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An approach to investigate the multiple-scattering problems based
on the singularity expansion method
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An approach to perform the multiple-scattering calculations of the two-cylinder acoustic scattering
problem is studied here. The coupling factors and the analytical solutions of the poles are extracted
by using the singularity expansion method (SEM). Through interpreting the coupling characteristic
of the external oscillations, the poles are also obtained which are consistent with the exact results. It
is noted that the coupling characteristic of the scattering field is the corresponding coupling between
the oscillation modes of the same order, as well as the SEM poles. Based on this, we then infer that
by interpreting the physical meaning of the coupling coefficients and explaining the influence of the
coupling characteristic on the SEM poles, the pole distributions and the external oscillation characteristics of multiple scatterers can be studied in acoustic scattering problems. The study is based on
general models, and then takes a two-same-cylinder model as an example for comparative analysis.
In addition, the relationship between the real parts of the SEM poles and the separated distance is
also analyzed briefly. The new approach and the related calculation results provide an effective way
to perform shape recognition in the acoustic scattering field. Published by AIP Publishing.
https://doi.org/10.1063/1.5018478
I. INTRODUCTION

Multiple scattering problems by two-cylinder systems
have been investigated in many fields of physics, for instance,
in quantum mechanics, electromagnetism, optics, and acoustics.
Many semiclassical methods have been carried out in the past
to study such problems.1 A completely general matrix formulation of the multiple-scattering equations was given by Burke
et al.2,3 After that, Young and Bertrand performed the multiplescattering calculations of the backscattering by two parallel,
rigid cylinders, using both direct matrix inversion and an iterative procedure.4 Another very powerful method is the geometrical theory of diffraction (GTD), which describes the evolution
of waves in terms of rays.1,5 After this theory was put forward,
it has been used to take account of the diffraction effects due to
creeping waves. Furthermore, Wirzba gave approximations in
terms of periodic orbits for any geometry of a finite number of
nonoverlapping disks,6–8 and Gabrielli and Mercier provided
an approach to extract and interpret all the scattering resonances of the two impenetrable cylinder scattering problem.1
Obviously, the couplings of multiple scatterers cannot be
ignored, especially when they are relatively close to each other.
The couplings produced by external oscillations have huge
impacts on both scattering characteristics and pole distributions
of scatterers.9 In our previous studies, we have already obtained
the pole distributions in the acoustic scattering problem by
using the singularity expansion method (SEM) and established
the relationship between the positions of SEM poles and the
geometrical characteristics of single scatterers.10 However, the
couplings of external oscillations will be reflected in the change

in the SEM-pole distributions and produce new problems in
target recognition. In order to identify the shape characteristics
of each scatterer and the distance between multiple scatterers,
we need to understand the coupling characteristics of external
oscillations using multiple scatterer systems, which mean the
variations and distributions of the oscillation frequencies in the
presence of couplings.
In this paper, we propose an approach to perform the
multiple-scattering calculations of a two-cylinder acoustic scattering problem, extract the coupling factors, and interpret the
coupling characteristics of the external oscillations. What is
more, the pole distributions of the two-cylinder acoustic scattering problem can be obtained by using the singularity expansion
method, and the influence of coupling characteristics on the
pole distributions can be then explained. Thus, we can identify
the distance between the two scatterers and lay the foundation
for further shape recognition of multiple acoustic scatterers.
II. FIRST STEP: COUPLING CHARACTERISTIC
EXTRACTION

To obtain the positions of the SEM poles and analyze
the influence of couplings, the coupling characteristics are
extracted primarily. This section is organized as follows:
firstly, the theoretical analysis is briefly reviewed to make
clear the specific form of the multiple-scattering equations
we have used, and then the coupling coefficients can be
derived with an interpretation of their physical meaning
through the singularity expansion method.
A. The scattering characteristics of the two-cylinder
system
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Consider two infinite and parallel cylinders with a center-to-center distance L. The radii of the two cylinders are a
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and b, respectively; the incident wave makes an angle u0
with the X-axis, and the boundary conditions can be divided
into two kinds: two rigid cylinders and two ideally soft cylinders. The geometrical situation is shown in Fig. 1. The incident acoustic field can be expressed in the two coordinate
systems as follows:10–13
0

