grating. It is
worth mentioning that the asymmetric behaviors of the polarization beat signals due to the unbalanced
dispersion effects between two arms of interferometer do not affect the overall accuracy in case using REPB
to measure the Raman resonant frequency, and different colors are optimally correlated at different values
of the interferometric delay.
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