PiA ðq; uÞ ¼ ejkq cos ðuu Þ ¼

þ1
X

0

jn Jn ðkqÞe jnðuu Þ ; (1a)

n¼1

n¼1
0

PiB ðq0 ; hÞ ¼ ejkq

cos ðhu0 Þ

¼

þ1
X

the boundary conditions should be carried out only under the
same coordinate system. Here, we use the Graf addition theorem to express the outgoing waves from one cylinder in the
coordinate system of the other.13–15
The first-order scattered acoustic field of cylinder A can
be expressed in the coordinate system B as follows:
"
#
þ1
þ1
X
X
ð2Þ
1
n
jnu0
0
jmh
: (3)
j an e
Jm ðkq ÞHmþn ðkLÞe
PA ¼

0

jn Jn ðkq0 Þe jnðhu Þ ; (1b)

n¼1

where the wavenumber k ¼ x=c, Jn is the Bessel function,
p
and jn ¼ ejn2 .
Obviously, the acoustic fields of the two cylinders
are different since they have different radii; we analyze the
acoustic field of cylinder A at first. The acoustic field of cylinder A is composed of two parts: in the first part (denoted
PKA ), the incident wave projects onto cylinder A and then scatters back and forth between A and B, and in the other part
0
(denoted PKA ), the incident wave projects onto cylinder B and
then scatters back and forth between B and A.

And, in this part, the first-order scattered acoustic field
of cylinder B in the coordinate system B reads

0

jnðuu Þ
jn an Hð2Þ
;
n ðkqÞe

0

ð2Þ
0 jnh jnu
jn bn Cð1Þ
e
;
n Hn ðkq Þe

(2)

n¼1

where an ¼ Jn ðkaÞ=Hð2Þ
n ðkaÞ for the ideally soft cylinders,
an ¼ J0n ðkaÞ=Hn0ð2Þ ðkaÞ for rigid cylinders, and Hð2Þ
n ðkqÞ is
the Hankel function of the second kind.
It can be seen that there are two coordinate systems in
this model, but the calculations of the total acoustic field and

(4)

n¼1

where bn ¼ Jn ðkbÞ=Hð2Þ
n ðkbÞ for the ideally soft cylinders,
ð2Þ
bn ¼ J0n ðkbÞ=H0 n ðkbÞ for rigid cylinders,10,13 and Cð1Þ
n is
the undetermined coefficient in this situation.
a. Ideally soft boundary conditions. The boundary condition can be defined as follows with the problem of two ideally soft cylinders:13

ðP1A þ P1B Þjq0 ¼b ¼ PiB ðq0 ; hÞjq0 ¼b ;

Primarily, the first-order scattering field of cylinder A
will be analyzed in detail in order to obtain the undetermined
coefficient. In the first part, the scattered acoustic field of cylinder A in the coordinate system of A can be given as10–13
þ1
X

þ1
X

P1B ¼

1. The first-order acoustic field of cylinder A

P1A ¼

m¼1

(5)

which means that the total acoustic field in the coordinate
system B is 0.
Combining Eqs. (3)–(5) and (1b), we can get
"
#
þ1
X
ð2Þ
ð2Þ
jnh
an Jm ðkbÞHmþn ðkLÞe jmh þ bn Cð1Þ
n Hn ðkbÞe
m¼1

¼ Jn ðkbÞe jnh ;

(6)

then, the undetermined coefficient Cð1Þ
n can be given by
"
#
þ1
X
ð2Þ
an
Jm ðkbÞHmþn ðkLÞe jmh þ Jn ðkbÞe jnh
m¼1

Cð1Þ
n ¼

:

jnh
bn Hð2Þ
n ðkbÞe

(7)
Multiplying with e jnh ejnh and computing the integral in
the interval [0, 2p] at the two ends of Eq. (7), respectively,
Eq. (7) can be then written again as
ð 2p
jnh jnh
Cð1Þ
e dh
n e
0

¼

ð 2p
0

þ

an

0

FIG. 1. Two-cylinder coordinate systems.

ð2Þ

Jm ðkbÞHmþn ðkLÞe jmh

m¼1



ð 2p

þ1
X

bn Hð2Þ
n ðkbÞ


Jn ðkbÞ
e jnh ejnh dh;
ðkbÞ
bn Hð2Þ
n

ejnh dh
(8)

where the left side of Eq. (8) is equal to a constant 2pCð1Þ
n ,
and the second term on the right side is equal to 2p, since
bn ¼ Jn ðkbÞ=Hð2Þ
n ðkbÞ. For the first term on the right side,
ð2Þ
considering that the expression Jm ðkbÞHmþn ðkLÞ=Hð2Þ
n ðkbÞ
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has nothing to do with the integral variable h, the remaining
terms will be integrated one by one. Therefore,
"
#
ð 2p
þ1
X
ð2Þ
an
Jm ðkbÞHmþn ðkLÞ
e jmh ejnh dh


0

m¼1

þ 2p ¼ 2pCð1Þ
n :

bn Hð2Þ
n ðkbÞ

(9)

0

P1B ¼

þ1
X

and the Graf addition theorem13–15 can also be used to
express it in the coordinate system A
"
#
þ1
þ1
X
X
0
0
ð2Þ
jn bn ejnu
Jm ðkqÞHmþn ðkLÞe jmu : (16)
P1B ¼

0

P1A ¼
e jmh ejnh dh ¼ 2p ðm ¼ nÞ;

(10b)

we can obtain that

0

ð2Þ
jnu jnu
jn an Cð2Þ
e
:
n Hn ðkqÞe

ð2Þ

¼ 1 þ an H2n ðkLÞ:

(11)

Thus, the undetermined coefficient Cð1Þ
n is obtained and
the acoustic scattering field is determined in the case of two
ideally soft cylinders.

0

ðP1A þ P1B Þjq¼a ¼ PiA ðq; uÞjq¼a ðideally softÞ;

0
0 

@ðP1A þ P1B Þ 
@PiA

ðq;
uÞ
¼

ðrigidÞ:


@q
@q
q¼a
q¼a

b. Rigid boundary conditions. Compared with Eq. (5), the

rigid boundary condition13 can be changed into


@ðP1A þ P1B Þ 
@Pi 0 
¼

ðq
;
hÞ
0 :
0
@q0
@q0
q ¼b
q ¼b

(12)

And, similar to the above derivation,
"
#
þ1
X
ð2Þ
0
jmh
þ J0 n ðkbÞe jnh
an
J m ðkbÞHmþn ðkLÞe
m¼1

Finally, the undetermined coefficient Cð1Þ
n in the case of
two rigid cylinders can be read as
ð2Þ

an J0 n ðkbÞH2n ðkLÞ
ð2Þ
bn H0 n ðkbÞ

ð2Þ

¼ 1 þ an H2n ðkLÞ;

ð2Þ

(14)

ð2Þ

(19)

where bn ¼ Jn ðkbÞ=Hð2Þ
n ðkbÞ for the ideally soft boundary
condition and for the rigid boundary condition, bn ¼ J0n ðkbÞ=
10,13
H0 ð2Þ
n ðkbÞ.
Equations (11), (14), and (19) have a clear physical
meaning. Different from the acoustic scattering field of a single
cylinder, the coefficient Cn contains the interaction between
two cylinders, and it can be used to reflect the multipleð2Þ

distance between the two cylinders: H2n ðkLÞ decreases with
the increase of the wave number distance kL. We notice that
Cn ¼ 1, when kL tends to infinity, namely the acoustic scattering field of double cylinders will degrade to a single scattering
field, and the expression of one cylinder’s acoustic scattering
field is consistent with our previous research result.8 In addition, Eqs. (11), (14), and (19) also contain the factors an and
bn , which decide the acoustic scattering coefficients of rigid or
ideally soft cylinders.

ð2Þ

where an ¼ J0n ðkaÞ=H0 n ðkaÞ and bn ¼ J0n ðkbÞ=H0 n ðkbÞ.
Especially, we can notice that when the radii of the
two cylinders are the same, Cð1Þ
n ¼1

Cð2Þ
n ¼ 1 þ bn H2n ðkLÞ;

ð2Þ

(13)

Cð1Þ
n ¼1

(18b)

scattering of each cylinder. The factor H2n ðkLÞ relates to the
:

jnh
bn H0 ð2Þ
n ðkbÞe

(18a)

Combining Eqs. (16)–(18) and (1), we can obtain the
undetermined coefficient Cð2Þ
n
ð2Þ

Cð1Þ
n ¼

(17)

And, the boundary conditions13 changed into
0

ð2Þ
an Jn ðkbÞH2n ðkLÞ
bn Hð2Þ
n ðkbÞ

þ1
X
n¼1

0

Cð1Þ
n ¼1

m¼1

The first-order scattered acoustic field of cylinder A in
the coordinate system A reads

0

ð 2p

(15)

n¼1

n¼1

According to the orthogonality of the trigonometric
function,13
ð 2p
e jmh ejnh dh ¼ 0 ðm 6¼ nÞ;
(10a)

0

0 jnðhu Þ
jn bn Hð2Þ
;
n ðkq Þe

ð2Þ
an Jn ðkaÞH2n ðkLÞ
ð2Þ
an Hn ðkaÞ

¼1

þan H2n ðkLÞ, that is, the coefficient Cð1Þ
n is applicable to any
two infinite, parallel cylinder systems in the situation that the
incident wave projects onto cylinder A and then scatters
back and forth between A and B.
In the other part of the acoustic field of cylinder A (the
incident wave projects onto cylinder B and then projects
onto A), the undetermined coefficient Cð2Þ
n can be obtained in
the same way.
In this part, the scattered acoustic field of cylinder B in
the coordinate system of B can be given by10–13

2. The total scattering field of cylinder A

According to the previous derivation process and the
coefficients already known, the two parts of cylinder A’s
acoustic scattering field can be obtained separately as,
PKA ¼

þ1
X

0

2ðK1Þ ð2Þ
jn an ðCð1Þ
Hn ðkqÞe jnðuu Þ ;
n Þ

(20a)

2K1 ð2Þ
jn an ðCð2Þ
Hn ðkqÞe jn½uðu pÞ;
n Þ

(20b)

n¼1
0

PKA ¼

þ1
X

0

n¼1

then, the total scattering field of A can be read as
P
K
K0
PA ¼ þ1
K¼1 PA þ PA , which contains the series on K.
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3. The scattering field of cylinder B

The solution of cylinder B’s acoustic scattering field is
very similar to that of cylinder A, so we can come to the conclusion directly that
þ1
X

PKB ¼

2K1 ð2Þ
jn bn ðCð1Þ
Hn ðkq0 Þe jn½hðu pÞ ;
n Þ
0

(21a)

n¼1
0

PKB ¼

þ1
X

0

2ðK1Þ ð2Þ
jn bn ðCð2Þ
Hn ðkq0 Þe jnðhu Þ ;
n Þ

(21b)

Especially, we notice that when the radii of the two cylinð2Þ
A
B
ders are equal, Cð1Þ
n ¼ Cn and Mn ¼ Mn . More importantly,
the radii of the two cylinders affect the scattering field and the
coupling coefficients of the two-cylinder system; however,
they have little effect on the overall coupling characteristics.
The approach we mentioned here is generally applicable to
two-cylinder systems, no matter whether the radii are equal or
not.
In our previous study, we have already known about the
acoustic scattering field of a single cylinder10

n¼1

and the total scattering field of B can be read as PB
P
K
K0
¼ þ1
K¼1 PB þ PB . It is noticed that this result is consistent
with the expression of the first-order scattering field of cylinder B, as we have calculated before.
B. Coupling characteristics of the two-cylinder system

It is already known that only more than second-order scattering fields of the two-cylinder system can be coupled.16,17
As the higher-order acoustic scattering fields have already
been obtained, we will derive the coupling coefficients with an
interpretation of their physical meaning through the singularity
expansion method in this section. Based on the previous
results in Sec. II A,
PA ¼

þ1
þ1
þ1
X
X
X
0
jnu
PKA þ PKA ¼
jn an Hð2Þ
ðkqÞe
n
n¼1

K¼1

h

 e

jnu0

2ðK1Þ
ðCð1Þ
n Þ

K¼1

þe

jnðpu0 Þ

2K1
ðCð2Þ
n Þ

i

;

(22)

where
þ1 h
X

0

0

2ðK1Þ
2K1
ejnu ðCð1Þ
þ ejnðpu Þ ðCð2Þ
n Þ
n Þ

i

K¼1
0

0

ejnu
ejnðpu Þ Cð2Þ
n
¼
 ð1Þ 2 þ
 ð2Þ 2 :
1  Cn
1  Cn

(23)

Combining Eqs. (22) and (23), the acoustic scattering
field of cylinder A can be expressed as
PA ¼

þ1
X

jnu
jn an MnA Hð2Þ
;
n ðkqÞe

(24a)

n¼1
0

MnA ¼

0

ejnu
ejnðpu Þ Cð2Þ
n

2 þ

 ;
ð1Þ
ð2Þ 2
1  Cn
1  Cn

(24b)

where Mn denotes the coupling factor of the two-cylinder
system.
In the same way, the coupling factor of cylinder B can
be written as
PB ¼

þ1
X

0 jnh
jn bn MnB Hð2Þ
;
n ðkq Þe

(25a)

n¼1
0

MnB ¼

0

ejnu
ejnðpu Þ Cð1Þ
n
 ð2Þ 2 þ
 ð1Þ 2 :
1  Cn
1  Cn

(25b)

Psz ¼

þ1
X

p

an Hð2Þ n ðkqÞe jnðu2Þ :

(26)

n¼1

Comparing Eqs. (24) and (26), we get
X
Pssingle ¼
Psn ;
PsDouble ¼

X
n

n

PsDn ¼

X

Mn Psn :

(27a)
(27b)

n

It can be seen that different from the scattering field of a single
cylinder, although the acoustic scattering field considering couplings is also composed of infinite orders of oscillation modes,
there is a corresponding coupling factor Mn in each oscillation
mode. What is more, since different oscillation modes correspond to different oscillation frequencies, the oscillation modes
are independent of each other. It means that one coupling coefficient Mn acts only on the corresponding mode and has no
effect on other modes; in other words, the coupling characteristic of the scattering field is that the scattering field is coupled
by the corresponding modes of oscillation.
We have already known that the parameters of the SEM
poles (l, n) represent the oscillation modes and the orders of
the scattering field, respectively,10 and then according to the
coupling characteristic of two cylinders and the physical meaning of the SEM-poles, the SEM-poles are coupled depending
on the parameters. That is, the poles of the same parameters
are coupled, while the poles with different parameters have no
interaction. Here, we come to the conclusion that the coupling
characteristic of the scattering fields is the corresponding coupling between the oscillation modes of the same order, as well
as the SEM poles.
The coupling characteristics of the external oscillations
greatly simplify the analysis of the coupling problems and also
make it possible to apply the singularity expansion method to
the recognition of multiple scatterers.
III. SECOND STEP: SOLVING THE SEM POLES

We have already known that the positions of the SEM
poles in the complex frequency plane are only determined by
the shape and the flexible characteristics of the target,10 and
this is also applicable to the two-cylinder system. This means
that the SEM poles can be used as the characteristic parameters
for multiple target recognition. Therefore, it is necessary to
study the pole distributions of the two-cylinder system. In this
section, firstly, we will provide a physical interpretation of
the SEM poles of the first and second order scattering of the
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two-cylinder system. Secondly, we will obtain the approximate
solution of the SEM poles by predicting the external oscillation
periodic paths. Finally, the relationship between the distributions of the SEM poles and the center-to-center distance
between the two cylinders will be analyzed.

In other words, the expression of the poles is (for the
ideally soft boundary condition)
ð2Þ

Jn ðkaÞH2n ðkLÞ  2Hð2Þ
n ðkaÞ ¼ 0;

and for the rigid boundary condition, Eq. (29a) changed into

A. Extraction and physical interpretation of the SEM
poles

The total acoustic fields of cylinders A and B can be
expressed as18,19
PtA ¼ PiA þ PsA
þ1
X

¼

h
i
0
jnu
jn an MnA Hð2Þ
þ Jn ðkqÞe jnðuu Þ ;
n ðkqÞe

n¼1

(28a)
PtB ¼ PiA þ PsB
þ1
X

¼

h
i
0 jnh
0 jnðhu0 Þ
jn bn MnB Hð2Þ
ðkq
Þe
þ
J
ðkq
Þe
:
n
n

n¼1

(28b)
Here, we use Watson transformation20 to accelerate the
convergence speed of the infinite series in Eq. (28). The
basic idea of this approach is converting the slowly converging “canonical series” into a rapidly converging “Watson
series,” which is defined as a sum of residues corresponding
to the complex poles of the Watson integrand.10,21 Since we
had introduced the application of Watson transformation
clearly in our previous studies,10 it will not be detailed here.
The SEM-poles of cylinder A can be determined by the
denominator of an MnA ; meanwhile, the SEM-poles of cylinder B is determined by the denominator of bn MnB . Obviously,
the solutions of the SEM-poles are completely consistent. In
order to simplify the calculation, two cylinders with equal
radii will be taken as an example, where an ¼ bn and MnA
jnu0

¼ MnB ¼ e

0

þð1Þn Cn e jnu
1C2n

.

(29a)

ð2Þ

ð2Þ

J0 n ðkaÞH2n ðkLÞ  2H0 n ðkaÞ ¼ 0:

(29b)

The scattering fields obtained by Eq. (29) are the exact
analytical solutions of the two-cylinder system. Compared
with the scattering field expression of a single cylinder, Eq.
ð2Þ
(29) has an extra term Jn ðkaÞH2n ðkLÞ, which will increase the
orders of the equation as well as the number of SEM poles.
The exact solution of Eq. (29) is difficult in order to
obtain the numerical results and the physical interpretation
of the SEM poles; we obtain the approximate solutions of
the SEM poles through the prediction of the external oscillation periodic paths and the application of geometrical theory
of diffraction (GTD).1,7,8
According to the GTD, the acoustic scattering field can be
separated into geometric reflected waves and diffraction waves
that circumnavigated the scatterers,8,10 so the external oscillation periodic paths can be predicted. For the two-cylinder system, the external oscillation paths will be formed as long as
the external oscillation waves pass through the scattering centers of the two scatterers and constitute loops.
Only considering the first and second order scatterings,
the external oscillation periodic paths can be divided into
four categories, as shown in Fig. 2.
1. Total reflection between cylinders A and B

The case described in Fig. 2(a) shows the contributions
associated with the closed geometrical reflection path. Since
the surface reflections by the two cylinders form the external
oscillation path, the SEM poles can be calculated using the
following equation according to the GTD.13


 

Aðs1 ÞR1 ejks1  Aðs2 ÞR2 ejks2 ¼ e6j2np ;

(30)

FIG. 2. External oscillation periodic paths of the first and second order scatterings of the two-cylinder system (radii a ¼ b). (a) Geometric reflected waves, the
total reflection between cylinders A and B; (b) diffraction by A and reflection by B; (c) diffraction by A and B; and (d) cross diffraction by A and B.

135107-6

Cao et al.

J. Appl. Phys. 123, 135107 (2018)

where AðsÞ denotes the diffusion factor and R is the reflection coefficient. In the case of Fig. 2(a), s1 ¼ s2 ¼ s ¼ L
qﬃﬃﬃﬃﬃﬃﬃ
as
2a; qr ¼ 2sþa
; Aðs1 Þ ¼ Aðs2 Þ ¼ q sþs; and for the ideally
r

soft boundary condition, R1 ¼ R2 ¼ 1; for the rigid boundary
condition, R1 ¼ R2 ¼ 1.
Figure 3 displays the comparison between the exact and
approximate results of SEM pole distributions. It is associated with the first order geometrical reflection presented in
Fig. 2(a). The analytical solutions are derived from Eq. (29)
and the approximate solutions are derived from Eq. (30). We
observe good agreement between the SEM poles computed
by the two different methods.

3. Diffraction by A and B

Figure 2(c) displays the external oscillation orbits made
up of two diffraction fields. According to the GTD, the distributions of the SEM poles in this case can be expressed as13
h
i2
sd
Md ðsd ÞAðsÞR  ej#1 ðkaÞ a ejks ¼ e6j2np ;
(32a)
1

ka 3 jp
e6 ;
(32b)
Md ðsd Þ ¼ 4:07
2
1

AðsÞ ¼ ð8jpk  sÞ2 :

(32c)

In the case shown in Fig. 2(b), s ¼ L and sd ¼ ap.
4. Cross diffraction by A and B

2. Diffraction by A and reflection by B

Figure 2(b) displays the external oscillation orbits made
up of a geometric field and a diffraction field. According to
the GTD,13 the distributions of the SEM poles in this case
can be expressed as
Ed ðsd ÞAðs1 ÞR  Aðs2 Þejkðs2 þs2 Þ ¼ e6j2np ;

(31a)

where Ed ðsd Þ denotes the first-order creeping waves surrounding the surface of cylinder A, and

ka
Ed ðsd Þ ¼ 4:07
2

1
3

sd

jp

e 6 ej#1 ðkaÞ a ;
1

Aðs1 Þ ¼ ð8jpk  s1 Þ2 ;
1

2
s2
;
Aðs2 Þ ¼
q r þ s2

(31b)
(31c)
(31d)

where #1 ðkaÞ are the zeros of Hankel functions of the second
kind on the complex k plane for the ideally soft boundary
condition, and for the rigid boundary condition, #1 ðkaÞ
changed into the zeros of the derivative of the Hankel function of the second kind.1,7,8,13
In the case shown in Fig. 2(b), s1 ¼ s2 ¼ a tan a; qr
as1
a
p
¼ 2s1 cos
bþa; a ¼ arccos La; b ¼ 2  a; and sd ¼ a  2ðp  aÞ.

FIG. 3. Exact solutions and approximate solutions in the complex k plane
associated with the first order geometrical reflection. (Ideally soft boundary
condition, separation distance L ¼ 6a.)

Figure 2(d) displays that the external oscillation orbits
are also made up of two diffraction fields, but these two diffraction fields are crossed. According to the GTD,13 the formula for calculating the distributions of the SEM poles is the
same as Eq. (32),
parameters have 1changed
 but the geometric

and
s ¼ 2½ðL2Þ2  a2 2 .
into sd ¼ a  2p  2arccos 2a
L
Figure 4 displays the distributions of the SEM poles
calculated by Eqs. (31) and (32). It is associated with other
three external oscillation orbits presented in Figs. 2(b)–2(d).
Comparing Figs. 3 and 4, it can be seen that the poles associated with the geometrical reflection path are the closest to the
real axis. This is because the wave attenuation of this path is
the smallest. Meanwhile, the diffraction distance of the other
three external oscillation orbits increases gradually, and this
leads to the gradual increase of the wave attenuation in the
three orbits. Therefore, the SEM poles corresponding to these
three orbits are farther and farther away from the real axis.
These conclusions are consistent with the results of our previous studies on the distribution characteristics of the SEMpoles.10
5. The distributions of SEM-poles with different radii

Figure 5 displays the external oscillation periodic paths
of the two-cylinder system with different radii. Comparing

FIG. 4. The distributions of the SEM poles in the complex k plane corresponding to the other three external oscillation periodic paths. (Ideally soft
boundary condition, separation distance L ¼ 6a.)
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FIG. 5. External oscillation periodic paths of the first and second order scatterings of the two-cylinder system (radii a 6¼ b). (a) Geometric reflected waves, total
reflection between cylinders A and B; (b) diffraction by A and reflection by B; (c) diffraction by A and B; and (d) cross diffraction by A and B.

Figs. 2 and 5, it can be seen that when radii a 6¼ b, the calculation methods of the SEM-poles are the same, but the geometric parameters are significantly different. This not only
leads to the difference in the SEM-pole distributions between
single and double cylinder systems, but also leads to the difference in the pole distributions between cylinders A and B.
Take Fig. 5(a) as an example, the SEM poles can also
be calculated using Eq. (30), but the geometric parameters
as
bs
; qBr ¼ 2sþb
; Aðs1 Þ
changed into: s1 ¼ s2 ¼ s ¼ Lab; qAr ¼ 2sþa
qﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃ
s
s
¼ qA þs; Aðs1 Þ¼ qB þs. It should be noted that the pole distrir

r

butions of cylinders A and B calculated by the external oscillation paths shown in Fig. 5(a) are the same; however, they are
quite different in the other three cases.
The distributions of the SEM poles corresponding to the
second external oscillation paths [shown in Fig. 5(b)] can be
calculated using Eq. (31), and the geometric parameters of
cylinder A do not change. While the geometric parameters

0

bs 1
;
of cylinder B change to s01 ¼ s02 ¼ b tan a0 ; q0 r ¼ 2s0 1 cos
b0 þb
0
b
p
0
0
0
0
a ¼ arccos Lb; b ¼ 2  a ; and s d ¼ b  2ðp  a Þ.
Figure 6(a) displays the pole distributions of the two cylinders when the radii a ¼ b and a ¼ 4b, respectively (corresponding to the first external oscillation periodic path), and Fig. 6(b)
displays the pole distributions of cylinders A and B, respectively, when the radii a ¼ 4b (corresponding to the second
external oscillation periodic path). From Fig. 6, we can see that
the trends of the curves are consistent, but the imaginary parts
of the poles are reduced. The other two modes of the external
oscillations have similar calculation methods for the pole distributions, which will not be described in detail herein.

B. The relationship between the separation distance
and the SEM poles

The poles closest to the real axis correspond to the first
order geometrical reflections, and they are the easiest to be

FIG. 6. (a) Influence of the radii on the distributions of the SEM poles corresponding to the first external oscillation periodic path. (b) The SEM-pole distributions of cylinders A and B when radii a ¼ 4b, corresponding to the second external oscillation periodic path. (Ideally soft boundary condition, separation distance L ¼ 6a.)
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FIG. 7. The relationship between the separated distance and the real parts of
the SEM poles.

extracted in numerical calculations and experiments. The distributions of the poles directly reflect the distance between the
scatterers. So, the distance between the two cylinders can be
recognized by the distribution characteristics of the poles.
Figure 7 shows the change in the real parts of the poles accompanied by the change in the distance between the two cylinders. Obviously, when the separation distance L increases, the
real parts of the poles have a significant decrease. This arises
because the wavelength of every standing wave formed by the
external oscillations is directly proportional to the diffraction
distance, but is inversely proportional to the oscillation frequency. Hence, an increase in the diffraction distance leads to
an increase in the standing-wave wavelength and a decrease in
the oscillation frequency represented as the real parts of the
poles.8
This relationship can be used to recognize the location
information of the two scatterers.
IV. CONCLUSIONS

With a general two-cylinder system as an example, we
have proposed an approach to perform the multiple-scattering
calculations of the two-cylinder acoustic scattering problem
and extracted the coupling factors and analytical solutions of
the SEM poles by using the singularity expansion method. We
have also obtained the poles through interpreting the coupling
characteristics of the external oscillations, which are consistent
with the exact results. We note that the coupling characteristic
of the scattering field is the corresponding coupling between
the oscillation modes of the same order, as well as the SEM
poles. The coupling characteristics of the external oscillations
greatly simplify the analysis of the coupling problems, and
also make it possible to apply the singularity expansion method
to the recognition of multiple scatterers. By interpreting the

J. Appl. Phys. 123, 135107 (2018)

physical meaning of the coupling coefficients and explaining
the influence of the coupling characteristics to the pole distributions, we come to the conclusion that this approach can be used
to solve the pole distributions of multiple scatterers in acoustic
scattering problems and study the characteristics of the external
oscillations of multiple scatterers. In addition, we have also
briefly analyzed the relationship between the real parts of the
SEM poles and the separated distance.
Based on the approach presented in this paper, we will further consider the relationship between the distributions of the
SEM-poles and the geometrical characteristics of multiple scatterers and use the SEM poles as the characteristic parameters
for multiple target recognition. We will also focus on scatterers
with complex boundary conditions and geometrical characteristics. This new method and related calculation results lay the
foundation of structural design and noise analysis for multiple
scatterers in engineering, may provide an effective means to
recognize shapes in acoustic scattering fields, and could have
potential applications in non-destructive testing and acoustic
imaging.
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